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Preface 


This second edition of Antenna Theory is designed to meet the needs of electrical 
engineering and physics students at the senior undergraduate and beginning graduate 
levels, and those of practicing engineers as well. The text presumes that the students 
have a knowledge of basic undergraduate electromagnetic theory, including Maxwell’s 
equations and the wave equation, introductory physics, and differential and integral 
calculus. Mathematical techniques required for understanding some advanced topics 
in the later chapters are incorporated in the individual chapters or are included as 
appendices. 

The second edition of the book has maintained all of the attractive features of the 
first edition. However there have been many new features added to this edition. In 
particular, an entire new chapter is devoted to the analysis and design of microstrip 
antennas: introductory material has been added for the Fourier transform (spectral 
domain) method, coupling, radar cross section for antennas, aperture-matched and 
multimode horns, near-field to far-field measurements, and compact range chamber 
designs and instrumentation for antenna and RCS measurements. There is an increase 
in design procedures and equations; FORTRAN computer programs at the end of 
most of the chapters that can be used for design and analysis; additional examples, 
end-of-chapter problems, and two- and three-dimensional illustrations: and updated 
material on Moment Method and mutual impedances. In addition, a computer program 
has been developed, based on the Finite Difference Time-Domain method to animate 
and visualize radiation. All the computer programs are contained in a 3.5-inch disc, 
which is included with the book. 

The book’s main objective is to introduce, in a unified manner, the fundamental 
principles of antenna theory and to apply them to the analysis, design, and measure- 
ments of antennas. Because there are so many methods of analysis and design and a 
plethora of antenna structures, applications are made to some of the most basic and 
practical configurations, such as linear dipoles, loops, arrays, broadband and fre- 
quency-independent antennas, aperture antennas, horn antennas, microstrip antennas, 
and reflector antennas. 

Introductory material on analytical methods, such as the Moment method and 
Fourier transform (spectral) technique, is also included. These techniques, with the 
fundamental principles of antenna theory, can be used to analyze and design almost 
any antenna configuration. A chapter on antenna measurements introduces state-of- 
the-art methods used in the measurements of the most basic antenna characteristics 
(pattern, gain, directivity, radiation efficiency, impedance, current, and polarization) 
and updates progress made in antenna instrumentation, antenna range design, and 
scale modeling. Techniques and systems used in near- to far-field measurements and 
transformations are also discussed. 


v 
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A sufficient number of topics have been covered, some for the first time in an 
undergraduate text, so that the book will serve not only as a text, but also as a reference 
for the practicing and design engineer and even the amateur radio buff. These include 
design procedures for Yagi-Uda and log-periodic arrays, horns, and microstrip 
patches; synthesis techniques using the Schelkunoff. Fourier transform, Woodward- 
Lawson. T scheby scheff, and Taylor methods; radiation characteristics of corrugated, 
aperture-matched, and multimode horns: analysis and design of rectangular and cir- 
cular microstrip patches; and matching techniques such as the binomial, Tschebys- 
cheff, T-. gamma, and omega matches. 

The text contains sufficient mathematical detail to enable the average undergrad- 
uate electrical engineering and physics students to follow, without too much difficulty, 
the flow of analysis and design. A certain amount of analytical detail, rigor, and 
thoroughness allows many of the topics to be traced to their origin. My experiences 
as a student, engineer, and teacher have shown that a text for this course must not be 
a book of unrelated formulas, and it must not resemble a “cookbook.” This book 
begins with the most elementary material, develops underlying concepts needed for 
sequential topics, and progresses to more advanced methods and systems configura- 
tions. Each chapter is subdivided into sections or subsections whose individual head- 
ings clearly identity the antenna characteristic(s) discussed, examined, or illustrated. 

A distinguished feature of this book is its three-dimensional graphical illustrations 
from the first edition, which have been expanded and supplemented in the second 
edition. In the past, antenna texts have displayed the three-dimensional energy radiated 
by an antenna by a number of separate two-dimensional patterns. With the advent 
and revolutionary advances in digital computations and graphical displays, an addi- 
tional dimension has been introduced for the first time in an undergraduate antenna 
text by displaying the radiated energy of a given radiator by a single , three-dimensional 
graphical illustration. Such an image, formed by the graphical capabilities of the 
computer and available at most computational facilities, gives a clear view of the 
energy radiated in all space surrounding the antenna. It is hoped that this will lead to 
a better understanding of the underlying principles of radiation and that it will provide 
a clearer visualization of the pattern formation in all space. 

In addition, there is an abundance of general graphical illustrations, design data, 
references, and additional problems. Many of the principles are illustrated with ex- 
amples, graphical illustrations, and physical arguments. Although students are often 
convinced that they understand the principles, difficulties arise when they attempt to 
use them. An example, especially a graphical illustration, can often better illuminate 
those principles. As they say, “a picture is worth a thousand words.” 

Numerical techniques and computer solutions are illustrated and encouraged. A 
number of FORTRAN computer programs and subroutines are included at the end of 
Chapters 1 , 2, 4, 5. 6, 8, 10, II, 1 3. and 1 4. The program at the end of Chapter I can 
be used to animate and then visualize radiation by an infinite line source driven by a 
Gaussian pulse and an E-plane sectoral horn energized by a continuous cosinusoidal 
source. To accomplish this, the user needs the professional edition of MATLAB. All 
of the computer programs, especially those at the end of Chapters 6, 11, 13, and 14, 
have been developed to design, respectively, uniform and nonuniform arrays, log- 
periodic dipole arrays, horns, and microstrip patch antennas. In some cases , the 
computer programs also perform analysis on the designs. The programs at the end of 
Chapters 2, 4, 5, 8. and 10 are primarily developed for analysis. A computer disc with 
the source codes is included with the book. These can be used to perform routine 
calculations of complex functions and/or formulations, to carry out numerical inte- 
grations that cannot be performed in closed form, and to display solutions in graphical 
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form. The problems at the end of each chapter can be used to apply the underlying 
principles of antenna theory to the analysis and design of many practical radiators. 

For course use. the text is intended primarily for a two-semester (or two- or three- 
quarter) sequence in antenna theory. The first course should be given at the senior 
undergraduate level and should cover most of the material in Chapters 1 through 7 
and Chapter 16. The material in Chapters 8 through 15 should be covered in a 
beginning graduate- level course. Selected chapters and sections from the book can be 
covered in a single semester, without loss of continuity. However, it is almost essential 
that most of the material in Chapters 2 through 6 be covered in the first course and 
before proceeding to any more advanced topics. To cover all the material of the text 
in the proposed time frame would be. in some cases, a very ambitious task. Sufficient 
topics have been included, however, to make the text complete and to give the teacher 
the flexibility to emphasize, de-emphasize, or omit sections or chapters. Some of the 
chapters and sections can be omitted without loss of continuity. 

In the entire book an e 7 "' time variation is assumed, and it is suppressed. The 
International System of Units, which is an expanded form of the rationalized MKS 
system, is used in the text. In some cases, the units of length are in meters (or 
centimeters) and in feet (or inches). Numbers in parentheses ( ) refer to equations, 
whereas those in brackets | | refer to references. For emphasis, the most important 
equations, once they are derived, are boxed. A Solutions Manual for all end of chapter 
problems is available for the instructor. 

1 would like to acknowledge the invaluable suggestions and constructive criticisms 
of the reviewers for the second edition of this book: Dr. Edward B. Joy of Georgia 
Tech, Dr. Stuart A. Long of University of Houston, Dr. David M. Pozar of University 
of Massachusetts. Dr. Ezekiel Bahar of the University of Nebraska and Dr. Paul E. 
Mayes of University of Illinois. Urbana, and those of the first edition from my 
colleague Dr. Thomas E. Tice of Arizona State University and Dr. Charlton H. Walter 
of TRW (formally of Ohio State University). Also I would like to acknowledge the 
suggestions, end of the chapter problems, and figures provided by my colleague Dr. 
James T. Aberle and Dr. Roger D. Radcliff of Ohio University. 

The book, especially the graphical illustrations, computer programs, solutions to 
many of the problems, solutions manual, and proofreading of the galleys and page 
proofs would not have been possible without the contributions from many of my and 
other graduate students at Arizona State University. It is a pleasure to acknowledge 
those of Anastasis C. Polycarpou for the development of many of the computer programs 
for Chapters 6, 8, 13, and 14, and preparation of the computer disc; Seong-Ook and 
Jeong-Suk Park for completion of the solutions manual and proofreading the galleys 
and page proofs; Dr. Panayiotis A. Tirkas for the development of the computer programs 
for Yagi-Uda arrays and analysis of horns, and many of the new three-dimensional 
computer generated illustrations; William V. Andrew for the development of the an- 
imation-visualization computer program; Craig R. Birtcher for antenna pattern meas- 
urements, and material on near- to far- field measurements and compact ranges; Chris 
B. Bishop for the development of the computer program for the design and analysis 
of log-periodic dipole arrays; David M. Kokotoff for revising the Hallen’s-Moment 
Method computer program; and Tamara Spreckic, Konstantinos D. Katsibas, and Jian 
Peng for proofreading the galleys and preparation of graphical illustrations. 

Since many of the unique features of this book carry over from the first edition, 
I still acknowledge the contributions of my graduate students at West Virginia Uni- 
versity, especially those of John L. Jeffrey. Many thanks go to all those professors, 
practicing engineers, and students, who over the years of the first edition provided 
invaluable suggestions and corrections. I also want to acknowledge the expert typing 
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by Linda S. Arneson of the additional material included in the revised manuscript and 
to Kathy Muckenhirn for handling many of the logistics during publication. Many 
thanks to Dr. Atef Z. Elsherbeni and Claybome D. Taylor, Jr., of University of 
Mississippi for permitting and providing the use of the 2-D Antenna Pattern Plotter: 
Rectangular-Polar computer program. 

To the companies and individuals that provided illustrations and copyright per- 
missions, I am most appreciative. 1 am also grateful to the staff of John Wiley & 
Sons. Inc., especially Steven Elliot, Wiley editor of electrical engineering, for the 
interest in the publication of the second edition. Special thanks also to Suzanne Ingrao 
of Ingrao Associates, production editor of this book, for her professional help. Finally, 
1 must express my gratitude to Helen, Renie and Stephanie for proofreading the galleys 
and for their encouragement, patience, sacrifice and understanding for the many hours 
of neglect during the completion of the first and second editions of this book. 

Constantine A. Balanis 
Arizona State University 
Tempe, AZ 
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CHAPTER 


1 

ANTENNAS 


1.1 INTRODUCTION 

An antenna is defined by Webster’s Dictionary as “a usually metallic device (as a 
rod or wire) for radiating or receiving radio waves.” The IEEE Standard Definitions 
of Terms for Antennas (IEEE Std 145-1983)* defines the antenna or aerial as ”a 
means for radiating or receiving radio waves.” In other words the antenna is the 
transitional structure between free-space and a guiding device, as shown in Figure 
l.l. The guiding device or transmission line may take the form of a coaxial line or a 
hollow pipe (waveguide), and it is used to transport electromagnetic energy from the 
transmitting source to the antenna, or from the antenna to the receiver. In the former 
case we have a transmitting antenna and in the latter a receiving antenna. 

A transmission-line Thevenin equivalent of the antenna system of Figure 1.1 in 
the transmitting mode is shown in Figure 1 .2 where the source is represented by an 
ideal generator, the tramission line is represented by a line with characteristic impe- 
dance Z c , and the antenna is represented by a load Z A [Z A = (R L + R r ) + JX A ] 
connected to the transmission line. The Thevenin and Norton circuit equivalents of 
the antenna are also shown in Figure 2.21. The load resistance R r is used to represent 
the conduction and dielectric losses associated with the antenna structure while R n 
referred to as the radiation resistance , is used to represent radiation by the antenna. 
The reactance X A is used to represent the imaginary part of the impedance associated 
with radiation by the antenna. This is discussed more in detail in Sections 2.13 and 
2.14. Under ideal conditions, energy generated by the source should be totally trans- 
ferred to the radiation resistance R„ which is used to represent radiation by the antenna. 
However, in a practical system there are conduction-dielectric losses due to the lossy 
nature of the transmission line and the antenna, as well as the due to reflections 
(mismatch) losses at the interface between the line and the antenna. Taking into 
account the internal impedance of the source and neglecting line and reflection (mis- 
match) losses, maximum power is delivered to the antenna under conjugate matching. 
This is discussed in Section 2.13. 


m tEEE Transactions on Antennas and Propagation, vols. AP- 1 7. No. 3. May 1 969; AP-22, No. I , January 
1974; and AP-31, No. 6. Part II, November 1983. 
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The reflected waves from the interface create, along with the traveling waves 
from the source toward the antenna, constructive and destructive interference patterns, 
referred to as standing waves, inside the transmission line which represent pockets of 
energy concentrations and storage, typical of resonant devices. A typical standing 
wave pattern is shown dashed in Figure 1.2, while another is exhibited in Figure 1.15. 
If the antenna system is not properly designed, the transmission line could act to a 
large degree as an energy storage element instead of as a wave guiding and energy 
transporting device. If the maximum field intensities of the standing wave are suffi- 
ciently large, they can cause arching inside the transmission lines. 

The losses due to the line, antenna, and the standing waves are undesirable. The 
losses due to the line can be minimized by selecting low-loss lines while those of the 
antenna can be decreased by reducing llie loss resistance represented by R L in Figure 
1.2. The standing waves can be reduced, and the energy storage capacity of the line 
minimized, by matching the impedance of the antenna (load) to the characteristic 
impedance of the line. This is the same as matching loads to transmission lines, where 
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Figure 1,2 Transmission- line Thevenin equivalent of antenna 
iti transmitting mode, 


the load here is the antenna, and is discussed more in detail in Section 9.h. An 
equivalent similar to that of Figure 1.2 is used to represent the antenna system in the 
receiving mode where the source is replaced by a receiver. All other parts of the 
transmission- line equivalent remain the same. The radiation resistance R r is used to 
represent in the receiving mode the transfer of energy from the free-space wave to 
the antenna. This is discussed in Section 2.13 and represented by the Thcvenin and 
Norton circuit equivalents of Figure 2.20. 

In addition to receiving or transmitting energy, an antenna in an advanced wireless 
system is usually required to optimize or accentuate the radiation energy in some 
directions and suppress il in uthers. Thus the antenna must also serve as a directional 
device in addition to a probing device. Il must then take various forms to meet the 
particular need at hand, and it may be a piece of conducting wire, an aperture, a patch, 
an assembly of elements (array), a reflector, a lens, and so forth. 

For wireless communication systems, the antenna is one of the most critical 
components. A good design of ihe antenna can relax system requirements and improve 
overall system performance. A Lypical example is TV for which the overall broadcast 
reception can be improved by utilizing a high-performance antenna. The antenna 
serves to a communication system the same purpose that eyes and eyeglasses serve 
to a human. 

The field of antennas is vigorous and dynamic, and over the last 50 years antenna 
technology has been an indispensable partner of the communications revolution. Many 
major advances that occurred during this period are in common use today; however, 
many more issues and challenges are facing us today, especially since the demands 
for system performances are even greater. Many of the major advances in antenna 
technology that have been completed in the 1970s through the early 1990s, those that 
were underway in the early 1990s. and signals of future discoveries and breakthroughs 
were captured in a special issue of the Proceedings of the IEEE (Vol. SO, No. 1, 
January 1992) devoted to Antennas. The introductory paper of this special issue 1 1 1 
provides a carefully structured, elegant discussion of the fundamental principles oi 
radiating elements and has been written as an introduction for the nonspecialist and 
a review for the expert. 

1.2 TYPES OF ANTENNAS 

We will now introduce and briefly discuss some forms of the various antenna types 
in order to get a glance as to what will be encountered in the remainder of the book. 
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1.2.1 Wire Antennas 

Wire antennas are familiar to the layman because they are seen virtually everywhere — 
on automobiles, buildings, ships, aircraft, spacecraft, and so on. There are various 
shapes of wire antennas such as a straight wire (dipole), loop, and helix which are 
shown in Figure J.3. Loop antennas need not only be circular. They may lake the 
form of a rectangle, square, ellipse, or any other configuration. The circular loop is 
the most common because of its simplicity in construction. Dipoles are discussed in 
more detail in Chapter 4, loops in Chapter 5. and helices in Chapter 10. 


1.2.2 Aperture Antennas 

Aperture antennas may be more familiar to the layman today than in the past because 
of the increasing demand for more sophisticated forms of antennas and the utilization 
of higher frequencies. Some forms of aperture antennas are shown in Figure 1.4. 
Antennas of this type are very useful for aircraft and spacecraft applications, because 
they can be very conveniently flush-mounted on the skin of the aircraft or spacecraft. 
In addition, they can be covered with a dielectric material to protect them from 
hazardous conditions of the environment. Waveguide apertures are discussed in more 
detail in Chapter 12 while horns are examined in Chapter 13. 


1.2.3 Microstrip Antennas 

Microstrip antennas became very popular in the 1970s primarily for spaceborne ap- 
plications. Today they are used for government and commercial applications. These 
antennas consist of a metallic patch on a grounded substrate. The metallic patch can 
take many different configurations, as shown in Figure 14.2. However, die rectangular 
and circular patches, shown in Figure 1.5, are the most popular because of ease of 
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Figure 1.3 Wire antenna configurations. 
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( Keclangutar waveguide 

Figure 1.4 Aperture antenna configurations. 


analysis and fabrication, and iheir attractive radiation characteristics, especially low 
cross-polarization radiation. The tnieroslrip antennas are low-proiile. comformable to 
planar and nonplanar surfaces, simple and inexpensive to fabricate using modern 
printed -circuit technology, mechanically robust when mounted on rigid surfaces. com- 
patible with MMIC designs, and very versatile in terms of resonant frequency, polar- 
ization. pattern, and impedance. These antennas can be mounted on the surface of 
high-performance aircraft, spacecraft, satellites, missiles, cars, and even handheld 
mobile telephones. They are discussed in more detail in Chapter 14. 

1.2.4 Array Antennas 

Many applications require radiation characteristics that may not he achievable by a 
single element. It may, however, be possible that an aggregate of radiating elements 
in an electrical and geometrical arrangement {an array) will result in the desired 
radiation characteristics. The arrangement of the array may be such that the radiation 
from the elements adds up to give a radiation maximum in a particular direction or 
directions, minimum in others, or otherwise as desired. Typical examples of arrays 
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Ground plane 


(a) kectungular 



Circular 


Figure 1.5 Rectangular and circular micros trip 
(patch) antennas. 


are shown in Figure 1.6. Usually the term array is reserved for an arrangement in 
which the individual radiators are separate as shown in Figures l.6(a-e). However 
Lhe same term is also used to describe an assembly of radiators mounted on a contin- 
uous structure, shown in Figure ] .6(d). 


1.2.5 Reflector Antennas 

The success in the exploration of outer space has resulted in the advancement of 
antenna theory. Because of the need to communicate over great distances, sophisti- 
cated forms of antennas had to be used in order to transmit and receive signals that 
had to travel millions of miles. A very common antenna form for such an application 
is a parabolic reflector shown in Figures 1.7(a) and (b). Antennas of this type have 
been built with diameters as large as 305 m. Such large dimensions are needed to 
achieve the high gain required to transmit or receive signals after millions of miles 
of travel. Another form of a reflector, although not as common as the parabolic, is 
the corner reflector, shown in Figure 1.7(c). These antennas are examined in detail in 
Chapter 15. 
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(a) Yagi-Uiia array 



Patch 



Ground plane 



(e) Microstrip patch array 


(d) Stoned-waveguide array 


Figure 1.6 Typical wire, and aperture and microstrip array configurations. 


1.2.6 Lens Antennas 

Lenses are primarily used to collimate incident divergent energy to prevent it from 
spreading in undesired directions. By properly shaping the geometrical configuration 
and choosing the appropriate material of the lenses, they can transform various forms 
of divergent energy into plane waves. They can be used in most of the same appli- 
cations as are the parabolic reflectors, especially at higher frequencies. Their dimen- 
sions and weight become exceedingly large at lower frequencies. Lens antennas are 
classified according to the material from which they are constructed, or according to 
their geometrical shape. Some forms are shown in Figure 1.8 12]. 

In summary, an ideal antenna is one that will radiate all the power delivered to it 
from the transmitter in a desired direction or directions. In practice, however, such 
ideal performances cannot be achieved but may be closely approached. Various types 
of antennas are available and each type can take different forms in order to achieve 
the desired radiation characteristics for the particular application. Throughout the 
book, the radiation characteristics of most of these antennas are discussed in detail. 

1.3 RADIATION MECHANISM 

One of the first questions that may be asked concerning antennas would be “how is 
radiation accomplished?" In other words, how are the electromagnetic fields generated 
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Re fleet of 



(a) Parabolic reflector with front feed 




(c) Corner reflector 

Figure 1.7 Typical reflector configurations. 


by the source, contained and guided within the transmission line and antenna, and 
finally “detached” from the antenna to form a free-space wave? The best explanation 
may be given by an illustration. However, let us first examine some basic sources of 
radiation. 

1.3.1 Single Wire 

Conducting wires are material whose prominent characterisic is the motion of electric 
charges and the creation of current flow. Let us assume that an electric volume charge 
density, represented by q v (coulombs/m 3 ), is distributed uniformly in a circular wire 
of cross-sectional area A and volume V . as shown in Figure 1 .9. The total charge Q 
within volume V is moving in the z direction with a uniform velocity v. (meters/sec). 
It can be shown that the current density J. (amperes/m 2 ) over the cross section of the 
wire is given by |3j 


J: = q,Vz 


(l- la) 
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Figure 1.8 Typical lens antenna configurations, (source: L. V. 
Blake, Antennas, Wiley. New York, 19661, 


If the wire is made oi' an ideal electric conductor, the current density (umperes/m) 
resides on the surface of the wire and it is given by 

J v = £/ ( ic (1-lb) 



Figure 1.9 Charge uniformly dis- 
tributed in a circular cross section 
cylinder. 
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where q s (coulombs/m 2 ) is the surface charge density. If the wire is very thin (ideally 
zero radius), then the current in the wire can be represented by 

/. = q l v. d-lc) 

where q, (coulombs/m) is the charge per unit length. 

Instead of examining all three current densities, we will primarily concentrate on 
the very thin wire. The conclusions apply to all three. If the current is time-varying, 
then the derivative of the current of (Me) can be written as 


di \ 
dt 


dVr 


( 1 - 2 ) 


where dvJdi = a. (meters/sec 2 ) is the acceleration. If the wire is of length /, then 
(1-2) can be written as 



(1-3) 


Equation (1-3) is the basic relation between current and charge, and it also serves as 
the fundamental relation of electromagnetic radiation (4j, [5], It simply states that to 
create radiation, there must be a time-varying current or an acceleration ( or decel- 
eration) of charge. We usually refer to currents in time-harmonic applications while 
charge is most often mentioned in transients. To create charge acceleration (or decel- 
eration) the wire must be curved, bent, discontinuous or terminated [1], [4]. Periodic 
charge acceleration (or deceleration) or time varying current is also created when 
charge is oscillating in a time-harmonic motion, as shown in Figure 1.17 for a A/2 
dipole. Therefore: 


1. If a charge is not moving, current is not created and there is no radiation. 

2. If charge is moving with a uniform velocity: 

a. There is no radiation if the wire is straight, and infinite in extent. 

b. There is radiation if the wire is curved, bent, discontinuous, terminated, or 
truncated, as shown in Figure 1.10. 

3. If charge is oscillating in a time-motion, it radiates even if the wire is straight. 

A qualitative understanding of the radiation mechanism may be obtained by 
considering a pulse source attached to an open-ended conducting wire, which may be 
connected to the ground through a discrete load at its open end, as shown in Figure 
1.10(d). When the wire is initially energized, the charges (free electrons) in the wire 
are set in motion by the electrical lines of force created by the source. When charges 
are accelerated in the source-end of the wire and decelerated (negative acceleration 
with respect to original motion) during reflection from its end, it is suggested that 
radiated fields are produced at each end and along the remaining part of the wire, [1], 
[4]. Stronger radiation with a more broad frequency spectrum occurs if the pulses 
are of shorter or more compact duration while continuous time-harmonic oscillating 
charge produces, ideally, radiation of single frequency determined by the frequency 
of oscillation. The acceleration of the charges is accomplished by the external source 
in which forces set the charges in motion and produce the associated field radiated. 
The deceleration of the charges at the end of the wire is accomplished by the internal 
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Figure 1.10 Wire configurations tor ra- 
diation. 


(self) forces associated with the induced field due to the buildup of charge concentra- 
tion at the ends of the wire. The internal forces receive energy from the charge buildup 
as its velocity is reduced to zero at the ends of the wire. Therefore, charge acceleration 
due to an exciting electric field and deceleration due to impedance discontinuities or 
smooth curves of the wire are mechanisms responsible for electromagnetic radiation. 
While both current density (J c ) and charge density (q y ) appear as source terms in 
Maxwell’s equation, charge is viewed as a more fundamental quantity, especially for 
transient fields. Even though this interpretation of radiation is primarily used for 
transients, it can be used to explain steady-state radiation |4|. 

1.3.2 Two-Wtres 

Let us consider a voltage source connected to a two-conductor transmission line which 
is connected to an antenna. This is shown in Figure 1 . 1 1 (a). Applying a voltage across 
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Figure 1.11 Source, transmission line, antenna, and detachment of 
electric field lines. 


the two-conductor transmission line creates an electric Held between the conductors. 
The electric field has associated with it electric lines of force which are tangent to the 
electric field at each point and their strength is proportional to the electric field 
intensity. The electric lines of force have a tendency to act on the free electrons (easily 
detachable from the atoms) associated with each conductor and force them to be 
displaced. The movement of the charges creates a current that in turn creates a 
magnetic field intensity. Associated with the magnetic field intensity are magnetic 
lines of force which are tangent to the magnetic field. 

We have accepted that electric field lines start on positive charges and end on 
negative charges. They also can start on a positive charge and end at infinity, start at 
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infinity and end on a negative charge, or form closed loops neither starting or ending 
on any charge. Magnetic held lines always form closed loops encircling current- 
carrying conductors because there arc no magnetic charges, tn some mathematical 
formulations, it is often convenient to introduce magnetic charges and magnetic 
currents to draw a parallel between solutions involving electric and magnetic sources. 

The electric held lines drawn between the two conductors help to exhibit the 
distribution of charge. If we assume that the voltage source is sinusoidal, we expect 
the electric field between the conductors to also be sinusoidal with a period equal to 
that of the applied source. The relative magnitude of the electric field intensity is 
indicated by the density < bunching) of the lines of force with the arrows showing the 
relative direction (positive or negative), The creation of time-varying electric and 
magnetic fields between the conductors forms electromagnetic waves which travel 
along the transmission line, as shown in Figure LI Ha). The electromagnetic waves 
enter the antenna and have associated with them electric charges and corresponding 
currents. If we remove part of the antenna structure, as shown in Figure LI [(b), free- 
space waves can he formed by “connecting'' Ihe open ends of die electric lines 
(shown dashed), The free -space waves are also periodic but a constant phase poinl P t) 
moves outwardly with the speed of light and travels a distance of A/2 (to P\) in the 
time of one-half of a period. It has been shown |6| that close to the antenna the 
constant phase point P {) moves faster than the speed of light but approaches the speed 
of light at points far away from the antenna (analogous to phase velocity inside a 
rectangular waveguide). Figure 1.12 displays the creation and travel of Iree-space 



Figure 1.12 Electric held lines of tree -space wave for a A/2 antenna at t — 0. 
778, 774, and 3778. (Stouttcu: J, I). Kraus and K. K. Carver, Electromagnetics. 2nd 
cd.. McGraw-Hill. New York. 1073. Reprinted with permission of J. D. Kraus and 
John D. Cowan, Jr.) 



14 Chapter 1 Antennas 


waves by a prolate spheroid with A/2 interfocal distance where A is the wavelength. 
The tree-space waves of a center-fed A/2 dipole, except in the immediate vicinty of 
the antenna, are essentially the same as those of the prolate spheroid. 

The question still unanswered is how the guided waves are detached from the 
antenna to create the free-space waves that are indicated as closed loops in Figures 
1. 11 and 1.12. Before we attempt to explain that, let us draw a parallel between the 
guided and free-space waves, and water waves [7] created by the dropping of a pebble 
in a calm body of water or initiated in some other manner. Once the disturbance in 
the water has been initiated, water waves are created which begin to travel outwardly. 
If the disturbance has been removed, the waves do not stop or extinguish themselves 
but continue their course of travel. If the disturbance persists, new waves are contin- 
uously created which lag in their travel behind the others. The same is true with the 
electromagnetic waves created by an electric disturbance. If the initial electric distur- 
bance by the source is of a short duration, the created electromagnetic waves travel 
inside the transmission line, then into the antenna, and finally are radiated as free- 
space waves, even if the electric source has ceased to exist (as was with the water 
waves and their generating disturbance). If the electric disturbance is of a continuous 
nature, electromagnetic waves exist continuously and follow in their travel behind the 
others. This is shown in Figure 1 . 1 3 for a biconical antenna. When the electromagnetic 
waves are within the transmission line and antenna, their existence is associated with 
the presence of the charges inside the conductors. However, when the waves are 
radiated, they form closed loops and there are no charges to sustain their existence. 
This leads us to conclude that electric charges are required to excite the fields hut 
are not needed to sustain them and may exist in their absence. This is in direct 
analogy with water waves. 


1.3.3 Dipole 

Now let us attempt to explain the mechanism by which the electric lines of force are 
detached from the antenna to form the free-space waves. This will again be illustrated 



Figure 1.13 Electric field lines of free-space wave for biconical an- 
tenna. 
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by an example of a small dipole antenna where the time of travel is negligible. This 
is only necessary to give a better physical interpretation of the detachment of the lines 
of force. Although a somewhat simplified mechanism, it does allow one to visualize 
the creation of the free-space waves. Figure 1.14(a) displays the lines of force created 
between the arms of a small center-fed dipole in the first quarter of the period during 
which time the charge has reached its maximum value (assuming a sinusoidal time 
variation) and the lines have traveled outwardly a radial distance A/4. For this example, 
let us assume that the number of lines formed are three. During the next quarter of 
the period, the original three lines travel an additional A/4 (a total of A/2 from the 
initial point) and the charge density on the conductors begins to diminish. This can 
be thought of as being accomplished by introducing opposite charges which at the 
end of the first half of the period have neutralized the charges on the conductors. The 
lines of force created by the opposite charges are three and travel a distance A/4 
during the second quarter of the first half, and they are shown dashed in Figure 


(a) I = 77 4 (T = period) 



<b) / = 772 ( T = period) 




Figure 1.14 Formation and detachment of electric 
lield lines for short dipole. 
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1.14(b). The end result is that there are three lines of force pointed upward in the first 
A/4 distance and the same number of lines directed downward in the second A/4. 
Since there is no net charge on the antenna, then the lines of force must have been 
forced to detach themselves from the conductors and to unite together to form closed 
loops. This is shown in Figure 1.14(c). In the remaining second half of the period, 
the same procedure is followed but in the opposite direction. After that, the process 
is repeated and continues indefinitely and electric field patterns, similar to those of 
Figure 1 .22, are formed. 


1,3.4 Computer Animation-Visualization of Radiation Problems 

A difficulty that students usually confront is that the subject of electromagnetics is 
rather abstract, and it is hard to visualize electromagnetic wave propagation and 
interaction. With today's advanced numerical and computational methods, and com- 
putational and visualization software and hardware, this dilemma can, to a large extent, 
be minimized. To address this problem, we have developed and included in this book 
computer programs to animate and visualize three radiation problems. Descriptions 
of the computer programs are listed at the end of this chapter, and the computer 
programs are found on the computer disc included in this book. Each problem is 
solved using the Finite-Difference Time-Domain (FD-TD) method [8]-[ 1 0], a method 
which solves Maxwell’s equations as a function of time in discrete time steps at 
discrete points in space. A picture of the fields can then be taken at each time step to 
create a movie which can be viewed as a function of time. 

The three radiation problems that are animated and can be visualized using the 
computer program at the end of the chapter and included in the computer disc are: 

a. Infinite length line source (two-dimensional) excited by a single Gaussian pulse 
and radiating in an unbounded medium. 

b. Infinite length line source (two-dimensional) excited by a single Gaussian pulse 
and radiating inside a perfectly electric conducting (PEC) square cylinder. 

c. E-plane sectoral horn (two-dimensional form of Figure 13.2) excited by a con- 
tinuous cosinusoidal voltage source and radiating in an unbounded medium. 

In order to animate and then visualize each of the three radiation problems, the 
user needs the professional edition of MATLAB [11] and the MATLAB M-File, found 
in the computer disc included in the book, to produce the corresponding FD-TD 
solution of each radiation problem. For each radiation problem, the M-File executed 
in MATLAB produces a movie by taking a picture of the computational domain every 
third time step. The movie is viewed as a function of time as the wave travels in the 
computational space. 

A. Infinite Line Source in an Unbounded Medium 

The first FD-TD solution is that of an infinite length line source excited by a single 
time-derivative Gaussian pulse, with a duration of approximately 0.4 nanoseconds, in 
a two-dimensional TM z -eomputational domain. The unbounded medium is simulated 
using a six-layer Berenger Perfectly Matched Layer (PML) Absorbing Boundary 
Condition (ABC) [9|, [10] to truncate the computational space at a finite distance 
without, in principle, creating any reflections. Thus, the pulse travels radially outward 
creating a traveling type of a wavefront. The outward moving wavefronts are easily 
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identified using the coloring scheme for the intensity (or gray scale for black and 
white monitors) when viewing the movie. The movie is created by the MATLAB M- 
File which produces the FD-TD solution by taking a picture of the computational 
domain every third time step. Each time step is 5 picoseconds while each FD-TD cell 
is 3 mm on a side. The movie is 37 frames long covering 185 picoseconds of elapsed 
time. The entire computational space is 15.3 cm by 15.3 cm and is modeled by 2500 
square FD-TD cells (50x50), including 6 cells to implement the PML ABC. 

B. Infinite Line Source in a PEC Square Cylinder 

This problem is simulated similarly as that of the line source in an unbounded medium, 
including the characteristics of the pulse. The major difference is that the computa- 
tional domain of this problem is truncated by PEC walls: therefore there is no need 
for PML ABC. For this problem the pulse travels in an outward direction and is 
reflected when it reaches the walls of the cylinder. The reflected pulse along with the 
radially outward traveling pulse interfere constructively and destructively with each 
other and create a standing type of a wavefront. The peaks and valleys of the modified 
wavefront can be easily identified when viewing the movie, using the colored or gray 
scale intensity schemes. Sufficient time is allowed in the movie to permit the pulse 
to travel from the source to the walls of the cylinder, return back to the source, and 
then return back to the walls of the cylinder. Each time step is 5 picoseconds and 
each FD-TD cell is 3 mm on a side. The movie is 70 frames long covering 350 
picoseconds of elapsed time. The square cylinder, and thus the computational space, 
has a cross section of 15.3 cm by 15.3 cm and is modeled using an area 50 by 50 
FD-TD cells. 

C. E-Plane Sectoral Horn in an Unbounded Medium 

The E-plane sectoral horn is excited by a cosinusoidal voltage (CW) of 9.84 GHz in 
a TE Z computational domain, instead of the Gaussian pulse excitation of the previous 
two problems. The unbounded medium is implemented using an eight-layer Berenger 
PML ABC. The computational space is 25.4 cm by 25.4 cm and is modeled using 
100 by 100 FD-TD cells (each square cell being 2.54 mm on a side). The movie is 
70 frames long covering 296 picoseconds of elapsed time and is created by taking a 
picture every third frame. Each time step is 4.23 picoseconds in duration. The horn 
has a total flare angle of 52° and its flared section is 2.62 cm long, is fed by a parallel 
plate I cm wide and 4.06 cm long, and has an aperture of 3.56 cm. 

1.4 CURRENT DISTRIBUTION ON A THIN WIRE 
ANTENNA 

In the preceding section we discussed the movement of the free electrons on the 
conductors representing the transmission line and the antenna. In order to illustrate 
the creation of the current distribution on a linear dipole, and its subsequent radiation, 
let us first begin with the geometry of a lossless two-wire transmission line, as shown 
in Figure 1.15(a). The movement of the charges creates a traveling wave current, of 
magnitude /,/ 2, along each of the wires. When the current arrives at the end of each 
of the wires, it undergoes a complete reflection (equal magnitude and 180° phase 
reversal). The reflected traveling wave, when combined with the incident traveling 
wave, forms in each wire a pure standing wave pattern of sinusoidal form as shown 
in Figure 1.15(a). The current in each wire undergoes a 180° phase reversal between 
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(o) Linear dipole 

Figure 1.15 Current distribution on a lossless two- 
wire transmission line, flared transmission line, and lin- 
ear dipole. 


adjoining half cycles. This is indicated in Figure 1.15(a) by the reversal of the arrow 
direction. Radiation from each wire individually occurs because of the time-varying 
nature of the current and the termination of the wire. 

For the two-wire balanced (symmetrical) transmission line, the current in a half- 
cycle of one wire is of the same magnitude but 180° out-of-phase from that in the 
corresponding half-cycle of the other wire. If in addition the spacing between the two 
wires is very small (.v A), the fields radiated by the current of each wire arc 

essentially cancelled by those of the other. The net result is an almost ideal (and 
desired) nonradiating transmission line. 



1.5 Historical Advancement 19 


As the section of the transmission line between 0 < ^ < 1/2 begins to llare. as 
shown in Figure 1.15(b), it can be assumed that the current distribution is essentially 
unaltered in form in each of the wires. However, because the two wires of the flared 
section are not necessarily close to each other, the fields radiated by one do not 
necessarily cancel those of the other. Therefore ideally there is a net radiation by the 
transmission line system. 

Ultimately the flared section of the transmission line can take the form shown in 
Figure 1.15(c). This is the geometry of the widely used dipole antenna. Because of 
the standing wave current pattern, it is also classified as a standing wave antenna (as 
contrasted to the traveling wave antennas which will be discussed in detail in Chapter 
10). If/ < A, the phase of the current standing wave pattern in each arm is the same 
throughout its length. In addition, spatially it is oriented in the same direction as that 
of the other arm as shown in Figure 1 .15(c). Thus the fields radiated by the two arms 
of the dipole (vertical parts of a flared transmission line) will primarily reinforce each 
other toward most directions of observation (the phase due to the relative position of 
each small part of each arm must also be included for a complete description of the 
radiation pattern formation). 

If the diameter of each wire is very small (d ^ A), the ideal standing wave 
pattern of the current along the arms of the dipole is sinusoidal with a null at the end. 
However, its overall form depends on the length of each arm. For center-fed dipoles 
with / <§: A. / = A/2. A/2 < / < A and A < / < 3A/2. the current patterns are illustrated 
in Figures I.16(a-d). The current pattern of a very small dipole (usually A/50 < 

I < A/ 10) can be approximated by a triangular distribution since sin(A//2) — kl/2 when 
kill is very small. This is illustrated in Figure 1 .16(a). 

Because of its cyclical spatial variations, the current standing wave pattern of a 
dipole longer than A (/ > A) undergoes 180° phase reversals between adjoining half- 
cycles. Therefore the current in all parts of the dipole does not have the same phase. 
This is demonstrated graphically in Figure 1 . 1 6(d) for A < / < 3A/2. In turn, the fields 
radiated by some pails of the dipole will not reinforce those of the others. As a result, 
significant interference and cancelling effects will be noted in the formation of the 
total radiation pattern. 

For a time-harmonic varying system of radian frequency w = 2 tt]\ the current 
standing wave patterns of Figure 1.16 represent the maximum current excitation for 
any lime. The current variations, as a function of time, on a A/2 center-fed dipole are 
shown in Figure 1.17 for 0 ^ r ^ 772 where T is die period. These variations can be 
obtained by multiplying the current standing wave pattern of Figure 1.16(b) by 
cos(wr). 

1.5 HISTORICAL ADVANCEMENT 

The history of antennas |12| dates back to James Clerk Maxwell who unified the 
theories of electricity and magnetism, and eloquently represented their relations 
through a set of profound equations best known as Maxwell's Equations. His work 
was first published in 1873 113 1. He also showed that light was electromagnetic and 
that both light and electromagnetic waves travel by wave disturbances of the same 
speed. In 1886. Professor Heinrich Rudolph Hertz demonstrated the first wireless 
electromagnetic system. He was able to produce in his laboratory at a wavelength of 
4 meters a spark in the gap of a transmitting A/2 dipole which was then detected as a 
spark in the gap of a nearby loop. It was not until 1901 that Guglielmo Marconi was 
able to send signals over large distances. He performed, in 1901. the first transatlantic 
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Figure 1.16 Current distribution on linear dipoles. 


transmission from Poldhu in Cornwall. England, to St. John’s Newfoundland. His 
transmitting antenna consisted of 50 vertical wires in the form of a fan connected to 
ground through a spark transmitter. The wires were supported horizontally by a guyed 
wire between two 60-m wooden poles. The receiving antenna at St. John’s was a 200- 
m wire pulled and supported by a kite. This was the dawn of the antenna era. 

From Marconi's inception through the 1940s, antenna technology was primarily 
centered on wire related radiating elements and frequencies up to about UHF. It was 
not until World War 11 that modern antenna technology was launched and new 
elements (such as waveguide apertures, horns, reflectors) were primarily introduced. 
Much of this work is captured in the book by Silver |14|. A contributing factor to 
this new era was the invention of microwave sources (such as the klystron and 
magnetron) with frequencies of 1 GHz and above. 

While World War II launched a new era in antennas, advances made in computer 
architecture and technology during the 1960s through the 1990s have had a major 
impact on the advance of modem antenna technology, and they are expected to have 
an even greater influence on antenna engineering into the twenty-first century. Begin- 
ning primarily in the early 1960s. numerical methods were introduced that allowed 
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Figure 1.17 Current distribution on a A/2 wire antenna for different times. 


previously intractable complex antenna system configurations to be analyzed and 
designed very accurately. In addition, asymptotic methods for both low frequencies 
(e.g.. Moment Method (MM). Finite-Difference. Finite-Element) and high frequencies 
(e.g., Geometrical and Physical Theories of Diffraction) were introduced, contributing 
significantly to the maturity of the antenna field. While in the past antenna design 
may have been considered a secondary issue in overall system design, today it plays 
a critical role. In fact, many system successes rely on the design and performance of 
the antenna. Also, while in the first half of this century antenna technology may have 
been considered almost a "cut and try'* operation, today it is truly an engineering 
art. Analysis and design methods are such that antenna system performance can be 
predicted with remarkable accuracy. In fact, many antenna designs proceed directly 
from the initial design stage to the prototype without intermediate testing. The level 
of confidence has increased tremendously. 

The widespread interest in antennas is reflected by the large number of books 
written on the subject |15). These have been classified under four categories: Fun- 
damental, Handbooks, Measurements, and Specialized. This is an outstanding collec- 
tion of books, and it reflects the popularity of the antenna subject, especially since 
the 1950s. Because of space limitations, only a partial list is included here [2|, [5], 
[7], [l6J-[39], including the first edition of this book in 1982. Some of these books 
are now out of print. 

1.5.1 Antenna Elements 

Prior to World War II most antenna elements were of the wire type (long wires, 
dipoles, helices, rhombuses, fans, etc.), and they were used either as single elements 
or in arrays. During and after World War 11, many other radiators, some of which 
may have been known for some and others of which were relatively new, were put 
into service. This created a need for better understanding and optimization of their 
radiation characteristics. Many of these antennas were of the aperture type (such as 
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open-ended waveguides, slots, horns, reflectors, lenses), and they have been used for 
communication, radar, remote sensing and deep space applications both on airborne 
and earth-based platforms. Many of these operate in the microwave region and are 
discussed in Chapters 12, 13, 15 and in |40|. 

Prior to the 1950s, antennas with broadband pattern and impedance characteristics 
had bandwidths not much greater than about 2:1. In the 1950s, a breakthrough in 
antenna evolution was created which extended the maximum bandwidth to as great 
as 40: 1 or more. Because the geometries of these antennas are specified by angles 
instead of linear dimensions, they have ideally an infinite bandwidth. Therefore, they 
are referred to as frequency independent. These antennas are primarily used in the 
10-10,000 MHz region in a variety of applications including TV, point-to-point 
communications, feeds for reflectors and lenses, and many others. This class of 
antennas is discussed in more detail in Chapter 1 1 and in |41 1. 

It was not until almost 20 years later that a fundamental new radiating element, 
which has received a lot of attention and many applications since its inception, was 
introduced. This occurred in the early 1970s when the microstrip or patch antennas 
was reported. This element is simple, lightweight, inexpensive, low profile, and con- 
formal to the surface. These antennas are discussed in more detail in Chapter 14 and 
in |42|. 

Major advances in millimeter wave antennas have been made in recent years, 
including integrated antennas where active and passive circuits are combined with the 
radiating elements in one compact unit (monolithic form). These antennas are dis- 
cussed in |43|. 

Specific radiation pattern requirements usually cannot be achieved by single 
antenna elements, because single elements usually have relatively wide radiation 
patterns and low values of directivity. To design antennas with very large directivities, 
it is usually necessary to increase the electrical size of the antenna. This can be 
accomplished by enlarging the electrical dimensions of the chosen single element. 
However, mechanical problems are usually associated with very large elements. An 
alternative way to achieve large directivities, without increasing the size of the indi- 
vidual elements, is to use multiple single elements to form an array. An array is a 
sampled version of a very large single element. In an array, the mechanical problems 
of large single elements are traded for the electrical problems associated with the feed 
networks of arrays. However, with today’s solid-state technology, very efficient and 
low-cost teed networks can be designed. 

Arrays are the most versatile of antenna systems. They find wide applications not 
only in many spacebome systems, but in many carthbound missions as well. In most 
cases, the elements of an array are identical; this is not necessary, but it is often more 
convenient, simpler, and more practical. With arrays, it is practical not only to syn- 
thesize almost any desired amplitude radiation pattern, but the main lobe can be 
scanned by controlling the relative phase excitation between the elements. This is 
most convenient for applications where the antenna system is not readily accessible, 
especially for spacebome missions. The beamwidth of the main lobe along with the 
side lobe level can be controlled by the relative amplitude excitation (distribution) 
between the elements of the array. In fact, there is a trade-off between the beamwidth 
and the side lobe level base on the amplitude distribution. Analysis, design, and 
synthesis of arrays are discussed in Chapters 6 and 7. However, advances in array 
technology are reported in f44]-148]. 
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1.5.2 Methods of Analysis 

There is plethora of antenna elements, many of which exhibit intricate configurations. 
To analyze each as a boundary- value problem and obtain solutions in closed form, 
the antenna structure must be described by an orthogonal curvilinear coordinate 
system. This places severe restrictions on the type and number of antenna systems 
that can be analyzed using such a procedure. Therefore, other exact or approximate 
methods are often pursued. Two methods that in the last three decades have been 
preeminent in the analysis of many previously intractable antenna problems are the 
Integral Equation (TE) method and the Geometrical Theory of Diffraction (GTD). 

The Integral Equation method casts the solution to the antenna problem in the 
form of an integral (hence its name) where the unknown, usually the induced current 
density, is part of the integrand. Numerical techniques, such as the Moment Method 
(MM), are then used to solve for the unknown. Once the current density is found, the 
radiation integrals of Chapter 3 are used to find the fields radiated and other systems 
parameters. This method is most convenient for wire-type antennas and more efficient 
for structures that are small electrically. One of the first objectives of this method is 
to formulate the IE for the problem at hand. In general, there are two type of IE’s. 
One is the Electric Field Integral Equation ( EFIE ), and it is based on the boundary 
condition of the total tangential electric field. The other is the Magnetic Field Integral 
Equation (MF1E), and it is based on the boundary condition that expresses the total 
electric current density induced on the surface in terms of the incident magnetic field. 
The MFIE is only valid for closed surfaces. For some problems, it is more convenient 
to formulate an EFIE, while for others it is more appropriate to use an MFEE. Ad- 
vances, applications, and numerical issues of these methods are addressed in Chapter 
8 and in [3] and [49J. 

When the dimensions of the radiating system are many wavelengths, low-fre- 
quency methods are not as computationally efficient. However, high-frequency as- 
ymptotic techniques can be used to analyze many problems that are otherwise math- 
ematically intractable. One such method that has received considerable attention and 
application over the years is the GTD. which is an extension of geometrical optics 
(GO), and it overcomes some of the limitations of GO by introducing a diffraction 
mechanism. The Geometrical Theory of Diffraction is briefly discussed in Section 
12.10. However, a detailed treatment is found in Chapter 13 of [3] while recent 
advances and applications are found in [501 and [511. 

For structures that are not convenient to analyze by either of the two methods, a 
combination of the two is often used. Such a technique is referred to as a hybrid 
method, and it is described in detail in [52). Another method, which has received a 
lot of attention in scattering, is the Finite-Difference Time-Domain (FDTD). This 
method has also been applied to antenna radiation problems [53]-[561. A method that 
is beginning to gain momentum in its application to antenna problems is the Finite 
Element Method (57|-[61|. 


1.5.3 Some Future Challenges 

Antenna engineering has enjoyed a very successful period during the 1940$-1990s. 
Responsible for its success have been the introduction and technological advances of 
some new elements of radiation, such as aperture antennas, reflectors, frequency 
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independent antennas, and microstrip antennas. Excitement has been created by the 
advancement of the low-frequency and high-frequency asymptotic methods, which 
has been instrumental in analyzing many previously intractable problems. A major 
factor in the success of antenna technology has been the advances in computer 
architecture and numerical computation methods. Today antenna engineering is con- 
sidered a truly fine engineering art. 

Although a certain level of maturity has been attained, there are many challenging 
opportunities and problems to be solved. Phased array architecture integrating mon- 
olithic MIC technology is still a most challenging problem. Integration of new ma- 
terials into antenna technology offers many opportunities, and asymptotic methods 
will play key roles in their incorporation and system performance. Computational 
electromagnetics using supercomputing and parallel computing capabilities will model 
complex electromagnetic wave interactions, in both the frequency and time domains. 
Innovative antenna designs to perform complex and demanding system functions 
always remain a challenge. New basic elements are always welcome and offer refresh- 
ing opportunities. New applications include, but are not limited to cellular telephony, 
direct broadcast satellite systems, global positioning satellites (GPS), high-accuracy 
airborne navigation, global weather, earth resource systems, and others. Because of 
the many new applications, the lower portion of the EM spectrum has been saturated 
and the designs have been pushed to higher frequencies, including the millimeter 
wave frequency bands. 
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COMPUTER PROGRAM 

ANIMATION-VISUALIZATION OF RADIATION PROBLEMS 


C THIS PROGRAM CONTAINS THREE SEPARATE ANIMATION- VISUALIZATION 
C RADIATION PROBLEMS. 

C I. LINE SOURCE-GAUSSIAN PULSE: UNBOUNDED MEDIUM 

C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 

C III. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C THE OBJECTIVE IS TO ALLOW THE USER TO ANIMATE AND THEN TO 
C VISUALIZE RADIATION. AS A FUNCTION OF TIME, OF THREE DIFFERENT 
C RADIATION PROBLEMS. 

C L LINE SOURCE-GAUSSIAN PULSE: UNBOUNDED MEDIUM 
C THE FIRST ANIMATION- VISUALIZATION PROGRAM IS THAT OF A LINE 
C SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING IN AN 
C UNBOUNDED MEDIUM, USING THE FINITErDIFFERENCE TIME-DOMAIN 
C METHOD. THE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
C PERFECTLY MATCHED LAYER (PML) ABSORBING BOUNDARY CONDITION 
C (ABC) IN ORDER TO TRUNCATE THE COMPUTATIONAL DOM AIN. THE 
C MATLAB M-FILE PRODUCES THE FD-TD SOLUTION OF AN INFINITE 
C LENGTH LINE SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN 
C PULSE IN A 2-D TM* COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A 
C MOVIE WHICH IS 37 FRAMES LONG BY TAKING A PICTURE OF THE 
C COMPUTATIONAL DOMAIN EVERY 3RD TIME STEP. 

C II. LINE SOURCE-GAUSSIAN PULSE: PEC SQUARE CYLINDER 
C THE SECOND ANIMATION- VISUALIZATION PROGRAM IS THAT OF A 
C LINE SOURCE EXCITED BY A SINGLE GAUSSIAN PULSE RADIATING 
C INSIDE A PERFECTLY ELECTRIC CONDUCTING (PEC) SQUARE CYLINDER, 

C USING THE FINITE-DIFFERENCE TIME-DOMAIN METHOD. THE MATLAB 
C M-FILE PRODUCES THE FD-TD SOLUTION OF AN INFINITE LENGTH LINE 
C SOURCE EXCITED BY A TIME-DERIVATIVE GAUSSIAN PULSE IN A 2-D TM* 
C COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A MOVIE WHICH IS 
C 70 FRAMES LONG BY TAKING A PICTURE OF THE COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 

C in. E-PLANE SECTORAL HORN: UNBOUNDED MEDIUM 
C THE THIRD ANIMATION- VISUALIZATION PROGRAM IS THAT OF AN 
C E-PLANE SECTORAL (2-D) HORN ANTENNA RADIATING INTO AN 
C UNBOUNDED MEDIUM. USING THE FINITE-DIFFERENCE TIME-DOMAIN 
C METHOD. THE UNBOUNDED MEDIUM IS SIMULATED USING A BERENGER 
C PERFECTLY MATCHED LAYER (PML) ABSORBING BOUNDARY CONDITION 
C (ABC) IN ORDER TO TRUNCATE THE COMPUTATIONAL DOMAIN. THE 
C MATLAB M-FILE PRODUCES THE FD-TD SOLUTION OF THE E-PLANE 
C SECTORAL (2-D) HORN ANTENNA EXCITED BY A SINUSOIDAL VOLTAGE IN 
C A TE* COMPUTATIONAL DOMAIN. THE M-FILE PRODUCES A MOVIE WHICH 
C IS 70 FRAMES LONG BY TAKING A PICTURE OF THE COMPUTATIONAL 
C DOMAIN EVERY 3RD TIME STEP. 

C **NOTE: 

C IN ORDER TO ANIMATE AND THEN VISUALIZE THESE THREE RADIATION 
C PROBLEMS, THE USER NEEDS THE PROFESSIONAL EDITION OF MATLAB 
C AND THE MATLAB M-FILE FOUND IN THE INCLUDED COMPUTER DISC TO 
C PRODUCE THE CORRESPONDING FD-TD SOLUTION OF EACH RADIATION 
C PROBLEM. THE STUDENT EDITION WILL NOT WORK DUE TO THE 
C RESTRICTIONS ON THE ARRAY SIZE. ADDITIONAL DETAILS ON THE USE 
C OF EACH VISUALIZATION PROBLEM ARE FOUND IN THE COMPUTER DISC 
C INCLUDED WITH THIS BOOK. 
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2 

FUNDAMENTAL PARAMETERS 

OF ANTENNAS 


2.1 INTRODUCTION 

To describe the performance of an antenna, definitions of various parameters are 
necessary. Some of the parameters are interrelated and not all of them need be specified 
for complete description of the antenna performance. Parameter definitions will be 
given in this chapter. Many of those in quotation marks are from the IEEE Standard 
Definitions of Terms for Antennas (LEEE Std 145-1983).* This is a revision of the 
IEEE Std 145-1973. 

2.2 RADIATION PATTERN 

An antenna radiation pattern or antenna pattern is defined as “a mathematical func- 
tion or a graphical representation of the radiation properties of the antenna as a 
function of space coordinates. In most cases, the radiation pattern is determined in 
the far-tield region and is represented as a function of the directional coordinates. 
Radiation properties include power flux density, radiation intensity, field strength, 
directivity phase or polarization." The radiation property of most concern is the two- 
or three-dimensional spatial distribution of radiated energy as a function of the ob- 
server’s position along a path or surface of constant radius. A convenient set of 
coordinates is shown in Figure 2. 1 . A trace of the received power at a constant radius 
is called the power pattern. On the other hand, a graph of the spatial variation of the 
electric (or magnetic) field along a constant radius is called an amplitude field pattern. 
In practice, the three-dimensional pattern is measured and recorded in a series of two- 
dimensional patterns. However, for most practical applications, a few plots of the 
pattern as a function of 6 for some particular values of <f>. plus a few plots as a function 
of <{> for some particular values of 0, give most of the useful and needed information. 


*IEEIi Transactions on Antennas and Propagation, Vols. AP-17. No. 3. May 1969: Vol. AP-22, No. I. 
January 1974; and Vol. A P-3 1 . No. A, Part H, November 1983. 
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2.2.1 Isotropic. Directional, and Omnidirectional Pattern's 

An isotropic radiator is defined as “a hypothetical lossless antenna having equal 
radiation in all directions." Although it is ideal and not physically realizable, it is 
often taken as a reference for expressing the directive properties of actual antennas. 
A directional antenna is one "having the property of radiating or receiving electro- 
magnetic waves more effectively in some directions than in others. This term is usually 
applied to an antenna whose maximum directivity is significantly greater than that of 
a hall-wave dipole." An example of an antenna with a directional radiation pattern 
is shown in Figure 2.2. !t is seen that this pattern is nondirectional in the azimuth 
plane [/{</>,), 0 = tt/2] and directional in the elevation plane |g(0). d> = constant]. 
This type of a pattern is designated as omnidirectional. and it is defined as one "having 
an essentially nondirectional pattern in a given plane (in this case in azimuth) and a 
directional pattern in any orthogonal plane (in this case in elevation).” An omnidi- 
rectional pattern is then a special type of a direct! oiled pattern. 

2.2.2 Principal Patterns 

For a linearly polarized antenna, performance is often described in terms of its prin- 
cipal £- and //-plane patterns. The E-plane is defined as "die plane containing the 
electric- field vector and the direction of maximum radiation," and the H -plane as 
"Lhe plane containing the magnetic-field vector and the direction of maximum radi- 
ation." Although it is very difficult to illustrate the principal patterns without consid- 
ering a specific example, it is the usual practice to orient most antennas so that at 
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Figure 2.2 Omnidirectional antenna pattern. 



Figure 2.3 Principal E- and H-plane patterns lor a pyramidal horn 
antenna. 



2.2 Radiation Pattern 3 1 


least one of rhe principal plane patterns coincide with one of the geometrical principal 
planes, An illustration is shown in Figure 2.3. For this example, the a-: plane (elevation 
plane: <jt = 0) is the principal £‘- plane and the .v-v plane (azimuthal plane: (9 = rr/2 ) 
is the principal //-plane. Other coordinate orientations can he selected. 

2.2.3 Radiation Pattern Lobes 

Various parts of a radiation pattern are referred to as bites, which may be suhclassified 
into major or main, minor, side, and hack lobes. 

A radiation lobe is a “portion of the radiation pattern bounded by regions of 
relatively weak radiation intensity.” Figure 2.4(a) demonstrates a symmetrical three- 
dimensional polar pattern with a number of radiation lobes. Some are of greater 




do 

Figure 2.4 (a) Radiation kibes and beamwidths of an antenna pattern, (bi Linear 
plot of power pattern and its associated lobes and beam widths. 
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radiation intensity than others, hut all are classified as lobes. Figure 2.4(b) illustrates 
a linear two-dimensional pattern |one plane of Figure 2.4(a)! where the same pattern 
characteristics are indicated. 

A computer program entitled 2-D ANTENNA PATTERN PLOTTER: RECTAN- 
GULAR-POLAR 1 1 1 is included at the end of the chapter to plot two-dimensional 
rectangular and polar graphs, to represent single-plane antenna patterns similar to 
those exhibited in Figure 2.4(a,b) and elsewhere throughout the book. This program 
is well commented to assist the user in its implementation and only the executable 
part is included. Each pattern can be plotted in a linear or logarithmic (dB) scale. The 
program is provided courtesy of Dr. Elsherbeni and Taylor ( 1 ]. and it is to be used 
only in conjunction with this book and for not any other purpose. 

A major lobe (also called main beam) is defined as “the radiation lobe containing 
the direction of maximum radiation.” In Figure 2.4 the major lobe is pointing in the 
0 = 0 direction. In some antennas, such as split-beam antennas, there may exist more 
than one major lobe. A minor lobe is any lobe except a major lobe. In Figures 2.4(a) 
and (b) all the lobes with the exception of the major can be classified as minor lobes. 
A side lobe is “a radiation lobe in any direction other than the intended lobe.” 
(Usually a side lobe is adjacent to the main lobe and occupies the hemisphere in the 
direction of the main beam.) A back lobe is “a radiation lobe who.se axis makes an 
angle of approximately 1 80° with respect to the beam of an antenna.” Usually it refers 
to a minor lobe that occupies the hemisphere in a direction opposite to that of the 
major (main) lobe. 

Minor lobes usually represent radiation in undesired directions, and they should 
be minimized. Side lobes are normally the largest of the minor lobes. The level of 
minor lobes is usually expressed as a ratio of the power density in the lobe in question 
to (hat of the major lobe. This ratio is often termed the side lobe ratio or side lobe 
level. Side lobe levels of -20 dB or smaller are usually not desirable in most 
applications. Attainment of a side lobe level smaller than -30 dB usually requires 
very careful design and construction. In most radar systems, low side lobe ratios are 
very important to minimize false target indications through the side lobes. 

2.2.4 Field Regions 

The space surrounding an antenna is usually subdivided into three regions: (a) reactive 
near-field, (b) radiating near-field (Fresnel) and (c) far-field (Fraunhofer) regions as 
shown in Figure 2.5. These regions are so designated to identify the field structure in 
each. Although no abrupt changes in the field configurations are noted as the bound- 
aries are crossed, there are distinct differences among them. The boundaries separating 
these regions are not unique, although various criteria have been established and are 
commonly used to identify the regions. 

Reactive near-field region is defined as “that portion of the near-field region 
immediately surrounding the antenna wherein the reactive field predominates.” For 
most antennas, the outer boundary of (his region is commonly taken to exist at a 
distance R < 0.62\/dVA from the antenna surface, where A is the wavelength and 
D is the largest dimension of the antenna. “For a very short dipole, or equivalent 
radiator, the outer boundary is commonly taken to exist at a distance A/27 r from the 
antenna surface.” 

Radiating near-field < Fresnel ) region is defined as “that region of the field of an 
antenna between the reactive near-field region and the far-field region wherein radi- 
ation fields predominate and wherein the angular field distribution is dependent upon 
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Figure 2.5 Field regions of an antenna. 

the distance from the antenna. If the antenna has a maximum dimension that is not 
large compared to the wavelength, this region may not exist. For an antenna focused 
al infinity, the radiating near-field region is sometimes referred to as the Fresnel region 
on the basis of analogy to optical terminology. If the antenna has a maximum overall 
dimension which is very small compared to the wavelength, this fi eld, re gion may not 
exist." The inner boundary is taken to be the distance R 2 0.62V^/A and the outer 
boundary die distance R < 2/T/A where D is the largest* dimension of the antenna. 
This criterion is based on a maximum phase error of tt/H. In this region die field 
pattern is. in general, a function of the radial distance and the radial field component 
may be appreciable. 

Far-fit 1 h! (Fraunhofer) re j* kin is defined as "that region of the field of an antenna 
where the angular field distribution is essentially independent of the distance from the 
antenna. If the antenna has a maximum* overall dimension D. the far- field region is 
commonly taken to exist at distances greater than 2D" /A from die antenna, A being 
the wavelength. The far-held patterns of certain antennas, such as multi beam reflector 
antennas, are sensitive to variations in phase over their apertures. For ihese antennas 
2Z>’/A may be inadequate. In physical media, if die antenna has a maximum overall 
dimension. D, which is large compared to 7r/|y|, die far- field region can be taken lo 
begin approximately at a distance equal to \y\D~ltr from the antenna, y being the 
propagation constant in die medium. For an antenna focused at infinity, the far-held 
region is sometimes referred to as the Fraunhofer region on the basis of analogy to 
optical terminology." In this region, the field components are essentially transverse 
and the angular distribution is independent of die radial distance where the measure- 
ments are made. The inner boundary is taken lo be the radial distance R - 2D 1 ! A and 
the outer one at infinity. 

To illustrate the pattern variation as a function of radial distance, in Figure 2,6 
we have included three patterns of a parabolic reflector calculated at distances of 
R - 2/)-/A. 4/T/A, ant! infinity |2 |. It is observed that the patterns are almost identical. 

"'To be valid, D must also he large 1 , compared ui the wavelength > A), 
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U = Or D!\) sin 6 

Figure 2.6 Calculated radiation patterns of a paraboloid 
antenna for different distances from the antenna. (SOURCE: 
J. S. Hollis, T. J. Lyon, and L. Clayton. Jr. (eds.). Micro- 
wave Antenna Measurements, Scientific* Atlanta, Inc., July 
1970) 


except for some differences in the pattern structure around the first null and at a level 
below 25 dB. Because infinite distances are not realizable in practice, the most 
commonly used criterion for minimum distance of fur-field observations is 2 D“/A. 

2.2.5 Radian and Steradian 

The measure of a plane angle is a radian. One radian is defined as the plane angle 
with its vertex at the center of a circle of radius r that is subtended by an arc whose 
length is r. A graphical illustration is shown in Figure 2.7(a). Since the circumference 
of a circle of radius /* is C = 2 nr, there are 2tt rad (Inr/r) in a full circle. 

The measure of a solid angle is a steradian. One steradian is defined as the solid 
angle with its vertex at the center of a sphere of radius r that is subtended by a 
spherical surface area equal to that of a square with each side of length r. A graphical 
illustration is shown in Figure 2.7(b). Since the area of a sphere of radius r is A = 
4 nr 2 , there are 477 sr (Att r 2 /r 2 ) in a closed sphere. 

The infinitesimal area dA on the surface of a sphere of radius r, shown in Figure 
2. 1 . is given by 

dA = r~ sin H d0 d<f> (m 2 ) (2-1) 
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Figure 2.7 Geometrical arrangements for defining 
a radian and a steradian. 


Therefore, the element of solid angle dil of a sphere can he written as 

dfl = -~r = sin 0 dO dtp (sr) (2-2) 

ir 

2.3 RADIATION POWER DENSITY 

Electromagnetic waves are used to transport information through a wireless medium 
or a guiding structure, from one point to the other. It is then natural to assume that 
power and energy are associated with electromagnetic fields. The quantity used to 
describe the power associated with an electromagnetic wave is the instantaneous 
Poynting vector defined as 

'W = % x W (2-3) 

"W = instantaneous Poynting vector (W/nr) 

% = instantaneous electric field intensity fV/m) 

= instantaneous magnetic field intensity (A/m) 

Note that script letters are used to denote instantaneous fields and quantities, while 
roman letters are used to represent their complex counterparts. 
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Since the Poynting vector is a power density, the total power crossing a closed 
surface can be obtained by integrating the normal component of the Poynting vector 
over the entire surface. In equation form 


4* - Hr • ds = TV • n da 

s .S' 

Cjf* = instantaneous total power (W) 
n = unit vector normal to the surface 
da = infinitesimal area of the closed surface (m 2 ) 


(2-4) 


For applications of time varying fields, it is often more desirable to find the average 
power density which is obtained by integrating the instantaneous Poynting vector 
over one period and dividing by the period. For lime harmonic variations of the form 
e***, we define the complex fields E and H which are related to their instantaneous 
counterparts % and X by 


.Vi z; /) = RefE(.v. y. z)e><* ] (2-5) 

2C(.v, y, t) = Re|H(.v, y. z)e iwl \ (2-6) 

Using the definitions of (2-5) and (2-6) and the identity Re|Et"'" l, | — tIEc 7 '"' + 
E*? '""I, (2-3) can be written as 

<W = % x W = I Re|E x H*| + I Re|E x He j2u ”} (2-7) 


The first term of (2-7) is not a function of time, and the time variations of the second 
are twice the given frequency. The time average Poynting vector (average power 
density) can be written as 


W. iV (.v. y, -) = (*W (jc, y. z: r)] uv 


2 — 


’ — i 


The j factor appears in (2-7) and (2-8) because the E and H fields represent peak 
values, and it should be omitted for RMS values. 

A close observation of (2-8) may raise a question. If the real part of (E X H*)/2 
represents the average (real) power density, what does the imaginary part of the same 
quantity represent? At this point it will be very natural to assume that the imaginary 
part must represent the reactive (stored) power density associated with the electro- 
magnetic fields. In later chapters, it will be shown that the power density associated 
with the electromagnetic fields of an antenna in its far-field region is predominately 
real and will be referred to as radiation density. 

Based upon the definition of (2-8), the average power radiated by an antenna 
(radiated power) can be written as 


/\«l = P,, = ^ W,„, • <fc = j 

S .V 

j W uv ■ Ada 

~ \ ^ Re(E x H*) • ds 

“ s 



(2-9) 
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The power pattern of the antenna, whose definition was discussed in Section 2.2. 
is just a measure, as a function of direction, of the average power density radiated by 
the antenna. The observations are usually made on a large sphere of constant radius 
extending into the far-field. In practice, absolute power patterns are usually not desired. 
However, the performance of the antenna is measured in terms of the gain (to be 
discussed in a subsequent section) and in terms of relative power patterns. Three- 
dimensional patterns cannot be measured, but they can be constructed with a number 
of two-dimensional cuts. 


Example 2.1 

The radial component of the radiated power density of an antenna is given by 
= a r W r = & r A« sin (Hr 1 (W/m 2 ) 

where A t) is the peak value of the power density. 0 is the usual spherical coordinate, 
and a r is die radial unit vector. Determine the total radiated power. 

SOLUTION 

For a closed surface, a sphere of radius r is chosen. To find the total radiated power, 
the radial component of the power density is integrated over its surface. Thus 



A three-dimensional normalized plot of the average power density at a distance of 
r = 1 m is shown in Figure 2.2. 


An isotropic radiator is an ideal source that radiates equally in all directions. Although 
it does not exist in practice, it provides a convenient isotropic reference with which 
to compare other antennas. Because of its symmetric radiation, its Poynting vector 
will not be a function of the spherical coordinate angles 0 and d>. In addition, it will 
have only a radial component. Thus the total power radiated by it is given by 


p na = W 0 • ds = ^ ffi,.Wo(r)l • fa r r 2 sin 0 do ci<f>\ = 47rr 2 W () 


and the power density by 


Wo = a r iy 0 = a r 


(W/nr) 


which is uniformly distributed over the surface of a sphere of radius r. 


( 2 - 10 ) 


( 2 - 11 ) 
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2.4 RADIATION INTENSITY 


Radiation intensity in a given direction is defined as “the power radiated from an 
antenna per unit solid angle.” The radiation intensity is a fur-field parameter, and it 
can be obtained by simply multiplying the radiation density by the square of the 
distance. In mathematical form it is expressed as 


U = r z W, 


rial 


( 2 - 12 ) 


where 

U — radiation intensity (W /unit solid angle) 

W mi | = radiation density (W/nr) 

The radiation intensity is also related to the far-zone electric field of an antenna by 

2 2 

t/(ft <t» = f- |E(r, ft <f>)\ 2 - f- 1| E„(r. ft </>)p + | Ejr. ft <*»p| 

2t) 2rj 

. <2- 12a) 

= 7- </»l 2 + |£J<#. 0)pl 

2 V 

where 

E (r. ft </>) = far-zone electric Field intensity of the antenna = E°(ft <f>) 

r 

E, h Ej, = far-zone electric Field components of the antenna 
T) = intrinsic impedance of the medium 

Thus the power pattern is also a measure of the radiation intensity. 

The total power is obtained by integrating the radiation intensity, as given by 
(2-12). over the entire solid angle of 47r. Thus 


/*« 


ui 


|j> Udi~l = 

n 



U sin 0 d6 </</> 


where dil = element of solid angle = sin 0 d6 d<l>. 


(2-13) 


Example 2.2 

For the problem of Example 2.1, find the total radiated power using (2-13). 


SOLUTION 
Using (2-12) 

U = r 2 W mi = A„ sin 0 
and by (2-13) 


F’ruiJ ~ 



U sin 0 dOdtb = A 0 



sin 2 0 dO d<j> 


7T 2 A 0 
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which is the same as that obtained in Example 2.1. A three-dimensional plot of the 
relative radiation intensity is also represented by Figure 2.2. 


For an isotropic source, U will be independent of the angles 6 and <f > , as was the case 
for VFroj. Thus (2-13) can be written as 

P rMi = § Uadil = U u $ dSl = 4 t irf/o ( 2 - 14 ) 

n it 

or the radiation intensity of an isotropic source as 

U„ = ^ ( 2 - 15 ) 

47T 


2.5 DIRECTIVITY 


In the 1983 version of the IEEE Standard Definitions of Terms for Antennas, there 
has been a substantive change in the definition of directivity, compared to the definition 
of the 1973 version. Basically the term directivity in the new 1983 version has been 
used to replace the term directive gain of the old 1973 version. In the new 1983 
version the term directive gain has been deprecated. According to the authors of the 
new 1983 standards, '‘this change brings this standard in line with common usage 
among antenna engineers and with other international standards, notably those of the 
International Electrotechnical Commission (IEC).’’ Therefore directivity of an an- 
tenna defined as “the ratio of the radiation intensity in a given direction from the 
antenna to the radiation intensity averaged over all directions. The average radiation 
intensity is equal to the total power radiated by the antenna divided by 47r. If the 
direction is not specified, the direction of maximum radiation intensity is implied.’ ‘ 
Stated more simply, the directivity of a nonisotropic source is equal to the ratio of its 
radiation intensity in a given direction over that of an isotropic source. In mathematical 
form, using (2-15). it can be written as 


U_ _ 4 ttU 
Aj P riK ] 


(2-16) 


If the direction is not specified, it implies the direction of maximum radiation intensity 
(maximum directivity) expressed as 


D 


mnx 


A. 


A [max 

A> 


U AttU 

max “ ” max 

Aj P rad 


(2- 1 6a) 


D = directivity (dimensionless) 

A» = maximum directivity (dimensionless) 

U = radiation intensity (W/unit solid angle) 

At mx = maximum radiation intensity (W/unii solid angle) 

A) = radiation intensity of isotropic source (W/unit solid angle) 
/Vad = total radiated power (W) 
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For an isotropic source* it is very obvious from (2-16) or (2- 1 6a) that the directivity 
is unity since U. U, U . M . and U 0 are all equal to each other. 

For antennas with orthogonal polarization components, we define the partial 
directivity of an antenna for a given polarization in a given direction as "that part of 
the radiation intensity corresponding to a given polarization divided by the total 
radiation intensity averaged over all directions." With this definition for the partial 
directivity, then in a given direction "the total directivity is the sum of the partial 
directivities for any two orthogonal polarizations." For a spherical coordinate system, 
die total maximum directivity D () for the orthogonal 8 and </> components of an antenna 
can be written as 


— D ft + D* 

(2-17) 

while the partial directivities D„ and D are expressed as 


D. = 

(Prvlh + (Pr*lb 

(2- 17a) 

D 4irU * 

* (Pntih + [P n h|)* 

(2- 17b) 


where 


U 0 = radiation intensity in a given direction contained in 8 field component 

U ff> = radiation intensity in a given direction contained in (j> field component 

— radiated power in all directions contained in 8 field component 

(P rad)</; = radiated power in all directions contained in 0 field component 


Example 2.3 

As an illustration, find the maximum directivity of the antenna whose radiation inten- 
sity is that of Example 2.1. Write an expression for the directivity as a function of 
the directional angles 0 and if>. 


SOLUTION 

The radiation intensity is given by 
U = /"W'caj = A< ( sin 8 

The maximum radiation is directed along 8 = n/2. Thus 
^A»ux = 

In Example 2.1 it was found that 

P, M \ = tt 2 A) 
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Since the radiation intensity is only a function of 0, the directivity as a function of 
the directional angles is represented by 

D = D„ sin 0 = 1.27 sin 0 


Before proceeding with a more general discussion of directivity, it may be proper 
at this time to consider another example, compute its directivity, compare it with that 
of the previous example, and comment on what it actually represents. This may give 
the reader a better understanding and appreciation of the directivity. 


Example 2.4 

The radial component of the radiated power density of an infinitesimal linear dipole 
of length / c A is given by 

W av = a r W r = & r A {) sin 2 0/r 2 (W/m 2 ) 

where A 0 is the peak value of the power density, 0 is the usual spherical coordinate, 
and & r is the radial unit vector. Determine the maximum directivity of the antenna 
and express the directivity as a function of the directional angles 0 and <f>. 


SOLUTION 

The radiation intensity is given by 
U = r 2 W r = A 0 sin 2 0 

The maximum radiation is directed along 0 = irll. Thus 
Umax = Ao 

The total radiated power is given by 


Pnri = jEf u da = /\ 0 J o J t) sin 2 0 sin 6 dd d<f> = A 0 (y ) 

n oi \ / 

Using (2- 16a). we find that the maximum directivity is equal to 
4irU maX 4 ttAu 3 


Do = 


rad 


2 

3 


which is greater than 1.27 found in Example 2.3. Thus the directivity is represented by 
D = D n sin 2 0 = 1.5 sin 2 0 


At this time it will be proper to comment on the results of Examples 2.3 and 2.4. To 
better understand the discussion, we have plotted in Figure 2.8 the relative radiation 
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Figure 2,8 Three-dimensional radiation intensity patterns. 

(sui. kc t P. Lonain and D. R. Comm, Eteri ronitignaic Fields 
atid VVdi'tAs. 2nd ed„ W. H. Freeman and Co. Copyright © 1970) 


intensities of Example 23 { U — ,4„ sin 0) and Example 2.4 ( U = A lt sin ? 6) where 
A it was set equal to unity. We see that both patterns are omnidirectional hut that of 
Example 2,4 has more directional characteristics (is narrower) in the elevation plane. 
Since the directivity is a “figure-ol- merit" describing how welt the radiator directs 
energy in a certain direction, it should be convincing from Figure 2,8 that the direc- 
tivity of Example 2.4 should he higher than that of Example 2.2. 

To demonstrate the significance of directivity, let us consider another example; 
in particular let us examine the directivity of a half-wavelength dipole (7 = A/2), 
which is derived in Section 4.6 of Chapter 4 and can be approximated by 

D = D a ain* 0 = 1.67 sin* V (2-18) 

since it can he shown that 



where 0 is measured from the axis along the length of the dipole. The values repre- 
sented by { 2- 1 8 > and those of an isotropic source (D = I ) are plotted two- and three- 
dimensionaliy in Figure 2,9(a.bl. For the three-dimensional graphical representation 
of Figure 2.9(b), at each observation point only the largest value of the two directivities 
is plotted. Il is apparent that when sin l (l/!.67) l/3 = 57.44° < 0 < 122.56°, the 
dipole radiator has greater directivity (greater intensity concentration) in those direc- 
tions than that of an isotropic source. Outside this range of angles, the isotropic 
radiator Inis higher directivity (more intense radiation). The maximum directivity of 
the dipole (relative to the isotropic radiator) occurs when (/ - tt/ 2. and it is 1.67 (or 
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2.23 dB) more intense than that of the isotropic radiator (with the same radiated 
power). 

The three-dimensional pattern of Figure 2.9(b), and similar ones, are included 
throughout the book to represent the three-dimensional radiation characteristics of 
antennas. These patterns are plotted using software developed in |3| and |4|, and can 
be used to visualize the three-dimensional radiation pattern of the antenna. Many 
examples are demonstrated in [4J. The executable part of the computer program of 
|4| is included at the end of the chapter, courtesy of the authors Dr. Elsherbeni and 
Taylor, for use by the reader. The three-dimensional program of |4). along with the 
others, can be used effectively toward the design and synthesis of antennas, especially 
arrays, as demonstrated in (5| and |6|. 

The directivity of an isotropic source is unity since its power is radiated equally 
well in all directions. For all other .sources, (he maximum directivity will always he 
greater than unity, and it is a relative "figure-of -merit'' which gives an indication of 
the directional properties of the antenna as compared with those of an isotropic 
source. In equation form, this is indicated in (2- 1 6a). The directivity can he smaller 
than unity: in fact it can be equal to zero. For Examples 2.3 and 2.4, the directivity 
is equal to zero in the 0 = 0 direction. The values of directivity will he equal to or 
greater than zero and equal to or less than the maximum directivity (0 < D S /)„). 

A more general expression for the directivity can be developed to include sources 
witlt radiation patterns that may be functions of both spherical coordinate angles 0 
and (f > . In the previous examples we considered intensities that were represented by 
only one coordinate angle 0. in order not to obscure the fundamental concepts hy the 
mathematical details. So it may now be proper, since the basic definitions have been 
illustrated by simple examples, to formulate the more general expressions. 

Let the radiation intensity of an antenna be of the form 


U = B u F(0, </;) - ^ \\E"«K </>)p + | E'J.Uh </>)pl (2-19) 

2tj 

where /?,, is a constant, and Ejj and E ( J, are the antenna's lar-zone electric Held com- 
ponents. The maximum value of (2-19) is given by 

L'.mix = B (i F(0. </>)| nl , lx = B u F max (0. <f>) (2- 1 9a) 

The total radiated power is found using 

rr clrr rtr 

P raj = <Jj) U(0, <f» f/n = | J () F(0 , cl>) sin 0d0dcf> (2-20) 

{ i 


We now write the general expression for the directivity and maximum directivity 
using (2-16) and (2- 16a). respectively, as 
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Equation (2-22) can also be written as 



where 11,, is the beam solid angle, and il is given by 


i r2?r r rr pTr rw 

= ; — F( 0. <i>) sin 0 dff d(f> = F„{ B. (ft) sin 6 dB d<h 

FI 9. 0)L» J‘> Jo J‘> J<> 


r . , , Fid </>) 

F„{ (l <b) = — 777 

f'UK (ft) L 


Dividing by FiB. c/))| mil ^ merely normalizes the radiation intensity F(6, d>), and it 
makes its maximum value unity. 

The beam solid an file II,; is defined as the solid angle through which all the 
power of the antenna would flow if its radiation intensity is constant (and equal to 
the maximum value of U) for all angles within 11 


2.5.1 Directional Patterns 

Instead of using die exact expression oi (2-23) to compute the directivity, it is often 
convenient m derive simpler expressions, even if they are approximate, to compute 
i he directivity. These can also be used for design purposes. For antennas with one 
narrow major lobe and very negligible minor lobes, the beam solid angle is approxi- 
mately equal to the product oi' the half-power beamwidths in two perpendicular planes 
|7| shown in Figure 2.10(a). For a rotationally symmetric pattern, the half-power 



fa) N on sym mi t r ical p:U let’ll (hi SynimelriL-jit pattern 

Figure 2.1.0 Beam solid angles for nonsymmelrica) and symmetrical ra 
dialion patterns. 
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beamwidths in any two perpendicular planes are the same, as illustrated in Figure 
2.10(b). 

With this approximation, (2-23) can be approximated by 


^ 477 _ 477 

D " = ih, ~ 


The beam solid angle has been approximated by 

a, - 0 lr 0 2 , 


(2-26) 


(2-26a) 


where 

H lf = half-power beaniwidth in one plane (rad) 

= half-power beamwidth in a plane at a right angle to the other (rad) 

If the beamwidths are known in degress, (2-26) can be written as 


47r(l80/7r) 2 _ 41,253 
0 |«/® 2 </ 0 |</ 02 </ 


(2-27) 


where 

C H >i,/ = half-power beamwidth in one plane (degrees) 

02 ,/ = half-power beamwidth in a plane at a right angle to the other (degrees) 


For planar arrays, a better approximation to (2-27) is (3J 


32,400 _ 32,400 

tl A (degrees) 2 0|,/0 2< / 


(2-27a) 


The validity of (2-26) and (2-27) is based on a pattern that has only one major 
lobe and any minor lobes, if present, should be of very low intensity. For a pattern 
with two identical major lobes, the value of the maximum directivity using (2-26) or 
(2-27) will be twice its actual value. For patterns with significant minor lobes, the 
values of maximum directivity obtained using (2-26) or (2-27), which neglect any 
minor lobes, will usually be too high. 


Example 2.5 

The radiation intensity of the major lobe of many antennas can be adequately repre- 
sented by 

U — B () cos 0 

where /?,, is the maximum radiation intensity. The radiation intensity exists only in 
the upper hemisphere (0 5 0^ 7r/2, 0 ^ (f> < 277). and it is shown in Figure 2.1 1. 
Find the maximum directivity using (2-26) or (2-27) and compare it with its exact 
value. 
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v 


Figure 2.1 1 Radiation intensity pattern 
of the form U = cos 9 in the upper hemi- 
sphere. 


SOLUTION 

The half-power point of the pattern occurs at 0 = 60°. Thus the beamwidth in the 9 
direction is 120° or 



Since the pattern is independent of the ^coordinate, the beamwidth in the other plane 
is also equal to 
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The exact maximum directivity is 4 and its approximate value, using (2-26). is 2.86. 
Better approximations can he obtained if the patterns have much narrower beam- 
widths. which will be demonstrated later in this section. 


Many times it is desirable to express the directivity in decibels (dB) instead of 
dimensionless quantities. The expressions for converting die dimensionless quantities 
of directivity and maximum directivity to decibels (dB) are 

D(dB) = 10 log| 0 |Z)(dimensionless)| (2-28a) 

D 0 (dB) — 10 logiolD,, (dimensionless)] (2-28b) 


It has also been proposed |9| that the maximum directivity of an antenna can also 
be obtained approximately by using the formula 


— = - — + ±1 
Do 2 \D, + Ih) 


where 


(2-29) 


A 



D> - 



(2-29a) 


(2-29b) 


(*)i r and 6)_> ( are the half-power beamwidlhs (in radians) of the E- and //-planes, 
respectively. The formula of (2-29) will be referred to as the arithmetic mean of the 
maximum directivity. Using (2-29a) and (2-29b) we can write (2-29) as 


J_ = _J_ /wj, oU er, + 

Do 2 In 2 \ 16 16/ 32 In 2 


or 



A, - 


22.181 ( 1 80/ tt)~ 72.815 




2d 


«i;y + <->i 


2,1 


(2-30a) 


(2-3()b) 


where 0|,/ and are the half-power beamwidlhs in degrees. Equation (2-30a) is to 
be contrasted with (2-26) while (2-30b) should be compared with (2-27). 

In order to make an evaluation and comparison of the accuracies of (2-26) and 
(2-30u), examples whose radiation intensities (power patterns) can be represented by 


im <f>) = 


Bocos"(6) 0 < 0 < 7r/2, Q < 4> < 2tt 
0 elsewhere 


(2-31) 
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where n = I — 10. 11.28, 15. and 20 are considered. The maximum directivities 
were computed using (2-26) and (2-30a) and compared with the exact values as 
obtained using (2-22). The results are shown in Table 2.1. From the comparisons it 
is evident that the error due to Tai & Pereira's formula is always negative (i.e., it 
predicts lower values of maximum directivity than the exact ones) and monotonically 
decreases as n increases (the pattern becomes more narrow). However, the error due 
to Kraus' formula is negative for small values of n and positive for large values of n. 
For small values of n the error due to Kraus’ formula is negative and positive for 
large values of n: the error is zero when n = 5.497 — 5.5 (half-power bcamwidth of 
56.35°). In addition, for symmetrically rotational patterns the absolute error due to 
the two approximate formulas is identical when n = 1 1.28, which corresponds to a 
half-power beamwidth of 39.77°. From these observations we conclude that, Kraus' 
formula is more accurate for small values of n (broader patterns) while Tai & Pereira's 
is more accurate for large values of n (narrower patterns). Based on absolute error 
and symmetrically rotational patterns, Kraus’ formula leads to smaller error for 
n < 11.28 (half-power beamwidth greater than 39.77°) while Tai & Pereira’s leads to 
smaller error for n > 1 1,28 (half-power beamwidth smaller than 39.77°). The results 
are shown plotted in Figure 2.12 for 0 < n ^ 450. 

2.5.2 Omnidirectional Patterns 

Some antennas (such as dipoles, loops, broadside arrays) exhibit omnidirectional 
patterns, as illustrated by the three-dimensional patterns in Figure 2.13 (a.b). As single- 
lobe directional patterns can be approximated by (2-31 ), omnidirectional patterns can 
often be approximated by 

U = |sin"(0)| 0s9<i r, 0 ^ — 27r (2-32) 

where n represents both integer and noninteger values. The directivity of antennas 
with patterns represented by (2-32) can be determined in closed form using the 


Table 2.1 COMPARISON OF EXACT AND APPROXIMATE VALUES OF MAXIMUM 


DIRECTIVITY FOR U = cos"0 POWER PATTERNS 


n 

Exact 

Equation 

(2-22) 

Kraus 

Equation 

(2-26) 

Kraus 
% Error 

Tai and Pereira 
Equation 
(2-30a) 

Tai and Pereira 
% Error 

i 

4 

2.86 

- 28.50 

2.53 

- 36.75 

2 

6 

5.09 

- 15.27 

4.49 

-25.17 

3 

8 

7.35 

-8.12 

6.48 

- 19.00 

4 

10 

9.61 

- 3.90 

8.48 

- 15.20 

5 

12 

1 1.87 

- 1.08 

10.47 

- 12.75 

6 

14 

14.13 

+ 0.93 

12.46 

- 1 1 .00 

7 

16 

16.39 

+ 2.48 

14.47 

-9.56 

8 

18 

18.66 

+ 3 ,68 

16,47 

- 8.50 

9 

20 

20.93 

+ 4.64 

18.47 

- 7.65 

10 

22 

23.19 

+ 5.41 

20.47 

-6.96 

11.28 

24.56 

26.08 

+ 6.24 

23.02 

-6.24 

15 

32 

34.52 

+ 7.88 

30.46 

-4.81 

20 

42 

45.89 

+ 9.26 

40.46 

- 3.67 
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Figure 2.12 Comparison of exact and approximate values of directivity for di- 
rectional (/ ~ eos"f) power patterns. 


definition of (2-lfia), However, as was done for the single- Lobe patterns of Figure 
2. 10. approximate directivity formulas have been derived 1 1 0 1 . 1 1 1 1 for antennas with 
omnidirectional patterns similar to l he ones shown in Figure 2.12 whose main lobe is 
approximated by (2-32 1. The approximate directivity formula for an omnidirectional 
pattern as it function of the pattern half-power beuimvidth (in degrees), which is 
reported t>y McDonald in [ I0|, was derived based on the array factor of a broadside 
colli near array [see Section 6.4.1 and (6-38a)| and is given by 


D 


u 


101 

HPBW (degrees) - 0.0027 jHPBW (degrees)| 2 


(2-33a) 


However, that reported by Pozar in 1 1 1 1 is derived based on the exact values obtained 
using (2-32) and then representing, the data in closed-form using curve-fitting, and ii 
is given by 


f) Q = - 172.4 -h IP I VURI8 + L /HPBW (degrees) (2-33b) 

The approximate formula of (2-33a) should, in general, be more accurate for omni- 
directional patterns witli minor lohes, as shown in Figure 2.13(a), while (2-33b) should 
be more accurate for omnidirectional patterns with minor lobes of very low intensity 
(ideally no minor lobes), as shown in Figure 2.13(b). 

The approximate formulas ul (2-33a) and (2-33b) can be used to design omnidi- 
rectional antennas with specified radiation pattern characteristics. To facilitate this 
procedure, the directivity of antennas with omnidirectional patterns approximated by 
(2-32) is plotted in Figure 2.14 versus n and the half-power beamwiddi (in degrees). 
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Figure 2.13 Omnidirectional patterns with and without minor 
lobes. 


Three curves are plotted in Figure 2.14; one using (2- 16a) and referred as exact . one 
using (2-33a) and denoted as McDonald , and the third using (2-33b) and denoted as 
Pozar. Thus, the curves of Figure 2.14 can be used for design purposes, as follows: 

a. Specify the desired directivity and determine the value of n and half-power 
beamwidth of the omnidirectional antenna pattern, or 

b. Specify the desired value of n or half-power beamwidth and determine the direc- 
tivity of the omnidirectional antenna pattern. 

To demonstrate the procedure, an example is taken. 


Example 2.6 

Design an antenna with omnidirectional amplitude pattern with a half-power beam- 
width of 90°. Express its radiation intensity by U = sin"fl. Determine the value of n 
and attempt to identify elements that exhibit such a pattern. Determine the directivity 
of the antenna using ( 2- 16a), (2-33a), and (2-33b). 
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180.0 19.0 13.5 I 1.0 9,5 8.5 7.8 7.2 6.7 6.4 

HPBW (degrees) 

Figure 2.14 Comparison of exact and approximate values of directivity for 
omnidirectional U = sin" (I power patterns. 


SOLUTION 

Since the half-power bcamwidih is 90°, the angle at which the half-power point occurs 
is 6 = 45°. Thus 

U (6 = 45°) = 0.5 = sin"(45°) = (0.707)" 


or 


n = 2 


Therefore, the radiation intensity of the omnidirectional antenna is represented by 
U = sin 2 0. An infinitesimal dipole (see Chapter 4) or a small circular loop (see 
Chapter 5) are two antennas which possess such a pattern. 

Using the definition of (2- 16a). the exact directivity is 


U 


max 


= l 


Prad = I f sin 2 0 sin 0 dO d<j> 
Jo Jo 


Do 


477 

8tt/3 


3 

7 


1.761 dB 


877 

T 


Since the half-power beamwidth is equal to 90°, then the directivity based on (2-33a) 
is equal to 


Do 


101 

90 - 0.0027 (90) 2 


= 1.4825 = 1.71 dB 
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while that based on (2-33b) is equal to 

D„= -172.4 + 191 V 0 - 818 + 1/90 = 1.516 = 1.807 dB 

The value of n and the three values of the directivity can also be obtained using Figure 
2.14, although they may not be as accurate as those given above because they have 
to be taken off the graph. However, the curves can be used for other problems. 


2.6 NUMERICAL TECHNIQUES 

For most practical antennas, their radiation patterns are so complex that closed form 
mathematical expressions are not available. Even in those cases where expressions 
are available, their form is so complex that integration to find the radiated power, 
required to compute the maximum directivity, cannot be performed. Instead of using 
the approximate expressions of Kraus, Ta i and Pereira, McDonald or Pozar alternate 
and more accurate techniques may be desirable. With the high-speed computer sys- 
tems now available, the answer may be to apply numerical methods. 

Let us assume that the radiation intensity of a given antenna is separable, and it 
is given by 


U = g(d>) 

where B 0 is a constant. The directivity for such a system is given by 

4'n-t/nu.x 


= 


rad 


where 


P rad 

which can also be written as 


-4"{f 


f(6) sin 6 dO \ d<f> 


/’rad = B„J o g(4» | f o f(d) sin e do J d$ 


(2-34) 


(2-35) 


(2-36) 


(2-37) 


If the integrations in (2-37) cannot be performed analytically, then from integral 
calculus we can write a series approximation 


fir N 

m sin Odd = 2 I jm sin 0,] M 

JO j= | 


(2-38) 


For N uniform divisions over the tt interval, 



(2-38a) 
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Figure 2.15 Digitization scheme of pattern in spheri- 
cal coordinates. 


Referring to Figure 2.J5, 0, can take many different forms. Two schemes are shown 
in Figure 2.15 such that 


or 


= i 



i = 1.2,3. . 


N 


(2-38b> 


«-^ + w - n 5 - '- 1 - 2 - 3 N 


(2-38c) 


In the former case, 0, is taken at the trailing edge of each division; in the latter case. 
f)j is selected at the middle of each division. The scheme that is more desirable will 
depend upon the problem under investigation. Many other schemes are available. 

In a similar manner, we can write for the <f> variations that 


J tf g(</>) d<f> = 


,u 

2 £(</>,■) A 4>j 


i - 1 


(2-39) 


where for M uniform divisions 
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Again referring to Figure 2. 15 

<l>j = j = 1,2,3, ... .M 

or 


(2-39b) 


0 o 

<6, = ^ + (; - I ) j = I. 2, 3 M (2-39c) 

2M M 

Combining (2-38). (2-38a), (2-39). and (2-39a) we can write (2-37) as 

p ,« I - ) s WZ/W *'» ®. } (2*40) 

The double summation of (2-40) is performed by adding for each value of j 

(j — 1. 2. 3 M) all values of / (/ = 1. 2, 3 N). In a computer program 

flowchart, this can be performed by a loop within a loop. Physically. (2-40) can be 
interpreted by referring to Figure 2.15. It simply states that for each value of #(</>) at 
the azimuthal angle </> = <j> jy the values of/(0) sin 8 are added for all values of 6 = 

6j (i = I, 2. 3 N). The values of 0, and <l)j can be determined by using either 

of the forms as given by (2-38b) or (2-38e) and (2-39b) or (2-39e). 

Since the 0 and <f) variations are separable. (2-40) can also be written as 

P rM i = X £(<&) j [S/W sin (2-41) 

in which case each summation can be performed separately. 

If the 8 and <f> variations are not separable, and the radiation intensity is given by 

U = B 0 W <f>) (2-42) 

the digital form of the radiated power can be written as 

(2-43) 

8j and <f>j take different forms, two of which were introduced and are shown pictorially 
in Figure 2.15. The evaluation and physical interpretation of (2-43) is similar to that 
of (2-40). 

To examine the accuracy of the technique, two examples will be considered. 



Example 2.7(a) 

The radiation intensity of an antenna is given by 


U(0, $) = 


sin 8 sin 2 <f), 0 £ 0 £ tt, 0 £ S 7t 

0 elsewhere 
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Determine the maximum directivity numerically by using (2-41) with tt, and <f>, of 
(2-38b) and (2-39h), respectively. Compare it with the exact value. 


SOLUTION 


Let us divide the 0 and (f> intervals each into IS equals segments (N = M - 18). 
Since 0 ^ </> < 77 , then A <j>j — tt/M and (2-41 ) reduces to 


i \ - 

'IK 

1 K 

f ^ 1 
\Ts / 

2 sin2 <i>i 

2 sin2 ^ 
_/ = 1 


with 


77 ' 


0, = i(f-| - H\0\ i= 1,2.3 18 

.18/ 


it ' 


<bj = 7i — I — ji I °°K ./ = 1,2.3 18 


Thus 


77' 


P rati = |sin-(T0°) + sitr(20°) + 

- 4f) 




+ sin ( 1 80°) I 


and 


/;„ - 


4 77C 


n-U 77 

The exact value is given by 


4t7 16 

- — = 5.0929 


P rad = J (j sin’ (f> d(f) J" sin 2 ftdf) = j |jj B {) = B n 


and 


A» 


477f/ n 


4,7 = * = 5.0929 


/ J r.Kj n 4 IT 

Which is the same us the value obtained numerically! 


Example 2.7(b) 

Given the same radiation intensity as that in Example 2.7(a), determine the directivity 
using (2-41) with 0, and </>, of (2-38c) and (2-39c). 

SOLUTION 

Again using 18 divisions in each interval, we can write (2-41 ) as 
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with 


O t = TZ + <' ~ D -^ = 5° + (/ - I) 10°, i = 1, 2, 3 18 

Jo 1 o 

= T7 + 0‘ ~ 0 7Z = 5 ° + 0* " I) 10°, ./ = 1. 2, 3 18 

Jo I o 

Because of the symmetry of the divisions about the 6 = n/2 and <(> = tt!2 angles, 
we can write 


rail 


I \~r l) "If V 

/*™i = A)(t^j 2 X sin 2 tf>j 2 2 sin 2 0, 
\ix/ |_ 7- 1 j |_ *=i 


7T 


P*, = £<> — 4[sin- (5°) + sin 2 (15°) + • • • + sin 2 (85°)] 2 

\ I 0/ 


7T 


7T 


7T~ 


Prau = fi(» 7^ 4(4.5) = (81) = BA — 


,18 


18 


which is identical to that of the previous example. Thus 


A. = 


47r 1 6 

= — = 5.0929 


P rud 7r : /4 7T 

which again is equal to the exact value! 


It is interesting to note that decreasing the number of divisions (M and/or N) to 9, 6. 
4, and even 2 leads to the same answer, which also happens to be the exact value! 
To demonstrate as to why the number of divisions does not affect the answer for this 
pattern, let us refer to Figure 2.16 where we have plotted the sin 2 <f> function and 
divided the 0° ^ </> ^ 180° interval into six divisions. The exact value of the directivity 
uses the area under the solid curve. Doing the problem numerically, we lind the area 
under the rectangles, which is shown shaded. Because of the symmetrical nature of 
the function, it can be shown that the shaded area in section #1 (included in the 
numerical evaluation) is equal to the blank area in section #1' (left out by the 
numerical method). The same is true for the areas in sections #2 and #2', and #3 
and #3'. Thus, there is a one-to-one compensation. Similar justification is applicable 
for the other number of divisions. 

It should be emphasized that all functions, even though they may contain some 
symmetry, do not give the same answers independent of the number of divisions. As 
a matter of fact, in most cases the answer only approaches die exact value as the 
number of divisions is increased to a large number. 

A FORTRAN computer program called DIRECTIVITY has been developed to 
compute the maximum directivity of any antenna whose radiation intensity is U = 
F(ff, </>) based on the formulation of (2-43). The intensity function F does not have 
to be a function of both 0 and <b. The numerical evaluations are made at the trailing 
edge, as defined by (2-38b) and (2-39b). The program is included at the end of this 
chapter. It contains a SUBROUTINE for which the intensity factor U = F(0, <j>) for 
the required application must be specified by the user. As an illustration, the antenna 
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6 (OiignifJisiJ 

Figure 2,16 Digitized form of sin 2 function. 


intensity U = sin 0 stir i /.» has been inserted in the subroutine, in addition, the up- 
per and lower limits of H and tj> must he specified lor each application of the same 
pattern. 


2,7 GAIN 


Another useful measure describing the performance of an antenna is the gain. Al- 
though the gain of the antenna is closely related to the directivity, it is a measure that 
takes into account the efficiency of the antenna as well as its directional capabilities. 
Remember that directivity is a measure that describes only the directional properties 
of the antenna, and it is therefore controlled only by the pattern. 

Absolute gain of an antenna tin a given direction) is defined as "the ratio of the 
intensity, in a given direction, to the radiation intensity that would be obtained if the 
power accepted by the antenna were radiated isotropically. The radiation intensity 
corresponding to the isotropically radiated power is equal to the power accepted 
(input) by the antenna divided hy 4 77 ." Ill equation form this can be expressed as 


radiation intensity 

sain — 4 77 — ; 

total input (accepted) power 


- 4it 


U10. tf>) 
Pm 


(dimensionless) (2-44) 


In most cases we deal with relative gain, which is defined as “the ratio of the 
power gain in a given direction to the power gain of a reference antenna in its 
referenced direction." The power input must be the same for both antennas. The 
reference antenna is usually a dipole, horn, or any other antenna whose gain can be 
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Input 
terminals 
(gain reference) 


Output 

terminals 

(directivity reference) 


(a) Antenna reference terminals 



<b) Reflection, conduction, and dielectric losses 

Figure 2.17 Reference terminals and losses of 
an antenna. 


calculated or it is known. In most cases, however, the reference antenna is a lossless 
isotropic source. Thus 

47 tU( 6, (f>) 

G — ; : (dimensionless) (2-44a) 

P,„ (lossless isotropic source) 

When the direction is not stated, the power gain is usually taken in the direction 
of maximum radiation. 

Referring to Figure 2.17(a), we can write that the total radiated power (/^d) > s 
related to the total input power {P ia ) by 

P rad = <'<-<1 Pm (2-45) 


where e ( .,, is the antenna radiation efficiency (dimensionless) which is defined in 
Section 2.14 by (2-90). According to the IEEE Standards, “gain does not include 
losses arising from impedance mismatches (reflection losses) and polarization mis- 
matches ( losses)." ’ In this edition of the book, we will adhere, in terms of standardi- 
zation. to this definition. But in the earlier edition we included both impedance 
(reflection) and polarization losses in the definition of the gain. These two losses are 
defined, respectively, by the reflection (mismatch) efficiency in (2-51) and (2-52), and 
by the polarization loss factor (PLF) in (2-71). Both are very important losses and 
they need to be included in the link calculations of a communication system to 
determine the received or radiated power, even if they are not included in the present 
definition of gain. Using (2-45) reduces (2-44a) to 


47T 


me. <t>) 

P rad _ 


G(d, <f>) = e,. d 


(2-46) 
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which is related to the directivity of (2-21) by 

(2-47) 

In a similar manner, the maximum value of the gain is related to the maximum 
directivity by 

(2-47a) 

As was done with the directivity, we can define the partial gain of an antenna 
for a given polarization in a given direction as “that part of the radiation intensity 
corresponding to a given polarization divided by the total radiation intensity that 
would be obtained if the power accepted by the antenna were radiated isotropically.’ ‘ 
With this definition for die partial directivity, then, in a given direction, “the total 
gain is the sum of the partial gains for any two orthogonal polarizations.” For a 
spherical coordinate system, the total maximum gain G u for the orthogonal 6 and 
components of an antenna can be written, in a similar form as was the maximum 
directivity in (2-17)-(2-17b), as 


Go = Go + G,* 

(2-48) 

while the partial gains G n and G* are expressed as 


„ 4t tU„ 

G " = P 
1 w 

(2-48a) 

AttU ,{, 

G d> = p 

r in 

(2-48b) 


where 


U" = radiation intensity in a given direction contained in E# field component 
U$ = radiation intensity in a given direction contained in E,t, field component 
Pi,, = total input (accepted) power 

For many practical antennas an approximate formula for the gain, corresponding 
to (2-27) or (2-27a) for the directivity, is 

(2-49) 


In practice, whenever the term “gain" is used, it usually refers to the maximum 
gain as defined by (2-47a). 

Usually the gain is given in terms of decibels instead of the dimensionless quantity 
of (2-47a). The conversion formula is given by 

G 0 (dB) = 10 log l0 [e, D () (dimensionless)J (2-50) 

2.8 ANTENNA EFFICIENCY 

The total antenna efficiency e„ is used to take into account losses at the input terminals 
and within the structure of the antenna. Such losses may be due, referring to Figure 
2.17(b), to 
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1. reflections because of the mismatch between the transmission line and the antenna 

2. I 2 R losses (conduction and dielectric) 


In general, the overall efficiency can be written as 


e„ = e,.e c e ( , 


(2-51) 


where 

e„ = total efficiency (dimensionless) 

e r = reflection (mismatch) efficiency = (I - |r| 2 ) (dimensionless) 
e, = conduction efficiency (dimensionless) 
e tJ — dielectric efficiency (dimensionless) 

I' = voltage reflection coefficient at the input terminals of the antenna |T - 
(Z in - Zi))/(Z in -I- Z 0 ) where Z in = antenna input impedance. Z<> = char- 
acteristic impedance of the transmission line] 

Usually e t . and e d are very difficult to compute, but they can be determined 
experimentally. Even by measurements they cannot be separated, and it is usually 
more convenient to write (2-51 ) as 

e, t = e,.e, d = e Ci , ( 1 - |rp) (2-52) 

where e,. lt — e,.e d - antenna radiation efficiency, which is used to relate the gain and 
directivity. 


Example 2.8 

A lossless resonant half-wavelength dipole antenna, with input impedance of 73 ohms, 
is to be connected to a transmission line whose characteristic impedance is 50 ohms. 
Assuming that the pattern of the antenna is given approximately by 

U = Zf„ sin 3 0 

find the overall maximum gain of this antenna. 

SOLUTION 

Let us first compute the maximum directivity of the antenna. For this 

L'lnmx — U„, i( x — Bo 

P rad = j" f" U(0. (!>) sill 0 d0 d([? = 2i tB u sin 4 0 d0 = B {) 

Do = 4 = 1697 

Pnui 2 TT 

Since the antenna was staled to be lossless, then the radiation efficiency 

e, d = 1 
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Thus, the total maximum gain, as de fined in this edition and by IEEE, is equal to 


C„ = e,. lt t\ = 1(1.697) = 1.697 
G'o(dB) = 10 log, 0 ( 1-697) = 2.297 


which is identical to the directivity because the antenna is lossless. 

There is another loss factor which is not taken into account in the gain. That is 
the loss due to reflection or mismatch losses between the antenna (load) and the 
transmission line. This loss is accounted for by the reflection efficiency of (2-5 1 ) or 
(2-52). and it is equal to 


= Cl - in 2 ) = t - 


73 - 50 


73 + 50 


0.965 


<V(dB) = 10 log, o (0.965) = -0.155 


Thus, the overall efficiency is 


(’o = e, e,.,i = 0.965 
(dB) = - 0.155 


Thus, the overall losses are equal to 0.155 dB. 

The gain in dB can also be obtained by converting the directivity and radiation 
efficiency in dB and then adding them. Thus, 

e,f dB) = 10 log, o (1.0) = 0 
IM dB) = 10 log,,, (1.697) = 2.297 
G„(dB) = e,.,/(dB) + /9»(dB) = 2.297 


which is the same as obtained previously. 


2.9 HALF-POWER BEAMWIDTH 

The half-power beamwidth is defined as: “In a plane containing the direction of the 
maximum of a beam, the angle between the two directions in which the radiation 
intensity is one-half the maximum value of the beam.'* Often the term beamwidth is 
used to describe the angle between any two points on the pattern, such as the angle 
between the 10-dB points. In this case the specific points on the pattern must be 
described to avoid confusion. However the term beamwidth by itself is usually re- 
versed to describe the 3-dB beamwidth. 

The beamwidth of the antenna is a very important figure-of-merit, and it often 
used to as a tradeoff between it and the sidelobe level: that is. as the beamwidth 
decreases the sidelobe increases and vice versa. In addition, the beamwidth of the 
antenna is also used to describe the resolution capabilities of the antenna to distinguish 
between two adjacent radiating sources or radar targets. The most common resolution 
criterion states that the resolution capability of an antenna to distinguish between two 
sources is equal to half the first null beamwidth (FNBW/2), which is usually used to 
approximate the half-power beamwidth (HPBW) (7), |12]. That is. two sources sep- 
arated by angular distances equal or greater than FNBW/2 = HPBW of an antenna 
with a uniform distribution can be resolved. If the separation is smaller, then the 
antenna will tend to smooth the angular separation distance. 
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2.10 BEAM EFFICIENCY 

Another parameter that is frequently used to judge the quality of transmitting and 
receiving antennas is the beam efficiency. For an antenna with its major lobe directed 
along the z-axis (0 = 0), as shown in Figure 2.4(a), the beam efficiency (BE) is 
defined by 

power transmitted (received) within cone angle 0, , _ 

BE = : — — : — — - (dimensionless) (2-53) 

power transmitted (received) by the antenna 

where is the half-angle of the cone within which the percentage of the total power 
is to be found. Equation (2-53) can be written as 


BE 



U(Q, (f>) sin 0 dO d<f> 


U( 0. (f>) sin 0 dO d<f> 


(2-54) 


If 0\ is chosen as the angle where the first null or minimum occurs (see Figure 2.4). 
then the beam efficiency will indicate the amount of power in the major lobe compared 
to the total power. A very high beam efficiency (between the nulls or mininiums), 
usually in the high 90s. is necessary for antennas used in radiometry. astronomy, 
radar, and other applications where received signals through the minor lobes must be 
minimized. The beam efficiencies of some typical circular and rectangular aperture 
antennas will be discussed in Chapter 12. 


2.11 BANDWIDTH 

The bandwidth of an antenna is defined as “the range of frequencies within which 
the performance of the antenna, with respect to some characteristic, conforms to a 
specified standard." The bandwidth can be considered to be the range of frequencies, 
on either side of a center frequency (usually the resonance frequency for a dipole), 
where the antenna characteristics (such as input impedance, pattern, beamwidth. po- 
larization. side lobe level, gain, beam direction, radiation efficiency) are within an 
acceptable value of those at the center frequency. For broadband antennas, the band- 
width is usually expressed as the ratio of the upper-to-lower frequencies of acceptable 
operation. For example, a 10 : 1 bandwidth indicates that the upper frequency is 10 
times greater than the lower. For narrowband antennas, the bandwidth is expressed 
as a percentage of the frequency difference (upper minus lower) over the center 
frequency of the bandwidth. For example, a 5% bandwidth indicates that the frequency 
difference of acceptable operation is 5% of the center frequency of the bandwidth. 

Because the characteristics (input impedance, pattern, gain, polarization, etc.) of 
an antenna do not necessarily vary in the same manner or are even critically affected 
by the frequency, there is no unique characterization of the bandwidth. The specifi- 
cations are set in each case to meet the needs of the particular application. Usually 
there is a distinction made between pattern and input impedance variations. Accord- 
ingly pattern bandwidth and impedance bandwidth are used to emphasize this dis- 
tinction. Associated with pattern bandwidth are gain, side lobe level, beamwidth. 
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polarization, and beam direction while input impedance and radiation efficiency are 
related to impedance bandwidth. For example, the pattern of a linear dipole with 
overall length less than a half-wavelength (7 < A/2) is insensitive to frequency. The 
limiting factor for this antenna is its impedance, and its bandwidth can be formulated 
in terms of the Q. The Q of antennas or arrays with dimensions large compared to 
the wavelength, excluding superdirectivc designs, is near unity. Therefore the band- 
width is usually formulated in terms of beamwidth, side lobe level, and pattern 
characteristics. For intermediate length antennas, the bandwidth may be limited by 
either pattern or impedance variations, depending upon the particular application. For 
these antennas, a 2 : I bandwidth indicates a good design. For others. large bandwidths 
are needed. Antennas with very large bandwidths (like 40 : 1 or greater) have been 
designed in recent years. These are known as frequency independent antennas, and 
they are discussed in Chapter 1 1. 

The above discussion presumes that the coupling networks (transformers, baluns, 
etc.) and/or the dimensions of the antenna are not altered in any manner as the 
frequency is changed. It is possible to increase the acceptable frequency range of a 
narrowband antenna if proper adjustments can be made on the critical dimensions of 
the antenna and/or on the coupling networks as the frequency is changed. Although 
not an easy or possible task in general, there are applications where this can be 
accomplished. The most common examples are (he antenna of a car radio and the 
“rabbit ears” of a television. Both usually have adjustable lengths which can be used 
to tune the antenna for better reception. 

2.12 POLARIZATION 

Polarization of an antenna in a given direction is defined as “the polarization of the 
wave transmitted (radiated) by the antenna. Note: When the direction is not stated, 
the polarization is taken to be the polarization in the direction of maximum gain.” In 
practice, polarization of the radiated energy varies with the direction from the center 
of the antenna, so that different parts of the pattern may have different polarizations. 

Polarization of a radiated wave is defined as “that property of an electromagnetic 
wave describing the lime varying direction and relative magnitude of the electric-field 
vector; specifically, the figure traced as a function of time by the extremity of the 
vector at a fixed location in space, and the sense in which it is traced, as observed 
along the direction of propagation." Polarization then is the curve traced by the end 
point of the arrow representing the instantaneous electric field. The field must be 
observed along the direction of propagation. A typical trace as a function of time is 
shown in Figures 2.18(a) and (b). 

The polarization of a wave can be defined in terms of a wave radiated (trans- 
mitted) or received by an antenna in a given direction. The polarization of a wave 
radiated by an antenna in a specified direction at a point in the far field is defined as 
“the polarization of the (locally) plane wave which is used to represent the radiated 
wave at that point. At any point in the far field of an antenna the radiated wave can 
be represented by a plane wave whose electric field strength is the same as that of the 
wave and whose direction of propagation is in the radial direction from the antenna. 
As the radial distance approaches infinity, the radius of curvature of the radiated 
wave’s phase front also approaches infinity and thus in any specified direction the 
wave appears locally as a plane wave.” This is a far-field characteristic of waves 
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(a) Rotation of wave 



(b) Polarization ellipse 

Figure 2.18 Rotation of a plane electromagnetic 
wave and its polarization ellipse at z = 0 as a function 
of time. 


radiated by all practical antennas, and it is illustrated analytically in Section 3.6 of 
Chapter 3. The polarization of a wave received by an antenna is defined as the 
“polarization of a plane wave, incident from a given direction and having a given 
power flux density, which results in maximum available power at the antenna termin- 
als.” 

Polarization may be classified as linear, circular, or elliptical. If the vector that 
describes the electric held at a point in space as a function of time is always directed 
along a line, the field is said to be linearly polarized. In general, however, the figure 
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that the electric field traces is an ellipse, and the field is said to be elliptically polarized. 
Linear and circular polarizations are special cases of elliptical, and they can be 
obtained when the ellipse becomes a straight line or a circle, respectively. The figure 
of the electric field is traced in a clockwise (CW) or counterclockwise (CCW) sense. 
Clockwise rotation of the electric field vector is designated as right-hand polarization 
and counterclockwise as left-hand polarization. 

In general, the polarization characteristics of an antenna can be represented by 
its polarization pattern whose one definition is “the spatial distribution of the polar- 
izations of a field vector excited (radiated) by an antenna taken over its radiation 
sphere. When describing the polarizations over the radiation sphere, or portion of it. 
reference lines shall be specified over the sphere, in order to measure the tilt angles 
(see tilt angle) of the polarization ellipses and the direction of polarization for linear 
polarizations. An obvious choice, though by no means the only one, is a family of 
lines tangent at each point on the sphere to either the 0 or </> coordinate line associated 
with a spherical coordinate system of the radiation sphere. At each point on the 
radiation sphere the polarization is usually resolved into a pair of orthogonal polari- 
zations, the co-polarization and cross polarization. To accomplish this, the co-polar- 
ization must be specified at each point on the radiation sphere.” 

“For certain linearly polarized antennas, it is common practice to define the co- 
polarization in the following manner: First specify the orientation of the co-polar 
electric field vector at a pole of the radiation sphere. Then, for all other directions of 
interest (points on the radiation sphere), require that the angle that the co-polar electric 
field vector makes with each great circle line through the pole remain constant over 
that circle, the angle being that at the pole.” 

“In practice, the axis of the antenna’s main beam should be directed along the 
polar axis of the radiation sphere. The antenna is then appropriately oriented about 
this axis to align the direction of its polarization with that of the defined co-polarization 
at the pole.” “This manner of defining co-polarization can be extended to the case 
of elliptical polarization by defining the constant angles using the major axes of the 
polarization ellipses rather than the co-polar electric field vector. The sense of polar- 
ization (rotation) must also be specified.” 

The polarization of the wave radiated by the antenna can also be represented on 
the Poincare sphere [7], [I3)-|16]. Each point on the Poincard sphere represents a 
unique polarization. The north pole represents left circular polarization, the south pole 
represents right circular, and points along the equator represent linear polarization of 
different tilt angles. All other points on the Poincarg sphere represent elliptical polar- 
ization. For details, see Figure 16.24 of Chapter 16. 

The polarization of an antenna is measured using techniques described in Chapter 

16. 

2.12.1 Linear, Circular, and Elliptical Polarizations 

The instantaneous field of a plane wave, traveling in the negative z direction, can be 
written as 


S(z; t) = aMz; 0 + a y %y(z: t) (2-55) 

According to (2-5), the instantaneous components are related to their complex counter- 
parts by 
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& x (z: t) = Re[£\ ' * r, | = Re[E xo e JittU + k: 

= E xo cos((ot + kz + <f> x ) (2*56) 

% y (z\ t) = Re|E v V'‘ a,U:> | = R e[E v ^ ( ‘ 0 ' + * r+ *.' ) ] 

= £ v „cos( cot + kz + (j> y ) (2-57) 

where E x „ and £ v „ are, respectively, the maximum magnitudes of the .v and v com- 
ponents. 

A. Linear Polarization 

For the wave to have linear polarization, the lime-phase difference between the two 
components must be 

A<f) = fa - <j> x = inr, n = 0. 1. 2. 3. . . . (2-58) 

B. Circular Polarization 


Circular polarization can be achieved only when the magnitudes of the two compo- 
nents are the same and the time-phase difference between them is odd multiples of 


tt/2. That is, 

1* 

u = r«,i - e„ . 


(2-59) 

1 

f + (, + 2«)ir. n = 0. 1 . 2. . . . 

for CW 

(2-60) 

—v 

11 

1 

-&■ 

II 

-9- 

O 

1 - 

I ~(\ + 2//)7t, n - 0, 1. 2. . . . 

for CCW 

(2-61) 


If the direction of wave propagation is reversed (i.e., + c direction), the phases in 
(2-60) and (2-61 ) for CW and CCW rotation must be interchanged, 

C. Elliptical Polarization 

Elliptical polarization can be attained only when the lime-phase difference between 
the two components is odd multiples of trl 2 and their magnitudes are not the same 
or when the time-phase difference between die two components is not equal to 
multiples of tt ! 2 (irrespective of their magnitudes). That is. 

I*J * W F.,„ # E,„ 

when Ad> — <f> x - </> x = f + (4 + 2n)tr for CW (2-62a) 

n = 0, l. 2. . . . { - (g + 2n)n for CCW (2-62b) 


or 


Ad> = <l>s - h* ± n = r > o f or cw (2-63) 

n = 0, I, 2, 3. . . . {< 0 for CCW (2-64) 

For elliptical polarization, the curve traced at a given position as a function of 
time is, in general, a lilted ellipse, as shown in Figure 2.18(b). The ratio of the major 
axis to the minor axis is referred to as the axial ratio (AR). and it is equal to 


AR 


major axis _ OA 
minor axis OB 


I < AR < sc 


(2-65) 



ftS Chapter 2 Fundamental Parameters of Antennas 


where 


OA = [MEl + £?„ + 1 4, + + 2E;, 4,cos(2A</))| ,/2 }] ,/2 (2-66) 

= [ME 2 , + E*„ - |£t + £*, + 2£ 2 ,, E 2 , cos(2A</>)| l/2 }] ,/2 (2-67) 

The tilt of the ellipse, relative to the y axis, is represented by the angle r given by 


T = 


— - tan 


of E 


E 2 - 


E 2 


cos(At^) 


( 2 - 68 ) 


When the ellipse is aligned with the principal axes |r = «7r/2, n = 0. 1,2... .). 
the major (minor) axis is equal to E (fl (E v „) or E VO (E XO ) and the axial ratio is equal to 


E v „/E vo or £ V „/E, 


SUMMARY 

We will summarize the preceding discussion on polarization by stating the general 
characteristics, and the necessary and sufficient conditions that the wave must have 
in order to possess linear, circular or elliptical polarization. 

Linear Polarization A time-harmonic wave is linearly polarized at a given point in 
space if the electric field {or magnetic field) vector at that point is always oriented 
along the same straight line at every instant of time. This is accomplished if the field 
vector (electric or magnetic) possesses: 

a. Only one component, or 

b. Two orthogonal linear components that are in time phase or 180° (or multiples 
of 1 80°) out of phase. 

Circular Polarization A time-harmonic wave is circularly polarized at a given point 
in space if the electric (or magnetic) field vector at that point traces a circle as a 
function of time. 

The necessary and sufficient conditions to accomplish this are if the field vector 
(electric or magnetic) possesses all of the following: 

a. The field must have two orthogonal linear components, and 

b. The two components must have the same magnitude, and 

c. The two components must have a time-phase difference of odd multiples of 90°. 

The sense of rotation is always determined by rotating the phase-leading component 
toward the phase-lagging component and observing the field rotation as the wave is 
viewed as it travels away from the observer. If the rotation is clockwise, the wave is 
right-hand {or clockwise) circularly polarized; if the. rotation is counterclockwise, the 
wave is left-hand {or counterclockwise) circularly polarized. The rotation of the phase- 
leading component toward the phase-lagging component should he done (dong the 
angular separation between the two components that is less than 180°. Phases equal 
to or greater than 0° and less than 1 80° should be considered leading whereas those 
equal to or greater than 1 80° and (ess than 360° should he considered lagging. 

Elliptical Polarization A time-harmonic wave is elliptically polarized if the tip of the 
field vector ( electric or magnetic) traces an elliptical locus in space. At various 
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instants of time the field vector changes continuously with time at such a manner as 
to describe an elliptical locus. It is right-hand (clockwise) elliptically polarized if the 
field vector rotates clockwise . and it is left-hand (counterclockwise) elliptically po- 
larized if the field vector of the ellipse rotates counterclockwise f 1 31. The sense of 
rotation is determined using the same rules as for the circular polarization. In addition 
to the sense of rotation, elliptically polarized waves are also specified by their axial 
ratio whose magnitude is the ratio of the major to the minor axis. 

A wave is elliptically polarized if it is not linearly or circularly polarized. Although 
linear and circular polarizations are special cases of elliptical, usually in practice 
elliptical polarization refers to other than linear or circular. The necessary and suffi- 
cient conditions to accomplish this are if the field vector (electric or magnetic) pos- 
sesses all of the following: 

a. The field must have two orthogonal linear components, and 

b. The two components can be of the same or different magnitude. 

c. ( 1 ) If the two components are not of the same magnitude, the time-phase differ- 
ence between the two components must not be 0° or multiples of 1 80° (because 
it will then be linear). (2) If the two components are of the same magnitude, the 
time-phase difference between the two components must not be odd multiples of 
90° (because it will then be circular). 

If the wave is elliptically polarized with two components not of the same mag- 
nitude but with odd multiples of 90° time-phase difference, the polarization ellipse 
will not be tilted but it will be aligned with the principal axes of the field components. 
The major axis of the ellipse will align with the axis of the field component which is 
larger of the two. while the minor axis of the ellipse will align with the axis of the 
field component which is smaller of the two. 


2.12.2 Polarization Loss Factor and Efficiency 

In general, the polarization of the receiving antenna will not be the same as the 
polarization of the incoming (incident) wave. This is commonly stated as “polarization 
mismatch.*’ The amount of power extracted by the antenna from the incoming signal 
will not be maximum because of the polarization loss. Assuming that the electric field 
of the incoming wave can be written as 

E, = p u Ej (2-69) 

where p„. is the unit vector of the wave, and the polarization of the electric field of 
the receiving antenna can be expressed as 

E„ = p„ E a (2-70) 

where p„ is its unit vector (polarization vector), the polarization loss can be taken into 
account by introducing a polarization loss factor (PLF). It is defined, based on the 
polarization of the antenna in its transmitting mode, as 

PLF = |p„ • p 1( |' = |cos (dimensionless) (2-71) 

where if/,, is the angle between the two unit vectors. The relative alignment of the 
polarization of the incoming wave and of the antenna is shown in Figure 2. 19. If the 
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A 



Figure 2.19 Polarization unit vectors of incident wave (p„.) 
and antenna (p„). and polarization loss factor (PLF). 


antenna is polarization matched, its PLF will he unity and the antenna will extract 
maximum power from the incoming wave. 

Another figure-of-meril that is used to describe the polarization characteristics of 
a wave and that of an antenna is the polarization efficiency (polarization mismatch or 
loss factor) which is defined as “'the ratio of the power received hy an antenna from 
a given plane wave of arbitrary polarization to the power that would be received by 
the same antenna from a plane wave of (he same power (lux density and direction of 
propagation, whose state of polarization has been adjusted for a maximum received 
power/* This is similar to the PLF and it is expressed as 

_ [4 • E inc ' 

P * ~ |4| 2 |E inc 

where 

4 = vector effective length of the antenna 
E'"‘ = incident electric field 


(2-7 1 a) 


The vector effective length 4 of the antenna has not yet been defined, and it is 
introduced in Section 2.15. It is a vector that describes the polarization characteristics 
of the antenna. Both the PLF and p c lead to the same answers. 

The conjugate (*) is not used in (2-71 ) or (2-7 1 a) so that a right-hand circularly 
polarized incident wave (when viewed in its direction of propagation) is matched to 
right-hand circularly polarized receiving antenna (when its polarization is determined 
in the transmitting mode). Similarly, a left-hand circularly polarized wave will be 
malched to a lefl-hand circularly polarized antenna. 

To illustrate the principle of polarization mismatch, two examples will be consid- 
ered. 


Example 2.9 

The electric field of a linearly polarized electromagnetic wave given by 

E, = a x E 0 (.i\ y)c )ki 

is incident upon a linearly polarized antenna whose electric field polarization can be 
expressed as 

E„ - (a, + a v .)£(/\ 0, <f>) 

Find the polarization loss factor (PLF). 
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SOLUTION 

For the incident wave 

A A 

P» = a* 

and for the antenna 
P„ = (a. v . + a v ) 

The PLF is then equal to 

plf = |p„. • p„| ! = it, • (a , + a,)| 2 = i 

which in dB is equal to 

PLF(dJ3) = JO log/,) PLF(dimen.sionle.ss) = JO Jog I( , (0.5) - —3 


Even though in Example 2.9 both the incoming wave and the antenna are linearly 
polarized, there is a 3-dB loss in extracted power because the polarization of the 
incoming wave is not aligned with the polarization of the antenna. If the polarization 
of the incoming wave is orthogonal to the polarization of the antenna, then there will 
be no power extracted by the antenna from the incoming wave and the PLF will be 
zero or -* dB. In Figures 2.20(a,b) we illustrate the polarization loss factors (PLF) 
of two types of antennas; wires and apertures. 

We now want to consider an example where the polarization of the antenna and 
the incoming wave are described in terms of complex polarization vectors. 


Example 2.10 

A wave radiated by an antenna is traveling in the outward radial direction along the 
+ axis. Its radiated field in the far- zone region is described by its spherical com- 
ponents, and its polarization is right-hand (clockwise) circularly polarized. This ra- 
diated Held is impinging upon a receiving antenna whose polarization (in the trans- 
mitting mode, which is the mode the antenna polarization should always be specified 
according to the definition of IEEE) is also right-handed (clockwise) circularly polar- 
ized and whose polarization unit vector is represented by 

E„ = (a„ - ja^Eir. 0, </>) 

Determine the polarization loss factor (PLF). 


SOLUTION 


The polarization of the right-hand circularly polarized wave traveling along the + - 
axis is described by the unit vector 


Pu = 


j ± A/A 
\ V2 / 
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ft-F= I pn‘ • p u l 3 - 1 
(uEiiufcd) 


PLF = |p lt ,-p r ,l 2 =™s 3 ^ 
(ratsilcd) 


PLF=lpi,,.pJ 3 =0 

fortliogonfli) 


PM’ I l)f tiurisi ntLtinp and ructivuig 
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Figure 2.20 Polarization loss factors (PLF) for aperture and linear wire antennas. 


while that of the antenna is represented by the uni l vector 

A r 4 

a» - JO, 

. V2 

Therefore the polarization loss factor is 

PLF = |p,,'p„| : = j|l + l| l = I = OdB 

Since the polarization of the incoming wave matches (including the sense of rotation) 
the polarization of the receiving antenna, there should not be any losses. Obviously 
the answer marches the expectation. 



Based upon the definitions of the wave transmitted and received by an antenna, 
the polarization of an antenna in the receiving mode is related to that in the trans- 
mitting mode as follows: 

1. *Tn the same plane of polarization, the polarization ellipses have the same axial 
ratio, the same sense of polarization (rotation) and the same spatial orientation. 
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2. “'Since their senses of polarization and spatial orientation are specified by viewing 
their polarization ellipses in the respective directions in which they are propagat- 
ing, one should note that: 

a. Although their senses of polarization are the same, they would appear to be 
opposite if both waves were viewed in the same direction. 

b. Their lilt angles are such that they are the negative of one another with 
respect to a common reference.” 

Since the polarization of an antenna will almost always be defined in its trans- 
mitting mode, according to the IEEE Std 145-1983, “the receiving polarization may 
be used to specify the polarization characteristic of a nonreciprocal antenna which 
may transmit and receive arbitrarily different polarizations.” 

The polarization loss must always be taken into account in the link calculations 
design of a communication system because in some cases it may be a very critical 
factor. Link calculations of communication systems for outer space explorations are 
very stringent because of limitations in spacecraft weight. In such cases, power is a 
limiting consideration. The design must properly take into account all loss factors to 
ensure a successful operation of the system. 


2.13 INPUT IMPEDANCE 


Input impedance is defined as “the impedance presented by an antenna at its terminals 
or the ratio of the voltage to current at a pair of terminals or the ratio of the appropriate 
components of the electric to magnetic fields at a point.” In this section we are 
primarily interested in the input impedance at a pair of terminals which are the input 
terminals of the antenna. In Figure 2.21(a) these terminals are designated as a-b . The 
ratio of the voltage to current at these terminals, with no load attached, defines the 
impedance of the antenna as 


f jX/\ 


(2-72) 


where 

Z,\ = antenna impedance at terminals a-b (ohms) 

H,\ = antenna resistance at terminals a-b (ohms) 

X,\ — antenna reactance at terminals a-b (ohms) 

In general the resistive part of (2-72) consists of two components; that is 

R a = R r + R l 


(2-73) 


where 

R r — radiation resistance of the antenna 
R l = loss resistance of the untenna 

The radiation resistance will be considered in more detail in later chapters, and it will 
be illustrated with examples. 

If we assume that the antenna is attached to a generator with internal impedance 

2, = R k + jX K (2-74) 
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(Z t ) 


Radiated 

wave 


(uj Antenna in Iratvsii lit ting mode 



ib) Theventn equivalent 


a 
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£ 

(cl N orT on eq u i vtt E e n 1 

Figure 2.21 Transmitting anrerma and its equivalent cir- 
cuits. 


where 

R v = resistance of generator impedance (ohms) 

X v = reactance of generator impedance (ohms) 

and the antenna is used m the transmitting mode, we can represent the antenna and 
generator by an equivalent circuit* shown it: Figure 2.21(b), To find the amount of 
power delivered to R, for radiation and the amount dissipated in /?< as heat \ I"RJ 2). 
we lirst iind the current developed within the loop which is given by 




_ 


Zt Z A + Zg (R t + Rf + A\.) + J(&a + Kf>) 


(A) 


(2-15) 


'^rh is uircnit can he i.ssed in repr^eni small and simple antennas. It cannot he used lor antennas with 
[ussy dieleeirtc or antennas over lossy ground because their loss resistance cannot be represented in series 
wiili i he rad till ion resistance. 
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and its magnitude by 


l/J 


[vg 

l (Rr + Rl + R„f + (Xa + X,) 2 ] 1 ' 2 


(2-75a) 


where V K is the peak generator voltage. The power delivered to the antenna for 
radiation is given by 


p, = \ i//r, = 

and that dissipated as heat by 

Pl = \ ^ 


Rr 


L(/?, + R l + R,,) + (X A + X,f 

Rl 


[(/?, + R,. + R g ? + (X A + X, 




(W) (2-76) 


(W) (2-77) 


The remaining power is dissipated as heat on the internal resistance R K of the generator . 
and it is given by 


P = K£ 
* 0 


Rr 


',) 2 . 


(IV) 


(2-78) 


.( R r + Ri. + R,) 2 + (X A + X K 

The maximum power delivered to the antenna occurs when we have conjugate 
matching; that is when 


Rr + Rl — R.c 
X A = -X n 


For this case 


P, = 


W 

R, 

__ Kl 2 

R, 1 

2 

4 (R r + R l ) 2 

i 

oc 

(Rr + R/.P J 
1 


P* = 


N: 

R* n 

V 2 

_ ¥ K 

1 

_ W'f 

8 

_(R r + R,) 2 _ 

8 

Rr + */._ 

1 

oc 

5a 

3 ; 


From (2-8l)-(2-83), it is clear that 


(2-79) 

(2-80) 

(2-81) 

(2-82) 

(2-83) 

(2-84) 


P = P + p wT r * 1 k-p r k. ± gt l 

* ' ' 8 [(R, + /?,.)’ J 8 [(R. + /f,r’ J 

The power supplied by the generator during conjugate matching is 

r v l.Mr ' i lW) (MJ) 

* 2 " 2 “ |.2(R, + R,.)J 4 |r, + R/.J ‘ 1 12 5) 


Of the power that is provided by the generator, half is dissipated as heat in the internal 
resistance (/?„) of the generator and the other half is delivered to the antenna. This 
only happens when we have conjugate matching. Of the power that is delivered to 
the antenna, part is radiated through the mechanism provided by the radiation resis- 
tance and the other is dissipated as heat which influences part of the overall efficiency 
of the antenna. If the antenna is lossless (e,. d = 1 ). then half of the total power supplied 
by the generator is radiated by the antenna during conjugate matching, and the other 
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half is dissipated as heal in the generator. Thus, to radiate half of the available power 
through R r you must dissipate the other half as heat in the generator through R K . These 
two powers are. respectively, analogous to the power transferred to the load and the 
power scattered by the antenna in the receiving mode. In Figure 2.21 it is assumed 
that the generator is directly connected to the antenna. If there is a a transmission line 
between the two, which is usually the case, then Z s represents the equivalent impe- 
dance of the generator transferred to the input terminals of the antenna using the 
impedance transfer equation. If. in addition, the transmission line is lossy, then the 
available power to be radiated by the antenna will be reduced by the losses of the 
transmission line. Figure 2.21(c) illustrates the Norton equivalent of the antenna and 
its source in the transmitting mode. 

The use of the antenna in the receiving mode is shown in Figure 2.22(a). The 
incident wave impinges upon the antenna, and it induces a voltage V T which is 
analogous to V,. of the transmitting mode. The Thevenin equivalent circuit of the 
antenna and its load is shown in Figure 2.22(b) and the Norton equivalent in Figure 
2.22(c). The discussion for the antenna and its load in the receiving mode parallels 
that lor the transmitting mode, and it will not be repeated here in detail. Some of the 
results will be summarized in order to discuss some subtle points. Following a pro- 
cedure similar to that for the antenna in the transmitting mode, it can be shown using 
Figure 2.22 that in the receiving mode under conjugate matching (R, + R t _ - R r and 
X A = — Xf) the powers delivered to R r . R r . and R( are given, respectively, by 


Vr 3 

R r 

_ N 2 1 

1 1 1 

_ ^ 

8 

(R r + R l ) 2 

8 ' 

\R r + rJ 

8P, 


w 2 

" P, 

_ W 2 

R, 

2 

4 (R f + R,) 2 

8 

JR, + R,)\ 


= N: 

'• 8 (R, + R,r 


( 2 - 86 ) 


(2-87) 

( 2 - 88 ) 


while the induced (collected or captured ) is 


P, 




5 

J 

_ N 2 1 

' \ 

|_2 (/?, + R t .), 

4 ' 

l«, + Rj 


(2-89) 


These are analogous, respectively, to (2-81 )— (2-83) and (2-85). The power P, of 
(2-87) delivered to R, is referred to as scattered (or reradiated) power. It is clear 
through (2-86M2-89) that under conjugate matching of the total power collected or 
captured [P, of (2-89)] half is delivered to the load R, [Pr of (2-86)1 and the other 
half is scattered or reradiated through R, \P r of (2-87)] and dissipated as heal through 
R t [P/. of (2-88)|. If the losses are zero (R L = 0). then half of the captured power is 
delivered to the load and the other half is scattered. This indicates that in order to 
deliver half of the power to the load you must scatter the other half. This becomes 
important when discussing effective equivalent areas and aperture efficiencies, espe- 
cially for high directivity aperture antennas such as wave guides, horns, and reflectors 
with aperture efficiencies as high as 80 to 90%. Aperture efficiency (e„ /( ) is delined 
by (2-100) and is the ratio of the maximum effective area to die physical area. The 
effective area is used to determine the power delivered to the load, which under 
conjugate matching is only one half of that intercepted; the other half is scattered and 
dissipated as heat. For a lossless antenna (R t = 0) under conjugate matching, the 
maximum value of the effective area is equal to the physical area ( e ai , - I) and the 
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Ifr) Fhcvetiin equivalent 


a 



(Cl Nqrlun equivalent 

Figure 2.22 Antenna and its equivalent circuits in the 
receiving mode. 


scattering area is also equal to Hie physical area. Thus half of the power is delivered 
to the load and the other half is scattered. Using (2-86) to (2-89) we conclude that 
even though the aperture efficiencies are higher than 50% (they can be as large as 
100%) all of the power that is captured by the antenna is not delivered to the load but 
it includes that which is scattered plus dissipated as heal by the antenna. The most 
that can be delivered lo the load is only half of that captured and that is only under 
conjugate matching and lossless transmission line. 

The input impedance of an antenna is generally a function of frequency. Thus the 
antenna will be matched to the interconnecting transmission line and other associated 
equipment only within a bandwidth. In addition, the input impedance of the antenna 
depends on many factors including Us geometry, its method of excitation, and its 
proximity to surrounding objects. Because of their complex geometries, only a limited 
number of practical antennas have been investigated analytically. For many others, 
the input impedance has been determined experimentally. 
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2.14 ANTENNA RADIATION EFFICIENCY 


The antenna efficiency that takes into account the reflection, conduction, and dielectric 
losses was discussed in Section 2.8. The conduction and dielectric losses of an antenna 
are very difficult to compute and in most cases they are measured. Even with meas- 
urements. they are difficult to separate and they are usually lumped together to form 
the e cil efficiency. The resistance R t _ is used to represent the conduction-dielectric 
losses. 

The conduction-dielectric efficiency e, lt is defined as the ratio of the power deliv- 
ered to the radiation resistance R r to the power delivered to R r and R L . Using (2-76) 
and (2-77). the radiation efficiency can be written as 



Rr 


*t'd - 

R t + R r 



(dimensionless) 


(2-90) 


For a metal rod of length / and uniform cross-sectional area A. the dc resistance 
is given by 


/?oc = — -7 (ohms) (2-90a) 

a A 

If the skin depth 8\8 = V / 2/((u/io<x)J of the metal is very small compared to the 
smallest diagonal of the cross section of the rod. the current is confined to a thin layer 
near the conductor surface. Therefore the high-frequency resistance can be written, 
based on a uniform current distribution, as 


*ht = 7: R, 


l_ 

P 



(ohms) 


(2-90b) 


where P is the perimeter of the cross section of the rod (P = C = 2i rb for a circular 
wire of radius b). /?, is the conductor surface resistance, oj is the angular frequency, 
Pv is the permeability of lVee-space. and a is the conductivity of the metal. 


Example 2.11 

A resonant half- wavelength dipole is made out of copper (cr = 5.7 X 1() 7 S/m) wire. 
Determine the conduction-dielectric (radiation) efficiency of the dipole antenna at 
/ = 1 (K) MHz if the radius of the wire b is 3 X 10 4 A, and the radiation resistance 
of the A/2 dipole is 73 ohms. 


SOLUTION 
At/ = 10 H Hz 

v 3 X 10 s 


A = - = 

J 


10 * 


= 3 m 


A 3 

/ = - = - m 
2 2 


C = iTTb = 2tt(3 X 10" 4 ) A = 6tt X 10“ 4 A 
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For a A/2 dipole with a sinusoidal current distribution R ( = *R M where R M is given 
by (2-90b). See Problem 2.44. Therefore. 


I 0.25 /tt( I0 h )<47T X IQ" 7 ) 

/. - 2 *ht - 677 x 10 4 yj 5.7 X I0 7 


0.349 ohms 


Thus. 


e«i (dimensionless) = — - — = 0.9952 

73 + 0.349 

e <( ) (dB) = 10 log,, ,(0.9905) = -0.02 


99.52% 


2.15 ANTENNA VECTOR EFFECTIVE LENGTH 
AND EQUIVALENT AREAS 

An antenna in the receiving mode, whether it is in the form of a wire. horn, aperture, 
array, dielectric rod. etc., is used to capture (collect) electromagnetic waves and to 
extract power from them, as shown in Figures 2.23(a) and (b). For each antenna, an 
equivalent length and a number of equivalent areas can then be defined. 

These equivalent quantities are used to describe the receiving characteristics of 
an antenna, whether it be a linear or an aperture type, when a wave is incident upon 
the antenna. 

2.15.1 Vector Effective Length 

The effective length of an antenna, whether it be a linear or an aperture antenna, is a 
quantity that is used to determine the voltage induced on the open-circuit terminals 
of the antenna when a wave impinges upon it. The vector effective length for an 
antenna is usually a complex vector quantity represented by 

C(0, 0) = a, „/#(0, 4>) + ajJ,iA0, cf)) (2-91) 

It should be noted that it is also referred to as the effective height. It is a far-lield 
quantity and it is related to the fur-zone field E„ radiated by the antenna, with current 
/,,, in its terminals, by 1 13|-| 1 8 1 

E (< = a „E„ + a = - jr) ^ C < .e~ jk> ' (2-92 ) 

The effective length represents the antenna in its transmitting and receiving modes, 
and it is particularly useful in relating the open-circuit voltage V,„. of receiving anten- 
nas. This relation can be expressed as 

V tH . = E' • (2-93) 

where 

V tH . = open-circuit voltage at antenna terminals 
E' = incident electric field 
(: t , = vector effective length 
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(u) Dipole antenna in receiving mode 



(b) Aperture antenna in receiving mode 

Figure 2.23 Uniform plane wave incident upon dipole and aperture an* 
lennas. 


In (2-93) V„, can be thought of as the voltage induced in a linear antenna of length 
1 = ( r when C t . and E' tire linearly polarized |l9],f20|. From the relation of 
(2-93) the effective length of a linearly polarized antenna receiving a plane wave in 
a given direction is defined as “the ratio of the magnitude of the open-circuit voltage 
developed at the terminals of the antenna to the magnitude of the electric field strength 
in the direction of the antenna polarization. Alternatively, the effective length is the 
length of a thin straight conductor oriented perpendicular to the given direction and 
parallel to the antenna polarization, having a uniform current equal to that at the 
antenna terminals and producing the same lar-field strength as the antenna in that 
direction.” 

In addition, as shown in Section 2. 1 2.2, the antenna vector effective length is 
used to determine the polarization efficiency of the antenna. To illustrate the usefulness 
of the vector effective length, let us consider an example. 
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Example 2.12 

The far-zone field radiated by a small dipole of length / < A/10 and with a triangular 
current distribution, as shown in Figure 4.3, is derived in Section 4.3 of Chapter 4 
and it is given by (4-36a), or 

„ „ . klje jkr . n 

E " = aft/1? 8 7rr Sm 6 

Determine the vector effective length of the antenna. 


SOLUTION 

According to (2-92), the vector effective length is 
^ sin 0 


This indicates, as it should, that the effective length is a function of the direction 
angle 0, and its maximum occurs when 0 — 90°. This tells us that the maximum 
open-circuit voltage at the dipole terminals occurs when the incident direction of the 
wave of Figure 2.23(a) impinging upon the small dipole antenna is normal to the axis 
(length) of the dipole (0 = 90°). This is expected since the dipole has a radiation 
pattern whose maximum is in the 0 = 90°. In addition, the effective length of the 
dipole to produce the same output open-circuit voltage is only half (50%) of its 
physical length if it were replaced by a thin conductor having a uniform current 
distribution (it can be shown that the maximum effective length of an element with 
an ideal uniform current distribution is equal to its physical length). 

2.15.2 Antenna Equivalent Areas 

With each antenna, we can associate a number of equivalent areas. These are used to 
describe the power capturing characteristics of the antenna when a wave impinges on 
it. One of these equivalent areas is the effective area (aperture), which in a given 
direction is defined as “the ratio of the available power at the terminals of a receiving 
antenna to the power flux density of a plane wave incident on the antenna from that 
direction, the wave being polarization matched to the antenna. If the direction is not 
specified, the direction of maximum radiation intensity is implied.” In equation form 
it is written as 


A c 



|/r| 2 m 
W, 


(2-94) 


where 

A, = effective area (effective aperture) (m 2 ) 
P r - power delivered to the load (W) 

Wj = power density of incident wave (W/nr) 
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The effective aperture is the area which when multiplied by the incident power 
density gives the power delivered to the load. Using the equivalent of Figure 2.22. 
we can write (2-94) as 


A, = 



* Rr “ 

( R r "T R/. + Ry)~ + (X> T 


(2-95) 


Under conditions of maximum power transfer (conjugate matching), R, + R r = R, 
and X A = — X r , the effective area of (2-95 ) reduces to the maximum effective aperture 
given by 


M 2 

R r 

_ N 2 

i 

8W, 

JR i. + R,)\ 

m, 

R r -1- R l 


(2-96) 


When (2-96) is multiplied by the incident power density, it leads to the maximum 
power delivered to the load of (2-86). 

All of the power that is intercepted, collected, or captured by an antenna is not 
delivered to the load, as we have seen using the equivalent circuit of Figure 2.22. In 
fact, under conjugate matching only half of the captured power is delivered to the 
load: the other half is scattered and dissipated as heat. Therefore to account for the 
scattered and dissipated power we need to define, in addition to the effective area, the 
scattering, loss and capture equivalent areas. In equation form these can be defined 
similarly to ( 2-94 )— ( 2-96 ) for the effective area. 

The scattering area is defined as the equivalent area when multiplied by the 
incident power density is equal to the scattered or reradiated power. Under conjugate 
matching this is written, similar to (2-96), as 


= 



& 

(/?/. + R,f 


(2-97) 


which when multiplied by the incident power density gives the scattering power of 
(2-87). 

The loss area is defined as the equivalent area, which when multiplied by the 
incident power density leads to the power dissipated as heat through R,_. Under 
conjugate matching this is written, similar to (2-96), as 


A/. 


N 2 Rl 
8W ( Ur l -I- R r ) 2 


(2-98) 


which whem multiplied by the incident power density gives the dissipated power of 
( 2 - 88 ). 

Finally the capture area is defined as the equivalent area, which when multiplied 
by the incident power density leads to the total power captured, collected, or inter- 
cepted by the antenna. Under conjugate matching this is written, similar to (2-96), as 


A, = 


N: 

HIV, 


Rr 4- R, + /f 7 , 

(Rl + fir f 


(2-99) 


When (2-99) is multiplied by the incident power density, it leads to the captured 
power of (2-89). In general, the total capture area is equal to the sum of the other 
three, or 


Capture Area — Effective Area + Scattering Area + Loss Area 
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This is apparent under conjugate matching using (2-96M2-99). However, it holds 
even under nonconjugate matching conditions. 

Now that the equivalent areas have been defined, let us introduce the aperture 
efficiency e ap of an antenna, which is defined as the ratio of the maximum effective 
area A em of the antenna to its physical area A t „ or 

A em maximum effective area . W1 _ v 

e = — = — (2-100) 

1 A,, physical area 

For aperture type antennas, such as waveguides, horns, and reflectors, the maximum 
effective area cannot exceed the physical area but it can equal it (A em ^ A p or 0 ^ 
e ap ^ 1 ). Therefore the maximum value of the aperture efficiency cannot exceed unity 
(100 %). For a lossless antenna (/?,. = 0) the maximum value of the scattering area 
is also equal to the physical area. Therefore even though the aperture efficiency is 
greater than 50%. for a lossless antenna under conjugate matching only half of the 
captured power is delivered to the load and the other half is scattered. 

We can also introduce a partial effective area of an antenna for a given polari- 
zation in a given direction, which is defined as “the ratio of the available power at 
the terminals of a receiving antenna to the power flux density of a plane wave incident 
on the antenna from that direction and with a specified polarization differing from the 
receiving polarization of the antenna.** 

The effective area of an antenna is not necessarily the same as the physical 
aperture. It will be shown in later chapters that aperture antennas with constant 
amplitude and phase field distributions have maximum effective areas equal to the 
physical areas; they are smaller for nonconstant field distributions. In addition, the 
maximum effective area of wire antennas is greater than the physical area (if taken 
as the area of a cross section of the wire when split lengthwise along its diameter). 
Thus the wire antenna can capture much more power than is intercepted by its physical 
size! This should not come as a surprise. If the wire antenna would only capture the 
power incident on its physical size, it would be almost useless. So electrically, the 
wire antenna looks much bigger than its physical stature. 

To illustrate the concept of effective area, especially as applied to a wire antenna, 
let us consider an example. In later chapters, we will consider examples of aperture 
antennas. 


Example 2.13 

A uniform plane wave is incident upon a very short lossless dipole (/ A), as shown 

in Figure 2.23(a). Find the maximum effective area assuming that the radiation resis- 
tance of the dipole is R r = 80(7r//A)~. and the incident field is linearly polarized along 
the axis of the dipole. 


SOLUTION 

For R l = 0, the maximum effective area of (2-96) reduces to 
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Since the dipole is very short, the induced current can be assumed to be constant and 
of uniform phase. The induced voltage is 

V, = El 

where 

Vj = induced voltage on the dipole 
E = electric held of incident wave 
/ = length of dipole 

For a uniform plane wave, the incident power density cun be written as 



where 17 is the intrinsic impedance of the medium ( = 12077 ohms for a free-space 
medium). Thus 

(£/)- 3A 2 a 

8(£ 2 /277)(807r 2 / 2 /A : ) 8tt 


The above value is only valid for a lossless antenna (the losses of a short dipole are 
usually significant). If the loss resistance is equal to the radiation resistance (R/_ = /?,.) 
and the sum of the two is equal to the load (receiver) resistance (R r = R,. + R, = 2 /?,). 
then the effective area is only one-half of the maximum effective area given above. 

Let us now examine the significance of the effective area. From Example 2.13. 
the maximum effective area of a short dipole with / <tc A was equal to A t „„ = 0. 1 19 A 2 . 
Typical antennas that fall under this category are dipoles whose lengths are / ^ A/50. 
For the purpose of demonstration, let us assume that / = A/50. Because A,. m = 
0.1 19A 2 = lw,. = (A/50 )mv. the maximum effective electrical width of this dipole is 
M-,. = 5.95A. Typical physical diameters (widths) of wires used for dipoles may be 
about w p = A/300. Thus the maximum effective width u> is about 1785 times larger 
than its physical width. 

2.16 MAXIMUM DIRECTIVITY AND MAXIMUM 
EFFECTIVE AREA 

To derive the relationship between directivity and maximum effective area, the geo- 
metrical arrangement of Figure 2.24 is chosen. Antenna I is used as a transmitter and 
2 as a receiver. The effective areas and directivities of each are designated as A,. A r 
and D,. D r . If antenna 1 were isotropic, its radiated power density at a distance R 
would be 


Wo = 


P, 

AnR 2 


( 2 - 101 ) 


where P, is the total radiated power. Because of the directive properties of the antenna, 
its actual density is 


W, = W n D, 


PrD, 

4ttR 2 


( 2 - 102 ) 
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Transmitter 


Figure 2,24 


Receiver 


Two antennas separated by a distance R , 


The power collected {'received) by the antenna and transferred to the load would he 


P r = W,A r 


r t D f Ar 

4ttR 2 


(2-103) 


or 

D t A f = £ (47 tR z ) 

• i 


(2- 103 a) 


If antenna 2 is used as a transmitter. J as a receiver, and the intervening medium 
is i inear. passive, and isotropic, we can write that 


D r A r = ^(4t tR~) 

• i 


(2-104) 


Equating (2- 103a) and (2-104) reduces to 


A = A 

A, 


(2-105) 


Increasing the directivity of an antenna increases its effective area in direct 
proportion. Thus, (2-105) can be written as 


Air Air 



(2-106) 


where A, m and A,.,,, { D Ql and D nr ) are the maximum e tie c Live areas (directivities) of 
antennas I and 2, respectively. 

If antenna ! is isotropic., then D Ur = l and its maximum effective area can be 
expressed as 


A 


trn 


Arm 

A. 


(2-107) 


Equation (2-107) slates that the maximum effective area of an isotropic source is 
equal to the ratio of the maximum effective area to the maximum directivity of any 
other source. For example, let the other antenna be a very short (/ A) dipole whose 
effective area (0.1 19A : from Example 2.13) and maximum directivity (1.5) are known. 
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The maximum effective area of the isotropic source is then equal to 


_A j v L _ 01 1 9A~ 
_ D„, “ 1.5 


A^ 

47 T 


Using (2-108), we can write (2-107) as 


A 


rut 



(2-108) 


(2-109) 


In general then, the maximum effective aperture (A,.,,,) of any antenna is related to its 
maximum directivity {Do) by 


'em 



( 2 - 1 10 ) 


Thus, when (2-1 10) is multiplied by the power density of the incident wave it leads 
to the maximum power that can be delivered to the load. This assumes that there are 
no conduction dielectric losses (radiation efficiency e it/ is unity), the antenna is 
matched to the load (reflection efficiency e r is unity), and the polarization of the 
impinging wave matches that of the antenna (polarization loss factor PLF and polar- 
ization efficiency p,. are unity). If there arc losses associated with an antenna, its 
maximum effective aperture of (2-1 10) must be modified to account for conduction- 
dielectric losses (radiation efficiency). Thus, 


A 


t'ttt 



( 2 - 111 ) 


The maximum value of (2-1 1 1 ) assumes dial the antenna is matched to the load and 
the incoming wave is polarization-matched to the antenna. If reflection and polari- 
zation losses are also included, then the maximum effective area of (2-111) is repre- 
sented by 


A. 


e, tfolp, * pj : 

e c j < I “ IH 2 ) A)|p„ ‘ pj 2 


( 2 - 112 ) 


2.17 FRIIS TRANSMISSION EQUATION AND 
RADAR RANGE EQUATION 

The analysis and design of radar and communications systems often require the use 
of the Frits Transmission Equation and the Radar Range Equation. Because of the 
importance [2 1 1 of the two equations, a few pages will be devoted for their derivation. 

2.17.1 Friis Transmission Equation 

The Friis Transmission Equation relates the power received to the power transmitted 
between two antennas separated by a distance R > 2D 2 /A, where D is the largest 
dimension of either antenna. Referring to Figure 2.25, let us assume dial the trans- 
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Figure 2.25 Geometrical orientation of transmitting and receiving 
antennas for Friis transmission equation. 


milting antenna is initially isotropic. If the input power at the terminals of the trans- 
mitting antenna is P,. then its isotropic power density Wq at distance R from the 
antenna is 


= (2-113) 

where e, is the radiation efficiency of the transmitting antenna. For a nonisotropic 
transmitting antenna, the power density of (2-1 1 3) in the direction 0,. <£, can be written 
as 


P,G,(0„<ft,) _ P,D,(0„<f> t ) 

4ttR 2 e ‘ 47 tR 2 


(2-114) 


where G,(0,. <f>,) is the gain and D,{6„ <f>,) is the directivity of the transmitting antenna 
in the direction 0„ <£,. Since the effective area A r of the antenna is related to its 
efficiency e r and directivity D, by 

A,- c r D r (e„<h)U ? | (2-115) 


the amount of power P r collected by the receiving antenna can be written, using 
(2-1 14) and (2-1 15) as 


A 2 D,(0MDr(9n<l>r)Pn~ .12 

P > = |p, • p,|“ 


(2-116) 


or the ratio of the received to the input power as 

P, _ A 2 P f (0„ <!> ( )D r (d n <t>r) 

P, (4t tR ) 2 


(2-117) 


The power received based on (2-117) assumes that the transmitting and receiving 
antennas are matched to their respective lines or loads (reflection efficiencies are 
unity) and the polarization of the receiving antenna is polarization-matched to the 
impinging wave (polarization loss factor and polarization efficiency are unity). If these 
two factors are also included, then the ratio of the received to the input power of 
(2-117) is represented by 


J t = - |r,p)d - 


D,(0„0 / )P r (0 r ,^)|p,-p r P 


(2-118) 
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For reflection and polarization-matched antennas aligned for maximum directional 
radiation and reception, (2-118) reduces to 


P, 



GofGo*. 


(2-1 19) 


Equations (2-1 17), (2-1 18). or (2-1 19) arc known as the Frits Transmission Equa- 
tion. and it relates the power P, (delivered to the receiver load) to the input power of 
the transmitting antenna P,. The term (\/4ttR) 2 is called the free -space loss factor, 
and it takes into account the losses due to the spherical spreading of the energy by 
the anLenna. 


2.17.2 Radar Range Equation 


Now let us assume that the transmitted power is incident upon a target, as shown in 
Figure 2.26. We now introduce a quantity known as the radar cross section or echo 
area ( cr ) of a target which is defined as the area intercepting that amount of power 
which, when scattered isotropically, produces at the receiver a density which is equal 
to that scattered by the actual target [13]. In equation form 


lim 


trW, 

4ttR 2 


= W, 


( 2 - 120 ) 


or 



, w v 

— lim 

, Ef 
4nR~[~ 

r , Hf i 


ir = lim 

4irR 2 -77 

= lim 4t tR 2 '—^ 


A* » 

W, 

K -• */• 

R'- 

* •« L Ht. 



(2- 1 20a) 


where 

a = radar cross section or echo area (nr) 

R = observation distance from target (m) 

W, = incident power density (W/nr) 

W, = scattered power density (W/m 2 ) 

E' (E\) = incident (scattered) electric field (V/m) 

H' (H*) = incident (scattered) magnetic field (A/m) 

Any of the definitions in (2- 120a) can be used to derive the radar cross section of any 
antenna or target. For some polarization one of the definitions based either on the 
power density, electric field, or magnetic field may simplify the derivation, although 
all should give the same answers 1 13|. 

Using the definition of radar cross section, we can consider that the transmitted 
power incident upon the target is initially captured and then it is reradiated isotropi- 
cally, insofar as the receiver is concerned. The amount of captured power P,. is 
obtained by multiplying the incident power density of (2-1 14) by the radar cross 
section cr, or 


P, 


crW, — tr 


4t 7R z { 


47t/?j 


= e,(r 


( 2 - 121 ) 
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Figure 2.26 Geometrical arrangement of transmitter, target, and 
receiver for radar range equation. 


The power captured by the target is reradiated isotropically, and die scattered 
power density can be written as 


W, = 






P t D { ( 


4 irRl (47T-/? 1 y? 2 ) 2 

The amount of power delivered to the receiver load is given by 

P t D t {Q,,4> t )D r {d,,.<i> r ) / A 


P, - A f W, = air<r- 


4tt 


Ut tRiR z 


( 2 - 122 ) 


(2-123) 


where A r is i he effective area of the receiving antenna as defined by (2- 1 15). 

Equation (2-123) can be written as the ratio of Lhe received power to the input 
power, or 


P r Alfy. ■(*>,.&) 

P, ~ 4 77 


4 t tR,R, 


(2-124) 


Expression (2-124) is used to relate the received power to the input power, and it 
takes into account only conduction-dielectric losses (radiation efficiency) of the trans- 
mitting and receiving antennas. It does not include reflection losses (reflection effi- 
ciency) and polarization losses (polarization loss factor or polarization efficiency). If 
these two losses arc also included, then (2-124) must be expressed as 



(2-125) 


where 

p pp , - polarization unit vector of Lhe scattered waves 
p r = polarization unit vector o) the receiving antenna 
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For polarization-matched antennas aligned for maximum directional radiation and 
reception, (2-125) reduces to 




•y 

P, _ ^G ()l Gor 

A 


P, (T 47 T 

4t tR,R 2 



(2-126) 


Equation (2-124), or (2-125) or (2-126) is known as the Radar Range Equation. It 
relates the power P r (delivered to the receiver load) to the input power P, transmitted 
by an antenna, after it has been scattered by a target with a radar cross section (echo 
area) of cr. 


Example 2.14 

Two lossless X-band (8.2-12.4 GHz) horn antennas are separated by a distance of 
100A. The reflection coefficients at the terminals of the transmitting and receiving 
antennas are 0.1 and 0.2, respectively. The maximum directivities of the transmitting 
and receiving antennas (over isotropic) are 16 dB and 20 dB, respectively. Assuming 
that the input power in the lossless transmission line connected to the transmitting 
antenna is 2 W, and the antennas are aligned for maximum radiation between them 
and are polarization matched, find the power delivered to the load of the receiver. 


SOLUTION 
For this problem 

e ntl = e rtlr = I because antennas are lossless. 

|Pi ’ Pr| 2 = 1 because antennas are polarization matched 
D, = Do, 1 because antennas are aligned for 

D r = D ()r j maximum radiation between them 

D 0 , - 16 dB 59.8 1 (dimensionless) 

D 0 , = 20 dB 100 (dimensionless) 

Using (2-125). we can write 

P r = fl - (0.1) 2 ||l - (0.2)-l|A/47r(IOOA)l 2 (39.81)(100)(2) 
= 4.777 mW 


2.17.3 Antenna Radar Cross Section 

The radar cross section, usually referred to as RCS, is a far-field parameter, which is 
used to characterize the scattering properties of a radar target. For a target, there is 
monostatic or hackscattering RCS when the transmitter and receiver of Figure 2.26 
are at the same location, and a bistatic RCS when the transmitter and receiver are not 
at the same location. In designing low-observable or low-profile (stealth) targets, it is 
the parameter that you attempt to minimize. For complex targets (such as aircraft, 
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spacecraft, missiles, ships, tanks, automobiles) it is a complex parameter to derive. In 
general, the RCS of a target is a function of the polarization of the incident wave, the 
angle of incidence, the angle of observation, the geometry of the target, the electrical 
properties of the target, and the frequency of operation. The units of RCS of three- 
dimensional targets are meters squared ( m 2 ) or for normalized values decibels per 
squared meter (dBsm) or RCS per squared wavelength in decibels (RCS/ A 1 in dB). 
Representative values of some typical targets are shown in Table 2.2 [22]. Although 
the frequency was not stated, these numbers could be representative at X-band. 

The RCS of a target can be controlled using primarily two basic methods: shaping 
and the use of materials. Shaping is used to attempt to direct the scattered energy 
toward directions other than the desired. However, for many targets shaping has to 
be compromised in order to meet other requirements, such as aerodynamic specifi- 
cations for flying targets. Materials is used to trap the incident energy within the target 
and to dissipate part of the energy as heat or to direct it toward directions other than 
the desired. Usually both methods, shaping and materials, are used together in order 
to optimize the performance of a radar target. One of the “golden rules” to observe 
in order to achieve low RCS is to ' ‘round corners, avoid flat and concave surfaces, 
and use material treatment in flare spots. ’ ’ 

There are many methods of analysis to predict the RCS of a target [13], [22|- 
[33]. Some of them are full-wave methods, others are designated as asymptotic meth- 
ods, either low-frequency or high-frequency, and some are considered as numerical 
methods. The methods of analysis are often contingent upon the shape, size, and 
material composition of the target. Some targets, because of their geometrical com- 
plexity, are often simplified and are decomposed into a number of basic shapes (such 
as strips, plates, cylinders, cones, wedges) which when put together represent a very 
good replica of the actual target. This has been used extensively and proved to be a 
very good approach. The topic is very extensive to be treated here in any detail, and 
the reader is referred to the literature [13], [22]— [33], There is a plethora of references 
but because of space limitations, only a limited number is included here to get the 
reader started on the subject. 


Table 2.2 RCS OF SOME TYPICAL TARGETS 


Object 

Typical RCSs [22] 

RCS (m 2 ) RCS (dBsm) 

Pickup truck 

200 

23 

Automobile 

100 

20 

Jumbo jet airliner 

100 

20 

Large bomber or 



commercial jet 

40 

16 

Cabin cruiser boat 

10 

10 

Large fighter aircraft 

6 

7.78 

Small fighter aircraft or 



four-passenger jet 

2 

3 

Adult male 

1 

0 

Conventional winged 



missile 

0.5 

-3 

Bird 

0.01 

-20 

Insect 

0.00001 

-50 

Advanced tactical fighter 

0.000001 

-60 
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Antennas individually are radar targets which many exhibit large radar cross 
section. In many applications, antennas are mounted on the surface of other complex 
targets (such as aircraft, spacecraft, satellites, missiles, automobiles) and become part 
of the overall radar target. In such configurations, many antennas, especially aperture 
types (such as waveguides, horns) become large contributors to the total RCS, mon- 
ostatic or bistatic, of the target. Therefore in designing low-observable targets, the 
antenna type, location and contributions become an important consideration of the 
overall design. 

The scattering and transmitting (radiation) characteristics of an antenna are related 
]34)-[36]. There are various methods which can be used to analyze the fields scattered 
by an antenna. The presentation here parallels that in f23], (37]— £40]. In general the 
electric field scattered by an antenna with a load impedance Z t can be expressed by 

E V (Z,.) = E'(0) - 7 - Z t — E* (2-127) 

/, Z/ + z A 

where 

E'(Z/.) = electric field scattered by antenna with a load Z L 
E v (0) = electric field scattered by short-circuited antenna (Z L = 0) 

I s = short-circuited current induced by the incident field on the antenna 
with Z/ = 0 

I, = antenna current in transmitting mode 
Z A = R a + jX A ~ antenna input impedance 
E' = electric field radiated by the antenna in transmitting mode 

By defining an antenna reflection coefficient of 

r A = l L ~ (2-128) 

4 . + A\ 

the scattered field of (2-127) can be written as 

E'(Z/J = E'(0) - yi(l + V A )E' (2-129) 

If 4 

Therefore according to (2-129) the scattered field by an antenna with a load Z t is 
equal to the scattered field when the antenna is short-circuited (Z L = 0) minus a term 
related to the reflection coefficient and the field transmitted by the antenna. 

Green has expressed the field scattered by an antenna terminated with a load Z t 
in a more convenient form which allows it to be separated into the structural and 
antenna mode scattering terms [23]. [37]-]40|. This is accomplished by assuming that 
the antenna is loaded with a conjugate-matched impedance ( Z L = Z\). Doing this 
generates using (2-127) another equation for the field scattered by the antenna with a 
load Z L ~ Z%. When this new equation is subuacted from (2-127) it eliminates the 
short-circuited scattered field, and we can write that the field scattered by the antenna 
with a load Z, is 

/ r*z 

E V (Z,) = E S (Z* A ) - t-t—E' (2-130) 

If IK 4 


= 2 i ~ z* 

Z/. + Z A 


(2- 130a) 
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where 

E'(Z l ) = electric field scattered by the antenna with load Z L 

E f (Z*0 = electric field scattered by the antenna with a conjugate-matched load 

1{Z%) = current induced by the incident wave at the terminals matched with a 
conjugate impedance load 

T* = conjugate-matched reflection coefficient 
Z, = load impedance attached to antenna terminals 

For the short-circuited case and the conjugate-matched transmitting (radiating) 
case, the product of their currents and antenna impedance are related by [341 

LZ a = I*JZ A + Z*,) = 2 R a I* (2-131) 

where /* is the scattering current when the antenna is conjugate-matched {Z L = Z%). 
Substituting (2-131) into (2-130) for I s reduces (2-130) to 

E S (Z,.) = E' V (Z5) - 7PE' (2-132) 

It can also be shown that if the antenna is matched with a load Z A (instead of Z$), 
then (2- 1 32) can be written as 

E*(ZJ = E \ X (Z A ) - yr,E' (2-133) 

Therefore the field scattered by an antenna loaded with an impedance Z r is related 
to the field radiated by the antenna in the transmitting mode in three different ways, 
as shown by (2-129), (2-132), and (2-133). According to (2-129) the field scattered 
by an antenna when it is loaded with an impedance Z L is equal to the field scattered 
by the antenna when it is short-circuited ( Z L = 0) minus a term related to the antenna 
reflection coefficient and the field transmitted by the antenna. In addition, according 
to (2-132) the field scattered by an antenna when it is terminated with an impedance 
Z L is equal to the field scattered by the antenna when it is conjugate matched with an 
impedance Z\ minus the field transmitted (radiated) times the conjugate reflection 
coefficient. The second term is weighted by the two currents. Alternatively, according 
to (2-133). the field scattered by the antenna when it is terminated with an impedance 
Z L is equal to the field scattered by the antenna when it is matched with an impedance 
Z A minus the field transmitted (radiated) times the reflection coefficient weighted by 
the two currents. 

In (2-132) the first term consists of the structural scattering term and the second 
of the antenna mode scattering term. The structural scattering term is introduced by 
the currents induced on the surface of the antenna by the incident field when the 
antenna is conjugate-matched, and it is independent of the load impedance. The 
antenna mode scattering term is only a function of the radiation characteristics of the 
antenna, and its scattering pattern is the square of the antenna radiation pattern. The 
antenna mode depends on the power absorbed in the load of a lossless antenna and 
the power which is radiated by the antenna due to a load mismatch. This term vanishes 
when the antenna is conjugate-matched. 

From the scattered field expression of (2- 1 29), it can be shown that the total radar 
cross section of the antenna terminated with a load Z L can be written as [40] 

or = \y/? - (1 + r A )\ /r (Fe J<t,r \ 2 


(2-134) 
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where 

< t = total RCS with antenna terminated with Z L 
(T s = RCS due to structural term 
<r" = RCS due to antenna mode tenn 

d> r = relative phase between the structural and antenna mode terms 
If the antenna is short-circuited (T,, = - 1 ), then according to (2-134) 

O' short = o-' (2-135 ) 

If the antenna is open-circuited = +1), then according to (2-134) 

O’ open = \V^ - = (X resK)u; ,| (2-136) 

Lastly, if the antenna is matched Z L - Z A (I' /V = 0), then according to (2-134) 

it™* = (2-137) 

Therefore under matched conditions, according to (2-137), the range of values 
(minimum to maximum) of the radar cross section is 

| CT* - (T“\ |rr v + rr"| (2-138) 

The minimum value occurring when the two RCSs are in-phase while the maximum 
occurs when they are out-of-phase. 


Example 2.15 

The structural RCS of a resonant wire dipole is in-phase and in magnitude slightly 
greater than four times that of the antenna mode. Relate the short-circuited, open- 
circuited and matched RCSs to that of the antenna mode. 

SOLUTION 
Using (2-135) 

(J stwrl ^^antenna 

Using (2-136) 

pen = 2<r amcniw (0) = 0 or very small 
The matched value is obtained using (2-137), or 

rematch — ^anii-nn.'i 


To produce a zero RCS, (2-134) must vanish. This is accomplished if 

Re(V A ) = - I + cos 


lm(r A ) = —sin (jfr r \/fr7rr" 


(2- 1 39a) 
(2- 139b) 
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Assuming positive values of resistances, the real value of cannot be greater than 
unity. Therefore there are some cases where the RCS cannot be reduced to zero 
by choosing Z L . Because Z A can be complex, there is no limit on the imaginary part 
of TV 

In general, the structural and antenna mode scattering terms are very difficult to 
predict and usually require that the antenna is solved as a boundary-value problem. 
However, these two terms have been obtained experimentally utilizing the Smith chart 
[37]— [39]. The total radar cross section o- (-/ of the antenna for any ij receiver-trans- 
mitter polarization combination can be represented by 

<t u = ~G 0r G {} iPiPj | A,j - Pf (2-140) 


where 

Gor = gain of the receiving antenna 
G 0< - gain of the transmitting antenna 
Pi = polarization efficiency of the receiving antenna 
Pj = polarization efficiency of the transmitting antenna 
A hJ = complex parameter independent of the load Z L 

A t j and T* can be plotted on the Smith chart for any polarization combination, and 
the changes of the phasor \A itJ — T*| can be easily examined. Thus by measuring 
crjj for several values of T*. then A , t can be determined using the Smith chart 
[37]— [39]. 

Depending on the location of A on the Smith chart, any arbitrary antenna can be 
classified into one of three possible classes, as follows: 

a. |A| > 1 . For this class, A lies outside the boundary of the Smith chart, and it is 
not possible to reduce the scattered field to zero using any passive load. However, 
using a purely reactive load, a maximum or a minimum in the scattered field can 
be obtained. Antennas which fall into this class usually have a large structural 
scattering term due either to their construction or strongly excited antenna modes 
which do not couple to the terminals of interest. 

b. |A| = l. For this class, the values of A lie along the periphery of the Smith chart, 
and a reactive load can be found which will reduce the scattered field to zero. 
Thin linear dipole antennas with lengths equal or less than half a wavelength 
(/ ^ A ( /2) fall into this class. 

c. |A| < 1. For this class, the values of A lie within the Smith chart, and a complex 
load can be found to reduce to zero the scattered field. However maximum 
scattering is obtained using a reactive load. Well designed parabolic reflectors 
fall into this class. 

For a monostatic system the receiving and transmitting antennas are collocated. 
In addition, if the antennas are identical (G 0r = G 0 , = G«) and are polarization- 
matched (Pi = Pj — 1), then (2-140) for backscattering reduces to 

o' = #G?,|A - Pf 


(2-141) 
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If the antenna is a thin dipole, then A — I and (2-141) reduces to 


A(> - n*|2 A 0 

rr = — Gf>l - T* - = —Go 
47T 4-tt 


= —G 0 

Ait 


2 R a 


7.1 A- Z,i 


Zi. - 23? 
Zz. + Z A 


(2-142) 


If in addition we assume that the dipole length is / = Ao/2 and is short-circuited 
(Z, = 0), then the normalized radar cross section of (2-142) is equal to 


( 1 .643 ) 2 

A,", 7 T IT 


0.8593 = 0.86 


(2-143) 


which agrees with experimental monostatic values reported in the literature [41 J. |42]. 

Shown in Figure 2.27 is the measured E-plane monostatic RCS of a half- 
wavelength dipole when it is matched to a load, short-circuited (straight wire) and 
open-circuited (gap at the feed). The aspect angle is measured from the normal to the 
wire. As expected, the RCS is a function of the observation (aspect) angle. Also it is 
apparent that there are appreciable differences between the three responses. Similar 
responses for the monostatic RCS of a pyramidal horn are shown in Figure 2.28(a) 
for the E-plane and in Figure 2.28(b) for the //-plane. The antenna is a commercial 
X-band (8.2-12.4 GHz) 20-dB standard gain horn with aperture dimension of 9.2 cm 
by 12.4 cm. The length of the horn is 25.6 cm. As for the dipole, there are differences 
between the three responses for each plane. It is seen that the short-circuited response 
exhibits the largest return. 



li- plane 

Figure 2.27 E-plane monosiatic RCS (ay,#) versus incidence angle for a half- 
wavelenglh dipole. 



RCS(dBsm) RCSldBsm) 
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<b> //-plane (O m ) 

Figure 2.28 E- and //-plane monostatic RCS versus incidence angle for a 
pyramidal horn antenna. 
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Antenna RCS from model measurements [43] and microstrip patches [44|. |45] 
have been reported. 


2.18 ANTENNA TEMPERATURE 

Every object with a physical temperature above absolute zero (0 K = — 273°C) 
radiates energy |46|. The amount of energy radiated is usually represented by an 
equivalent temperature T better known as brightness temperature, and it is defined 
as 

TM, <f>) = e{6, 4>)T m = (I - |r|’)7- m (2-144) 

where 


T h = brightness temperature (equivalent temperature; K) 
e = emissivity (dimensionless) 

T,„ - molecular (physical) temperature (K) 

T(0, <f>) = reflection coeffjcient of the surface for the polarization of the wave 

Since the values of emissivity are 0 ^ e ^ 1. the maximum value the brightness 
temperature can achieve is equal to the molecular temperature. Usually the emissivity 
is a function of the frequency of operation, polarization of the emitted energy, and 
molecular structure of die object. Some of the better natural emitters of energy at 
microwave frequencies are (a) the ground with equivalent temperature of about 300 
K and (b) the sky with equivalent temperature of about 5 K when looking toward 
zenith and about 100-150 K toward the horizon. 

The brightness temperature emitted by the different sources is intercepted by 
antennas, and it appears at their terminals as an antenna temperature. The temperature 
appearing at the terminals of an antenna is that given by (2-144), after it is weighted 
by the gain pattern of the antenna. In equation form, this can be written as 


T a = 


f 2 -tt Ctt 

Jo Jo ^ 


(f>) G (f), tf)) sin 0 df) d(f) 


rr 

Jo Jo 


if)) sin 0 df) d(f) 


(2-145) 


where 

T a — antenna temperature (effective noise temperature of the 
antenna radiation resistance; K) 

G(f), (f)) = gain (power) pattern of the antenna 

Assuming no losses or other contributions between the antenna and the receiver, die 
noise power transferred to the receiver is given by 

P, = kT A A/ (2-146) 

where 


P, = antenna noise power (W) 
k = Boltzmann's constant (1.38 X 1 0 ' 2-4 J/K) 
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T a = antenna temperature (K) 

A/ = bandwidth (Hz) 

If the antenna and transmission line are maintained at certain physical tempera- 
tures, and the transmission line between the antenna and receiver is lossy, the antenna 
temperature T A as seen by the receiver through (2-146) must be modified to include 
the other contributions and the line losses. If the antenna itself is maintained at a 
certain physical temperature T p and a transmission line of length /, constant physical 
temperature throughout its length, and uniform attenuation of a (Np/unit length) 
is used to connect an antenna to a receiver, as shown in Figure 2.29, the effective 
antenna temperature at the receiver terminals is given by 

T a = T A e~ 2nt + T AP e~ 2al + r 0 (l - e~ 2at ) (2-147) 

where 



T„ = antenna temperature at the receiver terminals (K) 

T a = antenna noise temperature at the antenna terminals (2-145) (K) 

T AP = antenna temperature at the antenna terminals due to 
physical temperature (2- 147a) (K) 

T n = antenna physical temperature (K) 
a = attenuation coefficient of transmission line (Np/m) 
e A = thermal efficiency of antenna (dimensionless) 

/ = length of transmission line (m) 
r„ = physical temperature of the transmission line (K) 

The antenna noise power of (2-146) must also be modified and written as 

P r = kT u Af (2-148) 

where T t , is the antenna temperature at the receiver input as given by (2-147). 

If the receiver itself has a certain noise temperature T r (due to thermal noise in 
the receiver components), the system noise power at the receiver terminals is given 
by 

P, = k (T„ + 7V)A/ = kTAf (2-149) 

where 

P x = system noise power (at receiver terminals) 

T a = antenna noise temperature (at receiver terminals) 

T r = receiver noise temperature (at receiver terminals) 

7] t = T u + T r = effective system noise temperature (at receiver terminals) 

A graphical relation of all the parameters is shown in Figure 2.29. The effective 
system noise temperature T s of radio astronomy antennas and receivers varies from 
very few degrees (typically = 10 K) to thousands of Kelvins depending upon the type 
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Figure 2.29 Antenna, transmission line, and receiver arrange me ni for 
system noise power calculation. 


ol" antenna, receiver, anti frequency of operation. Antenna temperature changes at the 
antenna terminals, due lo variations in the target emissions, may he as small as a 
fraction of one degree. To detect such changes, die receiver must be very sensitive 
and be able to differentiate changes of a fraction of a degree. 


Example 2.16 

The effective antenna temperature of a target at the input terminals of the antenna is 
150 K. Assuming (hat the antenna is maintained at a thermal temperature of 300 K 
and has a thermal efficiency of 99% and it is connected to a receiver through an 
X-hand <8.2-12.4 GHz) rectangular waveguide of 10 m (loss of waveguide = 0.13 
dB/rn) and at a temperature of 300 K, find the effective antenna temperature at the 
receiver terminals. 


SOLUTION 

We first convert the attenuation coefficient from dB to Np by rafdB/m ) = 20flog m e) 
rt(Np/m) * 20(0.434 )a(N p/m) = 8.68rr(Np/m). Thus ofNp/m ) - rv(dB/m)/8.68 — 
0. 13/8.08 = 0.0149. The effective antenna temperature at the receiver terminals can 
be written, using (2-147) and (2- 147a). as 

T " - - 100 (d» - - 3/)3 

T tt = 150e _t) ^ 2> + 3.G3tf' a14 * 2 ' + 300| I - <? -,u4!>|21 ] 

= I I 1.345 + 2.249 + 77.31 = 190.904 K 


The results of the above example illusUiiLe dial the antenna temperature at the 
input terminals of the antenna and at the terminals of ihe receiver can differ by quite 
a few degrees. Fora smaller transmission line or a transmission line with much smaller 
losses. Lite difference can be reduced appreciably and can be as small as a traction of 
a degree. 
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PROBLEMS 

2.1. Derive (2-7) given the definitions of (2-5) and (2-6) 

2.2. A hypothetical isotropic antenna is radiating in free space. At a distance of 100 m from 
the antenna, the total electric field ( E 0 ) is measured to be 5 V/m. Find 

(a) the power density (W,^) 

(b) the power radiated (P rod ) 

2.3. The maximum radiation intensity of a 90% efficiency antenna is 200 mW/unit solid 
angle. Find the directivity and gain (dimensionless and in dB) when the 

(a) input power is 125.66 mW 

(b) radiated power is 125.66 mW 
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2.4. The power radiated by a lossless antenna is 10 Watts. The directional characteristics of 
the antenna are represented by the radiation intensity of 

U = B 0 cos J 0 (W/unit solid angle) 0 < 0 < 7t/2, 0 < < 2: t 

Find the 

(a) maximum power density (in watts per square meter) at a distance of 1 000 m (assume 
far field distance). Specify the angle where this occurs. 

(b) directivity of the antenna (dimensionless and in dB) 

(c) gain of the antenna (dimensionless and in dB) 

2.5. In target-search ground-mapping radars it is desirable to have echo power received 
from a target, of constant cross section, to be independent of its range. For one such 
application, the desirable radiation intensity of the antenna is given by 

1 0 ° < 0 < 20 °' 

(/(0, </>)=■{ 0.342 csc(0) 20° < 0 < 60° 0° < <j> < 360° 

0 60° < 0 < 180° 

s. > 

Find the directivity (in dB) using the exact formula. 

2.6. A beam antenna has half-power beamwidths of 30° and 35° in perpendicular planes 
intersecting at the maximum of the niainbeam. Find its approximate maximum effective 
aperture (in A 2 ) using (a) Kraus’ and (b) Tai und Pereira's formulas. The minor lobes 
are very small and can be neglected. 

2.7. The normalized radiation intensity of a given antenna is given by 

(a) U = sin 0sin </> (b) U = sin 0sin 2 <f> 

(c) U =■ sin 0 sin 3 (d) U = sin 2 0 sin <f> 

(e) U = sin 2 0 sin 2 (f) U = sin 2 0 sin 3 (f) 

The intensity exists only in the 0 ^ 0 < tt, 0 ^ ^ tt region, and it is zero elsewhere. 

Find the 

(a) exact directivity (dimensionless and in dB). 

(b) azimuthal and elevation plane half-power beamwidths (in degrees). 

2.8. Find the directivity (dimensionless and in dB) for the antenna of Problem 2.7 using 

(a) Kraus’ approximate formula (2-26) 

(b) Tai and Pereira’s approximate formula <2-30a) 

2.9. For Problem 2.5. determine the approximate directivity (in dB) using 

(a) Kraus' formula 

(b) Tai and Pereira’s formula. 

2.10. The normalized radiation intensity of an antenna is rotationally symmetric in </>. and it 
is represented by 

l 0° < 0 < 30° 

0.5 30° < 0 < 60° 

u ~ 0.1 60° s 0 < 90° 

0 9O°<0< 180° 

(a) What is the directivity (above isotropic) of the antenna (in dB)? 

(b) What is the directivity (above an infinitesimal dipole) of the antenna (in dB)? 

2.1 1. The radiation intensity of an antennu is given by 

L'( 0, <(> ) = cos 4 0 sin 2 

for 0 ^ 0 s 7r/2 and 0 ^ <f> £ 2tt (i.e.. in the upper half-space). It is zero in the lower 
half-space. 

Find the 

(a) exact directivity (dimensionless and in dB) 

(b) elevation plane half-power beamwidth (in degrees) 
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2. 1 2. The normalized radiation intensity of an antenna is symmetric, and it can he approxi- 
mated by 


U(0) = 


I 

cos(fl) 

0.866 

0 


0° < 0 < 30° 
30° < 0 < 90° 
90° < 0 < 1 80° 


and it is independent of <f>. Find the 

(a) exact directivity by integrating the function 

(b) approximate directivity using Kraus' formula 

2.13. The maximum gain of a horn antenna is + 20 dB, while the gain of its first sidelobe is 
- 15 dB. What is the difference in gain between the maximum and first sidelobe: 

fa) in dB 

(b) as a ratio of the field intensities, 

2.14. The normalized radiation intensity of an antenna is approximated by 

U = sin 0 

where 0 £ 0 ^ ?r, and 0 < 0 < 27r. Determine the directivity using the 

(a) exact formula 

(b) formulas of (2-33a) by McDonald and (2-33b) by Pozar 

(c) computer program DLRECTIV1TY at the end of die chapter 

2.15. Repeat Problem 2.14 for a A/2 dipole whose normalized intensity is approximated by 

U = sin' 0 


Compare the value with that of (4-91 ) or 1.643 (2.156 dB). 

2. 16. The radiation intensity of a circular loop of radius and a of constant current is given by 

U — J] (ku sin 0), 0s IDs t r and 0s<^< 2tt 


2.17. 


2.18. 

2.19. 


where 7,(.v) is the Bessel function of order I. For a loop with radii of a — A/ 10 and 
A/20, determine the directivity using the: 

(a) formulas (2-33a) by McDonald and (2-33b) by Pozar. 

(b) computer program DIRECTIVITY at the end of the chapter. 

A subroutine to compute the Bessel function can be found in the computer program at 
the end of Chapter 5. Compare the answers with that of a very small loop represented 
by 1.5 or 1.76 dB. 

Find die directivity (dimensionless and in dB) for the antenna of Problem 2.7 using 
numerical techniques with 10° uniform divisions and with the field evaluated at the 

(a) midpoint 

(b) trailing edge of each division 

Compute the directivity values of Problem 2.7 using the directivity computer program 
at the end of this chapter. 

The far-zonc electric field intensity (array factor) of an end-fire two-element array 
antenna, placed along the s-axis and radiating into Tree-space, is given by 


E = 



(cos 0 — 



r 


0 < 0 < 7T 


Find the directivity using 

(a) Kraus' approximate formula 

(b) the DIRECTIVITY computer program at the end of this chapter 
2.20. Repeal Problem 2. 19 when 
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2.21. The radiation intensity is represented by 

U = I s ' n s ' n 0 s 0 £ tt/ 2 and 0 £ 0 £ 277 

[0 elsewhere 

Find the directivity 

(a) exactly 

(b) using the computer program DIRECTIVITY at the end of the chapter. 

2.22. The radiation intensity of an aperture antenna, mounted on an infinite ground plane 
with z perpendicular to the aperture, is rotationaliy symmetric (not a function of 0), 
and it is given by 



2.23. 


Find the approximate directivity (dimensionless and in dB) using 

(a) numerical integration. Use the DIRECTIVITY computer program at the end of this 
chapter. 

(b) Kraus’ formula 

(c) Tai and Pereira's formula 

The normalized far-zone field pattern of an antenna is given by 

f (sin 0 cos’ 0) 1 '-’ 0 < d < 77 and 0 s 0 £ 77/2. 


E= * 


377/2 £ 0 £ 2 77 


0 elsewhere 


Find the directivity using 

(a) the exact expression 

(b) Kraus' approximate formula 

(c) Tai and Pereira’s approximate formula 

(d) the computer program DIRECTIVITY at the end of this chapter 

2.24. The normalized field pattern of the main beam of a conical horn antenna, mounted on 
an infinite ground plane with c perpendicular to the aperture, is given by 


Ji(ka sin 0) 
sin 6 


where a is its radius at the aperture. Assuming that a = A, find the 

(a) half-power beamwidth 

(b) directivity using Kraus' approximate formula 

2.25. A uniform plane wave, of a form similar to (2-55), is traveling in the positive "-axis. 
Find the polarization (linear, circular, or elliptical), sense of rotation (CW or CCW). 
axial ratio (AR), and tilt angle r(in degrees) when 

(a) £, = £ v . A0 = 0, - 0, = 0 (b) £ v ^ £ v . A (ft = 0 V - 0, = 0 

(c) £, = £„ A 0 = (f\ - (f>, - tt/2 (d> £, = £ y . A 0 = 0 V - 0, = — tt/2 

(e) £, = £ v . A0 = (ft, - 0, = 77/4 (f) £„ = £ v . A 0 = 0 V - 0, = - 77M 

(g) £, = 0.5 £ v . A 0 - 0 V - 0 V = 77/2 (h) £, = 0.5 £,. A 0 = 0 V . - (ft, = - tt /2 

In all cases, justify the answer. 

2.26. Derive (2-66), (2-67), and (2-68). 

2.27. Write a general expression for the polarization loss factor (PLF) of two linearly polar- 
ized antennas if 

(a) both lie in the same plane 

(b) both do not lie in the same plane 

2.28. A linearly polarized wave traveling in the positive c-direction is incident upon a cir- 
cularly polarized antenna. Find the polarization loss factor PLF (dimensionless and in 
dB) when the antenna is (based upon its transmission mode operation) 

(a) right-handed (CW) (b) left-handed (CCW) 
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2.29. A circularly polarized wave, traveling in the positive z-direction, is incident upon a 
circularly polarized antenna. Find the polarization loss factor PLF (dimensionless and 
in dB) for right-hand (CW) and left-hand (CCW) wave and antenna. 

2.30. The electric field radiated by a rectangular aperture, mounted on an infinite ground 
plane with z perpendicular to the aperture, is given by 

E = [a„cos 0 - fi^sin 0 cos 0]/(r. 0, 0) 

where /(r, 0, 0) is a scalar function which describes the field variation of the antenna. 
Assuming that the receiving antenna is linearly polarized along the x-axis, find the 
polarization loss factor (PLF). 

2.3 1 . A circularly polarized wave, traveling in the + z-direction, is received by an elliptically 
polarized antenna whose reception characteristics near the main lobe are given approx- 
imately by 

E a = (25, + 0, 0) 

Find the polarization loss factor PLF (dimensionless and in dB) when the incident wave 
is 

(a) right-hand (CW) 

(b) left-hand (CCW) 

circularly polarized. Repeat the problem when 
E„ - [2a, - A] fir, 0, 0) 

In each case, what is the polarization of the antenna? How does it match with that of 
the wave? 

2.32. A linearly polarized wave traveling in the negative z direction has a tilt angle (t) of 
45°. It is incident upon an antenna whose polarization characteristics are given by 

„ _ 4fi .< + A 
P " V'7 

Find the polarization loss factor PLF (dimensionless and db). 

2.33. An elliptically polarized wave traveling in the negative z-direction is received by a 
circularly polarized antenna whose main lobe is along the 0 = 0 direction. The unit 
vector describing the polarization of the incident wave is given by 

- _ + A' 

p ’ _ V? 

Find the polarization loss factor PLF (dimensionless and in dB) when the wave that 
would be transmitted by the antenna is 

(a) right-hand CP 

(b) left-hand CP 

2.34. A CW circularly polarized uniform plane wave is traveling in the + z direction. Find 
the polarization loss factor PLF (dimensionless and in dB) assuming the receiving 
antenna (in its transmitting mode) is 

(a) CW circularly polarized 

(b) CCW circularly polarized 

2.35. A linearly polarized uniform plane wave traveling in the + z direction, with a power 
density of 10 milliwatts per square meter, is incident upon a CW circularly polarized 
antenna whose gain is 10 dB at 10 GHz. Find the 

(a) maximum effective area of the antenna (in square meters) 

(b) power (in watts) that will be delivered to a load attached directly to the terminals 
of the antenna 

2.36. A linearly polarized plane wave traveling along the negative z-axis is incident upon an 
elliptically polarized antenna (either CW or CCW). The axial ratio of the antenna 
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polarization ellipse is 2:1 and its major axis coincides with die principal .v-axis. Find 
the polarization loss factor (PLF) assuming the incident wave is linearly polarized in 
the 

(a) .v-direction 
(bj y-dircction 

2.37- A wave traveling normally outward from the page (toward the reader) is the resultant 
of two clliptically polarized waves, one with components of E given by: 


% y = 3 cos (lit 



and the other with components given by: 

= 2 cos cot 
% = 3 cos|of - 

(a) What is the axial ratio of the resultant wave? 

(b) Does the resultant vector E rotate clockwise or counterclockwise? 

2.38. A linearly polarized antenna lying in the x-y plane is used to determine the polarization 
axial ratio of incoming plane waves traveling in the negative z-direciion. The polari- 
zation of the antenna is described by the unit vector 

P« = a A cos </' + A sin <A 



5ft I Oft 150 20ft 250 500 350 



(a) PLF versus y 


<b) PLF versus y 



(c) PLF versus y 
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where i/f is an angle describing the orientation in the x-y plane of the receiving antenna. 
Below are the polarization loss factor (PLF) versus receiving antenna orientation curves 
obtained for three different incident plane waves. For each curve determine the axial 
ratio of the incident plane wave. 

2.39. A A/2 dipole, with a total loss resistance of 1 ohm, is connected to a generator whose 
internal impedance is 50 4- j25 ohms. Assuming that the peak voltage of the generator 
is 2 V and the impedance of the dipole, excluding the loss resistance, is 73 + y‘42.5 
ohms, find the power 

(a) supplied by the source (real) 

(b) radiated by the antenna 

(c) dissipated by the antenna 

2.40. The antenna and generator of Problem 2.39 are connected via a 50-ohm A/2-long lossless 
transmission line. Find the power 

(a) supplied by the source (real) 

(b) radiated by the antenna 

(c) dissipated by the antenna 

2.41. An antenna with a radiation resistance of 48 ohms, a loss resistance of 2 ohms, and a 
reactance of 50 ohms is connected to a generator with open-circuit voltage of 10 V and 
internal impedance of 50 ohms via a A/4-long transmission line with characteristic 
impedance of 100 ohms. 

(a) Draw the equivalent circuit 

(b) Determine the power supplied by the generator 

(c) Determine the power radiated by the antenna 

2.42. A transmitter, with an internal impedance Z,, (real), is connected to an antenna through 
a lossless transmission line of length / and characteristic impedance Z^. Find a simple 
expression for the ratio between the antenna gain and its realized gain. 



VM = A ie~ Jkx + RO)^] 

Hx) = ^ |c jiv - noi^'i 

z o 


V„ = strength of voltage source 

Z, n = R i„ + jX |„ = input impedance of the antenna 

Zo = Ro = characteristic impedance of the line 

/’accepted = power accepted by the antenna {P^^d = Re[ V(0)/*(0)]} 

Pavaiiobic = power delivered to a matched load fi.e., Z in = Z$ = Zo] 

2.43. The input reactance of an infinitesimal linear dipole of length A/60 and radius a = A/200 
is given by 


- 120 


]ln(l/a) - 1] 
tan(kf) 


Assuming the wire of the dipole is copper with a conductivityof 5.7 X I0 7 S/m, 
determine at / = I GHz the 

(a) loss resistance 

(b) radiation resistance 

(c) radiation efficiency 

(d) VSWR when the antenna is connected to a 50-ohm line 
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2.44. A dipole antenna consists of a circular wire of length /. Assuming the current distribution 
on the wire is cosinusoidal, i.e.. 


/-('.) - A, cos 



- 1/2 £. £ 111 


where I ({ is a constant, derive an expression for the loss resistance A’,. which is one- 
half of (2-90b). 

2.45. The /i-ficld pattern of an antenna, independent of <}>, varies as follows: 

I 0° < 0 < 45° 

E = \ 0 45° < 6 < 90° 

90° <f)< 1 80° 


(a) What is the directivity of this antenna? 

(b) What is the radiation resistance of the antenna at 200 m from it if the field is equal 
to 10 V/m (mis) for 0 — 0° at that distance and the terminal current is 5 A (mis)? 

2.46. A I -m long dipole antenna is driven by a 150 MHz source having a source resistance 
of 50 ohms and a voltage of 100 V. If the ohmic resistance of the antennas is given by 
R, = 0.625 ohms, find: 

(a) The current going into the antenna </ iint ) 

(b) The average power dissipated by the antenna 

(c) The average power radiated by the antenna 

(d) The radiation efficiency of the antenna 

2.47. Show that the effective length of a linear antenna can be written as 



which for a lossless antenna and maximum power transfer reduces to 



A,. and A,.,„ represent, respectively, the effective and maximum effective apertures of 
the antenna while tj is the intrinsic impedance of the medium. 

2.48. An antenna has a maximum effective aperture of 2.147 nr at its operating frequency 
of 100 MHz. It has no conduction or dielectric losses. The input impedance of the 
antenna itself is 75 ohms, and it is connected to a 50-ohm transmission line. Find the 
directivity of the antenna system ( * ‘system** meaning includes any effects of connection 
to the transmission line). Assume no polarization losses. 

2.49. An incoming wave, with a uniform power density equal to 10 W/nr is incident 
normally upon a lossless horn antenna whose directivity is 20 dB. At a frequency of 
10 GHz. determine the very maximum possible power that can be expected to be 
delivered to a receiver or a load connected to the horn antenna. There are no losses 
between the antenna and the receiver or load. 

2.50. For an A'-band (8.2-12.4 GHz) rectangular horn, with aperture dimensions of 5.5 cm 
and 7.4 cm. find its maximum effective aperture (in cm 2 ) when its gain (over isotropic) 
is 

(a) 14.8 dB at 8.2 GHz 

(b) 16.5 dB at l(U GHz 
<c) 18.0 dB at 12.4 GHz 

2.51. A 30-dB. right-circularly polarized antenna in a radio link radiates 5 W of power at 2 
GHz. The receiving antenna has an impedance mismatch at its terminals, which leads 
to a VSWR of 2. The receiving antenna is about 95% efficient and has a field pattern 
near the beam maximum given by K w = (2a, + ja v ) r/>). The distance between 
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the two antennas is 4.000 km, and the receiving antenna is required to deliver 10“ 14 
W to the receiver. Determine the maximum effective aperture of the receiving antenna. 

2.52. The radiation intensity of an antenna can be approximated by 

r cos 4 (0) 0° £(f< 90° 

U( fr<b) = \ with 0° < </> <; 360° 

0 90° s 6 < 180° 

k 

Determine the maximum effective aperture (in m~) of the antenna if its frequency of 
operation is/ — 10 GHz. 

2.53. A communication satellite is in stationary (synchronous) orbit about the earch (assume 
altitude of 22,300 statute miles). Its transmitter generates 8.0 W. Assume the transmit- 
ting antenna is isotropic. Its signal is received by the 210-ft diameter tracking parabo- 
loidal antenna on the earth at the NASA tracking station at Goldstone, California. Also 
assume no resistive loss in either antenna, perfect polarization match, and perfect 
impedance match at both antennas. At a frequency of 2 GHz. determine the: 

(a) power density (in watts/m 2 ) incident on the receiving antenna. 

(b) power received by the ground-based antenna whose gain is 60 dB. 

2.54. A lossless {e llt - I) antenna is operating at 100 MHz and its maximum effective 
aperture is 0.7162 nr at this frequency. The input impedcnce of this antenna is 75 
ohms, and it is attached to a 50-ohni transmission line. Find the directivity (dimension- 
less) of this antenna if it is polarization matched. 

2.55. A resonant, lossless (e c , t = 1.0) half-wavelength dipole antenna, having a directivity 
of 2.156 dB. has an input impedance of 73 ohms and is connected to a lossless, 50 
ohms transmission line. A wave, having the same polarization as the antenna, is incident 
upon the antenna with a power density of 5 W/m 2 at a frequency of 10 MHz. Find the 
received power available at the end of the transmission line. 

2.56. Two X-band (8.2-12.4 GHz) rectangular horns, with aperture dimensions of 5.5 cm 
and 7.4 cm and each with a gain of 16.3 dB (over isotropic) at 10 GHz. are used as 
transmitting and receiving antennas. Assuming that the input power is 200 mW. the 
VSWR of each is 1.1. the conduction-dielectric efficiency is 100%. and the antennas 
are polarization-matched, find the maximum received power when the horns are sepa- 
rated in air by 

(a) 5 m 

(b) 50 m 

(c) 500 in 

2.57. Transmitting and receiving antennas operating at 1 GHz with gains (over isotropic) of 
20 and 15 dB. respectively, are separated by a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W. Assume that the 

(a) antennas are polarization-matched 

(b) transmitting antenna is circularly polarized (either right- or left-hand) and the 
receiving antenna is linearly polarized. 

2.58. Two lossless, polarization matched antennas are aligned for maximum radiation be- 
tween them, and are separated by a distance of 50A. The antennas arc matched to their 
transmission lines and have directivities of 20 dB. Assuming that the power at the input 
terminals of the transmitting antenna is 10 W. find the power at the terminals of the 
receiving antenna. 

2.59. Repeat Problem 2.58 for two antennas with 30 dB directivities and separated by IO0A. 
The power at the input terminals is 20 W. 

2.60. Transmitting and receiving antennas operating at I GHz with gains of 20 and 15 dB, 
respectively, are separated by a distance of I km. Find the power delivered to the load 
when the input power is 150 W. Assume the PLF = 1. 

2.61. A series of microwave repeater links operating at 10 GHz are used to relay television 
signals into a valley that is surrounded by steep mountain ranges. Each repeater consists 
of a receiver, transmitter, antennas and associated equipment. The transmitting and 
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receiving antennas are identical horns, each having gain over isotropic of 15 dB. The 
repeaters arc separated in distance by 10 km. For acceptable signal-to-noise ratio, the 
power received at each repealer must be greater than 10 nW. Loss due to polarization 
mismatch is not expected to exceed 3 dB. Assume matched loads and free space 
propagation conditions. Determine the minimum transmitter power that should be used. 

2.62. A one-way communication system, operating at 100 MHz. uses two identical A/2 
vertical, resonant, and lossless dipole antennas us transmitting and receiving elements 
separated by 10 km. In order for the signal to be detected by the receiver, the power 
level at the receiver terminals must be at least 1 /xW. Each antenna is connected to the 
transmitter and receiver by a lossless 50-11 transmission line. Assuming the antennas 
are polarization-matched and are aligned so that the maximum intensity of one is 
directed toward the maximum radiation intensity of the other, determine the minimum 
power that must be generated by the transmitter so that the signal will he detected by 
the receiver. Account for the proper losses from the transmitter to the receiver. 

2.63. In a long-range microwave communication system operating at 9 GHz, the transmitting 
and receiving antennas are identical, and they are separated by 10,000 m. To meet the 
signal-to-noise ratio of the receiver, the received power must be at least 10 /xW. 
Assuming the two antennas are aligned for maximum reception to each other, including 
being polarization matched, what should the gains (in dBl of the transmitting and 
receiving antennas be when the input power to the transmitting antenna is 10 W? 

2.64. A rectangular X-band horn, with aperture dimensions of 5.5 cm and 7.4 cm and a gain 
of 16.3 dB (over isotropic) at 10 GHz, is used to transmit and receive energy scattered 
from a perfectly conducting sphere of radius a = 5A. Find the maximum scattered 
power delivered to the load when the distance between the horn and the sphere is 

(a) 200A 

(b) 500A 

Assume that the input power is 200 mW, and the radar cross section is equal to the 
geometrical cross section. 

2.65. A radar antenna, used for both transmitting and receiving, has a gain of 150 (dimen- 
sionless) at its operating frequency of 5 GHz. It transmits 100 kW. and is aligned for 
maximum directional radiation and reception to a target 1 km away having a radar 
cross section of 3 nr. The received signal matches the polarization of the transmitted 
signal. Find the received power. 

2.66. tn an experiment to determine the radar cross-section of a Tomahawk cruise missle. a 
t.000 W. 300 MHz signal was transmitted toward the target, and the received power 
was measured to be 0.1425 mW. The same antenna, whose gain was 75, was used for 
both transmitting and receiving. The polarizations of both signals were identical 
(PLF = I ), and the distance between the antenna and missile was 500 m. What is the 
radar cross section of the cruise missile? 

2.67. Repeat Problem 2.66 for a radar system with 1.000 W, 100 MHz transmitted signal, 
0.01 W received signal, an antenna with a gain of 75, and separation between the 
antenna and target of 7(H) m. 

2.68. Transmitting and receiving antennas operating at I GHz with gains (over isotropic) of 
20 and 15 dB. respectively, are separated by a distance of I km. Find the maximum 
power delivered to the load when the input power is 150 W. Assume that the 

(a) antennas are polarization-matched 

(b) transmitting antenna is circularly polarized (either right- or left-hand) and the 
receiving antenna is linearly polarized. 

2.69. The maximum radar cross section of a resonant linear A/2 dipole is approximately 
0.86A*. For a monostatic system (i.e., transmitter and receiver at the same location), 
find the received power (in W) if the transmitted power is 100 W, the distance of the 
dipole from the transmitting and receiving antennas is 1 00 m. the gain of the transmitting 
and receiving antennas is 15 dB each, and the frequency of operation is 3 GHz. Assume 
a polarization loss factor of — I dB. 
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2.70. The effective antenna temperature of an antenna looking toward zenith is approximately 
5 K. Assuming that the temperature of the transmission line (waveguide) is 72°F, find 
the effective temperature at the receiver terminals when the attenuation of the trans- 
mission line is 4 dB/100 ft and its length is 

(a) 2 ft 

(b) 100 ft 

Compare it to a receiver noise temperature of about 54 K. 

2.71. Derive (2-147). Begin with an expression that assumes that the physical temperature 
and the attenuation of the transmission line arc not constant. 
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COMPUTER PROGRAM 

2-D ANTENNA PATTERN PLOTTER: RECTANGULAR - POLAR 

C************************************************************ 
C THIS PROGRAM IS COPYRIGHTED BY 

C 

C Copyright (c) 1995 

C Atef Z. Elsherbeni and Clayborne D. Taylor, Jr. 

C Electrical Engineering Department 

C The University of Mississippi, University, MS 38677 

C 

C PERMISSION IS GRANTED, FOR THE EXECUTABLE PART OF THE 
C PROGRAM, TO THE AUTHOR OF THIS BOOK BY THE AUTHORS 
C OF THE PROGRAM, TO BE USED IN CONJUNCTION WITH THIS 
C BOOK AND NOT FOR ANY OTHER PURPOSE. 

C 

C THIS PROGRAM IS A GENERAL PURPOSE 2D RECTANGULAR 
C AND POLAR PATTERN PLOTTER. THE USER INTERFACE FOR 
C DOS MAKES THE PROGRAM EASY TO USE. HOWEVER, THERE 
C ARE FEW THINGS THE USER SHOULD KNOW TO USE THE 
C PROGRAM EFFECTIVELY. 

C 

C THE FORMAT FOR A DATA FILE MUST CONTAIN 2-COLUMN DATA. 

C BASICALLY, THE FILED IS READ THROUGH A FORTRAN FREE-FORMAT 
C SPECIFICATION. IF ANY ERRORS OCCUR DURING THE READ PROCESS, 

C ITIS ABORTED WITH NO PLOT GIVEN. THE FIRST COLUMN MUST BE THE 
ANGLE (in degrees). THE SECOND COLUMN SHOULD BE THE FIELD VALUE 
THE MAXIMUM NUMBER OF POINTS THAT MAY BE READ IS CURRENTLY 
2048 POINTS. IF THE FILED IS LONGER, ONLY THE FIRST 2048 POINTS 
WILL BE PLOTTED. 

WHEN IN THE PLOT WINDOW "ON TOP", A PULL-DOWN MENU IS 
ACCESSIBLE BY HOLDING THE LEFT MOUSE BUTTON DOWN ON THE 
SMALL BOX IN THE TOP LEFT CORNER OF THE WINDOW. FROM THERE, 
THE TYPE OF PLOT OR THE PLOT OPTIONS MAY BE SELECTED. WHEN 
EDITING THE LABEL TEXT, GREEK CHARACTERS ARE AVAILABLE BY 
FIRST TYPING THE V KEY AND FOLLOW BY TYPING A'-'Z' OR ’a'-’z'. 

A POSTSCRIPT FILE NAMED FONTLIST.PS' CONTAINING THE GREEK 
FONT KEY EQUIVALENTS MAY BE PRINTED FOR REFERENCE. ALSO NOTE 
THAT THE ~ SYMBOL FROM THE KEYBOARD HAS BEEN REPLACED BY 
C THE DEGREE SYMBOL. 

C 

C HARD COPY OUTPUT IS ONLY AVAILABLE FOR POSTSCRIPT 
C DEVICES. BEFORE PRINTING A PLOT. MAKE SURE THE 
C PRINTER OPTIONS ARE ON THE DESIRED SETTINGS. THIS IS 
C DONE BY SELECTION OF THE 'PRINTER SETUP' OPTION. 

C OUTPUT IS WRITTEN TO A FILE BY DEFAULT. PRESSING ANY 
C OF THE PORT BUTTONS WILL CHANGE THE OUTPUT TO THAT 
C PORT. NOTE THAT THE SERIAL PRINTERS CONNECTED 
C THROUGH THE COM PORTS MUST BE PROPERLY CONFIGURE 
C THROUGH DOS BEFORE RUNNING THE PROGRAM. ALSO NOTE 
C THAT COLOR POSTSCRIPT IS SUPPORTED BY SELECTING THE 
C "COLOR" BUTTON. 

C 

C (continued on next page) 
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(continued) 


DISCLAIMER 

THE INFORMATION AND CODE IS PROVIDED AS DESCRIBED 
ABOVE WITHOUT WARRANTY OF ANY KIND . THE AUTHORS 
WILL NOT BE LIABLE FOR ANY DAMAGES WHATSOEVER 
INCLUDING DIRECT, INDIRECT, INCIDENTAL, CONSEQUENTIAL, 
LOSS OF BUSINESS PROFITS OR SPECIAL DAMAGES DIRECTLY 
OR INDIRECTLY RELATED TO THE USE OF THIS SOFTWARE. 


* THE PROTECTED MODE RUN-TIME DOS-EXTENDER IS THE 
PROPERTY OF RATIONAL SYSTEMS, INC. 

** THE FONTS USED BY THIS SOFTWARE PACKAGE ARE THE 
PROPERTY OF ADOBE SYSTEMS, INC. 

FOR ADDITIONAL INFORMATION CONCERNING THIS CODE, 
CONTACT THE AUTHORS OF THE CODE AT THE ABOVE ADDRESS 
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COMPUTER PROGRAM - DIRECTIVITY 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I. RADIATED POWER 

II. MAXIMUM DIRECTIVITY 

OF ANY ANTENNA. THE MAXIMUM DIRECTIVITY IS CALCULATED 
USING THE TRAILING EDGE METHOD IN INCREMENTS OF 1° IN 
THETA AND 10 IN PHI. 


♦♦INPUT PARAMETERS 

1. TL, TU: LOWER AND UPPER LIMITS IN THETA (in degrees) 

2. PL, PU: LOWER AND UPPER LIMITS IN PHI (in degrees) 

3. F(THETA, PHI): THE RADIATION INTENSITY FUNCTION 

**NOTE 

THE RADIATION INTENSITY FUNCTION F MUST BE PROVIDED 
FOR A GIVEN ANTENNA, AND SHOULD BE INSERTED INTO 
THE SUBROUTINE U. 

♦♦EXAMPLE 

IF THE ANTENNA IS RADIATING ONLY IN THE UPPER 
HEMISPHERE, THE LIMITS ON THETA ARE 0 AND 90 (degrees) 
AND THE LIMITS IN PHI AREO AND 360 (degrees) 
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CHAPTER 


3 

RADIATION INTEGRALS AND 
AUXILIARY POTENTIAL 
FUNCTIONS 


3.1 INTRODUCTION 

In the analysis of radiation problems, the usual procedure is to specify the sources 
and then require the fields radiated by the sources. This is in contrast to the synthesis 
problem where the radiated fields are specified, and we are required to find the sources. 

It is a very common practice in the analysis procedure to introduce auxiliary 
functions, known as vector potentials, which will aid in the solution of the problems. 
The most common vector potential functions are the A (magnetic vector potential) 
and F (electric vector potential). Another pair is the Hertz potentials II, and II/,. 
Although the electric and magnetic field intensities (E and H) represent physically 
measurable quantities, among most engineers the potentials are strictly mathematical 
tools. The introduction of the potentials often simplifies the solution even though it 
may require determination of additional functions. While it is possible to calculate 
the E and H fields directly from the source-current densities J and M, as shown in 
Figure 3.1. it is usually much simpler to calculate the auxiliary potential functions 
first and then determine the E and H. This two-step procedure is also shown in Figure 
3.1. 

The one-step procedure, through path 1 . relates the E and H fields to J and M 
by integral relations. The two-step procedure, through path 2, relates the A and F (or 
II, and II/,) potentials to J and M by integral relations. The E and H are then 
determined simply by differentiating A and F (or II, and II/,). Although the two-step 
procedure requires both integration and differentiation, where path 1 requires only 
integration, the integrands in the two-step procedure are much simpler. 

The most difficult operation in the two-step procedure is the integration to deter- 
mine A and F (or II, and II/,). Once the vector potentials are known, then E and H 
can always be determined because any well-behaved function, no matter how complex, 
can always be differentiated. 
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Vector potentials 
A.F 
or 

Path 2 j/ 


Figure 3,1 Block diagram for computing radiated lidds from electric and 
magnetic sources. 


The integration required to determine the potential functions is restricted over the 
bounds of the sources J and M. This will result in the A and F {or II,. and II/,) to he 
functions of the observation point coordinates; the differentiation to determine E and 
H must be done in terms of the observation point coordinates. The integration in the 
one-step procedure also requires that its limits be determined by the bounds of the 
sources. 

The vector Hertz potential IT, is analogous to A and IT/, is analogous to F. The 
functional relation between them is a proportionality constant which is a function of 
the frequency and the constitutive parameters of the medium. In the solution of a 
problem, only one set, A and F or fl, and I I„. is required. The author prefers the use 
of A and F. which will be used throughout the book. The derivation of the functional 
relations between A and II,.. and F and H/, are assigned at the end of the chapter as 
problems. (Problems 3.1 and 3.2). 


3.2 THE VECTOR POTENTIAL A FOR AN 
ELECTRIC CURRENT SOURCE J 


The vector potential A is useful in solving lor the EM held generated by a given 
harmonic electric current J. The magnetic flux B is always solenoidal; that is, 
V • B = f). Therefore, it can be represented as the curl of another vector because it 
obeys the vector identity 

? • V x A = 0 (M) 

where A is an arbitrary vector. Thus we define 

B \ — fi H,| - V x A (3-2) 


or 


Hv 


- V x A 


(3-2a) 


where subscript A indicates the held due to the A potential. Substituting (3 -2a) into 
Maxwell’s curl equation 


V x E,i = -ywjuH., 


(3-3) 
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reduces it to 


V x E„ = —j(oyM A — -jio V x A 

(3-4) 

which can also be written as 


V x [E a 4- jcoX] = 0 

(3-5) 

From the vector identity 


V x ( — V <k) = 0 

(3-6) 

and (3-5), it follows that 


E„ 4- j(0 A = — V 4> e 

(3-7) 

or 


E^ = - V 4>r - j<*> A 

(3-7a) 


The scalar function <f> e represents an arbitrary electric scalar potential which is a 
function of position. 

Taking the curl of both sides of (3-2) and using the vector identity 


V x V x A = V(V » A) - V 2 A 

(3-8) 

reduces it to 


V x (/xH a ) = V(V • A) - V 2 A 

(3-8a) 

For a homogeneous medium, (3-8a) reduces to 


fiV x H a = V(V • A) - V 2 A 

(3-9) 

Equating Maxwell’s equation 


V x B A = J 4- jtae E A 

(3-10) 

to (3-9) leads to 


juj 4* j(D/j,eE A = V(V ■ A) - V 2 A 

(3-11) 


Substituting (3-7a) into (3-11) reduces it to 

V 2 A 4- = -/jlJ + V(V • A) -I- V(j(i)fie(f) e ) (3-12) 

= — flj 4* V(V • A 4- j(t)IA€(f> e ) 

where k 2 = 

In (3-2), the curl of A was defined. Now we are at liberty to define the divergence 
of A, which is independent of its curl. In order to simplify (3-12), let 


V • A = —j(iiefx4> e ° <t> e = — r V • A 

jco/ie 


(3-13) 


which is known as the Lorentz condition. Substituting (3-13) into (3-12) leads to 


V 2 A 4- k 2 A = — ,oJ 


(3-14) 
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In addition. (3-7a) reduces to 


E, t = -V4> e - jioA = -j(o A - j 

o)fxe 


V(V • A) 


(3-15) 


Once A is known, H A can be found from (3-2a) and from (3-15). E A can just 
as easily be found from Maxwell's equation (3-10) with J — 0. It will be shown later 
how to find A in terms of the current density J. It will be a solution to the inhomo- 
geneous Helmholtz equation of (3-14). 


3.3 THE VECTOR POTENTIAL F FOR A 
MAGNETIC CURRENT SOURCE M 


Although magnetic currents appear to be physically unrealizable, equivalent magnetic 
currents arise when we use the volume or the surface equivalence theorems. The fields 
generated by a harmonic magnetic current in a homogeneous region, with J = 0 but 
M 0. must satisfy V • D = 0. Therefore. E,. can be expressed as the curl of the 
vector potential F by 


E, = — -VxF 
6 


Substituting (3-16) into Maxwell's curl equation 


(3-16) 


V x H/. = jtoe E/.- 


(3-17) 


reduces it to 


V x (Hp + jioF) — 0 

From the vector identity of (3-6), it follows that 

H/, = - V <f>„, - jcoF 


(3-18) 


(3-19) 


where represents an arbitrary magnetic scalar potential which is a function of 
position. Taking the curl of (3-16) 


VxE F = --V x V x F = — - [V V • F — V 2 F] 
e e 

and equating it to Maxwell’s equation 


V x Ef = — M — j (ojjJUfr 


leads to 


V 2 F + jwfj.ea F = V V ■ F - eM 
Substituting (3-19) into (3-22) reduces it to 

V 2 F + k 2 F = — eM + V(V • F) + V(Jwjj.e(f> m ) 


(3-20) 


( 3 - 21 ) 

(3-22) 


(3-23) 
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By letting 

(3-24) 

reduces (3-23) to 

V 2 F + /c 2 F=-eM (3-25) 

and (3-19) to 

(3-26) 

Once F is known, E F can be found from (3-16) and H F from (3-26) or (3-21) with 
M = 0. Tt will be shown later how to find F once M is known. It will be a solution 
to the inhomogeneous Helmholtz equation of (3-25). 


3.4 ELECTRIC AND MAGNETIC FIELDS FOR 
ELECTRIC (J) AND MAGNETIC (M) CURRENT 
SOURCES 

In the previous two sections we have developed equations that can be used to find 
the electric and magnetic fields generated by an electric current source J and a 
magnetic current source M. The procedure requires that the auxiliary potential func- 
tions A and F generated, respectively, by J and M are found first. In turn, the 
corresponding electric and magnetic fields are then determined (E^, due to A and 
E f , H f due to F). The total fields are then obtained by the superposition of the 
individual fields due to A and F (J and M). 

In summary form, the procedure that can be used to find the fields is as follows: 

Summary 

1. Specify J and M (electric and magnetic current density sources). 

2. a. Find A (due to J) using 

(3-27) 

which is a solution of the inhomogeneous vector wave equation of (3-14). 
b. Find F (due to M) using 

(3-28) 

which is a solution of the inhomogeneous vector wave equation of (3-25). In 
(3-27) and (3-28), k 2 = ar/xe and R is the distance from any point in the 
source to the observation point. In a latter section, we will demonstrate that 
(3-27) is a solution to (3-14) as (3-28) is to (3-25). 
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3. a. Find H /4 using (3-2a) and E,* using (3-15). E A can also be found using Max- 

well's equation of (3-10) with J = 0. 

b. Find E/. using (3-16) and H r using (3-26). H/ can also be found using Max- 
well's equation of (3-21 ) with M = 0. 

4. The total fields are then given by 

(3-29) 


(3-29a) 
and 

(3-30) 
or 

(3-30a) 

Whether (3-15) or (3-10) is used to find E 4 and (3-26) or (3-21) to find H y . 
depends largely upon the problem. In many instances one may be more complex than 
the other or vice versa. In computing fields in the far-zone, it will be easier to use 
(3-15) for E 4 and (3-26) for H/. because, as it will be shown, the second term in each 
expression becomes negligible in that region. 

3.5 SOLUTION OF THE INHOMOGENEOUS 
VECTOR POTENTIAL WAVE EQUATION 

In the previous section we indicated that the solution of the inhomogeneous vector 
wave equation of (3-14) is (3-27). 

To derive it, let us assume that a source with current density J z . which in the limit 
is an infinitesimal source, is placed at the origin of a .v, y, z coordinate system, as 
shown in Figure 3.2(a). Since the current density is directed along the :>axis (./.), only 
an A., component will exist. Thus we can write (3- 14) as 

V 2 A : + k% = -pj, (3-31) 

At points removed from the source (J : = 0), the wave equation reduces to 

Vv\- + k-A : = 0 (3-32) 

Since in the limit the source is a point, it requires that A . is not a function of direction 
(0and r/>); in a spherical coordinate system. A : = A-( /•) where r is the radial distance. 
Thus (3-32) can be written as 

V 2 A.(r) + k^AAr) = \ — f r — — * -I- k 2 A-(r) = 0 (3-33) 

r f)r fir 
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Figure 3.2 


(b) Source not at origin 

Coordinate systems for computing radiating fields. 


vliich when expanded reduces to 


d%(r) 

dr 


2 dA.jr) 
r dr 


+ krA.(r ) = 0 


(3-34) 


rhe partial derivative has been replaced by the ordinary derivative since A : is only a 
unction of the radial coordinate. 

The differential equation of (3-34) has two independent solutions 


A-i 

/ 4 r 2 


e -ikr 

= C, (3-35) 

r 

P 'i kr 

= C 2 (3-36) 

r 


Equation (3-35) represents an outwardly (in the radial direction) traveling wave and 
3-36) describes an inwardly traveling wave (assuming an e^' time variation). For 
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this problem, the source is placed at the origin with the radiated fields traveling in the 
outward radial direction. Therefore, we choose the solution of (3-35), or 

e~ jh 

A : = 4., = C, — (3-37) 

In the static case (o> = 0, k = 0). (3-37) simplifies to 

A. = — (3-38) 

r 

which is a solution to the wave equation of (3-32), (3-33), or (3-34) when k = 0. 
Thus at points removed from the source, the time-varying and the static solutions of 
(3-37) and (3-38) differ only by the e~ ikr factor: or the time-varying solution of (3- 
37) can be obtained by multiplying the static solution of (3-38) by e~ jkr . 

In the presence of the source ( J. ^ 0) and k — 0 the wave equation of (3-3 1 ) 
reduces to 


V 2 A : = - /xJ z (3-39) 

This equation is recognized to be Poisson’s equation whose solution is widely docu- 
mented. The most familiar equation with Poisson’s form is that relating the scalar 
electric potential </> to the electric charge density p. This is given by 


V 2 c/> = 



whose solution is 



(3-40) 


(3-41) 


where r is the distance from any point on the charge density to the observation point. 
Since (3-39) is similar in form to (3-40). its solution is similar to (3-41), or 


A. = 



(3-42) 


Equation (3-42) represents the solution to (3-31) when k = 0 (static case). Using the 
comparative analogy between (3-37) and (3-38). the time-varying solution of (3-31) 
can be obtained by multiplying the static solution of (3-42) by e~ ikr . Thus 



(3-43) 


which is a solution to (3-3 1 ). 

If the current densities were in the .v- and y-direetions (J x and J y ), the wave 
equation for each would reduce to 


V Z A X + k z A x = — p.J x 

V Z Ay + k 2 Ay = — fljy 


(3-44) 

(3-45) 
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with corresponding solutions similar in form to (3-43), or 


(3-46) 


(3-47) 

The solutions of (3-43), (3-46), and (3-47) allow us to write the solution to the 
vector wave equation of (3-14) as 


(3-48) 

If the source is removed from the origin and placed at a position represented by 
the primed coordinates (x\ y\ z'), as shown in Figure 3.2(b), (3-48) can be written as 


(3-49) 

where the primed coordinates represent the source, the unprimed the observation 
point, and R the distance from any point on the source to the observation point. In a 
similar fashion we can show that the solution of (3-25) is given by 


(3-50) 

If J and M represent linear densities Cm - '), (3-49) and (3-50) reduce to surface 
integrals, or 

(3-51) 


(3-52) 

For electric and magnetic currents I c and I m , they in turn reduce to line integrals of 
the form 








(3-53) 
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(3-54) 


3.6 FAR-FIELD RADIATION 

The fields radiated by antennas of finite dimensions are spherical waves. For these 
radiators, a general solution to the vector wave equation of (3-14) in spherical com- 
ponents, each as a function of r, 0, </>, takes the general form of 

A — a r A r (/\ 0. <f>) + a 0 A 0 (r, 0, <f>) + a ^/^(r. 0, (j>) (3-55) 

The amplitude variations of r in each component of (3-55) are of the form 1/r", 
n = I, 2, ... [1]. Neglecting higher order terms of 1/r" (1/r" = 0. n = 2, 3. . . .) 
reduces (3-55) to 

e ~J kr 

A — [a r A r '(0. t/») + Si fl AtfO, <f>) + a <£)| , r — » oc (3-56) 

r 

The r variations are separable from those of 0 and <f>. This will be demonstrated in 
the chapters that follow by many examples. 

Substituting (3-56) into (3-15) reduces it to 

E = -{-jtoe /Ar |S r (0) + a ( M0, 4 >) + z+A'^B, </>)]} + if . (3-57) 

r r 


The radial E-field component has no 1/r terms, because its contributions from the first 
and second terms of (3-15) cancel each other. 

Similarly, by using (3-56), we can write (3-2a) as 

H = - I j—e ,Ar [a,(0) 4- a^A'fiid, 4 } ) ~ 8#Aj/(0, </>)] j + {•••} + •• • (3-57 a) 

where 17 = VjutTi is the intrinsic impedance of the medium. 

Neglecting higher order terms of 1/r". die radiated E- and H-fields have only 6 
and 4 > components. They can be expressed as 


Far-Fieid Region 
E r =* 0 
E »~ ~j° ) A(i 

£ <* = -juA* 


H r = 0 


w 


H <> ~ + j~ A s 

V 


. 0 ) 




Ej> 

i? 

+ & 

1? 




— —jcoA 

(for the 6 and </> components only 
since E r — 0) 


(3-58a) 



(3-58b) 


(for the 0 and 4 > components only since H r = 0) 


Radial field components exist only for higher order terms of 1/r". 
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In a similar manner, the far-zone fields due to a magnetic source M (potential F) 
can be written as 


Far- Field Region 


H r - 0 
H 0 = ~ju>F e 


E r — Q 

» —jai'qF ^ = rjH^ 

£<* - + j<*>yF„ = - 


— — y<u F 


(for the 0 and <f> components only 
since H r — 0) 


(3-59a) 


o 


Ef = — T/a r x H/. = j(or]& r x F 


(3- 59b) 


(for the 0 and $ components only since E r — 0) 


Simply stated, the corresponding far-zone E- and H -field components are or- 
thogonal to each other and form TEM ( to r) mode fields. This is a very useful relation, 
and it will be adopted in the chapters that follow for the solution of the far-zone 
radiated fields. The far-zone (far-field) region for a radiator is defined in Figure 2.5. 
Its smallest radial distance is 2D 2 /A where D is the largest dimension of the radiator. 


3.7 DUALITY THEOREM 

When two equations that describe the behavior of two different variables are of the 
same mathematical form, their solutions will also be identical. The variables in the 
two equations that occupy identical positions are known as dual quantities and a 
solution of one can be formed by a systematic interchange of symbols to the other. 
This concept is known as the duality theorem. 

Comparing Equations (3-2a), (3-3), (3-10), (3-14), and (3-15) to (3-16), (3-17), 
(3-21), (3-25), and (3-26), respectively, it is evident that they are to each other dual 
equations and their variables dual quantities. Thus knowing the solutions to one set 
(i.e., J t* 0, M = 0), the solution to the other set (J = 0, M ^ 0) can be formed by 
a proper interchange of quantities. The dual equations and their dual quantities are 
listed in Tables 3.1 and 3.2 for electric and magnetic sources, respectively. Duality 


Table 3.1 DUAL EQUATIONS FOR ELECTRIC (J) AND MAGNETIC 


(M) CURRENT SOURCES 


Electric Sources (J ^ 0, M = 0) 

Magnetic Sources ( J = 0, M ^ 0) 

V x E< = — 

V x H/ = jweE F 

V x H,, = J + jioeE A 

— V x Ep = M + jwpH F 

V 2 A + k 2 A = -/J 

V-F + * 2 F = - eM 

v 

V 

H,=-VxA 

E f = -- V X F 
€ 

H/.- = — jioF — j — — V (V • F) 

(o^ie 

| 

E„ = jut A j V (V • A) 

£ ofie 
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Table 3.2 DUAL QUANTITIES FOR ELECTRIC (J) AND MAGNETIC 
(Ml CURRENT SOURCES 


Electric Sources (J 5* 0. M = 0) 

Magnetic Sources (J = 0. M 0) 

F,, 

H, 

H,» 

-E r 

J 

M 

A 

F 

e 

P- 

P- 

e 

k 

k 

V 

1/7, 

1/77 

V 


only serves as a guide to form mathematical solutions. It can be used in an abstract 
manner to explain the motion of magnetic charges giving rise to magnetic currents, 
when compared to their dual quantities of moving electric charges creating electric 
currents. It must, however, be emphasized that this is purely mathematical in nature 
since it is known as of today, that there are no magnetic charges or currents in nature. 


3.8 RECIPROCITY AND REACTION THEOREMS 


We are all well familiar with the reciprocity theorem, as applied to circuits, which 
states that "in any network composed of linear, bilateral, lumped elements, if one 
places a constant current (voltage) generator between two nodes (in any branch ) and 
places a voltage (current) meter between any other two nodes (in any other branch), 
makes observation of the meter reading, then interchanges the locations of the source 
and the meter, the meter reading will be unchanged” |2|. We want now to discuss 
the reciprocity theorem as it applies to electromagnetic theory. This is done best by 
the use of Maxwell's equations. 

Let us assume that within a linear and isotropic medium, but not necessarily 
homogeneous, there exist two sets of sources J|, M|. and J 2 , Mi which are allowed 
to radiate simultaneously or individually inside the same medium at the frequency 
and produce fields E t , H| and E>, H 2 , respectively. It can be shown (1). [3] that the 
sources and fields satisfy 

-V • (E, x H, - E 2 x H,) = E, • J 2 + H 2 • M, - E 2 • J, - H, • M 2 (3-60) 


which is called the Lnrentz Reciprocity Theorem in differential form. 

Taking a volume integral of both sides of (3-60) and using the divergence theorem 
on the left side, we can write it as 


(E, x H 2 - E, x Hj) • ds' 

s 

■ill 


(E, • .J 2 + H 2 • M, - E 2 • J, - H, • M 2 ) dv' 


(3-61) 


which is designated as the Lorentz Reciprocity Theorem in integral form. 
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For a source-free (Ji = J 2 = M| = M 2 = 0) region. (3-60) and (3-61) reduce, 
respectively, to 

(3-62) 

and 

(3-63) 

Equations (3-62) and (3-63) are special cases of the Lorentz Reciprocity Theorem 
and must be satisfied in source-free regions. 

As an example of where (3-62) and (3-63) may be applied and what they would 
represent, consider a section of a waveguide where two different modes exist with 
fields E|, H| and E 2 , H 2 . For the expressions of the fields for the two modes to be 
valid, they must satisfy (3-62) and/or (3-63). 

Another useful form of (3-61) is to consider that the fields (E f , H b E 2 . H 2 ) and 
the sources (J,, M|. J 2 , M 2 ) are within a medium that is enclosed by a sphere of 
infinite radius. Assume that the sources are positioned within a finite region and that 
the fields are observed in the far field (ideally at infinity). Then the left side of (3-61 ) 
is equal to zero, or 

(E, x H 2 - E 2 x H,) • d s' = 0 (3-64) 

s 

which reduces (3-61) to 

JJJ (E, • J 2 + H 2 • M, - E 2 • J, - H, ■ M 2 ) dv' = 0 (3-65) 

v 

Equation 3-65 can also be written as 

(3-66) 

The reciprocity theorem, as expressed by (3-66), is the most useful form. 

A close observation of (3-61) will reveal that it does not, in general, represent 
relations of power because no conjugates appear. The same is true for the special 
cases represented by (3-63) and (3-66). Each of the integrals in (3-66) can be inter- 
preted as a coupling between a set of fields and a set of sources, which produce 
another set of fields. This coupling has been defined as Reaction [4] and each of the 
integrals in (3-66) are denoted by 


0.2) = f 

If (E, • J 2 

- H| • M 2 ) dv 

( 3-67) 

✓ ✓✓ 
V 



(2. I> « { 

|f (E, • J, 

- H 2 • M|) dv 

(3-68) 


v 
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The relation (l, 2) of (3-67) relates the reaction (coupling) of Helds (E|, H|), 
which are produced by sources J,, M| to sources (JU, M 2 ), which produce fields E 2 , 
H 2 ; (2. 1) relates the reaction (coupling) of fields (E 2 , H 2 ) to sources (J|, M t ). For 
reciprocity to hold, it requires that the reaction (coupling) of one set of sources with 
the corresponding fields of another set of sources must be equal to the reaction 
(coupling) of the second set of sources with the corresponding fields of the first set 
of sources, and vice versa. In equation form, it is written as 

(l, 2) = <2, l> (3-69) 


3.8.1 Reciprocity for Two Antennas 


There are many applications of the reciprocity theorem. To demonstrate its potential, 
an antenna example will be considered. Two antennas, whose input impedances are 
Z\ and Z 2 , are separated by a linear and isotropic (but not necessarily homogeneous) 
medium, as shown in Figure 3.3. One antenna (#1) is used as a transmitter and the 
other (#2) as a receiver. The equivalent network of each antenna is given in Figure 
3.4. The internal impedance of the generator Z g is assumed to be the conjugate of the 
impedance of antenna #1 (Z g ~ Zf — R t - jX x ) while the load impedance Z L is 
equal to the conjugate of the impedance of antenna #2 ( Z L = Zf = R 2 — jX 2 ). These 
assumptions are made only for convenience. 

The power delivered by the generator to antenna # 1 is given by 




| RelV./ri = jRe 



v* 


(z, + z, 


' )* 
‘s' J 


\Vl 

8 R t 


(3-70) 


If the transfer admittance of the combined network consisting of the generator im- 
pedance. antennas, and load impedance is Y 2i , the current through the load is 
and the power delivered to the load is 

p 2 = i Re[z 2 (v,y 21 )(v,y 21 )*i = ** 2 |v g | 2 |y 21 | 2 (3-7 1 ) 

The ratio of (3-69) to (3-68) is 


£ = 4«,/e 2 |y 3l | 2 0-72) 

n 

In a similar manner, we can show that when antenna #2 is transmitting and #1 
is receiving, the power ratio of P,/P 2 is given by 


P\ 

P 2 


4/? 2 /?i|y, 2 | 2 


(3-73) 




Figure 3.3 Transmitting and receiving antenna systems. 
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n d 


Figure 3.4 Two amenna systems with conjugate loads. 


Under conditions of reciprocity (F| 2 = Y 2 i), the power delivered in either direction 
is the same. 


3.8.2 Reciprocity for Radiation Patterns 

The radiation pattern is a very important antenna characteristic. Although it is usually 
most convenient and practical to measure the pattern in the receiving mode, it is 
identical, because of reciprocity, to that of the transmitting mode. 

Reciprocity for antenna patterns is genera! provided the materials used lor the 
antennas and feeds, and the media of wave propagation are linear. Nonlinear devices, 
such as diodes, can make the antenna system nonreciprocal. The antennas can be of 
any shape or size, and they do not have to be matched to their corresponding feed 
lines or loads provided there is a distinct single propagating mode at each port. The 
only other restriction for reciprocity to hold is for the antennas in the transmit and 
receive modes are polarization matched, including the sense of rotation. This is 
necessary so that the antennas can transmit and receive the same field components, 
and thus total power. If the antenna that is used as a probe to measure the fields 
radiated by the antenna under test is not of the same polarization, then in some 
situations the transmit and receive patterns can still be the same. For example, if the 
transmit antenna is circularly polarized and the probe antenna is linearly polarized, 
then if the linearly polarized probe antenna is used twice and it is oriented one time 
to measure the ^-component and the other the ^-component, then the sum of the two 
components can represent the pattern of the circularly polarized antenna in either the 
transmit or receive modes. During this procedure, the power level and sensitivities 
must be held constant. 

To detail the procedure and foundation of pattern measurements and reciprocity, 
let us refer to Figures 3 . 5 (a) and (b). The antenna under test is #1 while the probe 
antenna (# 2 ) is oriented to transmit or receive maximum radiation. The voltages and 
currents V t . at terminals 1-1 of antenna #1 and VS , l 2 at terminals 2-2 of antenna 
#2 are related by 

V, = Z n f| + Z i2 fi (3.74) 

VS = Z 2I /, + Z 22 f 2 

where 

Z n = self-impedance of antenna #1 
^22 = self- impedance of antenna #2 
Z| 2 . Z 2 1 = mutual impedances between antennas #1 and #2 
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OfrserViiiiun 

sphere 



Observation 

sphere 



Test ant tuna (# I I 


> 


(i\ ) 


no 


Figure 3,5 Antenna arrangement for pattern measurements and reciprocity theorem. 


If a current I\ is applied at the terminals 1-1 and voltage V 2 {designated us V 2m ) 
is measured at the open U 7 = 0) terminals of antenna #2, then an equal voltage V Ulc 
will he measured at the open {/ t = 0} terminals of antenna #1 provided the current 
( 2 of antenna #2 is equal to In equation form, we can write 


%21 

Z|2 


Y^r 

/| 

VV 

h 




/ t -0 


(3-75a) 


(3-75b) 


If the medium between the two antennas is linear, passive, isotropic, and the 
waves monochromatic, then because of reciprocity 


z 2i — 


Van 


I t.tt' 


/, = ti 


/, =t> 


(3-76) 


If in add i tion 1 1 = / a . I hen 

V 3o ,. = V tMf (3-77) 

The above are valid for any position and any mode of operation between the two 
antennas. 

Reciprocity will now be reviewed for lwo modes of operation. In one mode, 
antenna # I is held stationary while #2 is allowed to move on the surface of a constant 
radius sphere, as shown in Figure 3.5(a). In the other mode, antenna #2 is maintained 
stationary while #1 pivots about a point, as shown in Figure 3.5(b). 

In the mode of Figure 3.5(a), antenna #1 can be used either as a transmitter or 
receiver. In the transmitting mode, while antenna #2 is moving on the constant radius 
sphere surface, the open te rminal voltage is measured. In the receiving mode, tire 
open terminal voltage V(„ r is recorded. The three-dimensional plots of V 2/M - and V Uk ., 
as Et function of 0 and <p. have been defined in Section 2.2 as field patterns. Since the 
three-dimensional graph of V 2tll is identical to that of V Utt (due to reciprocity), the 
transmitting ( V\ w .) and receiving (F^J field patterns are also equal. The same con- 
clusion can be arrived at if antenna #2 is allowed to remain stationary while #1 
rotates, as shown in Figure 3.5(b). 
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The conditions of reciprocity hold whether antenna #1 is used as a transmitter 
and #2 as a receiver or antenna #2 as a transmitter and #1 as a receiver. In practice, 
the most convenient mode of operation is that of Figure 3.5(b) with the test antenna 
used as a receiver. Antenna #2 is usually placed in the far-ficld of the test antenna 
(#1), and vice-versa, in order that its radiated fields are plane waves in the vicinity 
of #1. 

The receiving mode of operation of Figure 3.5(b) for the test antenna is most 
widely used to measure antenna patterns, because the transmitting equipment is in 
most cases bulky and heavy while the receiver is small and lightweight. In some 
cases, the receiver is nothing more than a simple diode detector. The transmitting 
equipment usually consists of sources and amplifiers. To make precise measurements, 
especially at microwave frequencies, it is necessary to have frequency and power 
stabilities. Therefore, the equipment must be placed on stable and vibration-free 
platforms. This can best be accomplished by allowing the transmitting equipment to 
be held stationary and the receiving equipment to rotate. 

An excellent manuscript on test procedures for antenna measurements of ampli- 
tude, phase, impedance, polarization, gain, directivity, efficiency, and others has been 
published by IEEE [5 j. A condensed summary of it is found in |6), and a review is 
presented in Chapter 15 of this text. 
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PROBLEMS 


3. 1 . If H f = jtoeV x n,„ where Il r is the electric Hertzian potential, show that 


(a) vTl, + k 2 n„ = / — J 
' toe 

to n f - -j— a 

tofxe 


(b) e, = k 2 n e + vtv * n,) 


3.2. If E>, = - jcofiV x II/,, where II/, is the magnetic Hertzian potential, show that 


(a) v : n„ + lrn h = j — M 


(c) n /( = -j— f 

to/xe 


top 


(b) h„ = k 2 n h + viv • n„) 


3.3. Verify that (3-35) and (3-36) are solutions to (3-34). 

3.4. Show that (3-42) is a solution to (3-39) and (3-43) is a solution to (3-31). 

3.5. Verify (3-57) and (3-57a). 

3.6. Derive (3-60) and (3-6 1 ). 



CHAPTER 


4 

LINEAR WIRE ANTENNAS 


4.1 INTRODUCTION 

Wire antennas, linear or curved, are some of the oldest, simplest, cheapest, and in 
many cases the most versatile for many applications. It should not then come as a 
surprise to the reader that we begin our analysis of antennas by considering some of 
the oldest, simplest, and most basic configurations. Initially we will try to minimize 
the complexity of the antenna structure and geometry to keep the mathematical details 
to a minimum. 

4.2 INFINITESIMAL DIPOLE 

An infinitesimal linear wire (/ <^A) is positioned symmetrically at the origin of the 
coordinate system and oriented along the z axis, as shown in Figure 4.1(a). Although 
infinitesimal dipoles are not very practical, they are used to represent capacitor-plate 
(also referred to as top-hat-loaded) antennas. In addition, they are utilized as build- 
ing blocks of more complex geometries. The wire, in addition to being very small 
(/ A), is very thin (a <s: A). The current is assumed to be constant and given by 

Hz') = Mo (4-1) 

where / u = constant. 

4.2.1 Radiated Fields 

To find the fields radiated by the current element, the two-step procedure of Figure 

3.1 is used. It will be required to determine first A and F and then find the E and H. 
The functional relation between A and the source J is given by (3-49), (3-51). or 
(3-53). Similar relations are available for F and M, as given by (3-50), (3-52), 
and (3-54). 

Since the source only carries an electric current I e . I m and the potential function 
F are zero. To find A we write 

ix f e 

A(.v, v, z) = — Mx', v'. z') — r— d/' (4-2) 

477 J R 
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<a| I rihnitcsinial dipole 



<b) Electric field orientation 

Figure 4.1 Geometrical arrangement or an infinitesimal dipole and its associated electric 
field components on a spherical surface. 


where ( x , v, z) represent the observation point coordinates. U', v\ c') represent the 
coordinates of the source. R is the distance from any point on the source to the 
observation point, and path C is along the length of the source. For the problem of 
Figure 4. 1 
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so we can write (4-2) as 



(4-4) 


The next step of the procedure is to find H* using (3-2a) and then E,t using (3-15) 
or (3-10) with J = 0. To do this, it is often much simpler to transform (4-4) from 
rectangular to spherical components and then use (3-2a) and (3-15) or (3-10) in 
spherical coordinates to find H and E. 

The transformation between rectangular and spherical components is given, in 
matrix form, by (see Appendix VII) 


(4-5) 


■A r - 


~ sin 0 cos 0 

sin 0 sin 0 

cos 0 

~A. X ~ 

Aff 

— 

cos 0 COS 0 

cos 0 sin 0 

— sin 0 

Ay 

A 


- sin 0 

COS 0 

0 

A-_ 


For this problem, A x = A y = 0, so (4-5) using (4-4) reduces to 

uLl {) le~ ikr 

A r = cos 0 = — : cos 0 


A„ = —A z sin = — 
A, = 0 


47rr 

fiye~ Jkt . 


4777 - 


sin 0 


(4-6a) 

(4-6b) 

(4-6c) 


Using the symmetry of the problem (no variations in 0 ), (3-2a) can be expanded 
in spherical coordinates and written in simplified form as 

1 


O - - I d , A , bA >- 

Substituting (4-6a)-(4-6c) into (4-7) reduces it to 


H r = H,= 0 




. klj sin 0 


Airr 


[' + i 


-jkr 


(4-7) 

(4-8a) 

(4-8b) 


The electric field E can now be found using (3-15) or (3-10) with J = 0. That 


is. 


E = E^ = - jcoA - j — V (V • A) = — V x H 

cjfxe jo>€ 

Substituting (4-6a)-(4-6c) or (4-8a)-(4-8b) into (4-9) reduces it to 



(4-9) 


(4- 10a) 

(4- 1 0b) 
(4- 10c) 
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The E- and H-lield components are valid everywhere, except on the source itself, 
and they are sketched in Figure 4.1(h) on the surface of a sphere of radius r. It is a 
straightforward exercise to verify Equations (4-10aH4-I0c). and this is left as an 
exercise to the reader (Prob. 4.9). 


4.2.2 Power Density and Radiation Resistance 

The input impedance of an antenna, which consists of real and imaginary parts, was 
discussed in Section 2.13. For a lossless antenna, the real part of the input impedance 
was designated as radiation resistance. It is through the mechanism of the radiation 
resistance that power is transferred from the guided wave to the free-space wave. To 
find the input resistance for a lossless antenna, the Poynting vector is formed in terms 
of the E- and H-fields radiated by the antenna. By integrating the Poynting vector 
over a closed surface (usually a sphere of constant radius), the total power radiated 
by the source is found. The real part of it is related to the input resistance. 

For the infinitesimal dipole, the complex Poynting vector can be written using 
(4-8a)-(4-8b) and (4-10a)-(4-l0c) as 


W =i(E x H*) 
- ^ (a, .£„/// 


Ua,E r + a,, Eft) x (a 

a 0 E f Hf) 


(4-11) 


whose radial W r and transverse W# components are given, respectively, by 

|/„/ 2 sin 2 ft T . 1 1 

— L 


* - 1 


_ AilVP cos » sin fl J_ 
"~ JV IfiirV (kr)-_ 


(4- 1 2a) 


(4- 12b) 


The complex power moving in the radial direction is obtained by integrating (4-11)- 
(4- 12b) over a closed sphere of radius r. Thus it can be written as 

P = (jj)W • ds = j J (a r W r + a „W„) • Z r r 2 sin OdOd(f> (4-13) 


which reduces to 


n TT ^ 

W r r sin 6 dO d<p = r/ — 
» 3 


A,/ 


I ~j 


( kr ) 


,-)3 


(4-14) 


The transverse component W„ of the power density does not contribute to the 
integral. Thus (4-14) does not represent the total complex power radiated by the 
antenna. Since W^, as given by (4- 12b), is purely imaginary, it will not contribute to 
any real radiated power. However, it does contribute to the imaginary (reactive) power 
which along with the second term of (4-14) can be used to determine the total reactive 
power of the antenna. The reactive power density, which is most dominant for small 
values of kr, has both radial and transverse components. It merely changes between 
outward and inward directions to form a standing wave at a rate of twice per cycle. 
It also moves in the transverse direction as suggested by (4-12b). 
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Equation (4-13), which gives the real and imaginary power that is moving out- 
wardly, can also be written as [4] 


ff / 7r\ 

lol 

2 


. 1 

Ex H* • r/s = 17 - 


1 

J ikr)\ 

JJ w 

A 


_ 


= P rad + j2<o(W„, - W e ) (4-15) 


where 


P = power (in radial direction) 

P raii = time-average power radiated 

W m = time-average magnetic energy density (in radial direction) 

W r = time-average electric energy density (in radial direction) 

2 a)(W„ — W,) = time-average imaginary (reactive) power (in radial direction) 


From (4-14) 


and 


P 


rad 




2w(W„, - W„) = 



A ,/ 2 1 
A (hr) 3 


(4-16) 


(4-17) 


It is clear from (4-17) that the radial electric energy must be larger than the radial 
magnetic energy. For large values of kr (At 1 or r » A), the reactive power 
diminishes and vanishes when kr = 

Since the antenna radiates its real power through the radiation resistance, for the 
infinitesimal dipole it is found by equating (4-16) to 




where R, is the radiation resistance. Equation (4-18) reduces to 



(4-18) 


(4-19) 


for a free-space medium (17 — 12077). It should be pointed out that the radiation 
resistance of (4-19) represents the total radiation resistance since (4- 1 2b) does not 
contribute to it. 

For a wire untenna to be classified as an infinitesimal dipole, its overall length 
must be very small (usually / ^ A/50). 


Example 4.1 

Find the radiation resistance of an infinitesimal dipole whose overall length is 
/ = A/50. 
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SOLUTION 


Using (4-19) 
* - 



0.316 ohms 


Since the radiation resistance of an infinitesimal dipole is about 0.3 ohms, it will 
present a very large mismatch when connected to practical transmission lines, many 
of which have characteristic impedances of 50 or 75 ohms. The reflection efficiency 
( e r ) and hence the overall efficiency ( e ,) will be very small. 


The reactance of an infinitesimal dipole is capacitive. This can be illustrated by 
considering the dipole as a flared open-circuited transmission line, as discussed in 
Section 1.4. Since the input impedance of an open-circuited transmission line a 
distance 1/2 from its open end is given by Z in = —jZ c cot (/3//2), where Z, is its 
characteristic impedance, it will always be negative (capacitive) for / ^ A. 


4.2.3 Radian Distance and Radian Sphere 

The E- and H-fields for the infinitesimal dipole, as represented by (4-8a)-(4-8b) and 

(4-10a)-(4-10c), are valid everywhere (except on the source itself). An inspection of 

these equations reveals the following: 

(a) At a distance r = A/ 2 77 (or kr = 1 ). which is referred to as the radian distance . 
the magnitude of the first and second terms within the brackets of (4-8b) and 
(4-IOa) is the same. Also at the radian distance the magnitude of all three terms 
within the brackets of (4- 1 Ob) is identical; the only term that contributes to the 
total field is the second, because the first and third terms cancel each other. This 
is illustrated in Figure 4.2. 

(b) At distances less than the radian distance r < A/27 r (kr < 1), the magnitude of 

the second term within the brackets of (4-8b) and (4-IOa) is greater than the first 
term and begins to dominate as r A/ 2 77. For (4- 1 Ob) and r < A/ 277. the 

magnitude of the third term within the brackets is greater than the magnitude of 
the first and second terms while the magnitude of the second term is greater than 
that of the first one: each of these terms begins to dominate as A/277. This 
is illustrated in Figure 4.2. The region r < A/2tt (kr < 1) is referred to as the 
near-field region. 

(c) At distances greater than the radian distance r > A/277 (kr > 1), the first term 
within the brackets of (4-8b) and (4-IOa) is greater than the magnitude of the 
second term and begins to dominate as r ^>\Z2ir(kr ^ 1). For (4-lOb) and 
/■ > A/2 77 , the first term within the brackets is greater than the magnitude of the 
second and third terms while the magnitude of the second term is greater than 
that of the third; each of these terms begins to dominate a sr> A/277. This is 
illustrated in Figure 4.2. The region r > A/277 (kr > I ) is referred to as the 
intermediate-field region while that for r » A/277 (kr :» 1 ) is referred to as the 
far-field region. 
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Figure 4.2 Magnitude variation, as a function of the radial distance, of 
the field terms radiated by an infinitesimal dipole. 


(d) The sphere with radius equal to the radian distance (r = A/27 r) is referred as 
the radian sphere, and it defines the region within which the reactive power 
density is greater than the radiated power density [l]-[3]. For an antenna, the 
radian sphere represents the volume occupied mainly by the stored energy of 
the antenna's electric and magnetic fields. Outside the radian sphere the radiated 
power density is greater than the reactive power density and begins to dominate 
as r > \J2rr. Therefore the radian sphere can be used as a reference, and it 
defines the transition between stored energy pulsating primarily in the 6 direction 
[represented by (4- 1 2b)| and energy radiating in the radial (r) direction [repre- 
sented by the first term of (4-1 2a): the second term represents stored energy 
pulsating in the radial (r) direction]. 


4.2.4 Near-Field ( kr « 1) Region 


An inspection of (4-8a)-{4-8b) and (4- 1 Oa)— (4- 1 Oc) reveals that for kr A or 
r \J2rr they can be reduced in much simpler form and can be approximated by 


E r = —jr) 


We-* 

2i rkr 3 


cos 0 


(4-20a) 


— — 




. 1 0 ' e „ 

H, = H„ 


n 


kr <r I 


(4-20b) 

(4-20c) 

(4-20d) 


The E-field components, E r and E (h are in time-phase but they are in time phase 
quadrature with the H-field component therefore there is no time-average power 
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flow associated with them. This is demonstrated by forming the time-average power 
density as 


W„ v = $Rc|E x H*| = iRe[a r E„H* A - (4-21) 


which by using (4-20a)-(4-20d) reduces to 


W ,. - 


- .V 

/o/ 

L' aj * 

47T 


2 sin 2 f) . . 17 |/o/| 2 sin 0 cos 0 

~ + a " ; r ? 


= 0 (4-22) 


The condition of kr < I can be satisfied at moderate distances away from the antenna 
provided that the frequency of operation is very low. Equations (4-20a) and (4-20b) 
are similar to those of a static electric dipole and (4-20d) to that of a static current 
element. Thus we usually refer to (4-20a)-(4-20d) as the quasistationary fields. 


4.2.5 Intermediate-Field (Jcr > 1) Region 

As the values of kr begin to increase and become greater than unity, the terms that 
were dominant for kr <€£ 1 become smaller and eventually vanish. For moderate 
values of kr the E-field components lose their in-phase condition and approach time- 
phase quadrature. Since their magnitude is not the same, in general, they form a 
rotating vector whose extremity traces an ellipse. This is analogous to the polarization 
problem except that the vector rotates in a plane parallel to the direction of propagation 
and is usually referred to as the cross field. At these intermediate values of kr, the E„ 
and Hj, components approach time-phase, which is an indication of the formation of 
time-average power flow in the outward (radial) direction (radiation phenomenon). 

As the values of kr become moderate (kr > 1 ). the field expressions can be 
approximated again but in a different form. In contrast to the region where kr <§c 1. 
the first term within the brackets in (4-8b) and (4- 10a) becomes more dominant and 
the second term can be neglected. The same is true for (4- 1 Ob) where the second and 
thud terms become less dominant than the first. Thus we can write for kr > I 


L, = 7} 


\ — - cos 6 
lirr 2 


kl {) le ~ Jkr 

E <r-‘n 4j7j ™ » 


h. 


f\ 


kr > I 


(4-23a) 

(4-23b) 

(4-23c) 


(4-23d) 


The total electric field is given by 

E = a ,.E, 4- a 0 E () (4-24) 


whose magnitude can be written as 


|E| = Vl^ 2 + |£J 2 


(4-25) 
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4.2.6 Far^Field (kr 1) Region 

Since (4-23a)-(4-23d) are valid only for values of kr > 1 (r > A), then E r will be 
smaller than E 0 because E r is inversely proportional to r where E H is inversely 
proportional to r. In a region where kr » I, (4-23a)-(4-23d) can be simplified and 
approximated by 

(4-26a) 
(4-26b) 
(4-26c) 

The ratio of E u to H $ is equal to 

Z, = I 2 “ 1? (4-27 ) 

where 


_ . khle-*' . 

E "~ n 4 nr 


E r ~E 6 = H r = H„=0 

kr » l 

,. .me-*' . „ 

H *~ J 4 », 5m# | 



Z H = wave impedance 

t) = intrinsic impedance (377 = 1207rohms for free-space) 

The E- and H-field components are perpendicular to each other, transverse to the 
radial direction of propagation, and the r variations are separable from those of 0 and 
0. The shape of the pattern is not a function of the radial distance r, and the fields 
form a Transverse flectroA/agnetic (TEM) wave whose wave impedance is equal to 
the intrinsic impedance of the medium. As it will become even more evident in later 
chapters, this relationship is applicable in the far-field region of all antennas of finite 
dimensions. Equations (4-26a)-(4-26c) can also be derived using the procedure out- 
lined and relationships developed in Section 3.6. This is left as an exercise to the 
reader (Prob. 4. 1 1 ). 


Example 4.2 

For an infinitesimal dipole determine and interpret the vector effective length. At what 
incidence angle does the open-circuit maximum voltage occurs at the output terminals 
of the dipole if the electric field intensity of the incident wave is 10 mvolts/meter? 
The length of the dipole is 10 cm. 


SOLUTION' 

Using (4-26a) and the effective length as defined by (2-92), we can write that 

_ . kl {) le- Jkr . n „ . kl 0 e~ Jkr , . . . m 

E 0 - jrj — - sin 6 = -a^T? ^ • (~a tf / sin fl) 


= -ZhJV- 


47 rr 
. kl 0 e~ jkr 


477T 


47rr 
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Therefore, the effective length is 
i, = - a,,/ sin 8 

whose maximum value occurs when 8 = 90°. and it is equal to /. Therefore, to achieve 
maximum output the wave must be incident upon the dipole at a normal incidence 
angle (8 = 90°). 

The open-circuit maximum voltage is equal to 

V«. = |E' • t,u - |a„ 10 X l() _J • <-*,/ sin #)L„ 

max 

= 10 x 10 3 I = 10" ■ volts 


4.2.7 Directivity 


The real power P ai( j radiated by the dipole was found in Section 4.2.2, as given by 
(4-16). The same expression can be obtained by first forming the average power 
density, using (4-26a)-(4-26c). That is. 


, = 5 Re(E x H*> = S, — |E„| 3 = a, j 


„ Tf U/o/pshrfl 


2 47t 


Integrating (4-28) over a closed sphere of radius r reduces it to (4-16). This is left as 
an exercise to the reader (Prob. 4.10). 

Associated with the average power density of (4-28) is a radiation intensity U 
which is given by 


U = rW aw = ^ (-7^-) sin 2 0=7- \E„(r, 8 . (j>)\ 2 
2 \47t/ 2rj 


and it conforms with (2- 1 2a). The normalized pattern of (4-29) is shown in Figure 
4.3. The maximum value occurs at 8 = n/2 and it is equal to 



Using (4-16) and (4-30), the directivity reduces to 

(4-31) 

and the maximum effective aperture to 

(4-32) 

The radiation resistance of the dipole can be obtained by the definition of (4-18). 
Since the radiated power obtained by integrating (4-28) over a closed sphere is the 
same as that of (4-16), the radiation resistance using it will also be the same as 
obtained previously and given by (4-19). 

Integrating the complex Poynting vector over a closed sphere, as was done in 
(4-13), results in the power (real and imaginary) directed in the radial direction. Any 
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N 

Figure 4.3 Three-dimensional radiation pattern of infinitesimal dipole. 

transverse components of power density, as given by (4- 1 2b), will not be captured by 
the integration even though they are part of the overall power. Because of this 
limitation, this method cannot be used to derive the input reactance of the antenna. 

4,3 SMALL DIPOLE 

The creation of the current distribution on a thin wire was discussed in Section 1.4, 
and it was illustrated with some examples in Figure 1.16. The radiation properties of 
an infinitesimal dipole, which is usually laken to have a length I £ A/51), were 
discussed in the previous section. Its current distribution was assumed to be constant. 
Although a constant current distribution is not realizable (other than top-hat-loaded 
elements), it is a mathematical quantity that is used to represent actual current distri- 
butions of antennas that have been incremented into many small lengths. 

A better approximation of the current distribution of wire antennas, whose lengths 
are usually A/50 < l < A/10, is the triangular variation of Figure 1.16(a). The 
sinusoidal variations of Figures 1 . 16(b)— (cj are more accurate representations of the 
current distribution of any length wire antenna. 

The most convenient geometrical arrangement for the analysis of a dipole is 
usually to have it positioned symmetrically about the origin with its length directed 
along the --axis, as shown in Figure 4.4(a). This is not necessary, but it is usually the 
most convenient. The current distribution of a small dipole (A/50 < I ^ A/ 10) is 
shown in Figure 4.4(b), and h is given by 

I - y s' J . 0 < s' <= 1/2 

2 ( {4-33) 

1+yz'J. -tn^z'^Q 



where /„ — constant. 
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(a) Dipole and geometry 



/ 


(b) Current distribution 

Figure 4.4 Geometrical arrangement of dipole and current distribution. 


Following the procedure established in the previous section, the vector potential 
of (4-2) can be written using (4-33) as 



Because the overall length of the dipole is very small (usually I < A/10), the values 
of R for different values of z' along the length of the wire (—l/l^z 1 — 111) are not 
much different from r. Thus R can he approximated by R =* r throughout the integra- 
tion path. The maximum phase error in (4-34) by allowing R — r for A/50 < / 
sA/10. will be kill = 7r/10 rad = 18° for / = A/10. Smaller values will occur for 
the other lengths. As it will be shown in the next section, this amount of phase error 
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is usually considered negligible and has very little effect on the overall radiation 
characteristics. Performing the integration. (4-34) reduces to 


A 



(4-35) 


which is one-haif of that obtained in the previous section for the infinitesimal dipole 
and given by (4-4). 

The potential function given by (4-35) becomes a more accurate approximation 
as ter—* 1 *. This is also the region of most practical interest, and it has been designated 
as the far-field region. Since the potential function for the triangular distribution is 
one-half of the corresponding one for the constant (uniform) current distribution, the 
corresponding fields of the former are one-half of the latter. Thus we can write the 
E- and H-fields radiated by a small dipole as 


„ . kl„le ~ J,r . „ 


(4-36a) 


E r - E+ = H r = He = 0 
„ Mole- Jkr . _ 


kr » 1 


(4-36b) 

(4-36c) 


with the wave impedance equal, as before, to (4-27). 

Since the directivity of an antenna is controlled by the relative shape of the field 
or power pattern, the directivity and maximum effective area of this antenna are the 
same as the ones with the constant current distribution given by (4-3 1 ) and (4-32), 
respectively. 

The radiation resistance of the antenna is strongly dependent upon the current 
distribution. Using the procedure established for the infinitesimal dipole, it can be 
shown that for the small dipole its radiated power is one-fourth (j) of (4-18). Thus 
the radiation resistance reduces to 



(4-37) 


which is also one-fourth (J) of that obtained for the infinitesimal dipole as given by 
(4-19). Their relative patterns (shapes) are the same and are shown in Figure 4.3. 


4.4 REGION SEPARATION 

Before we attempt to solve for the fields radiated by a finite dipole of any length, it 
would be very desirable to discuss the separation of the space surrounding an antenna 
into three regions; namely, the reactive near-field, radiating near-field ( Fresnel ) and 
the far-field ( Fraunhofer ) which were introduced briefly in Section 2.2. This is nec- 
essary because for a dipole antenna of any length and any current distribution, it will 
become increasingly difficult to solve for the fields evetywhere. Approximations can 
be made, especially for the far-field (Fraunhofer) region which is usually the one of 
most practical interest, to simplify the formulation to yield closed form solutions. The 
same approximations used to simplify the formulation of the fields radiated by a finite 
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dipole are also used to formulate the fields radiated by most practical antennas. So it 
will be very important to introduce them properly and understand their implications 
upon the solution. 

The difficulties in obtaining closed form solutions that are valid everywhere for 
any practical antenna stem from the inability to perform the integration of 

tx f e 

Mx, v. z) = 7 1 l f (x\ v\ z') — — ill' (4-38) 

4tt J ' R 

c 


where 

R = VU - -v') 2 + (y - 7? + Jz - 7? (4-38a) 


For a finite dipole with sinusoidal current distribution, the integral of (4-38) can be 
reduced to a closed form that is valid everywhere! This will be shown in Chapter 8. 
The length R is defined as the distance from any point on the source to the observation 
point. The integral of (4-38) was used to solve for the fields of infinitesimal and small 
dipoles in Sections 4.1 and 4.2. However in the first case (infinitesimal dipole) 
R = r and in the second case (small dipole) R was approximated by r (R — r) because 
the length of the dipole was restricted to be / ^ A/ 10. The major simplification of 
(4-38) will be in the approximation of R. 

A very thin dipole of finite length / is symmetrically positioned about the origin 
with its length directed along the t:-axis. as shown in Figure 4.5(a). Because the wire 
is assumed to be very thin (x' — y' = 0), we can write (4-38) as 

R = \/(a - — v) 2 + (v — y') 2 + (^ — c f ) 2 = + y“ + (z — z') 2 (4-39) 

which when expanded can be written as 

R = \/<r + r + c 2 ) + (-2-' + z' 1 ) = \/^ + ( - cos 0 + z' 2 ) (4-40) 

where 


2 '>.• 7,2 

r = x + vf r 


Z — cos 0 

Using the binomial expansion, we can write (4-40) in a series 


R = r - z' cos 


0 + ^ sin 2 ()| + 4 cos 0 sin 2 oj 


(4-40a) 

(4-40b) 

(4-4 L) 


whose higher order terms become less significant provided r » z'. 


4.4.1 Far-Field (Fraunhofer) Region 

The most convenient simplification of (4-41 ), other than R — r. will be to approximate 
it by its first two terms, or 

R — r - cos 6 (4-42) 

The most significant neglected term of (4-41) is the third whose maximum value is 




(b) Geometrical arrangement for far— field approximations 

Figure 4.5 Finite dipole geometry and far-field approximations. 


When (4-43) attains its maximum value, the fourth term of (4-41) vanishes 
because 6 = ir/2. It can be shown that the higher order terms not shown in (4-41) 
also vanish. Therefore approximating (4-41) by (4-42) introduces a maximum error 
given by (443). 

It has been shown by many investigators through numerous examples that for 
most practical antennas, with overall lengths greater than a wavelength (/ > A), a 
maximum total phase error of 7r/8 rad (22.5°) is not very detrimental in their analytical 
formulation. Using that as a criterion we can write, using (4-43), that the maximum 
phase error should always be 

k(z') 2 7 r 

— : — < — 

2 r 8 


(4-44) 
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which for — 111 ^ z' — // 2 reduces to 

(4-45) 

Equation (4-45) simply states that to maintain the maximum phase error of an 
antenna equal to or less than 77/8 rad (22.5°), the observation distance r must equal 
or be greater than 2/'/A where / is the largest* dimension of the antenna structure. 
The usual simplification for the far-field region is to approximate the R in the expo- 
nential (e~ ikR ) of (4-38) by (4-42) and the R in the denominator of (4-38) by R = r. 
These simplifications arc designated as the far-field approximations and arc usually 
denoted in the literature as 

Fa r- field A pp roximatUms 

R ~ r - z' cos 0 for phase terms (4-46) 

R — r for amplitude terms 

provided r satisfies (4-45). 

It may be advisable to illustrate the approximation (4-46) geometrically. For R — 
r - z' cos 0, where 0 is the angle measured from the c-axis, the radial vectors R and 
r must be parallel to each other, as shown in Figure 4.5(b). For any other antenna 
whose maximum dimension is D. the approximation of (4-46) is valid provided the 
observations are made at a distance 

r > 2D-/A (4-47) 

For an aperture antenna the maximum dimension is taken to be its diagonal. 

For most practical antennas, whose overall length is large compared to the wave- 
length, these are adequate approximations which have been shown by many investi- 
gators through numerous examples to give valid results in pattern predictions. Some 
discrepancies are evident in regions of low intensity (usually below — 25 dB). This 
is illustrated in Figure 2.6 where the patterns of a paraboloidal antenna for R = ^ 
and R = ID 2 ! A differ at levels below —25 dB. Allowing R to have a value of R = 
4D‘/A gives better results. 

It would seem that the approximation of R in (4-46) for the amplitude is more 
severe than that for the phase. However a close observation reveals this is not the 
case. Since the observations are made at a distance where r is very large, any small 
error in the approximation of the denominator (amplitude) will not make much dif- 
ference in the answer. However, because of the periodic nature of the phase (repeats 
every 2tt rad), it can be a major fraction of a period. The best way to illustrate it will 
be to consider an example. 


Example 4.3 

For an antenna with an overall length / = 5A, the observations are made at r = 60A. 
Find the errors in phase and amplitude using (4-46). 

^Provided the overall length U) of the antennu is large compared to the wavelength [see IEEE Standard 
Definitions of Terms for Antennas. IEEE Sid ( 1 45- 1983) |. 
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SOLUTION 

For 0 = 90°. z' = 2.5A, and r = 60A, (4-40) reduces to 
/?, = AV(60)“ + (2.5) 2 = 60.052 A 
and (4-46) to 

R 2 = r = 60A 

Therefore the phase difference is 

A<f> = kAR = — (/?, - R 2 ) = 27r(0.052) = 0.327 rad = 18.74° 

A 

which in an appreciable fraction ( — 4$ ) of a full period (360°). 

The difference of the inverse values of R is 

1 J_ = j/j_ 1 \ 1.44 x 10 5 

R 2 /?, ” A \60 60.052/ “ A 

which should always be a very small value. 


4.4.2 Radiating Near-Field (Fresnel) Region 

If the observation point is chosen to be smaller than r = 2/ 2 /A, the maximum phase 
error by the approximation of (4-46) is greater than 7 t /8 rad (22.5°) which may be 
undesirable in many applications. If it is necessary to choose observation distances 
smaller than (4-45), another term (the third) in the series solution of (4-41) must be 
retained to maintain a maximum phase error of 7r/8 rad (22.5°). Doing this, the infinite 
series of (4-4 1 ) can be approximated by 


R — r — z* cos 0 + 



(4-48) 


The most significant term that we are neglecting from the infinite series of (4-41) is 
the fourth. To find the maximum phase error introduced by the omission of the next 
most significant term, the angle 0 at which this occurs must be found. To do this, the 
neglected term is differentiated with respect to 0 and the result is set equal to zero. 
Thus 


0 _ 

no 





sin 0\ — sin 2 0+2 cos 3 0| = 0 


(4-49) 


The angle 0 = 0 is not chosen as a solution because for that value the fourth term is 
equal to zero. In other words. 0 = 0 gives the minimum error. The maximum error 
occurs when the second term of (4-49) vanishes; that is when 

[-sin 3 0 + 2 cos 3 6)o=o\ = 0 


(4-50) 
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or 


6[ = tan H±y/2) 


(4-50a) 


If the maximum phase error is allowed to be equal or less than 7t/8 rad. the distance 
r at which this occurs can be found from 


kz' 7, 

— -r cos 0sin 2 0 
2r 


tun ~ * v - 


~ — l—\ l-\ 

A 8 r \V3/ \3/ 



(4-51) 


which reduces to 



- = 0.385 - 


(4-52) 


or 

/• > 0.62 \/Pm (4-5 2a) 

A value of /-greater than that of (4-52a) will lead to an error less than 7t/8 rad (22.5°). 
Thus the region where the first three terms of (4-41 ) are significant, and the omission 
of the fourth introduces a maximum phase error of 7?/8 rad (22.5°), is defined by 

2/-/A > r> 0.62 y/FJX (4-53) 

where / is the length of the antenna. This region is designated as radiating near-field 
because the radiating power density is greater than the reactive power density and the 
field pattern (its shape) is a function of the radial distance r. This region is also called 
the Fresnel region because the field expressions in this region reduce to Fresnel 
integrals. 

The discussion has centered around the finite length antenna of length / with the 
observation considered to be a point source. If the antenna is not a line source. / in 
(4-53) must represent the largest dimension of the antenna (which for an aperture is 
die diagonal)- Also if the transmitting antenna has maximum length l, and the receiving 
antenna has maximum length / r , then the sum of I, and I, must be used in place of / 
in (4-53). 

The boundaries for separating the far-field (Fraunhofer), the radiating near-field 
(Fresnel), and the reactive near-field regions are not very rigid. Other criteria have 
also been established 14] but the ones introduced here are the most “popular." Also 
the fields, as the boundaries from one region to the other are crossed, do not change 
abruptly but undergo a very gradual transition. 


4.4.3 Reactive Near-Field Region 

If the distance of observation is smaller than the inner boundary of the Fresnel region, 
this region is usually designated as reactive near-field with inner and outer boundaries 
defined by 

> r > 0 (4-54) 

where / is the length of the antenna. In this region the reactive power density predom- 
inates. as was demonstrated in Section 4.1 for the infinitesimal dipole. 
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In summary, the space surrounding an antenna is divided into three regions whose . 
boundaries are determined by 


(4-55a) 
(4-55b) 
(4-55c) 

where D is the largest dimension of the antenna (£> = / for a wire antenna). 

4.5 FINITE LENGTH DIPOLE 

The techniques that were developed previously can also be used to analyze the 
radiation characteristics of a linear dipole of any length. To reduce the mathematical 
complexities, it will be assumed in this chapter that the dipole has a negligible diameter 
(ideally zero). This is a good approximation provided the diameter is considerably 
smaller than the operating wavelength. Finite radii dipoles will be analyzed in Chapters 
8 and 9. 


reactive near-field \Q.b2\/WJ\ > r > 0] 

radiating near-field (Fresnel) [2D 2 /\ > r ^ 0.62\/DVA] 

far-held (Fraunhofer) [»>r^ 2D z /\) 


4.5.1 Current Distribution 


For a very thin dipole (ideally zero diameter), the current distribution can be written, 
to a good approximation, as 


Uv' = 0. v' = 0, z') = 



r/z ; 


&J 0 sin 

k - - z 
V ) 


a Jo sin 

k {{ + 



L V 4 * / 

- 


0 < •:' < U2 


(4-56) 


. - 1/2 <:'<() 


This distribution assumes that the antenna is center-fed and the current vanishes at 
the end points ( z ' = ±1/2). Experimentally it has been verified that the current in a 
center-fed wire antenna has sinusoidal form with nulls at the end points. For / = A/2 
and A/2 < / < A the current distribution of (4-56) is shown plotted in Figures 1 .16(b) 
and 1.12(c), respectively. The geometry of the antenna is that shown in Figure 4.5. 

4.5.2 Radiated Fields: Element Factor, Space Factor, 
and Pattern Multiplication 

For the current distribution of (4-56) it will be shown in Chapter 8 that closed form 
expressions for the E- and H-helds can be obtained which are valid in all regions 
(any observation point except on the source itself). In general, however, this is not 
the case. Usually we are limited to the far-held region, because of the mathematical 
complications provided in the integration of the vector potential A of (4-2). Since 
closed form solutions, which are valid everywhere, cannot be obtained for many 
antennas, the observations will be restricted to the far-held region. This will be done 
first in order to illustrate the procedure. In some cases, even in that region it may 
become impossible to obtain closed form solutions. 

The finite dipole antenna of Figure 4.5 is subdivided into a number of infinitesimal 
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dipoles of length Ar.'. As the number of subdivisions is increased, each infinitesimal 
dipole approaches a length dz'. For an infinitesimal dipole of length dz' positioned 
along the --axis at z\ the electric and magnetic field components in the far-field are 
given, using (4-26a)-(4 -26c), as 


. kI c (.x\y'.z')e- JkR . „ . , 

dk 0 — jrt sin 8 dz 

' J 1 4nR 


(4-57a) 


dE r = dE d , = dH, = dH„ = 0 

MU'.?. 

dH * ” 1 4^ Sm 6 ‘ lz 


(4-57b) 
(4-5 7c) 


where R is given by (4-39) or (4-40). 

Using the far-field approximations given by (4-46), (4-57a) can be written as 


tlE„ - jri 


klr(x\ v'. g')t* Jkr 

4vr 


sin Ve ' jkz '^ 0 dz' 


(4-58) 


Summing the contributions from all the infinitesimal elements, the summation reduces, 
in the limit, to an integration. Thus 


(4-58a) 


The factor outside the brackets is designated as the element factor and that within 
the brackets as the space factor. For this antenna, the element factor is equal to the 
field of a unit length infinitesimal dipole located at a reference point (the origin). In 
general, the element factor depends on the type of current and its direction of flow 
while the space factor is a function of the current distribution along the source. 

The total field of the antenna is equal to the product of the element and space 
factors. Tltis is referred to as pattern multiplication for continuously distributed 
sources, and it can be written as 


total field = (element factor) x (space factor) 


(4-59) 


The pattern multiplication for continuous sources is analogous to the pattern multi- 
plication of (6-5) for discrete-element antennas (arrays). 

For the current distribution of (4-56), (4-58a) can be written as 


Eo * P 7 


kf^~ jk ' 

4-77T 




(4-60) 


Each one of the integrals in (4-60) can be integrated using 


/ 


sin (fix + y) dx = 


or + )3 


5 [a sin (j3.t + y) — /3cos (j&v -I- y)| (4-61) 


where 


a = ± jk cos 8 


(4-6 1 a ) 





P = ±k 
y = kl/ 2 
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(4-6 1 b) 
(4-610 


After some mathematical manipulations, (4-60) takes the form of 


F . A* 

Ef> = JV — 


-jkr 


nrr 


kl \ 
cosl— cos 8 1 — cos — 


sin 8 


(4-62a) 


In a similar manner, or by using the established relationship between the £„and 
Hj, in the far-lield as given by (3-58b) or (4-27), the total component can be 
written as 


H, t 


E 0 M>~ ikr 

~ ^J~ 

r] 2 irr 



sin 8 



(4-62b) 


4.5.3 Power Density, Radiation Intensity, and Radiation 
Resistance 


For the dipole, the average Poynting vector can be written as 

w„ = jRc|E x H»1 = jRe[S„£„x i*HJ| = ^Re U„£,x a 


w „ = i,K, = 

2r] 8ir";- 

and the radiation intensity as 


COS | 

'kl 

— cos 8 

a j 

“ COS 

1' 


sin 8 



(4-63) 


U = tW m = 7] 


M 

8 7T 2 


Ikl \ 

cos ( — cos 61 — cos — 


sin 8 


(4-64) 


The normalized (to 0 dB) elevation power patterns, as given by (4-64) for 
I = A/4. A/2, 3A/4, and A are shown plotted in Figure 4.6. The current distribution of 
each is given by (4-56). The power patterns for an infinitestimal dipole I ^ A 
(£/ ~ sin 2 8) is also included for comparison. As the length of the antenna increases, 
the beam becomes narrower. Because of that, the directivity should also increase with 
length. It is found that the 3-dB beamwidth of each is equal to 


I ^ A 3-db beamwidth = 90° 

/ = A/4 3-dB beamwidth = 87° 

/ = A/2 3-dB beamwidth = 78° (4-65) 

I - 3A/4 3-dB beamwidth = 64° 

/ = A 


3-dB beamwidth = 47.8° 
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i«\ 

/ = X/4 

I = X/2 

t = 3X/4 

/ = X 

Figure 4,6 Elevation plane amplitude patterns for a thin dipole with sinusoidal 
current distribution (/ = A/4, A/2, 3A/4, A). 


As the length of the dipole increases beyond one wavelength (/ > A), the number 
of lobes begin to increase. The normalized power pattern for a dipole with / = 1 .25A 
is shown in Figure 4.7. In Figure 4.7(a) the three-dimensional pattern is illustrated 
using the software from [5], while in Figure 4.7(b) the two-dimensional (elevation 
pattern) is depicted. For the three-dimensional illustration a 90° angular section of the 
pattern has been omitted to illustrate the elevation plane directional pattern variations. 
The current distribution for the dipoles with / = A/4, A/2, A, 3A/2, and 2A, as given 
by (4-56), is shown in Figure 4.8. 
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Figure 4.8 Current distributions along the length of a linear wire antenna. 


To find the total power radiated, the average Poynting vector of (4-63) is inte- 
grated over a sphere of radius r. Thus 

p,« - § W„ -ds = f o f a a, iv.. • ay sin ed6d<t> 

s 

~ Jo Jo W av r 2 sin 

Using (4-63), we can write (4-66) as 

r2n rir 

Pm = J 0 J 0 W„y sine dUdfi 

T l kl o\ MAT 

I c °s(- cos ej - cos^j 


(4-66) 


= JM. f 

4ir Jo 


sin 6 


(4-67) 
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After some extensive mathematical manipulations, it can be shown that (4-67) 
reduces to 

1 / I 2 

P rad = + ln(A/)- Qikl) + isin(A/)|5,(2A/)- 2 £(*/)] 

4 7 r 

+ \ cos (kl)\C + ln(A*//2) + C,(2A7) — 2C',(/c/)|} (4-68) 

where C = 0.5772 (Euler's constant) and C,U) and 5 ,(jc) are the cosine and sine 
integrals (see Appendix 111) given by 


r cos v f ' cos v 

CM) - ~ -dy = - 

J\ v J* y 

„ f v sin v , 

5,U) = — -civ 

J n V 


f/v 


(4-68a) 


(4-68b) 


The derivation of (4-68) from (4-67) is assigned as a problem at the end of the chapter 
(Prob. 4.17). C,(.v) is related to C m (.v) by 


Cj„(A) = ln(y.v) - CM) = ln(y) + ln(.v) - C,(.v) 
= 0.5772 + ln(.r) - C,(x) 


(4-69) 


where 


Qn(-v) = 



— cosy 
y 


dy 


(4-69a) 


Cy(.v), S,(a) and C in (,v) are tabulated in Appendix III. 

The radiation resistance can be obtained using (4-18) and (4-68) and can be 
written as 


R, = w = + InOW) - CVW) 

| All" 277 

+ | sin (kl) X |5 ( (2A/) - 25,(Jfc/)| (4 ' 70) 

+ ; cos (A/) X |C + ln(A7/2) + C,(2A:/) - 2C,(A7)U 

Shown in Figure 4.9 is a plot of R r as a function of / (in wavelengths) when the 
antenna is radiating into free-space (77 — 12077). 


4.5.4 Directivity 

As was illustrated in Figure 4.6, the radiation pattern of a dipole becomes more 
directional as its length increases. When the overall length is greater than about one 
wavelength, the number of lobes increases and the antenna loses its directional prop- 
erties. The parameter that is used as a “figure-of-merit” for the directional properties 
of the antenna is the directivity which was defined in Section 2.5. 
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Dipole length I (wavelengths) 


Figure 4.9 Radiation resistance , input resistance and directivity of a thin di- 
pole with sinusoidal current distribution. 


The directivity was defined mathematically by (2-22), or 
„ F(8, 4>)| mux 


Do — 4tt r2n f7r 


rr 

Jo Jo 


F(6. <j>) sin 6 dd d<f> 


where F(0. <j>) is related to die radiation intensity U by (2-19), or 

U = B 0 F(8 , <f>) 

From (4-64), the dipole antenna of length / has 


F(8 , d>) = F(8) = 


cos cos QJ — cos | 
sin 8 


, - JH 

Bo — V q 2 

OTT 

Because the pattern is not a function of <j>, (4-7 1 ) reduces to 

„ 2F(9)\ m 


Do = 


F(0) sin Odd 


Equation (4-74) can be written, using (4-67), (4-68), and (4-73), as 

„ 2F(S)U 

A, — 


(4-71) 


(4-72) 


(4-73) 


(4-73a) 


(4-74) 


(4-75) 
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where 


Q = \C + In («) - C,(X7) + 4 sin (*/)[$, (2*/) - 2S,(A7)] 

+ |cos(£/)|C + ln(*//2) + Cj(2kl) - 2C,U7)1} (4-75a) 


The maximum value of F(d) varies and depends upon the length of the dipole. 

Values of the directivity, as given by (4-75) and (4-75a). have been obtained for 
0 < / £ 3A and are shown plotted in Figure 4.9. The corresponding values of the 
maximum effective aperture are related to the directivity by 





(4-76) 


4.5.5 Input Resistance 

In Section 2.1 3 the input impedance was defined as 4 'the ratio of the voltage to current 
at a pair of terminals or the ratio of the appropriate components of the electric to 
magnetic fields at a point.” The real part of the input impedance was defined as the 
input resistance which for a lossless antenna reduces to the radiation resistance, a 
result of the radiation of real power. 

In Section 4.2.2, the radiation resistance of an infinitesimal dipole was derived 
using the definition of (4-18). The radiation resistance of a dipole of length / with 
sinusoidal current distribution, of the form given by (4-56), is expressed by (4-70). 
By this definition, the radiation resistance is referred to the maximum current which 
lor some lengths (/ = A/4, 3A/4, A. etc.) does not occur at the input terminals of the 
antenna (see Figure 4.8). To refer the radiation resistance to the input terminals of the 
antenna, the antenna itself is first assumed to he lossless (R t = 0). Then the power 
at the input terminals is equaled to the power at die current maximum. 

Referring to Figure 4.10, we can write 

!^/? m = (4-77) 

or 

/'■in = 

where 

/? in = radiation resistance at input (feed) terminals 
R r = radiation resistance at current maximum Eq. (4-70) 

/ 0 = current maximum 

/ in = current at input terminals 

For a dipole of length /, the current at the input terminals (/ in ) is related to the 
current maximum (/ 0 ) referring to Figure 4.10, by 

/i„ = A)Sin 



I o 


•in 


Rr 


(4-77a) 


(4-78) 
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ill 


in 


Figure 4.10 Current distribution of a linear wire antenna when current maximum does not 
occur at the input terminals. 


Thus the input radiation resistance of (4-77a) can be written as 


(4-79) 


Values of R in for 0 < / ^ 3A are shown in Figure 4.9. 

To compute the radiation resistance (in ohms), directivity (dimensionless and in 
dB), and input resistance (in ohms) for a dipole of length i, a FORTRAN computer 
program has been developed. The program is based on the definitions of each as given 
by (4-70), (4-71), and (4-79). The radiated power P ^ is computed by numerically 
integrating (over a closed sphere) the radiation intensity of (4-72)-(4-73a). The pro- 
gram is included at the end of this chapter and in the computer disc made available 
with the book. The length of the dipole (in wavelengths) must be inserted as an input. 

When the overall length of the antenna is a multiple of A (i.e., / = «A, n = 
1, 2, 3, . . .), it is apparent from (4-56) and from Figure 4.8 that / in = 0. That is. 



which indicates that the radiation resistance at the input terminals, as given by 
(4-77a) or (4-79) is infinite. In practice this is not the case because the current 
distribution does not follow an exact sinusoidal distribution, especially at the feed 
point. It has, however, very high values. Two of the primary factors which contribute 
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to the nonsinusoidal current distribution on an actual wire antenna are the nonzero 
radius of the wire and finite gap spacing at the terminals. 

The radiation resistance and input resistance, as predicted, respectively, by 
(4-70) and (4-79), are based on the ideal current distribution of (4-56) and do not 
account for the finite radius of the wire or the gap spacing at the feed. Although the 
radius of the wire does not strongly influence the resistances, the gap spacing at the 
feed does play a significant role especially when the current at and near the feed point 
is small. 


4.5.6 Finite Feed Gap 


To analytically account for a nonzero current at the feed point for antennas with a 
finite gap at the terminals, ScheLkunoff and Friis [6| have changed the current of 
(4-56) by including a quadrature term in the distribution. The additional term is 
inserted to take into account the effects of radiation on the antenna current distribution. 
In other words, once the antenna is excited by the * ‘ideal” current distribution of 
(4-56), electric and magnetic fields are generated which in turn disturb the ‘‘ideal” 
current distribution. This reaction is included by modifying (4-56) to 


Ux\y',z') = 


a. < /(, sin 


sL ( /<) sin 




■6 * = 


+ jplo 


+ JPk 


, , /a A 1 

cos (kz ) - cos I- / I r 


0 < z' s 111 
Ik \ 

cos (kz ) — cos I - /] 

- 1/2 < z' ^ 0 


(4-81) 

where p is a coefficient that is dependent upon the overall length of the antenna and 
the gap spacing at the terminals. The values of p become smaller as the radius of the 
wire and the gap decrease. 

When / = A/2, 

I,U\ y\ z') = Mod + jp) cos(te') 0 \z'\ ^ A/4 (4-82) 

and for / = A 

, , _ _ faJ 0 {sin(kz') + jp[\ + cos(Az')|} 0 s < A/2 

f \fi-/ 0 {-sin(fe') + jp[ 1 + cos (Arc')]} - A/2 < z' < 0 

(4-83) 

Thus for / = A/2 the shape of the current is not changed while for / = A it is modified 
by the second term which is more dominant for small values of z'. 

The variations of the current distribution and impedances, especially of wire-type 
antennas, as a function of the radius of the wire and feed gap spacing can be easily 
taken into account by using advanced computational methods and numerical tech- 
niques. especially Integral Equations and Moment Method [7|-| 12], which are intro- 
duced in Chapter 8. 

To illustrate the point, the current distribution of an / = A/2 and / = A dipole 
has been computed using an integral equation formulation with a moment method 
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numerical solution, and it is shown in Figure 8.13(b) where it is compared with the 
ideal distribution of (4-56) and other available data. For the moment method solution, 
a gap at the feed has been inserted. As expected and illustrated in Figure 8. 13(b), the 
current distribution for the / = A/2 dipole based on (4-56) is not that different from 
that based on the moment method. This is also illustrated by (4-82). Therefore the 
input resistance based on these two methods will not be that different. However, for 
the l — A dipole, the current distribution based on (4-56) is quite different, especially 
at and near the feed point, compared to that based on the moment method, as shown 
in Figure 8.13(b). This is expected since the current distribution based on the ideal 
current distribution is zero at the feed point; for practical antennas it is very small. 
Therefore the gap at the feed plays an important role on the current distribution at 
and near the feed point. In turn, the values of the input resistance based on the two 
methods will be quite different, since there is a significant difference in the current 
between the two methods. This is discussed further in Chapter 8. 


4.6 HALF-WAVE LENGTH DIPOLE 

One of the most commonly used antennas is the half-wavelength (/ = A/2) dipole. 
Because its radiation resistance is 73 ohms, which is very near the 75-ohm character- 
istic impedance of some transmission lines, its matching to the line is simplified 
especially at resonance. Because of its wide acceptance in practice, we will examine 
in a little more detail its radiation characteristics. 

The electric and magnetic field components of a half-wavelength dipole can be 
obtained from (4-62a) and (4-62b) by letting / = A/2. Doing this, they reduce to 


(4-84) 


(4-85) 

In turn, the time-average power density and radiation intensity can be written, re- 
spectively, as 




and 




4.6 Halt- Wavelength Dipole lf>3 



ImMm 


Figure 4.11 Three-dimensional pattern of a A/2 dipole. 
(sniJRCi : C. A. Balanis. "Antenna Theory: A Review" Ptm 
IEEE. Vol. 80, No I. Jan. 1992. © 1992 IEEE.) 


whose two-dimensional pattern is shown plotted in Figure 4.6 while the three-dimen- 
sional pattern is depicted in Figure 4.1 I. For the three-dimensional pattern of Figure 
4.11. a 90° angular sector has been removed to illustrate the figure-eight elevation 
plane pattern variations. 

The lute I power radiated can be obtained as a special case of (4-67). or 



(4-88) 


which when integrated reduces, as a special case of (4-68), to 



r/“C„(27r) 

8tt 


(4-89) 


Bv the definition of C- m (x), as given by (4-69). C m (27r) is equal to 
C in (277) = 0.5772 4- ln(2ir) - = 0.5772 + 1.838 - (-0,02) = 2.435 


(4-9(1) 


where C(2tr) is obtained from the tables in Appendix III. 

Using (4-87). (4-89), and (4-90), the directivity of the half-wavelength dipole 
reduces to 
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and the radiation resistance, for a frce-space medium (17 = 120-77-), is given by 


R r = = -tCMtt) = 30(2.435) - 73 

|/nr 


(4-93) 


The radiation resistance of (4-93) is also the radiation resistance at the input 
terminals (input resistance) since the current maximum for a dipole of / = A/2 occurs 
at the input terminals (see Figure 4.8). As it will be shown in Chapter 8, the imaginary 
part (reactance) associated with the input impedance of a dipole is a function of its 
length (for / - A/2, it is equal to y'42.5). Thus the total input impedance for / = A/2 
is equal to Zj n = 73 + ,/’42.5. To reduce the imaginary part of the input impedance 
to zero, the antenna is matched or reduced in length until the reactance vanishes. The 
latter i.% most cotijntonly used in practice for half-wavelength dipoles. 

Depending on the radius of the wire, the length of the dipole for first resonance 
is about / = 0.47A to 0.48A; the thinner the wire, the closer the length is to 0.48A. 
Thus, for thicker wires, a larger segment of the wire has to be removed from A/2 to 
achieve resonance. 


4.7 LINEAR ELEMENTS NEAR OR ON 
INFINITE PERFECT CONDUCTORS 

Thus far we have considered the radiation characteristics of antennas radiating into 
an unbounded medium. The presence of an obstacle, especially when it is near the 
radiating element, can significant} y alter the overall radiation properties of the antenna 
system. In practice the most common obstacle that is always present, even in the 
absence of anything else, is the ground. Any energy from the radiating element 
directed toward the ground undergoes a reflection. The amount of reflected energy 
and its direction are controlled by the geometry and constitutive parameters of the 
ground. 

In general, the ground is a lossy medium (cr ^ 0) whose effective conductivity 
increases with frequency. Therefore it should be expected to act as a very good 
conductor above a certain frequency, depending primarily upon its moisture content. 
To simplify the analysis, it will first be assumed that the ground is a perfect electric 
conductor, flat, and infinite in extent. The effects of finite conductivity and earth 
curvature will be incorporated later. The same procedure can also be used to inves- 
tigate the characteristics of any radiating element near any other infinite, flat, perfect 
electric conductor. Although infinite structures are not realistic, the developed pro- 
cedures can be used to simulate very large (electrically) obstacles. The effects that 
finite dimensions have on the radiation properties of a radiating element can be 
conveniently accounted for by the use of the Geometrical Theory of Diffraction 
(Chapter 12. Section 12.10) and/or the Moment Method (Chapter 8, Section 8.4). 


4.7.1 Image Theory 

To analyze the performance of an antenna near an infinite plane conductor, virtual 
sources (images) will be introduced to account for the reflections. As the name implies, 
Utese are not real sources but imaginary ones, which when combined with the real 
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sources, form an equivalent system. For analysis purposes only, the equivalent system 
gives the same radiated field on and above the conductor as the actual system itself. 
Below the conductor, the equivalent system does not give the correct field. However, 
in this region the field is zero and there is no need for the equivalent. 

To begin the discussion, let us assume that a vertical electric dipole is placed a 
distance h above an infinite, flat, perfect electric conductor as shown in Figure 4. 1 2(a). 
The arrow indicates the polarity of the source. Energy from the actual source is 
radiated in all directions in a manner determined by its unbounded medium directional 
properties. For an observation point P ( . there is a direct wave. In addition, a wave 
from the actual source radiated toward point R\ of the interface undergoes a reflection. 
The direction is determined by the law of reflection (0 ( ' = which assures that 
the energy in homogeneous media travels in straight lines along the shortest paths. 
This wave will pass through the observation point P\. By extending its actual path 
below the interface, it will seem to originate from a virtual source positioned a distance 
h below the boundary. For another observation point P 2 the point of reflection is R 2 , 
but the virtual source is the same as before. The same is concluded for all other 
observation points above the interface. 

The amount of reflection is generally determined by the respective constitutive 
parameters of the media below and above the interface. For a perfect electric conductor 
below the interface, the incident wave is completely reflected and the field below the 
boundary is zero. According to the boundary conditions, the tangential components 
of the electric field must vanish at all points along the interface. Thus for an incident 
electric field with vertical polarization shown by the arrows, the polarization of the 
reflected waves must be as indicated in the figure to satisfy the boundary conditions. 
To excite the polarization of the reflected waves, the virtual source must also be 
vertical and with a polarity in the same direction as that of the actual source (thus a 
reflection coefficient of + 1 ). 

Another orientation of the source will be to have the radiating element in a 
horizontal position, as shown in Figure 4.21 . Following a procedure similar to that of 
the vertical dipole, the virtual source (image) is also placed a distance h below the 
interface but with a 180° polarity difference relative to the actual source (thus a 
reflection coefficient of - I ). 

In addition to electric sources, artificial equivalent “magnetic” sources and mag- 
netic conductors have been introduced to aid in the analyses of electromagnetic 
boundary value problems. Figure 4.13(a) displays the sources and their images for an 
electric plane conductor. The single arrow indicates an electric element and the double 
a magnetic one. The direction of the arrow identifies the polarity. Since many problems 
can be solved using duality. Figure 4.13(b) illustrates the sources and their images 
when the obstacle is an infinite, flat, perfect “magnetic” conductor. 

4.7.2 Vertical Electric Dipole 

The analysis procedure for vertical and horizontal electric and magnetic elements near 
infinite electric and magnetic plane conductors, using image theory, was illustrated 
graphically in the previous section. Based on the graphical model of Figure 4.12, the 
mathematical expressions for the fields of a vertical linear element near a perfect 
electric conductor will now be developed. For simplicity, only far-field observations 
will be considered. 
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(image) 


(a) Vertical electric dipole 



r 


(b) Field components at point of reflection 

Figure 4.12 Vertical electric dipole above an infinite, flat, perfect electric conductor. 


Referring to the geometry of Figure 4. 14(a), the far-zone direct component of the 
electric field of the infinitesimal dipole of length /, constant current /o, and observation 
point P is given according to (4-26a) by 


Ei 


= jr) 


4'77T | 


sin 6\ 


(4-94) 
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lllcet ric Ekeiric Magnetic Magnetic 



( a ) El tic i ri co nductor 


Electric Electric Magnetic Magnetic 



! b) M agn ft t 1l cO nd l i etu r 


Figure 4.13 Electric anti magnetic sources and (heir images near 
electric and magnetic conductors. 


The reflected component can he accounted for by (he introduction of the virtual source 
(image), as shown in Figure 4.14(a), and it can be written as 

k I Ip —fo r - 

E/j - ?R v t ] — sin 0 2 (4-95) 

4-rrr, 



since the reflection coefficient R„ is equal to unity. 

The total field above the interface Iz — 0) is equal to ihe sum of the direct and 
reflected components as given by (4-94) and (4-95a). Since a field cannot exist inside 
a perfect electric conductor, it is equal to zero below the interface. To simplify the 
expression for the total electric field, il is referred to the origin of the coordinate 
system (z = 0), 
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(a) VtMt ical cJcxiriu dipole; above groutid plane 





(b) FEir-Htild observations 


Figure 4.14 Vertical electric dipole above infinite perfect electric conductor. 


In general, we can write that 

/'i — [r 2 + h 2 — 2rh cos 0\ yn (4-96al 

r 2 — [r + h 2 — 2rh cos(tt — 0)\ y/1 (4-96b) 

For far- field observations (/■ h ), (4-%a) and (4-96b) reduce using tbe binomial 

expansion to 

/'i — r — h cos 0 (4-97a) 

r 2 — r + h cos 0 (4-97b) 

As shown in Figure 4. 14(b), geometrically (4-97a) and (4-97b) represent parallel lines. 
Since Lhe amplitude variations are not as eriLical 
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0 — t— o 


(V 



/< = A/4 h - A 

Figure 4.15 Elevation plane amplitude patterns of a vertical infinitesimal 
electric dipole for different heights above an infinite perfect electric conductor. 


/-, = for amplitude variations (4-98) 

Using (4-97a)-(4-98), the sum of (4-94) and (4-95a) can be written as 


£<> = jv 

E» = 0 


klole 


- jkr 


4vr 


sin 0\2 cos (kli cos 0) \ 



(4-99) 


It is evident that the total electric field is equal to the product of the field of a single 
source positioned symmetrically about the origin and a factor | within the brackets in 
(4-99)] which is a function of the antenna height (/?) and the observation angle (tf). 
This is referred to as partem multiplication and the factor is known as the array 
factor. This will be developed and discussed in more detail and for more complex 
configurations in Chapter 6. 

The shape and amplitude of the field is not only controlled by the field of the 
single element but also by the positioning of the element relative to the ground. To 
examine the field variations as a function of the height h. the normalized (to 0 dB) 
power patterns for h = 0. A/8, A/4, 3A/8, A/2, and A have been plotted in Figure 4. 15. 
Because of symmetry, only half of each pattern is shown. For It > A/4 more minor 
lobes, in addition to the major ones, are formed. As h attains values greater than A, 
an even greater number of minor lobes is introduced. These are shown in Figure 4. 16 
for h = 2A and 5A. The introduction of the additional lobes in Figure 4. 16 is usually 
called scalloping. In general, the total number of lobes is equal to the integer that is 
closest to 



(4-100) 
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h = 2A /» = 5A 

Figure 4.16 Elevation plane amplitude patterns of a vertical infinitesimal 
electric dipole for heights of 2A and 5A above an infinite perfect electric con- 
ductor. 


Since the total field of the antenna system is different from that of a single element, 
the directivity and radiation resistance are also different. To derive expressions for 
them, we lirst find the total radiated power over the upper hemisphere of radius r 
using 



(4-101) 


which simplifies, with die aid of (4-99), to 

/<)/ ' 1 cos(2 kh) sin(2M)~l 

/’rad = 7n ? y [3 “ (2*/l) 2 + (2kh) 3 J 


(4-102) 


As kh — *■ « the radiated power, as given by (4-102). is equal to that of an isolated 
element. However, for kh — » 0. it can be shown by expanding the sine and cosine 
functions into series that the power is twice that of an isolated element. Using (4-99), 
the radiation intensity can be written as 

U = rW„ y = ~ 2 "a" ^ co* 2 (kh cos 0) (4-103) 


The maximum value of (4-103) occurs at 0 = tt/ 2 and is given, excluding kh —* =°, 
by 

£4nux = ^I<V=j!/2 = 



(4- 103a) 
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Figure 4.17 Elevation plane amplitude pattern of a vertical infinitesimal 
electric dipole at a height of 0.4585 A above an infinite perfect electric conduc- 
tor. 


which is four times greater than that of an isolated element. With (4-102) and 
(4- 103a). the directivity can be written as 


= 47T(/ r „ ; ,K 

Pr ad 


2 

1 cos(2A7t) sin (2 A*/j) 

3 “ (2kh) 2 + {2kh) } 


(4-104) 


whose value for kh = 0 is 3. The maximum value occurs when kh = 2.881 (h = 
0.4585A). and it is equal to 6.566 which is greater than four times that of an isolated 
element (1.5). The pattern for h — 0.4585A is shown plotted in Figure 4.17 while the 
directivity, as given by (4-104). is displayed in Figure 4.18 for 0 ^ h ^ 5A. 

Using (4-102), the radiation resistance can be written as 


Pr 




cos(2A/?) i sin(2/7t) 
(2kh) 3 + (2kh? 


(4-105) 


whose value for kh — > * is the same and for kh = 0 is twice that of the isolated 
element as given by (4-19). When kh = 0, the value of R r as given by (4-105) is only 
one-half the value of an I' = 21 isolated element according to (4-19). The radiation 
resistance, as given by (4-105), is plotted in Figure 4.18 for ()</»< 5A when / = 
A/50 and the element is radiating into free-space (77 — I20ir). It can be compared to 
the value of R r = 0.3 1 6 ohms for the isolated element of Example 4. 1 . 

In practice, a wide use has been made of a quarter-wavelength monopole (/ = 
A/4) mounted above a ground plane, as shown in Figure 4.19(a). For analysis purposes, 
a A/4 image is introduced and it forms the A/2 equivalent of Figure 4.19(b). It should 
be emphasized that the A/2 equivalent of Figure 4.19(b) gives the correct field values 
for the actual system of Figure 4. 1 9(a) only above the interface U ^ 0, 0 ^ 0 ^ rr/2). 
Thus, the far-zone electric and magnetic fields for the A/4 monopole above the ground 
plane are given, respectively, by (4-84) and (4-85). 
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Height (wavelengths) 


Figure 4.18 Directivity and radiation resistance of a vertical infinitesimal elec- 
tric dipole as a function of its height above an infinite perfect electric conductor. 



2 



(b) Equivalent of A/4 monopole on infinite electric conductor 

Figure 4. 19 Quarter-wavelength monopole on an infinite perfect 
electric conductor. 


Radiation resistance (ohms) 
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Figure 4.20 Input impedance of a vertical A/2 dipole above a flat lossy electric 
conducting surface. 


From the discussions of the resistance of an infinitesimal dipole above a ground 
plane for kh = 0. it follows that the input impedance of a A/4 monopole above a 
ground plane is equal to one-half that of an isolated A/2 dipole. Thus, referred to the 
current maximum, the input impedance Z„„ is given by 

Z, m (monopole) = ^ Z, m (dipole) = U73 + y‘42.5] = 36.5 + y'21.25 (4-106) 

where 73 + 7*42.5 is the input impedance (and also the impedance referred to the 
current maximum) of a A/2 dipole. 

The same procedure can be followed for any other length. The input impedance 
Am = /?im + JX im (referred to the current maximum) of a vertical A/2 dipole placed 
near a flat lossy electric conductor, as a function of height above the ground plane, is 
plotted in Figure 4.20, for 0 < /t < A. Conductivity values considered were 10 “ 2 , 
10” '. 1, 10 S/m, and infinity (PEC). It is apparent that the conductivity does not 
strongly influence the impedance values. The conductivity values used are represen- 
tative of dry to wet earth. It is observed that the values of the resistance and reactance 
approach, as the height increases, the corresponding ones of the isolated element (73 
ohms for the resistance and 42.5 ohms for the reactance). 

4.7.3 Approximate Formulas for Rapid Calculations 
and Design 

Although the input resistance of a dipole of any length can be computed using (4-70) 
and (4-79). while that of the corresponding monopole using (4-106), very good 
answers can be obtained using simpler but approximate expressions. Defining G as 

G — kill for dipole (4- 1 07a) 

G = kl for monopole (4- 107b) 
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where / is the total length of each respective element, it has been shown that the input 
resistance of the dipole and monopole can be computed approximately using 1 101 


0 < G < 7T/4 

(maximum input resistance of dipole is less than 12.337 ohms) 

R m (dipole) = 20 G 2 0 < / < A/4 (4- 1 08a) 

R, n (monopole) = 10C 2 0 < / < A/8 (4- 108b) 

7t/4 < C < tt/2 

(maximum input resistance of dipole is less than 76.383 ohms) 

R,„ (dipole) = 24.7G 2 5 A/4 < / < A/2 (4- 109a) 

R tn (monopole) = 12.35G 25 A/8 ^ / < A/4 (4- 109b) 

77-/2 < G < 2 

(maximum input resistance of dipole is less than 200.53 ohms) 

R in (dipole) = 1 1 . 1 4G 4 17 A/2 s / < 0.6366A (4- 1 1 0a) 

R in (monopole) = 5.57 G 4 17 A/4 s / < 0.3183A (4-1 10b) 


Besides being much simpler in form, these formulas are much more convenient 
in design (synthesis) problems where the input resistance is given and it is desired to 
determine the length of the element. These formulas can be verified by plotting the 
actual resistance versus length on a log-log scale and observe the slope of the line 
[13]. For example, the slope of the line for values of G up to about 7r/4 — 0.75 is 2. 


Example 4.4 

Determine the length of the dipole whose input resistance is 50 ohms. Verify the 
answer. 

SOLUTION 
Using (4-J09a) 

50 = 24.7G 2 ' 5 
or 

G = 1.3259 = kit 2 
Therefore 

/ = 0.422A 

Using (4-70) and (4-79) /?,„ for 0.422A is 45.816 ohms, which closely agrees with 
the desired value of 50 ohms. To obtain 50 ohms using (4-70) and (4-79), / = 0.4363A. 
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4.7.4 Antennas for Mobile Communication Systems 

The dipole and monopole are two of the most widely used antennas for wireless 
mobile communication systems II4J-II7], An array of dipole elements is extensively 
used as an antenna at the base station of a land mobile system while the monopole, 
because of its broadband characteristics and simple construction, is perhaps to most 
common antenna element for portable equipments, such as cellular telephones, cord- 
less telephones, automobiles, trains, etc. The radiation efficiency and gain character- 
istics of both of these elements are strongly influenced by their electrical length which 
is related to the frequency of operation. In a hand-held unit, such as a cellular 
telephone, the position of the monopole element on the unit influences the pattern 
while it does not strongly affect the input impedance and resonant frequency. In 
addition to its use in mobile communication systems, the quarter-wavelength mono- 
pole is very popular in many other applications. An alternative to the monopole for 
the hand-held unit is the loop, which is discussed in Chapter 5. Other elements include 
the inverted F. planar inverted F antenna (PFFA), microstrip (patch 1. spiral, and others 
|14]-[17|. 


4.7.5 Horizontal Electric Dipole 

Another dipole configuration is when the linear element is placed horizontally relative 
to the infinite electric ground plane, as shown in Figure 4.21. The analysis procedure 
of this is identical to the one of the vertical dipole. Introducing an image and assuming 
far-field observations, as shown in Figure 4.22(a.b), the direct component can be 
written as 


i kl.de Jkr ' 

E'l/i = jV — sin t/f (4-111) 

4777*1 

and the reflected one by 

kl.Je jkl ' 2 

E f „, = jR h y sin tl, (4-112) 

47 rr> 


or 


F-t = -JV — ; sin i/< 

' 47T/-'> 


(4-1 12a) 


since the reflection coefficient is equal to R h = — 1 . 

To find the angle «//. which is measured from the y-axis toward the observation 
point, we first form 


cos »// = a v - a, - a v *(a v sin 0cos <£ + a v sin 0s in + a- cos 0) = sin 0sin </> 

(4-113) 


from which we find 


sin = ’s / 1 — cos 2 ijt = \/ 1 — sin 3 0 sin 2 4> 


(4-114) 
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(image) 


Figure 4.21 Horizontal electric dipole, and its associated image, 
above an infinite. Hat. perfect electric conductor. 


Since for far-field observations 


/ i — r — It cos 9 
/•■> — r + h cos 6 


for phase variations 


(4- 1 1 5a) 


/ i — r 2 — r for amplitude variations (4-1 15b) 

the total field, which is valid only above the ground plane (- S h; 0 :£ 0 < nil, 0 s 
<!> ^ 2tt), can be written as 




;v 


. kl„le~ jkr rr 


- sin 0 sin^ <f> \2j tin(kh cos 0)] 


(4-116) 


Equation (4- 1 16) again consists of the product of the fiefd of a single isolated element 
placed symmetrically at the origin and a factor (within the brackets) known as the 
array factor. This again is the pattern multiplication rule which is discussed in more 
detail in Chapter 6. 

To examine the variations of the total field as a function of the element height 
above the ground plane, the two-dimensional elevation plane patterns (normalized to 
0 dB) for (f> — 90° (y-z plane) when h = 0. A/8, A/4. 3 A/8. A/2, and A are plotted 
in Figure 4.23. Since this antenna system is not symmetric, the azimuthal plane 
(x-y plane) pattern will not be isotropic. 

To obtain a be’tter visualization of the radiation intensity in all directions above 
the interface, the three-dimensional pattern for h = A is shown plotted in Figure 4.24. 
The radial distance on the .v-v plane represents the elevation angle 9 from 0° to 90°, 
and the --axis represents the normalized amplitude of the radiation field intensity from 
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X 

(aj Horizontal electric dipole above ground plane 


Figure 4.22 



fb) Far- field observations 

Horizontal electric dipole above an infinite perfect electric conductor. 


0 to l. The azimuthal angle (/> (0 < <!> < 2rr) is measured from the .x- toward the 
y-uxis on the .v-v plane. 

As the height increases beyond one wavelength (h > A), a larger number of lobes 
is again formed. This is illustrated in Figure 4.25 for h — 2A and 5A. The scalloping 
effect is evident here, as in Figure 4-16 for the vertical dipole, The total number of 
lobes is equal to the integer that most closely is equal to 


number of lobes — 2 



(4-JJ7) 


with unity being the smallest number. 
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h = A/4 /» = A 


Figure 4.23 Elevation plane ( <f> = 90°) amplitude patterns of a horizontal 
infinitesimal electric dipole for different heights above an infinite perfect elec- 
tric conductor. 


^RELATIVE 



Figure 4.24 Three-dimensional amplitude pattern of an infinitesimal horizontal di- 
pole a distance h — A above an infinite perfect electric conductor. 
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Figure 4.25 Elevation plane (4> — 90°) amplitude patterns of a horizontal 
infinitesimal electric dipole for heights 2A and 5A above an infinite perfect 
electric conductor. 


Following a procedure similar to the one performed for the vertical dipole, the 
radiated power can be written as 

-1 

2 
3 


7 T 

lol 

2 r 

V 2 

A 



and the radiation resistance as 

- ^(x) 


2 

3 


sin(2A:/i) 

cos (2kh) 

sin (2 kh) 

2kh 

(2kh) 2 

+ {2khf 

sin(2A/j) 

cos (2 kh) 

sin (2 kh) 

2kh 

{2khf 

+ (2 kh) 5 


(4-1 18) 


(4-J 19) 


By expanding the sine and cosine functions into series, it can be shown that (4-119) 
reduces for small values of kh to 


Aft- 0 //\ 2 r 2 2 8 (2TTh\ 2 

[3 - X + n (— ) 


= V 



(4-120) 


For kh — > (4-1 19) reduces to that of an isolated element. The radiation resistance, 

as given by (4- 1 19), is plotted in Figure 4.26 for 0 ^ h < 5A when l = A/50 and the 
antenna is radiating into free space (tj — 12077). 

The radiation intensity is given by 

M* 




(1 — sin“ 0sin 2 <£) sin 2 (kh cos 0) (4-121) 


The maximum value of (4-121) depends on the value of kh (whether kh — ttJ2 , 
h s A/4 or kh > tt/ 2, h > A/4). It can be shown that the maximum of (4-121) is: 


(/max 


V 

I()l 

2 

A 

V 

v 

. 2 

A 


sin 2 (kh) 


kh < tt/ 2 (h < A/4) 
(0 = 0 °) 


(4- 1 22a) 


kh > tt/2 (h > A/4) 

f <f> = 0° and sin(A:/i cos 0 max ) = 1 (4- 1 22b) 


or 0 max = cos '(v/2kh)] 
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Height h (wavelengths) 


Figure 4.26 Radiation resistance and directivity gain of a horizontal infini- 
tesimal electric dipole as a function of its height above an infinite perfect 
electric conductor. 


Using (4-1 18) and (4- 122a), (4- 122b), the directivity can be written as 


Do 


4 7T U n \iL\ 

p mil 


4 sin \kh) 
R( kh) 

4 

R(kh) 


kh ^ n/2 {h ^ A/4) 
kh > it/ 2 (h > A/4) 


(4- 123a) 
(4- 123b) 



(4- 123c) 


(4-124) 


For h = 0 the element is shorted and it does not radiate. The directivity, as given by 
(4- 123a), (4- 123b) is plotted for 0 ^ h ^ 5 A in Figure 4.26. It exhibits a maximum 
value of 7.5 for small values of h. Maximum values of 6 occur when h — (0.725 + 
nl 2)A, n = 0, 1 . 2, 3 

The input impedance Z in , = R im + jX im (referred to the current maximum) of a 
horizontal A/2 dipole above a flat lossy electric conductor is shown plotted in Figure 
4.27 for 0 < h ^ A. Conductivities of 10 -2 , 10* ‘,1,10 S/m, and infinity (PEC) were 
considered. It is apparent that the conductivity does have a more pronounced effect 
on the impedance values, compared to those of the vertical dipole shown in Figure 
4.20. The conductivity values used are representative of those of the dry to wet earth. 
The values of the resistance and reactance approach, as the height increases, the 
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Height h (wavelengths) 


Figure 4.27 Input impedance of a horizontal A/2 above a flat lossy electric conducting 
surface. 


corresponding values of the isolated element (73 ohms for the resistance and 42.5 
ohms for the reactance). 

4.8 GROUND EFFECTS 

In the previous two sections the variations of the radiation characteristics (pattern, 
radiation resistance, directivity) of infinitesimal vertical and horizontal linear elements 
were examined when they were placed above plane perfect electric conductors. Al- 
though ideal electric conductors (cr = cc) are not realizable, their effects can be used 
as guidelines for good conductors (cr s> cue, where e is the permittivity of the medium). 

One obstacle that is not an ideal conductor, and it is always present in any antenna 
system, is the ground (earth). In addition, the earth is not a plane surface. To simplify 
the analysis, however, the earth will initially be assumed to be flat. For pattern analysis, 
this is a very good engineering approximation provided the radius of the earth is large 
compared to the wavelength and the observation angles are greater than about 57.3/ 
( ka) Ui degrees from grazing (a is the earth radius) 1 18). Usually these angles are 
greater than about 3°. 

In general, the characteristics of an antenna at low (LF) and medium (MF) 
frequencies are profoundly influenced by the lossy earth. This is particularly evident 
in the input resistance. When the antenna is located at a height that is small compared 
to the skin depth of the conducting earth, the input resistance may even be greater 
than its free-space values [18]. This leads to antennas with very low efficiencies. 
Improvements in the efficiency can be obtained by placing radial wires or metallic 
disks on the ground. 

The analytical procedures that are introduced to examine the ground effects are 
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based on the geometrical optics models ot’ the previous sections. The image (virtual) 
source is again placed a distance h below the interlace to account for the reflection. 
However, for each polarization nonunity reflection coefficients are introduced which, 
in general, will be a function of the angles of incidence and the constitutive parameters 
of the two media. Although plane wave reflection coefficients are used, even though 
spherical waves are radiated by the source, the error is small for conducting media 
[19]. The spherical nature of the wavefront begins to dominate the reflection phenom- 
enon at grazing angles (i.e., as the point of reflection approaches the horizon) [20]. 
If the hei ght (h) of the antenna above the interface is much less than the skin depth 
S[fi = v 2/(a>/xfr)] of the ground, the image depth h below the interface should be 
increased [19] by a complex distance S( 1 — ./'). 

The geometrical optics formulations are valid provided the sources are located 
inside the lossless medium. When the sources are placed within the ground, the 
formulations should include possible surface-wave contributions. Exact boundary- 
value solutions, based on Sommerleld integral formulations, are available [18]. How- 
ever they are too complex to be included in an introductory chapter. 


4.8.1 Vertical Electric Dipole 

The field radiated by an electric infinitesimal dipole when placed above the ground 
can be obtained by referring to the geometry of Figures 4.14(a) and (b). Assuming 
the earth is flat and the observations are made in the far-field. the direct component 
of the field is given by (4-94) and the reflected by (4-95) where the reflection coeffi- 
cient R„ is given by 


„ 7)0 COS 6, - T), cos 8, 

A,, — — — All 

Tjo COS Of + TJi COS B t 

where R\\ is the reflection coefficient for parallel polarization [7] and 


Vo = 



= intrinsic impedance of free-space (air) 


(4-125) 


Vi = 


./w/zi 


(T| + jcoe | 


intrinsic impedance of the ground 


Qi = angle of incidence (relative to the normal) 
8, = angle of refraction (relative to the normal) 


The angles 8, and 8, are related by Snell’s law of refraction 

y () sin 8j = sin 8, 


where 


(4-126) 


y» = jh) = propagation constant for free-space (air) 
k 0 = phase constant for free-space (air) 
y t - (tt| -I- jk t ) = propagation constant for the ground 
«i = attenuation constant for the ground 
k\ = phase constant for the ground 
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Figure 4.28 Elevation plane amplitude patterns of an infinitesimal verticle 
dipole above a perfect electric conductor (cr, = *) and a Hat earth (a - , = 0.01 
S/m, e r | <= 5./= 1 GHz). 


Using the far-field approximations of (4-97a)-(4-98), the total electric field above 
the ground (z ^ 0) can be written as 

E„ = jyj kI °! e '■ sin 8[e jkhcosH + z > 0 (4-127) 

47rr 

where R v is given by (4-125). 

The permittivity and conductivity of the earth are strong functions of the ground’s 
geological constituents, especially its moisture. Typical values for the relative per- 
mittivity € r (dielectric constant) are in the range of 5-100 and for the conductivity cr 
in the range of 1 0 “ 4 - 1 S/m. 

A normalized (to 0 dB) pattern for an infinitesimal dipole above the ground with 
h = A/4. e fl = 5./ = I GHz, o-) = 10“ 2 S/m is shown plotted in Figure 4.28 
(dashed curves) where it is compared with that (solid curve) of a perfect conductor 
(<r | = oc). |n the presence of the ground, the radiation toward the vertical direction 
(60° > 6 > 0°) is more intense that for the perfect electric conductor, but it vanishes 
for grazing angles (0 = 90°). The null field toward the horizon (0 = 90°) is formed 
because the reflection coefficient R v approaches — 1 as —* 90°. Thus the ground 
effects on the pattern of a vertically polarized antenna are significantly different from 
those of a perfect conductor. 

Significant changes also occur in the impedance. Because the formulation for the 
impedance is much more complex |I8|, it will not he presented here. Graphical 
illustrations for the impedance change of a vertical dipole placed a height h above a 
homogeneous lossy half-space, as compared to those in free-space, are shown in 
Figure 4.29. They are based on numerical results obtained by Vogler and Noble [21 ]. 
The variations in impedance are expressed in terms of changes in resistance (A/2//? 0 ) 
and in reactance (AX/7? ( >), where R 0 is the radiation resistance of an infinitesimal 
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dipole radiating in an infinite free-space |as given by (4-19)]. The parameter A/i is 
defined by 

Ni = / rr ' , + Jl ° - = " (// ) (4-128) 

V n 

where cr\, 6| are the conductivity and permittivity, respectively, of the homogeneous 
lossy half-space, € () is the free-space permittivity, and i(j is phase angle of N\. 

The curve in Figure 4.29(a) represents the data for a perfectly conducting (|/V|| 
= oo) half-space. As expected, the magnitude of A R/R () approaches unity as 2k 0 h — » 
0, which corresponds to doubling the radiation resistance, while the magnitude of AX 
approaches infinity as 2fc 0 h —*■ 0. The curves for both A R and AX become oscillatory 
as 2koh exceeds approximately tt or the height h exceeds A<>/4. 

For the finite conductivity half-space, the <p = tt/4 curves correspond to a perfect 
dielectric half-space (cr, = 0) while the if/ = 0 curves represent negligible displace- 
ment currents in the lossy half-space. The curves for \N 2 \ = 100 are not too different 
from that of a perfectly conducting half-space (|jV|| = *>). Significant changes are 
evident as the values of |/Vi 2 | decrease particularly in the resistive portion or the *// = 
0 curves. 

The curves of Figure 4.29 can be used as design data to determine the changes 
in the input impedance of an infinitesimal vertical dipole when it is placed above a 
lossy medium. To demonstrate the procedure, let us consider the following example. 


Example 4.5 

An infinitesimal vertical dipole of length / = A 0 /50 is placed a height h - A f »/I0 
above the earth. Assume the earth is locally flat with a dielectric constant of 4 and 
conductivity of 10~ 3 S/m at a frequency of 100 MHz. Determine the changes in input 
resistance and reactance of the dipole. 


SOLUTION 

For a frequency of 100 MHz 

— = = — ttt = 1.99 x 10“ 3 «: 1 

we, 27 r X 10“ X 4 X 8.854 X 10 

Therefore according to (4-125) 



or 


l *.| 2 = 


n i 

i b 

4 v 
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For a height of A 0 /lO 

m) = 1 257 

Using Figure 4.29(d) and the curve for tt/ 4 — tfj — 0 at 2 k 0 h = 1.257, the relative 
changes in resistance and reactance are, respectively, equal to 


AR 

Ro 

AX 

R o 


0.767 

1.2 


Since for a A () /50 dipole the radiation resistance according to (4-19) and Example 4.1 
is equal to 

R r — R u — 0.316 ohms 

then the changes in resistance and reactance are, respectively, equal to 

A R = 0.767(0.316) = 0.242 ohms 
AX = 1.2(0.316) = 0.379 ohms 


4.8.2 Horizontal Electric Dipole 


The analytical formulation of the horizontal dipole above the ground can also be 
obtained in a similar manner as for the vertical electric dipole. Referring to Figure 
4.22(a) and (b). the direct component is given by (4-1 1 1 ) and the reflected by (4-1 12) 
where the reflection coefficient R,, is given by 


R„ 


R j. for (f> = 0°. 180° plane 
/?„ for 0 = 90°, 270° plane 


(4-129) 


where R\\ is the reflection coefficient for parallel polarization, as given by (4-125), 
and _l is the reflection coefficient for perpendicular polarization given by [71. 


77) COS 0j — 7f ( , cos 0, 
r) | cos 0, + tto cos 0, 


(4- 129a) 


The angles 0, and 0, are again related by Snell’s law of refraction as given by (4-126). 

Using the far-field approximations of (4-1 15a) and 4-1 15b). the total field above 
the ground (z s /;) can be written as 


£ = j-n f I _ sin 2 0 sin 2 0 «>. » + R/e -m .os 0] - ^ h (4 . 1 30) 

47rr 

where R h is given by (4-129). 

The normalized (to 0 dB) pattern in the v-z plane ( <f> = 90°) for h — A/4 is 
shown plotted in Figure 4.30 (dashed curve) where it is compared with that (solid 
curve) of a perfect conductor (<T| = ^). In the space above the interface, the relative 
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Figure 4.29 Vertical electric dipole (VED) impedance as a function of height above a homogeneous lossy half-space. 
(source: R. E. Collin and F. J. Zucker (eds.). Antenna Theory Part 2, McGraw-Hill. New York. 1969). 
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Figure 4.29 (continued) 
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Figure 4.30 Elevation plane (</> — 90°) amplitude patterns of an infini- 
tesimal horizontal dipole above a perfect electric conductor (tr, — <*) and a 
flat earth (rr, =■ 0.01 S/m, = 5./ = I GHz). 


pattern in the presence of the ground is not significantly different from that of a perfect 
conductor. This becomes more evident by examining R h as given by (4-129). For a 
ground medium, the values of R h for most observation angles are not much different 
from — I (the value of R h for a perfect conductor). For grazing angles (0, — *■ 90°). the 
values of R h for the lossy ground approach - 1 very rapidly. Thus the relative pattern 
of a horizontal dipole above a lossy surface is not significantly different from that 
above a perfect conductor. 

4.8.3 Earth Curvature 

Antenna pattern measurements on aircraft can be made using either scale models or 
full scale in-flight. Scale model measurements usually are made indoors using elec- 
tromagnetic anechoic chambers, as described in Chapter 16. The indoor facilities 
provide a controlled environment, and all-weather capability, security, and minimize 
electromagnetic interference. However, scale model measurements may not always 
simulate real-life outdoor conditions, such as the reflecting surface of sea water. 
Therefore full-scale model measurements may be necessary. For in-flight measure- 
ments. reflecting surfaces, such as sea water, introduce reflections, which usually 
interfere with the direct signal. These unwanted signals are usually referred to as 
multipath. Therefore the total measured signal in an outdoor system configuration is 
the combination of the direct signal and that due to multipath, and usually it cannot 
be easily separated in its parts using measuring techniques. Since the desired signal 
is that due to the direct path, it is necessary to be able to subtract from the total 
response the contributions due to multipath. This can he accomplished by developing 
analytical models to predict the contributions due to multipath, which can then be 
subtracted from the total signal in order to be left with the desired direct path signal. 
In this section we will briefly describe techniques that have been used to accomplish 
this [22|, |23|. 
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The analytical formulations of Sections 4.8. 1 and 4.8.2 for the patterns of vertical 
and horizontal dipoles assume that the earth is flat. This is a good approximation 
provided the curvature of the earth is large compared to the wavelength and the angle 
of observation is greater than about 3° from grazing |or more accurately greater than 
about 51.V(ka) m degrees, where a is the radius of the earth] from grazing [241. The 
curvature of the earth has a tendency to spread out (weaken, diffuse, diverge) the 
reflected energy more than a corresponding flat surface. The spreading of the reflected 
energy from a curved surface as compared to that from a flat surface is taken into 
account by introducing a divergence factor D 120], (22], (23], defined as 


D = divergence factor = 


reflected field from curved surface 
reflected field from flat surface 


(4-131) 


The formula for D can be derived using purely geometrical considerations. It is 
accomplished by comparing the ray energy density in a small cone reflected from a 
sphere near the principal point of reflection with the energy density the rays (within 
the same cone) would have if they were reflected from a plane surface. Based on the 
geometrical optics energy conservation law for a bundle of rays within a cone, the 
reflected rays within the cone will subtend a circle on a perpendicular plane for 
reflections from a flat surface, as shown in Figure 4.31(a). However, according to the 
geometry of Figure 4.3 1 (b). it will subtend an ellipse for a spherical reflecting surface. 
Therefore the divergence factor of (4-131) can also be defined as 

_ E r s __ | area contained in circle 
E' f [area contained in ellipse 

where 

E r s = reflected field from spherical surface 
E r f = reflected field from flat surface 

Using the geometry of Figure 4.32, the divergence factor can be written as (7] 
and (23] 

j^_ Pi P2 
\/ (pi + A) (P2 + •') 

D = 7 (4-133) 

s 

s' + s 


1/2 


(4-132) 


where p\ and pi arc the principal radii of curvature of the reflected wavefront at the 
point of reflection and are given, according to the geometry of Figure 4.32, by 


_j_ 

Pi 


J_ 

P2 

a 

^ I + sin 2 if/ 


= 77 + 


+ 


.v' psin if/ V (psin if/) 2 a 2 


(4- 133a) 


= — + 


s' p sin if/ Y (p sin if/) 2 


a~ 


(4- 133b) 


(4-l33c) 
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Okscrvaliun 


JS 

Figure 4.32 Geometry fur reflections from ;i spherical .surface. 


A simplified form of the divergence factor is that of [25] 


D - 


l + 


2s 'j 


<3 (.s' + s) sin i // 


- 1/2 


1 + 


IS'S 


1/2 


a(s' + a) 


(4-134) 


Both (4-133) and (4-134) take into account the earth curvature in two orthogonal 
planes. 

Assuming that the divergence of rays in the azimuthal plane (plane vertical to the 
page) is negligible, the divergence factor can he written as 

1/2 

I>=|l+ 2— — 7 | (4-135) 


ad tan i // 


where i/r is the grazing angle. Thus the divergence factor of (4-135 > takes into account 
energy spreading primarily in the elevation plane. According to Figure 4.32 

h\ = height of the source above die earth (with respect to the tangent at the 
point of reflection) 

M = height of the observation point above the earth (with respect to Lhe tan- 
gent at the point of reflection) 

d ~ range (along the surface of the earth) between the source and die obser- 
vation point 

q = radius of (he earth (3.959 mi). Usually a ~ radius (— 5,280 mi) is used. 

i/r ■ reflection angle (with respect to the tangent at the point of reflection). 

d | - distance (along the surface of the earth) from the source to the reflection 
point 

d 2 = distance (along the surface of die earth) from the observation point to the 
reflection point 
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The divergence factor can be included in the formulation of the fields radiated by 
a vertical or a horizontal dipole, in the presence of the earth, by modifying (4-127) 
and (4- 1 30) and writing them, respectively, as 

klnle~ Jkr 

£ = j rj sin Ole*''™" + DR„e~ (4- 136a) 

4rrr 

£ = j-n — <)le - V\ ~ sin- 0s\n-(j) [<?'*" cos " + DR h e- Jkhm0 ] (4- 136b) 
4irr 

While the previous formulations are valid for smooth surfaces, they can still be 
used with rough surfaces, provided the surface geometry satisfies the Rayleigh crite- 
rion [20] and [25] 


h m < 


A 

8 sin iff 


(4-137) 


where h m is the maximum height of the surface roughness. Since the dividing line 
between a smooth and a rough surface is not that well defined, (4-137) should only 
be used as a guideline. 

The coherent contributions due to scattering by a surface with Gaussian rough 
surface statistics can be approximately accounted for by modifying the vertical and 
horizontal polarization smooth surface reflection coefficients of (4-125) and 
(4-129) and express them as 


R' vJl = R i)he -*Wo<™»,r 


(4-138) 


where 

R x vJ , = reflection coefficient of a rough surface for either vertical or horizontal 
polarization 

R tl h = reflection coefficient of a smooth surface for either vertical (4-125) or 
horizontal (4-129) polarization 

/?o = mean-square roughness height 

A slightly rough surface is defined as one whose rms height is much smaller than the 
wavelength, while a very rough surface is defined as one whose rms height is much 
greater than the wavelength. 

Plots of the divergence factor as a function of the grazing angle iff (or as a function 
of the observation point hf) for different source heights are shown in Figure 4.33. It 
is observed that the divergence factor is somewhat different and smaller than unity 
for small grazing angles, and it approaches unity as the grazing angle becomes larger. 
The variations of D displayed in Figure 4.33 are typical but not unique. For different 
positions of the source and observation point, the variations will be somewhat differ- 
ent. More detailed information on the variation of the divergence factor and its effect 
on the overall field pattern is available [23]. 

The most difficult task usually involves the determination of the reflection point 
from a knowledge of the heights of the source and observation points, and the range 
d between them. Procedures to do this have been developed [20]. [22]— [26]. 

However, the one presented here is more accurate and does not require either 
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Grazing angle v (degrees) 

Figure 4.33 Divergence factor for a 4/3 radius earth { a, — 5,280 mi 
= 8,497.3 km) as a function of grazing angle t/>. 


iterative or graphical solutions. To find cl\ and d 2 (given d, h \ , and h 2 ). the cubic 
equation of (20) is utilized 


2d] - 3dd\ + [d 2 - 

2a(h i + h 2 )]d\ + 2ah\d = 0 

(4-139) 

with solution given by 



d 

/fl H- 7r\ 

(4- 139a) 

d ' = - 2 + r™\ 3 j 

d 2 

= d — d | 

(4-1 39b) 

2 

/ IA 2 


vsV 

ffl(/j, + h-y) + l-l 

(4-1390 

n = cos - 


(4- 1 39d) 


Equation (4-139) is valid provided that a — (3 is small, such that sin(a — f3) — 
a - /3, cos(a — j3) =* 1 - (a — j3) 2 /2, sin /3 — (3. and cos (3 — l — ( /3)~/2. Once 
rf, and d 2 are found, then successively /3, y. .v', s, i (/, r\, r 2 , a], af, or?' and ai can be 
determined using the geometry of Figure 4.31. 

Using the analytical model developed here, computations were made to see how 
well the predictions compared with measurements. For the computations it was as- 
sumed that the reflecting surface is sea water possessing a dielectric constant of 81 
and a conductivity of 4.64 S/m T22], 1231. To account for atmospheric refraction, a 4/ 
3 earth was assumed [201, 122], [27] so the atmosphere above the earth can be 
considered homogeneous with propagation occurring along straight lines. 

For computations using the earth as the reflecting surface, all three divergence 
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Figure 4.34 Measured and calculated height gain over the ocean (e, = 
81. (T = 4.64 S/m) for vertical polarization. 


factors of (4- 1 33)— (4- 135) gave the same results. However, for nonspherical reflecting 
surfaces and lor those with smaller radii of curvature, the divergence factor of 
(4-133) is slightly superior followed by (4-134) and then by (4-135). In Figure 4.34 we 
display and compare the predicted and measured height gain versus range d (4 < d 
< 14 nautical miles) for a vertical-vertical polarization system configuration at a 
frequency of 167.5 MHz. The height gain is defined as the ratio of the total field in 
the presence of the earth divided by the total field in the absence of the earth. A good 
agreement is noted between the two. The peaks and nulls are formed by constructive 
and destructive interferences between the direct and reflected components. If the 
reflecting surface were perfectly conducting, the maximum height gain would be 2 (6 
dB). Because the modeled reflecting surface of Figure 4.34 was sea water with a 
dielectric constant of 81 and a conductivity of 4.64 S/m. the maximum height gain is 
less than 6 dB. The measurements were taken by aircraft and facilities of the Naval 
Air Warfare Center. Patuxent River. MD. Additional measurements were made but 
are not included here: they can be found in (28| and (29 J. 
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PROBLEMS 

4.1. A horizontal infinitesimal electric dipole of constant current /<> is placed symmetrically 
about the origin and directed along the x-axis. Derive the 

(a) far-zone fields radiated by the dipole 

(b) directivity of the antenna 

4.2. Repeat Problem 4.1 for a horizontal infinitesimal electric dipole directed along the 
axis. 

4.3. For Problem 4.1 determine the polarization of the radiated far-zone electric fields (E h , 
Ej,) and normalized amplitude pattern in the following planes: 

(a) 0 = 0° 

(b) d) = 90° 

(c) 0 = 90° 

4.4. Repeat Problem 4.3 for the horizontal infinitesimal electric dipole of Problem 4.2. 
which is directed along die y-axLs. 

4.5. An infinitesimal magnetic dipole of constant current l m and length / is symmetrically 
placed about the origin along the c-axis. Find the 

(a) spherical G- and H-field components radiated by (he dipole in all space 

(b) directivity of the antenna 

4.6. For the infinitesimal magnetic dipole of Problem 4.5. find the far-zone fields when the 
element is placed along the 

(a) x-axis 

(b) v-axis 

4.7. An infinitesimal electric dipole is centered at the origin and lies on the .r-y plane along 
a line which is at an angle of 45° with respect to the x-axis. Find the far-zone electric 
and magnetic fields radiated. The answer should be a function of spherical coordinates. 

4.8. Repeat Problem 4.7 for an infinitesimal magnetic dipole. 

4.9. Derive (4- IOa)-(4-IOc) using (4-8a)-(4-9). 

4.10. Derive the radiated power of (4-16) by forming the average power density, using 
(4-26a>-(4-26e). and integrating it over a sphere of radius r. 

4. 1 1. Derive the far-zone fields of an infinitesimal electric dipole, of length / and constant 
current /„. using (4-4) and the procedure outlined in Section 3.6. Compare the results 
with (4-26a)-(4-26c). 

4. 1 2. Derive the fifth term of (4-4 1 ). 

4.13. For an antenna with a maximum linear dimension of D , find the inner and outer 
boundaries of the Fresnel region so that the maximum phase error does not exceed 

(a) ttI 16 rad 

(b) 7 t/ 4 rad 

(c) 18° 

(d) 15° 

4.14. The boundaries of the far-field (Fraunhofer) and Fresnel regions were selected based 
on a maximum phase error of 22.5°. which occur, respectively, at directions of 90° and 
54.74° from the axis along the largest dimension of the antenna. For an antenna of 
maximum length of 5A. what do these maximum phase errors reduce to at an angle of 
30° from the axis along the length of the antenna? Assume that the phase error in each 
case is totally contributed by the respective first higher order term dial is being neglected 
in the infinite series expansion of the distance from the source to the observation point. 

4.15. The current distribution on a terminated and matched long lineal 1 (traveling wave) 
antenna of length /, positioned along the s-axis and fed at its one end, is given by 

I = a J lV e ik ~\ ()£;'</ 

where /„ is a constant. Derive expressions for the 

(a) far-zone spherical electric and magnetic held components 

(b) radiation power density 
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4.16. A line source of infinite length and constant current / 0 is positioned along the c-axis. 
Find the 

( a) vector potential A 

(b) cylindrical E- and H-field components radiated 

Hint: .»■ w dt = -jTTH 0 (2 \pb) 

■> * \/br + r 

where // 0 ,2 '(a x) is the Hankcl function of the second kind of order zero. 

4.17. Show that (4-67) reduces to (4-68) and (4-88) to (4-89). 

4.18. A thin linear dipole of length / is placed symmetrically about the z-axis. Find the far- 
zone spherical electric and magnetic components radiated by the dipole whose current 
distribution can be approximated by 


(a) A(z') = •{ 


/„|l + yzj. -1I2S;'S0 


4,|l-yz'j. 0<z'<//2 


(b) /.(?/) 

(c) /.Or/) 


= / (1 cos|yz'j. -112 < z' < II 2 


/ncosfe . -//2^z'<//2 


4.19. A center-fed electric dipole of length l is attached to a balanced lossless transmission 
line whose characteristic impedance is 50 ohms. Assuming the dipole is resonant at the 
given length, find the input VSWR when 

(a) / = A/4 (b) / - A/2 

(c) / = 3 A/4 (d) / = A 

4.20. Use the equations in the book or the computer program at the end of the chapter. Find 
the radiation efficiency of resonant linear electric dipoles of length 

(a) / = A/50 (b) / = A/4 

(c) / = A/2 (d) / = A 

Assume that each dipole is made out of copper [it = 5.7 X l() 7 S/m], has a radius of 
10 4 A, and is operating at / = 10 MHz. Use the computer program at the end of the 
chapter to find the radiation resistances. 

4.21. Write the far-zone electric and magnetic fields radiated by a magnetic dipole of / = 
A/2 aligned with the z-axis. Assume a sinusoidal magnetic current with maximum value 
Ano" 

4.22. A resonant center-fed dipole is connected to a 50-ohm line. It is desired to maintain 
the input VSWR = 2. 

(a) What should the largest input resistance of the dipole be to maintain the VSWR = 
2? 

(b) What should the length (in wavelengths) of the dipole be to meet the specification? 

(c) What is the radiation resistance of the dipole? 

4.23. The radiation field of a particular antenna is given by: 


E = kfJw/JLk sin# 


4nr 


+ a sin# 


/ 0 A 2 e 

2vr 


The values A t and A, depend on the antenna geometry. Obtain an expression for the 
radiation resistance. What is the polarization of the antenna? 
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4.24. For a A/2 dipole placed symmetrical along the s-axis, determine the 

(a) vector effective height 

<b) maximum value (magnitude) of the vector effective height 

(cl ratio (in percent! of the maximum value (magnitude) of the vector effective height 
to its total length 

(d) maximum open-ei remit output voltage when a uniform plane wave with an electric 
held of 

E'| w _ ixp — 10 3 volts/wavelength 

impinges al broadside incidence on the dipole 

4.25. A A/2 dipole situated with its center at the origin radiates a time-averaged power of 
600 W at a frequency of 300 MHz. A second A/2 dipole is placed with its center at a 
point F(i\ W. <l>), where r — 200 m. 0 = 90°, ( {» = 40°. It is oriented so rhai its axis is 
parallel to that of the transmitting antenna. What is the available power at the terminals 
of the second (receiving) dipole? 

4.26. A half-wave dipole is radiating into free space. The coordinate system is defined so 
that the origin is at Lhe center of the dipole and the c-uxis is aligned with the dipole. 
Input power to the dipole is 100 W. Assuming an overall efficiency of 50%. find the 
power density (in W/nr) at r ~ 500 m. 0 = 60*. 4> — 0°. 

4.27. The input impedance of a A/2 dipole, assuming the input (feed! terminals are at the 
center of the dipole, is equal Lo 73 + j'42.5. Assuming Lhe dipole is lossless, find the 

(a) input impedance (retd and imaginary parts! assuming the input (feed) terminals 
have been shifted to a point on the dipole which is A/8 from either end point of the 
dipole length 

(b) capacitive or inductive reactance that must be placed across the new input terminals 
of part (aj so that the dipole is self-resonant 

(c) VSWR at the new input terminals when the sell-resonant dipole of part (bj is 
connected to a ‘'twin-lead” 300-ohm line 

4.28. A linear half-wavelength dipole is operating at a frequency of I GHz. determine the 
capacitance or inductance that must be placed across the input terminals of the dipole 
so that the antenna becomes resonant (make the total input impedance real). What is 
then the VSWR of the resonant half-wavelength dipole when it is connected to a 50- 
ohm line? 

4.29. The field radiated by an infinitesimal electric dipole, placed a Long the r-axis a distance 
x along the .t-axis. is incident upon a waveguide aperture antenna of dimensions a and 
b, mounted on an infinite ground plane, as shown in the figure, The normalized electric 
field radiated by the aperture in the E-plane {x-z plane; r/> - 0°) is given by 
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4.30. 


4.31. 

4.32. 

4.33. 


4.34. 

4.35. 


4.36. 

4.37. 


4.38. 

4.39. 


Assuming the dipole and aperture antennas are in the far field of each other, determine 
the polarization loss (in dB) between the two antennas. 

We are given the following information about antenna A: 

(a) When A is transmitting, its radiated far-field expression for the E field is given by: 



(b) When A is receiving an incident plane wave given by: 

K,(z) = V/m 

its open-circuit voltage is V, = 4e J2if> V. 

If we use the same antenna to receive a second incident plane given by: 
Ej(z) - 10(2§, + a v £* M V t ’ V/m 


find its received open-circuit voltage V 2 . 

A 3-cm long dipole carries a phasor current / 0 — I0e' w> A. Assuming that A = 5 cm. 
determine the E- and H-fields at 10 cm away from the dipole and at 0 - 45°. 

The radiation resistance of a thin, lossless linear electric dipole of length / = 0.6A is 
120 ohms. What is the input resistance? 

A lossless, resonant, center-fed 3A/4 linear dipole, radiating in free space is attached to 
a balanced, lossless transmission line whose characteristic impedence is 300 ohms. 
Calculate the 

(a) radiation resistance (referred to the current maximum) 

(b) input impedance (referred to the input terminals) 

(c) VSWR on the transmission line 

For parts (a) and (b) use the computer program at the end of the chapter. 

Repeat Problem 4.33 for a center-fed 5A/8 dipole. 

A dipole antenna, with a triangular current distribution, is used for communication with 
submarines at a frequency of 150 kHz. The overall length of the dipole is 200 m, and 
its radius is 1 m. Assume a loss resistance of 2 ohms in series with the radiation 
resistance of the antenna. 

(a) Evaluate the input impedance of the antenna including the loss resistance. The input 
reactance can be approximated by 


= — y 120 


(ln(//2<?) - I] 
tan( ttI/X ) 


(b) Evaluate the radiation efficiency of the antenna. 

(c) Evaluate the radiation power factor of the antenna. 

(d) Design a conjugate-matching network to provide a perfect match between the 
antenna and a 50 ohms transmission line. Give the value of the series reactance X 
and the turns ratio n of the ideal transformer. 

(e) Assuming a conjugate match, evaluate the instantaneous 2 : I VSWR bandwidth 
of the antenna. 

Derive (4-102) using (4-99). 

Determine the smallest height that an infinitesimal vertical electric dipole of / = A/50 
must be placed above an electric ground plane so that its pattern has only one null 
(aside from the null toward the vertical), and it occurs at 30° from the vertical. For that 
height, find the directivity and radiation resistance. 

A A/50 linear dipole is placed vertically at a height h = 2A above an infinite electric 
ground plane. Determine the angles (in degrees) where all the nulls of its pattern occur. 
A linear infinitesimal dipole of length / and constant current is placed vertically a 
distance h above an infinite electric ground plane. Find the first five smallest heights 
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(in ascending order) so that a null is formed (lor each height) in the fat-field pattern at 
an angle of 6(f from (lie vertical. 

4.40. A vertical infinitesimal linear dipole is placed a distance h — 3 A/2 above an infinite 
perfectly conducting flat ground plane. Determine the 

(a) angles (in degrees from the vertical) where the array factor of the system will 
achieve its maximum value 

( b) tingle (in tteftrers from the vertical ) where the maximum of the total field will occur 

(c) relative (compared to its maximum) field strength (fit r IB) of the total field at the 
angles where the array factor of the system achieves its maximum value (as obtained 
in part a) 

4.41. A half-wavelength dipole is placed vertically on an infinite electric ground plane. 
Assuming that rhe dipole is fed at its base, find the 

tat radiation impedance (referred to the current maximum) 

(h) input impedance (referred to die input terminals} 

(c) VSWR when the antenna is connected to a lossless 50-ohm transmission line 

4.42. An infinitesimal dipole of length ( is placed a distance \ from an air-conductor interface 
and at an angle of 0 = 60“ from the vertical axis, as shown in the figure. Determine 
the location anti direction of the image source which can be used to account for 
reflections. Be very clear in indicating the location and direction of the image. Your 
answer can be in the form of a very clear sketch. 





4.43. It is desired to design an antenna system, which utilizes a vertical infinitesimal dipole 
of length ( placed a height h above a flat, perfect electric conductor of infinite extent. 
The design specifications require that the pattern of the array factor of the source and 
its image has only one maximum, and that maximum is pointed at an angle of 6fi° from 
the vertical. Determine (in wavelengths) the height of the source to achieve this desired 
design specification. 

4 . 44 , a very short (/ £ A/50) vertical electric dipole is mounted on a pole a height h above 
(he ground, which is assumed to be Hat. perfectly conducting, and of infinite extent. 
The dipole is used as a transmitting antenna in a VHP (/ - 50 MH/) ground-to-air 
communication system. In order for the communication system transmitting antenna 
signal not to interfere with a nearby radio station, it is necessary to place a null in the 
vertical dipole system pattern at an angle of SO" from the vertical. What should the 
shortest height (in meters) of the dipole be to achieve the desired specifications? 

4.45, Derive (4-1 18) using (4- 1 16). 

4.46. An infinitesimal horizontal electric dipole of length I = A/50 is placed parallel to the 
v-axis a height It above an infinite electric ground plane. 

(a) Find the smallest height It (excluding It — 0) that the antenna must be elevated so 
that a null in the i/j> = 00“ plane will be formed at an angle of 0 — 45 9 from file 
vertical axis. 

(b) For the height of pari (a), determine the ( I) radiation resistance and <2| directivity 
(lor 0 = O') ol the antenna system. 
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4.47. A horizontal A/50 infinitesimal dipole of constant current and length / is placed parallel 
to the y-axis a distance h - 0.707 A above an infinite electric ground plane. Find all 
the nulls formed by the antenna system in the (f> = 90° plane. 

4.48. An infinitesimal magnetic dipole is placed vertically a distance h above an infinite, 
perfectly conducting electric ground plane. Derive the far-zone fields radiated by the 
element above the ground plane, 

4.49. Repeat Problem 4.48 for an electric dipole above an infinite, perfectly conducting 
magnetic ground plane. 

4.50. Repeat Problem 4.48 for a magnetic dipole above an infinite, perfectly conducting 
magnetic ground plane. 

4.51. An infinitesimal vertical electric dipole is placed at height h above an infinite PMC 
(perfect magnetic conductor) ground plane. 

(a) Find the smallest height h (excluding h = 0) to which the antenna must be elevated 
so that a null is formed at an angle 6 = 60° from the vertical axis 

(b) For the value of h found in part (a), determine 

1. the directive gain of the antenna in the 0 = 45° direction 

2. the radiation resistance of the antenna normalizd to the intrinsic impedance of 
the medium above the ground plane 

Assume that the length of the antenna is / = jfej. 

4.52. A vertical A/2 dipole, operating at 1 GHz. is placed a distance of 5 m (with respect to 
the tangent at the point of reflections) above the earth. Find the total field at a point 20 
km from the source (d = 20 x 10* m), at a height of 1,000 m (with respect to the 
tangent) above the ground. Use a ^ radius earth and assume dial the electrical parameters 
of the earth arc e, = 5. <t = 10 2 S/m. 

4.53. Two astronauts equipped with handheld radios land on different parts of a large asteroid. 
The radios ore identical and transmit 5 W average power at 300 MHz. Assume the 
asteroid is a smooth sphere with physical radius of 1 ,000 km. has no atmosphere, and 
consists of a lossless dielectric material with relative permittivity e r = 9. Assume that 
the radios’ antennas can be modeled as vertical infinitesimal electric dipoles. Determine 
the signal power (in microwatts) received by each radio from the oilier, if the astronauts 
are separated by a range (distance along the asteroid’s surface) of 2 km. and hold their 
radios vertically at heights of 1.5 m above the asteroid's surface. 

Additional Information Required to Answer this Question: Prior to landing on the 
asteroid the astronauts calibrated their radios. Separating themselves in outer space by 
10 km. the astronauts found the received signal power at each radio from the other was 
10 microwatts, when both antennas were oriented in the same direction. 

4.54. A satellite S transmilts an electromagnetic wave, at 10 GHz. via its transmitting antenna. 
The characteristics of the satellite-based transmitter are: 

(a) The power radiated from the satellite antenna is 10 W. 

(b) The distance between the satellite antenna and a point A on the earth’s surface is 
3.7 x l() 7 m, and 

(c) The satellite transmitting antenna directivity in the direction SA is 50 dB 
Ignoring ground effects. 

1. Determine the magnitude of the E-field at A. 

2. If the receiver at point A is a A/2 dipole, what would be the voltage reading at 
the terminals of the antenna? 

4.55. Derive (4-134) based on geometrical optics as presented in section 13.2 of [71. 
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COMPUTER PROGRAM - UNEAR DIPOLE 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I . MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 

II. RADIATION RESISTANCE 
HI. INPUT RESISTANCE 

FOR A SYMMETRICAL DIPOLE OF FINITE LENGTH. THE DIPOLE IS 
RADIATING IN FREE SPACE. 

THE DIRECTIVITY, RADIATION RESISTANCE AND INPUT 
RESISTANCE ARE CALCULATED USING THE TRAILING EDGE 
METHOD IN INCREMENTS OF 1° IN THETA. 


••INPUT PARAMETERS 

1. L: DIPOLE LENGTH (in wavelengths) 

••NOTE 

THE FAR-ZONE ELECTRIC FIELD COMPONENT Eq 
EXISTS FOR 0°£ 0 £180° AND 0°£ «D £360°. 
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CHAPTER 


5 

LOOP ANTENNAS 


5.1 INTRODUCTION 

Another simple, inexpensive, and very versatile antenna type is the loop antenna. 
Loop antennas take many different forms such as a rectangle, square, triangle, ellipse, 
circle, and many other configurations. Because of the simplicity in analysis and 
construction, the circular loop is the most popular and has received the widest atten- 
tion. It will be shown that a small loop (circular or square) is equivalent to an 
infinitesimal magnetic dipole whose axis is perpendicular to the plane of the loop. 
That is, the fields radiated by an electrically small circular or square loop are of the 
same mathematical form as those radiated by an infinitesimal magnetic dipole. 

Loop antennas are usually classified into two categories, electrically small and 
electrically large. Electrically small antennas are those whose overall length (number 
of turns limes circumference) is usually less than about one-tenth of a wavelength 
(N X C < A/ 10). However, electrically large loops are those whose circumference is 
about a free-space wavelength (C ~ A). Most of the applications of loop antennas are 
in the HF (3-30 MHz), VHF (30-300 MHz), and UHF (300-3,000 MHz) bands. 
When used as field probes, they find applications even in the microwave frequency 
range. 

Loop antennas with electrically small circumferences or perimeters have small 
radiation resistances that are usually smaller than their loss resistances. Thus they are 
very poor radiators, and they are seldom employed for transmission in radio com- 
munication. When they are used in any such application, it is usually in the receiving 
mode, such as in portable radios and pagers, where antenna efficiency is not as 
important as the signal-to-noise ratio. They are also used as probes for field measure- 
ments and as directional antennas for radiowave navigation. The field pattern of 
electrically small antennas of any shape (circular, elliptical, rectangular, square, etc.) 
is similar to that of an infinitesimal dipole with a null perpendicular to the plane of 
the loop and with its maximum along the plane of the loop. As the overall length of 
the loop increases and its circumference approaches one free-space wavelength, the 
maximum of the pattern shifts from the plane of the loop to the axis of the loop which 
is perpendicular to its plane. 
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The radiation resistance of the loop can be increased, and made comparable to 
the characteristic impedance of practical transmission lines , by increasing (electrically) 
its perimeter and/or the number of turns. Another way to increase the radiation 
resistance of the loop is to insert, within its circumference or perimeter, a ferrite core 
of very high permeability which will raise the magnetic Held intensity and hence the 
radiation resistance. This forms the so-called ferrite loop. 

Electrically large loops are used primarily in directional arrays, such as in helical 
antennas (see Section 10.3.1), Yagi-Uda arrays (see Section 10.3.3), quad arrays (see 
Section 10,3.4), and so on. For these and other similar applications, the maximum 
radiation is directed toward the axis of the loop forming an end-fire antenna. To 
achieve such directional pattern characteristics, the circumference (perimeter) of the 
loop should be about one free-space wavelength. The proper phasing between turns 
enhances the overall directional properties. 


5.2 SMALL CIRCULAR LOOP 

The most convenient geometrical arrangement for the field analysis of a loop antenna 
is to position the antenna symmetrically on the.x-.v plane, at z = 0. as shown in Figure 
5.1(a). The wire is assumed to be very thin and the current distribution is given by 

/*=/o (5-1) 

where /„ is a constant. Although this type of current distribution is accurate only for 
a loop antenna with a very small circumference, a more complex distribution makes 
the mathematical formulation quite cumbersome. 


5.2.1 Radlaled Fields 

To find the fields radiated by the loop, the same procedure is followed as for the 
linear dipole. The potential function A given by (3-53) as 

u f e ~ jkR 

\(x. y, z) = ^ J U*\ >*', z') — d/' (5-2) 


is first evaluated. Referring to Figure 5.1(a), R is the distance from any point on the 
loop to the observation point and dl' is an infinitesimal section of the loop antenna. 
In general, the current distribution !«.(*', y\ z') can be written as 


I f (jc', y\ z') = a v /,(jc\ y\ z') + a y / v U\ >•'. z') + y\ z') (5-3) 


whose form is more convenient for linear geometries. For the circular loop antenna 
of Figure 5.1(a), whose current is directed along a circular path, it would be more 
convenient to write the rectangular current components of (5-3) in terms of the 
cylindrical components using the transformation (see Appendix VII) 


■/,- 


"cos <f>' -sin <£' (T 


r/,i 

/>. 

= 

sin (f> ' cos <f>' 0 


u 



0 0 1_ 




(5-4) 
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<u) Geometry for circular loop 



(l>l Geometry lor tar- tie Id observations 

Figure 5.1 Geometrical arrangement for loop antenna analysis. 


which when expanded can be written as 

/, = cos <f>' — l,i, sin 4 ^ ' 
I y - 1^ sin 4 >' + l</> cos 4 >' ► 

A = A 


(5-5) 


Since the radiated fields arc usually determined in spherical components, the 
rectangular unit vectors of (5-3) are transformed to spherical unit vectors using the 
transformation matrix given by (4-5). That is, 

a, = a,, sin 0 cos 4 > + a„ cos 0 cos - a^ sin 4 ) 

a v = a r sin 0sin 4 > + a# cos 0sin 4 > + fi^cos <^» 

a. = §, cos 0 - a ff sin 0 


> 


(5-6) 
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Substituting (5-5) and (5-6) in (5-3) reduces it to 

I,. = Srl/^sin 0cos(0 — 0') + 1^ sin 0sin(0 — 0')4- l, cos 6\ 

4- a„[I p cof> 8 cos(4> — 0') 4- Ij,c os 6 sin(0 — <)>') — I. sin 0] 

+ sin(</> - 0') + 7,,>eoS(0 - 0')| (5-7) 


It should be emphasized that the source coordinates are designated as primed 
(p\ 0\ z') and the observation coordinates as unprimed (r, 8 , 0). For the circular 
loop, the current is flowing in the 0 direction (7^) so that (5-7) reduces to 

l t . = a,/* sin 8 sin(0 - 0') + a w /^cos 0sin(0 - </>')+ £<*,/<*, cos(0 - 0') (5-8) 

The distance R. from any point on the loop to the observation point, can be written 

as 


Since 


R = V( v ~ -f') 2 + (v - y') 2 4- (z - z’f 


x = r sin 8 cos 0 
y = r sin 8 sin 0 


.2 i 2 i 2 

A + V + Z 


.V 


r cos 8 

'I 

r 

a cos 0' 
a sin 0' 


z' = 0 


A'' 2 + V’ 2 + J' 3 


or 


(5-9) 


(5-10) 


(5-9) reduces to 

R = vV 4- a 2 — 2or sin 8 cos(0 - 0') (5- 1 1 ) 

By referring to Figure 5.1(a), the differential element length is given by 

cir=ad<f>' (5-12) 

Using (5-8). (5-1 1). and (5-7 2), the 0-component of (5-2) can be written as 


rZir 

i = et\ 

,l> 4 tt Jo 


L, cos (0 - 0') 


p -jky/r + a 2 - 2tfrsin0cos(0- $ ) 


y/t 2 + rr — 2arsin0cos(0— 0') 


= d0' (5-13) 


Since the current as given by (5-1) is constant, the field radiated by the loop 
will not be a function of the observation angle 0. Thus any observation angle 0 can 
be chosen; for simplicity 0 = 0. Therefore (5-13) can be written as 


, wjo r 

1,1 47 r Jo 


COS 0' 


£ - ftSj r + a* — 2arsin(/coH</y 


y/P 4- o 2 — 2nrsin0cos0 


? d0' 


(5-14) 


The integration of (5-14) cannot be carried out without any approximations. For 
small loops, the function 


/ = 


£ 4 0* - 2</rsin//eos<£' 

■N/r 2 4- a 2 - 2arsin0cos0' 


(5-15) 
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which is part of the integrand of (5-14), can be expanded in a Maclaurin series in a 
using 


/ * /«>) + f'(0)a + jjf"(0) a 2 + • • • + "(0)fl n - 1 + • • • 

(5- 15a) 

where /'(0) = ri/7rtaj (<=0 ,/"(0) = f7 2 /7<7« 2 | w ^ 0 * and so forth. Taking into account only 
the first two terms of (5- 1 5a), or 

« i kr 


/(()) = 


/'( 0) = + -jjj e “'* r sin 0cos 

f — + a|— + sin 0cos <f>' j e 


ikr 


(5-l5b) 
(5- 15c) 
(5- 1 5d) 


reduces (5- 1 4) to 

A i/f 


_ «/x/„ r 2 " 

477 Jo 


COS <l>‘ 


- + 
r 


A,/. — 


fl V« . (j‘ k . 1 


a + s ' n ^ cos j e jh d<i>' 


+ — sin 61 
/■ r 


(5-16) 


In a similar manner, the /•- and 0-components of (5-2) can be written as 


A r — sin 0 f sin <j>' - + « (— + | sin 0 cos <(>' e Jkr d<l>' 

477 Jo r \r rf 


(5-16a) 


A,) — — 


a ^ l) cos 0 f sin <{>' - + «(— + -V \ sin 0 cos 4>' e 7Ar </</>' 

477 Jo [_ r \ r r l 


(5- 16b) 


which when integrated reduce to zero. Thus 


. A a - a > 7 0 -ikr J k , 1 • a 

A - a^A^ = — - — e JK — + — sin 0 

4 r r 


- a (/ j ■ 


. kficrlo sin 0 f + J_1 ^ 
4/- [ J*'j 


(5-17) 


Substituting (5-17) into (3-2a) reduces the magnetic field components to 



(5- 18a) 


(5- 18b) 
(5- 18c) 
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Using (3-15) or (3-10) with J = 0. the corresponding electric field components can 
be written as 

(5- 19a) 
(5- 19b) 


II 

ii 

© 



(ka) 2 la sin 0 f 
E * = ” 4r 1 

. + 2-1 

e ~J kr 

jkr\ 



5.2.2 Small Loop and Infinitesimal Magnetic Dipole 

A comparison of (5-18aM5-l9b) with those of the infinitesimal magnetic dipole 
indicates that they have similar forms. In fact, the electric and magnetic field com- 
ponents of an infinitesimal magnetic dipole of length / and constant '‘magnetic” 
current /,„ are given by 


H,= 


E f) = H+ = 0 


(5-20a) 

kl,„l sin 0 I" 1 

~ J 4*r ['Vj 

e —jkr 

(5-20b) 

/„,/ cos » r i ] 

iTTrjr 2 [ jkrj 

(5-20c) 

,k! m l sin 0 , 1 

1 4w V r [' + ]kr~ 

— ! — e ~Jkr 

(kr) 2 J 

(5-20d) 


These can be obtained from the fields of an infinitesimal electric dipole, (4-8a)- 
(4- 10c). When (5-20a)-(5-20d) are compared with (5-18aM5-19b). they indicate that 
a magnetic dipole of magnetic moment f m l is equivalent to a small electric loop of 
radius a and constant electric current / 0 provided that 


U = jSlOfJLlo 


(5-21) 


where S = mr (area of the loop). Thus, for analysis purposes, the small electric loop 
can be replaced by a small linear magnetic dipole of constant current. The geometrical 
equivalence is illustrated in Figure 5.1(a) where the magnetic dipole is directed along 
the ^-axis which is also perpendicular to the plane of the loop. 


5.2.3 Power Density and Radiation Resistance 

The fields radiated by a small loop, as given by (5- 1 8a)— (5- 1 9b). are valid everywhere 
except at the origin. As was discussed in Section 4.1 for the infinitesimal dipole, the 
power in the region very close to the antenna (near-field, kr 1) is predominantly 
reactive and in the far-field {kr » 1) is predominantly real. To illustrate this for the 
loop, the complex power density 


W =_i(E x H*) = U(a, A £*) x (a r H* r + 
= U-a r E^H* 0 + ZoE+HL) 


(5-22) 
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is first formed. When (5-22) is integrated over a closed sphere, only its radial com- 
ponent given by 


(to) 4 , | 2 sin 2 flf _ . 1 


(5 -22a) 


contributes to the complex power P,. Thus 


Pr = §W-</s = 7,^|/„| J £'|’ l+J-rjrj Sin >»d»d4, (5-23) 


which reduces to 




(5-23a) 


and whose real part is equal to 


p* = (fa» 4 |/„P (5- 23b) 

For small values of kr ( kr <§: 1 ), the second term within the brackets of (5-23a) 
is dominant which makes the power mainly reactive. In the far- field (kr 3> 1). the 
second term within the brackets diminishes which makes the power real. A comparison 
between (5-23a) with (4-14) indicates a difference in sign between the terms within 
the brackets. Whereas for the infinitesimal dipole the radial power density in the near- 
field is capacitive, for the small loop it is inductive. This indicates that the radial 
magnetic energy is larger than the electric energy. 

The radiation resistance of the loop is found by equating (5-23b) to |/ 0 | 2 R,J 2. 
Doing this, the radiation resistance can be written as 

(5-24) 

where S = no 2 is the area and C = lira is the circumference of the loop. 

The radiation resistance as given by (5-24) is only for a single-turn loop. If the 
loop antenna has N turns wound so that the magnetic field passes through all the 
loops, the radiation resistance is equal to that of single turn multiplied by N 2 . That is, 

(5-24a) 

Even though the radiation resistance of a single turn loop may be small, the overall 
value can be increased by including many turns. This is a very desirable and practical 
mechanism that is not available for the infinitesimal dipole. 




Example 5.1 

Find the radiation resistance of a single-turn and an 8-turn small circular loop. The 
radius of the loop is A/25 and the medium is free-space. 
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The radiation and loss resistances of an antenna determine the radiation efficiency, 
as defined by (2-90). The loss resistance of a single-turn small loop is, in general, 
much larger than its radiation resistance; thus the corresponding radiation efficiencies 
are very low and depend on the loss resistance. To increase the radiation efficiency, 
multiturn loops are often employed. However, because the current distribution in a 
multitum loop is quite complex, great confidence has not yet been placed in analytical 
methods for determining the radiation efficiency. Therefore greater reliance has been 
placed on experimental procedures. Two experimental techniques that can be used to 
measure the radiation efficiency of a small multiturn loop are Uiosc that are usually 
referred to as the Wheeler method and the Q method [ 1 J. 

Usually it is assumed that the loss resistance of a small loop is the same as that 
of a straight wire whose length is equal to the circumference of the loop, and it is 
computed using (2-90b). Although this assumption is adequate for single-turn loops, 
it is not valid for multiturn loops. In a multitum loop, the current is not uniformly 
distributed around the wire but depends on the skin and proximity effects [2]. In fact, 
for close spacings between turns, the contribution to the loss resistance due to the 
proximity effect can be larger than that due to the skin effect. 

The total ohmic resistance for an /V-tum circular loop antenna with loop radius 
a, wire radius b, and loop separation 2c. shown in Figure 5.2(a) is given by |31 

R ohmic = Y Rs ^R 0 + ^ <5 ' 25> 

where 


= yj~ 2 ^ = surface impedance of conductor 
= ohmic resistance per unit length due to proximity effect 


- — f = ohmic skin effect resistance per unit length (ohms/m) 
2ttI) 


The ratio of R,,/Ru has been computed [3] as a function of the spacing c/b lor loops 
with 2 < N ^ 8 and it is shown plotted in Figure 5.2(b). It is evident that for close 
spacing the ohmic resistance is twice as large as that in the absence of the proximity 
effect (/?,,//?(> = 0). 


Example 5.2 

Find the radiation efficiency of a single-turn and an 8-turn small circular loop at 
/ = 100 MH/.. The radius of the loop is A/25, the radius of the wire is 10~ 4 A, and 
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Figure 5.2 /V-turn circular loop and ohmic resistance due to proxim- 
ity effect, (source: G. S. Smith. “Radiation Efficiency of Electrically 
Small Multiium Loop Antennas." IEEE Trans. Antennas Propagat., 
Vnl. AP-20. No. 5. pp. 656-657. Sept. 1972*' (1972) IEEE). 


the turns are spaced 4 X 10 4 A apart. Assume the wire is copper with a conductivity 
of 5.7 x 10 7 (S/m) and the antenna is radiating into free-space. 


SOLUTION 
From Example 5. 1 

R,. (single turn) = 0.788 ohms 
R ,( 8 turns) = 50.43 ohms 
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The loss resistance for a single turn is given, according to (2-90b), by 
a / (o/iin 1 (rr(Uf)(4TT X 10 ~ 7 ) 


Rl Rht b\J 2(t 25(10 A ) 

= 1.053 ohms 

and the radiation efficiency, according to (2-90). by 
0.788 


5.7 X I0 7 


Cnl 0.788 + 1.053 
From Figure 5.2(b) 

^ = 0.38 

and from (5-25) 


= 0.428 = 42.8% 


R,. = R 


f^r< I0 8 )(4 tt X 10 7 ) 


ohmic 


25(10 ) 


5.7 X 10 7 


(1.38) = 11.62 


Thus 


50.43 


<\v/ = 


50.43 + 11.62 


= 0.813 = 81.3% 


5.2.4 Near-Field (kr « 1) Region 


The expressions for the fields, as given by (5-l8aM5-19b). can be simplified if the 
observations are made in the near-field (kr <&: I ). As for the infinitesimal dipole, the 
predominant term in each expression for the field in the near-zone region is the last 
one within the parentheses of (5~l8a)-(5-19b). Thus for kr <§c I 


2 r 

H tfi = E t = E„ = 0 
.a 2 kl„e' Jkr . 


£,b “ ” j 


4 r~ 


sin 9 


kr <&: 1 


(5 -26a) 


(5-26b) 

(5-26c) 

(5-26d) 


The two H-field components are in time-phase. However, they are in time quad- 
rature with those of the electric field. This indicates that the average power (real 
power) is zero, as for the infinitesimal electric dipole. The condition of kr <&; I can 
be satisfied at moderate distances away from the antenna provided the frequency of 
operation is very low. The fields of (5-26aM5-26d) are usually referred to as quasi - 
stationary. 
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5.2.5 Far-Field (Icr » 1) Region 

The other space of interest where the fields can be approximated is the far-field 
(kr » 1) region. In contrast to the near-field, the dominant term in (5-18a)-(5-19b) 
for kr » 1 is the first one within the parentheses. Since for kr > 1 the H r component 
will be inversely proportional to r 2 whereas H„ will be inversely proportional to r, 
for large values of kr (kr » 1 ) the H r component will be small compared to H„. Thus 
it can be assumed that it is approximately equal to zero. Therefore for kr :» I, 


(5-27a) 

(5-27b) 
(5-27c) 

where S = na 2 is the geometrical area of the loop. 

Forming the ratio of — EJH 0 , the wave impedance can be written as 

Z„ = ““ •? (5-28) 

1*0 


k-a- . „ TrSI„e-‘ h . „ 

H,> — ; sin 0 = — sin 0 


4r 

_ k 2 crl Q e~ Jkr . „ 

E# - -q sin 0 - r) 

4 r 

H r - H* = E r = E 0 - 0 


\ 2 r 

nSl 0 e ~ jkr 

\ 2 r 


kr » 1 


sin 0 


where 

Z w = wave impedance 
rj = intrinsic impedance 

As for the infinitesimal dipole, the E- and H-field components of the loop in the far- 
field (kr :» 1 ) region are perpendicular to each other and transverse to the direction 
of propagation. They form a Transverse Electro Magnetic (TEM) field whose wave 
impedance is equal to the intrinsic impedance of the medium. Equations (5-27a)- 
(5-27c) can also be derived using the procedure outlined and relationships developed 
in Section 3.6. This is left as an exercise to the reader (Prob. 5.5). 

5.2.6 Radiation Intensity and Directivity 

The real power radiated by the loop was found in Section 5.2.3 and is given by 
(5-23b). The same expression can be obtained by forming the average power density, 
using (5-27a)-(5-27c). and integrating it over a closed sphere of radius r. This is left 
as an exercise to the reader (Prob. 5.4). Associated with the radiated power P rad is an 
average power density W uv . It has only a radial component W r which is related to the 
radiation intensity U by 

U = rW, = | Ail 2 sin 2 0 = E 6 (r. 6, <f»\ 2 (5-29) 

and it conforms to (2- 12a). The normalized pattern of the loop, as given by (5-29), is 
identical to that of the infinitesimal dipole shown in Figure 4.2. The maximum value 
occurs at 0 - 7r/2. and it is given by 
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Using (5-30) and (5-23b), the directivity of the loop can be written as 

(5-31) 

and its maximum effective aperture as 

(5-32) 

It is observed that the directivity, and as a result the maximum effective area, of a 
small loop is the same as that of an infinitesimal electric dipole. This should be 
expected since their patterns are identical. 

The far-held expressions for a small loop, as given by (5-27a)-(5-27c), will be 
obtained by another procedure in the next section. In that section a loop of any radius 
but of constant current will be analyzed. Closed form solutions will be possible only 
in the fur-field region. The small loop far-field expressions will then be obtained as a 
special case of that problem. 




Example 5.3 

The radius of a small loop of constant current is A/25. Find the physical area of the 
loop and compare it with its maximum effective aperture. 



Electrically the loop is about 24 times larger than its physical size, which should not 
be surprising. To be effective, a small loop must be larger electrically than its physical 
size. 


5.2.7 Equivalent Circuit 

A small loop is primarily inductive, and it can be represented by a lumped element 
equivalent circuit similar to those of Figure 2.22. 
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A. Transmitting Mode 

The equivalent circuit for its input impedance when the loop is used as a transmitting 
antenna is that shown in Figure 5.3. This is similar to the equivalent circuit of Figure 
2.22(b). Therefore its input impedance Z ln is represented by 

Z in = R- m + jX = (R r + R l ) + J(X A + Xt) (5-33) 


where 

R,. — radiation resistance as given by (5-24) 

R l = loss resistance of loop conductor 

X A = external inductive reactance of loop antenna = (oL A 

Xj - internal high-frequency reactance of loop conductor = <uL, 

In Figure 5.3 the capacitor C r is used in parallel to (5-33) to resonate the antenna; 
it can also be used to represent distributed stray capacitances. In order to determine 
the capacitance of C r at resonance, it is easier to represent (5-33) by its equivalent 
admittance y jn of 


where 


^in - G in + jB in 


^in 


1 

#in + jX in 


(5-34) 


G = 


Bin = 


R« 


Rl + Xl 


X, r 


Rl + Xl 


in 


(5-34a) 

(5-34b) 


At resonance, the susceptance B r of the capacitor C f must be chosen to eliminate the 
imaginary part J9 in of (5-34) and (5-34a). This is accomplished by choosing C r ac- 
cording to 
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Figure 5.3 Equivalent circuit of loop antenna in transmitting mode. 
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The loss resistance R L of the loop conductor can be computed using techniques 
illustrated in Example 5.2. The inductive reactance X A of the loop is computed using 
the inductance L A of: 


Circular loop of radius a and wire radius b: 


La 


ix () a 



(5-37a) 


Square loop with sides a and wire radius b: 


The internal reactance of the loop conductor X, can be found using the internal 
inductance L; of the loop which for a single turn can be approximated by 


(5-37b) 


, _ (a\ 

L a - -Mu-i In y 


- 0.774 


L> = 




(5-38) 


where / is the length and P is the perimeter of the wire of the loop 


B. Receiving Mode 

The loop antenna is often used as a receiving antenna or as a probe to measure 
magnetic flux density. Therefore when a plane wave impinges upon it. as shown in 
Figure 5.4(a). an open-circuit voltage develops across its terminals. This open-circuit 
voltage is related according to (2-93) to its vector effective length and incident electric 
field. This open-circuit voltage is proportional to the incident magnetic flux density 
B'., which is normal to the plane of the loop. Assuming the incident field is uniform 
over the plane of the loop, the open-circuit voltage for a single-tum loop can be 
written as [5| 

V f)< = j(omfB‘ : (5-39) 

Defining in Figure 5.4(a) the plane of incidence as the plane formed by the z axis and 
radical vector, then the open-circuit voltage of (5-39) can be related to the magnitude 
of the incident magnetic and electric fields by 

V tl( . = jio'rra 2 p 0 H‘ cos <//, sin = j^mrE’ cos t// ( sin (5-39a) 

where 0, is the angle between the direction of the magnetic field of the incident plane 
wave and the plane of incidence, as shown in Figure 5.4(a). 

Since the open-circuit voltage is also related to the vector effective length by 
(2-93), then the effective length for a single turn loop can be written as 

( t = a^/ t . = A^jkoira 2 cos 0, sin = st^jkoS cos 0, sin 6, (5-40) 

where S is the area of the loop. The factor cos 0 sin is introduced because the 
open-circuit voltage is proportional to the magnetic flux density component B‘ : which 
is normal to the plane of the loop. 

When a load impedance Z L is connected to the output terminals of the loop as 
shown in Figure 5.4(b). the voltage V L across the load impedance Z L is related to the 
input impedance Z[ n of Figure 5.4(b) and the open-circuit voltage of (5-39a) by 
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la) Plana wave inuidem till a receiving loop (G,S. SmiLh. "Loop Antennas. 1 
Copyright © ISM. MeCiruw-Jlill, Inc. Penni.Siii™ hy McCIravv-HHl. tnu.) 

Figure 5.4 Loop antenna and its equivalent in receiving mode. 


Vi. 


Z'h + z L 


(5-41) 


5.3 CIRCULAR LOOP OF CONSTANT CURRENT 

Let us now reconsider the loop antenna of Figure 5.1(a) hut with a radius ill at may 
not necessarily he small. The current in the loop will again he assumed to he constant, 
as given by (5-1 ). For this current distribution, the vector potential is given by (5-14). 
Without using the small radius approximation, the integration in (5- 14) cannot he 
carried out. However, if the observations are restricted in the far-lield ly » a) region, 
the small radius approximation is not needed to integrate (5-14). 

Although the uniform current distribution along the perimeter of the loop is only 
valid provided I he circumference is less lhan about 0.2A (radius less than about 0.05 A ), 
the procedure developed here lor a constant current can be followed to liud Lite far 
zone he Ids of any size loop with not necessarily uniform current. 


5.3.1 Radiated Fields 

To find the fields in the far- field region, the distance R can be approximated hy 

R - \/r + a 1 ~ 2a r sin tt cos </>' — \/ r — 2a r sin 0 cos ( ft 1 lor r > a 

(5-42) 


which can be reduced, using the binomial expansion, to 


R - r 
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— sin 


0 cos (b 1 


r — a sin 0 cos 0' — r — a cos 0, 
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for phase terms 
for amplitude terms 


(5-43) 
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since 

cos (//,) = a,/ * a r L - 0 = (a< cos <f>' + a v sin <f)') 

♦ (a, sin 0 cos <f> + a v sin (9 sin ^ + a. cos * 0 

= sin 0 cos (5-43a) 

The geometrical relation between R and r. for any observation angle <f> in the far- 
field region, is shown in Figure 5.1(b). For observations at <jf> = 0, it simplifies to that 
given by (5-43) and shown in Figure 5.5. Thus (5-14) can be written as 

= a ^ c — f cos ( f ) , e +jkus,n0 c° s *' </</>' (5-44) 

477/* J<» 


and it can be separated into two terms as 

* f f , . + /i us j n //cos 




f COS + dfi + f cos; (jf’i 

J 0 J 77 


*t* jkit sin 0 cos <j>* 


(5-45) 


The second term within the brackets can be rewritten by making a change of variable 
of the form 


0' = 0" + 77 


(5-46) 


Thus (5-45 ) can also be written as 


A,/.— 


ofj.I {) e 


jkr I” fir rrr 

— cos <^)'e +JkaSinl,QOS,), ' d(f)' - cos </</>'' 

r L J " Jt > j 


(5-47) 



Figure 5.5 Geometry for far-field analysis of a loop antenna. 
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Each of the integrals in (5-47) can be integrated by the formula (see Appendix V) 


tt = j cos(ri(f))e +j::co:i ^ d<() 

■M) 


(5-48) 


where J„(z) is the Bessel function of the first kind of order n. Using (5-48) reduces 
(5-47) to 

(ILL It\C ~ ^ r 

Aj, — — \TrjJ\(ka sin 6) — njJ, ( — ka sin 0) | (5-49) 

47rr 


The Bessel function of the first kind and order n is defined (see Appendix V) by 
the infinite series 


J„( z) = X 


(- 1 )"'(~/ 2 )" + 2 "' 


«— o m\(m + ;i)! 

By a simple substitution into (5-50), it can be shown that 

J„(-z) = ( - 1 

which for n = 1 is equal to 

J\{-z) = 

Using (5-52) we can write (5-49) as 


^ <A j 


2r 


J\(ka sin 0) 


(5-50) 

(5-51) 

(5-52) 

(5-53) 


The next step is to find the E- and H-fields associated with the vector potential 
of (5-53). Since (5-53) is only valid for far-field observations, the procedure outlined 
in Section 3.6 can be used. The vector potential A. as given by (5-53). is of the form 
suggested by (3-56). That is. the r variations are separable from those of 0 and <f>. 
Therefore according to (3-58a)-(3-58b) and (5-53) 

(5-54a) 
(5 -54b) 
(5-54c) 
(5-54d) 


E, = 

E<>= 0 



aky)l \ } e~ ikr 

J\(ka sin 0) 


2 r 

H r = 

H* = 0 



_ E± = 

akl 0 e~' kr 

J\{ka sm 0) 

V 

2 r 


5,3.2 Power Density, Radiation Intensity, Radiation 
Resistance, and Directivity 

The next objective for this problem will be to find the power density, radiation 
intensity, radiation resistance, and directivity. To do this, the time-average power 
density is formed. That is, 

W„, = i Rc|E x H*) = j Re [S^E, x = S, J- | Ej 2 (5-55) 
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which can be written using (5-54b) as 

« 11/ & (OQJfl)' U r 2 / 1 • /i\ / c c£\ 

W, v = a r vv r = a r — - — ^ — J\ (ka sin 0) (5-56) 

at 

with the radiation intensity given by 

U = rW r = S i n Q) (5-57 ) 

877 

The radiation patterns for a = A/10, A/5, and A/2 are shown in Figure 5.6. These 
patterns indicate that the field radiated by the loop along its axis (0 = 0°) is zero. 
Also the shape of these patterns is similar to that of a linear dipole with / ^ A (a 



90° 


a = 0.1X 

a = 0.2X 

a = 0.5X 

Figure 5.6 Elevation plane amplitude patterns for a circular loop of constant current 
(a = 0.1 A, 0.2A. and 0.5 A). 
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figure-eight shape). As the radius a increases beyond 0.5A, the lield intensity along 
the plane of the loop (0 = 90°) diminishes and eventually it forms a null when a — 
0.61 A. This is left as an exercise to the reader for verification (Prob. 5.13). Beyond a 
= 0.61 A, the radiation along the plane of the loop begins to intensify and the pattern 
attains a multi lobe form. 

The patterns represented by (5-57) (some of them are illustrated in Figure 5.6) 
assume that the current distribution, no matter what the loop size, is constant. This is 
not a valid assumption if the loop circumference C (C = lira) exceeds about 0.2A 
(i.e., a > 0.032A) [6]. For radii much greater than about 0.032A. the current variation 
along the circumference of the loop begins to attain a distribution that is best repre- 
sented by a Fourier series [5J. Although a most common assumption is that the current 
distribution is nearly cosinusoidal, it is not satisfactory particulary near the driving 
point of the antenna. 

It has been shown [7] that when the circumference of the loop is about one 
wavelength (C — A), its maximum radiation is along its axis (0 = 0°) which is 
perpendicular to the plane of the loop. This feature of the loop antenna has been 
utilized to design Yagi-Uda arrays whose basic elements (feed, directors, and reflec- 
tors) are circular loops [8]-[ 10]. Because of its many applications, the one wavelength 
circumference circular loop antenna is considered as fundamental as a half-wavelength 
dipole. 

The radiated power can be written using (5-56) as 

P rad = JJ W av • ds = 7T ^ a<i} ^') .. l - ° - L j" J f 1 2 (ka sin 0) sin 0 dO (5-58) 
s 

The integral in (5-58) cannot be integrated exactly. However, it can be rewritten 
[ 1 1 1 as 


rn . r2ko 

J^\ka sin 0) sin 0 dV = — Mx) dx (5-59) 

Jo ka Jo 

Even though (5-59) still cannot be integrated, approximations can be made depending 
upon the values of the upper limit (the radius of the loop). 


A. Large Loop Approximation ( a s A/2) 

To evaluate (5-59). the first approximation will be to assume that the radius of the 
loop is large ( a ^ A/2). For that case, the integral in (5-59) can be approximated by 


\ J 2 {ka si 
Jo 


1 f 2k “ 1 

sin 0) sin 0 dd = — J->(x) dx — — 

ka Jo ka 


and (5-58) by 


7T(ate/x) 2 |/ 0 l : 

1 ‘ id Ar\{ka) 


(5-60) 


(5-61) 


The maximum radiation intensity occurs when ka sin0 = 1.84 so that 

. _ Uuojrf |/ 0 p 2 . _ (a<i)p) 2 \l 0 \ 2 , 

L'lmax 0 _ J\ (Aw sin 0)|*«$j n 0 = i.&» ~ (0.584) (5-62) 
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Thus 
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(5-63a) 

(5-63b) 

(5-63e) 


where C (circumference) = 2 mi and 77 — 12077. 


B. Intermediate Loop Approximation (A/6 77 ^ a < A/2) 

If the radius of the loop is A/677 ^ a < A/2, the integral of (5-59) can be approximated 
by 

f w I C 2k “ 

J\\ka sin 6) sin Odd = — J 2 (x)dx 
Jo ka Jo 

-^^-27,(2^) + ^ 7o(y)</vj (5-64) 

where Jo(y) * s the Bessel function of the first kind of zero order. No further simpli- 
fications can be made. The integral of 7 0 (y) appearing in (5-64) is a tabulated function 
which is included in Appendix V. The radiation resistance, directivity, and maximum 
effective area can be found using (5-64) to evaluate the T rad of (5-58). 


C. Small Loop Approximation ( a < A/677) 

If the radius of the loop is small (a < A/677), the expressions for the fields as given 
by (5-54a)-(5-54d) can be simplified. To do this, the Bessel function J^ka sin 6) is 
expanded, by the definition of (5-50). in an infinite series of the form (see Appen- 
dix V) 


J\(ka sin 0) = \(ka sin 6) - 4 (ka sin 0) 3 + 


(5-65) 


For small values of ka ( ka < £), (5-65) can be approximated by its first term, or 


J\{ka sin 6) — 


ka sin 6 


(5-65a) 


Thus (5-54aM5-54d) can be written as 
E r — £„ = 0 

a 2 (op,kI n e~ jkr . a 2 k z I 0 e~ jkr . 
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(5 -66a) 
(5-66b) 
(5-66c) 
(5-66d) 
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Radius a 

Figure 5.7 Radiation resistance for a constant current circular 
loop antenna based on the approximation of (5-65a). 


which are identical to those of (5-27a)-(5-27c). Thus the expressions for the radiation 
resistance, radiation intensity, directivity, maximum effective aperture, and radiation 
resistance are those given by (5-24), (5-29), (5-31). and (5-32). 

To demonstrate the variation of the radiation resistance as a function of the radius 
a of the loop, it is plotted in Figure 5.7 for A/100 < a < A/30, based on the 
approximation of (5-65a). It is evident that the values are extremely low (less than I 
ohm), and they are usually smaller than the loss resistances of the wires. These 
radiation resistances also lead to large mismatch losses when connected to practical 
transmission lines of 50 or 75 ohms. To increase the radiation resistance, it would 
require multiple turns as suggested by (5-24a). This, however, also increases the loss 
resistance which contributes to the inefficiency of the antenna. A plot of the radiation 
resistance for 0 < ka = C7A < 20. based on the evaluation of (5-59) by numerical 
techniques, is shown in Figure 5.8. The dashed line represents the values based on 

the large loop approximation of (5-60) and the dotted ( ) represents the values 

based on the small loop approximation of (5-65a). 

In addition to the real part of the input impedance, there is also an imaginary 
component which would increase the mismatch losses even if the real part is equal to 
the characteristic impedance of the lossless transmission line. However, the imaginary 
component can always, in principle at least, be eliminated by connecting a reactive 
element (capacitive or inductive) across the terminals of the loop to make the antenna 
a resonant circuit. 

To facilitate the compulations for the directivity and radiation resistance of a 
circular loop with a constant current distribution, a FORTRAN computer program has 
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(a) Radiation resistance of circular loop 



Loop circumference (wavelengths) 

(b) Directivity of circular loop 

Figure 5.8 Radiation resistance and directivity for circular loop of constant cur* 
rent, (source: E. A. Wolt'f, Antenna Analysis, Wiley, New York, 1966) 


been developed. The program utilizes (5-62) and (5-58) to compute the directivity 
1(5-58) is integrated numerically]. The program requires as an input the radius of the 
loop (in wavelengths). A Bessel function subroutine is contained within the program. 
A listing of the program is included at the end of this chapter and in the computer 
disc included with the book. 

5.4 CIRCULAR LOOP WITH 
NONUNIFORM CURRENT 

The analysis in the previous sections was based on a uniform current, which would 
be a valid approximation when the radius of the loop is small electrically (usually 
a < 0.03 A). As the dimensions of the loop increase, the current variations along the 
circumference of the loop must be taken into account. As stated previously, a very 
common assumption for the current distribution is a cosinusoidal variation 1 12]. 1 13]. 
This, however, is not a satisfactory approximation particularly near the driving point 
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of the antenna |6|. A better distribution would be to represent the current by a Fourier 
series [14] 

M 

/(</>') = 4) + /„ cos(n^>') (5-67) 

H = 1 

where <t> ' is measured from the feed point of the loop along the circumference, as 
shown at the inset of Figure 5.9. 

A complete analysis of the fields radiated by a loop with nonuniform current 
distribution is somewhat complex, laborious, and quite lengthy. Instead of attempting 
to include the analytical formulations, which are cumbersome but well documented 
in the cited references, a number of graphical illustrations of numerical and experi- 
mental data is presented. These curves can be used in facilitating designs. 

To illustrate that the current distribution of a wire loop antenna is not uniform 
unless its radius is very small, the magnitude and phase of it have been plotted in 
Figure 5.9 as a function of <f>' (in degrees). The loop circumference C is ka = C/A 




(b) Phase 

Figure 5.9 Current magnitude and phase distributions on small circular loop antennas. 
(source: J. E. Stoner. ‘’Impedance of Thin- Wine Loop Antennas.” A1EE Trans., Vol. 
75. November 1956. © 1956 IEEE) 
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Figure 5.10 Directivity of circular-loop antenna for 0 = 0. tt versus electrical size (cir- 
cumference/wavelenglh). (source: G. S. Smith, "Loop Antennas," copyright <S> Mc- 
Graw-Hill. Inc. Permission by McGraw-Hill. Inc.) 


= 0.1, 0.2, 0.3, and 0.4 and the wire size was chosen so that (1 = 2 ]n{2ira/b ) = 
10. It is apparent that for ka = 0.1 the current is nearly uniform. For ka = 0.2 the 
variations are slightly greater and become even larger as ka increases. On the basis 
of these results, loops much larger than ka = 0.2 (radius much greater than 0.03- 
0.04A) cannot be considered small. 

As was indicated earlier, the maximum of the pattern for a loop antenna shifts 
from the plane of the loop (0 = 90°) to its axis (0 = 0°, 180°) as the circumference 
of the loop approaches one wavelength. Based on the nonuniform current distribution 
of (5-67). the directivity of the loop along 0=0° has been computed, and it is plotted 
in Figure 5. 10 versus the circumference of the loop in wavelengths (5 1. The maximum 
directivity is about 4.5 dB, and it occurs when the circumference is about 1 .4A. For 
a one wavelength circumference, which is usually the optimum design for a helical 
antenna, the directivity is about 3.4 dB. Tt is also apparent that the directivity is 
basically independent of the radius of the wire, as long as the circumference is equal 
or less than about 1.3 wavelengths; there are differences in directivity as a function 
of the wire radius for greater circumferences. 

Computed impedances, based on the Fourier series representation of the current, 
are shown plotted in Figure 5.1 1. The input resistance and reactance are plotted as a 
function of the circumference C (in wavelengths) for 0 ^ ka = C/A s 2.5. The 
diameter of the wire was chosen so that 11 = 2 ln(2 mi/b) = 8, 9, 10, 11, and 12. It 
is apparent that the first antiresonance occurs when the circumference of the loop is 
about A/2, and it is extremely sharp. It is also noted that as the loop wire increases in 
thickness, there is a rapid disappearance of the resonances. As a matter of fact, for 
11 < 9 there is only one antiresonance point. These curves (for C > A) are similar, 
both qualitatively and quantitatively, to those of a linear dipole. The major difference 
is that the loop is more capacitive (by about 130 ohms) than a dipole. This shift in 
reactance allows the dipole to have several resonances and antiresonances while 
moderately thick loops (11 < 9) have only one antiresonance. Also small loops are 
primarily inductive while small dipoles are primarily capacitive. The resistance curves 
for the loop and the dipole are very similar. 




Reactance (ohms) Resistance (ohms) 
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0 0.4 O.d 1.2 1.6 2.0 2.4 


ka = C/X (circumference in X) 
(a) Resistance 



ka = C/X (circumference in X) 


(b) Reactance 

Figure 5.11 Input impedance of circular loop antennas, (source: J. E. Sto- 
ver. “Impedance of Thin-Wire Loop Antennas.” A l EE Trans., Vol. 75. No- 
vember 1956. © 1956 IEEE). 
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To verify the analytical formulations and the numerical computations, loop an- 
tennas were built and measurements of impedance were made [6). The measurements 
were conducted using a half-loop over an image plane, and it was driven by a two- 
wire line. An excellent agreement between theory and experiment was indicated 
everywhere except near resonances where computed conductance curves were slightly 
higher than those measured. This is expected since ohmic losses were not taken into 
account in the analytical formulation. It was also noted that the measured susceptance 
curve was slightly displaced vertically by a constant value. This can be attributed to 
the “end effect” of the experimental feeding line and the “slice generator” used in 
the analytical modeling of the feed. For a dipole, die correction to the analytical model 
is usually a negative capacitance in shunt with the antenna [151. A similar correction 
for the loop would result in a better agreement between the computed and measured 
susceptances. Computations for a half-loop above a ground plane were also performed 
by J. E. Jones [16] using the Moment Method. 

The radiation resistance of a loop antenna, with a cosinusoidal current distribution, 
was computed [17] by evaluating triple integrals numerically. The results are shown 
in Figure 5.12 where they are compared with those of a uniform current distribution. 
It is evident that when the circumference of the loop is less than about 0.8A, the 
constant current radiation resistances agree quite well with those of the cosinusoidal 
distribution. 



Loop circumference (wavelengths) 

Figure 5.12 Radiation resistance of circular loop with constant and sinusoidal current dis- 
tributions. (source: A. Richtscheid, “Calculation of the Radiation Resistance of Loop An- 
tennas with Sinusoidal Current Distribution,” IEEE Trans. Antennas Fropagat., Vol. AP-24. 
November 1976. © 1976 IEEE) 
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5.4.1 Arrays 

In addition to be used as single elements, loop antennas are widely used in arrays. 
Two of the most popular arrays of loop antennas are the helical antenna and the Yagi- 
Uda array. The loop is also widely used to form a solenoid which in conjunction with 
a ferrite cylindrical rod within its circumference is used as a receiving antenna and as 
a tuning element, especially in transistor radios. This is discussed in Section 5.7. 

The helical antenna, which is discussed in more detail in Section 10.3.1, is a wire 
antenna, which is wound in the form of a helix, as shown in Figure 10.13. It is shown 
that it can be modeled approximately by a series of loops and vertical dipoles, as 
shown in Figure 10. 14. The helical antenna possesses in general elliptical polarization, 
but it can be designed to achieve nearly circular polarization. There are two primary 
modes of operation for a helix, the normal mode and the axial mode. The helix 
operates in its normal mode when its overall length is small compared to the wave- 
length. and it has a pattern with a null along its axis and the maximum along the 
plane of the loop. This pattern (figure eight type in the elevation plane) is similar to 
that of a dipole or a small loop. The helix operates in the axial mode when the 
circumference of the loop is between 3/4A < C < 4/3A with an optimum design when 
the circumference is nearly one wavelength. When the circumference of the loop 
approaches one wavelength, the maximum of the pattern is along its axis. In addition, 
the phasing among the turns is such that overall the helix forms an end-fire antenna 
with attractive impedance and polarization characteristics. In general, the helix is a 
popular communication antenna in the VHF and UHF bands. 

The Yagi-Uda antenna is primarily an array of linear dipoles with one element 
serving as the feed while the others act as parasitic. However this arrangement has 
been extended to include arrays of loop antennas, as shown in Figure 10.27. As for 
the helical antenna, in order for this array to perform as an endfire array, the circum- 
ference of each of the elements is near one wavelength. More details can be found in 
Section 10.3.4 and especially in [8|-| 10). A special case is the quad antenna which 
is very popular amongst ham radio operators. It consists of two square loops, one 
serving as the excitation while the other is acting as a reflector: there are no directors. 
The overall perimeter of each loop is one wavelength. 

5.4.2 Design Procedure 

The design of small loops is based on the equations for the radiation resistance 
(5-24). (5-24a), directivity (5-31), maximum effective aperture (5-32), resonance ca- 
pacitance (5-35), resonance input impedance (5-36) and inductance (5-37a), (5-37b). 
In order to resonate the element, the capacitor C, of Figure 5.3 is chosen based on 
(5-35) so as to cancel out the imaginary part of the input impedance Z fn . 

For large loops with a nonuniform current distribution, the design is accomplished 
using the curves of Figure 5.10 for the axial directivity and those of Figure 5.11 for 
the impedance. To resonate the loop, usually a capacitor in parallel or an inductor in 
series is added, depending on the radius of the loop and that of the wire. 


Example 5.4 

Design a resonant loop antenna to operate at 100 MHz so that the pattern maximum 
is along the axis of the loop. Determine the radius of the loop and that of the wire (in 
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meters), the axial directivity (in dB). and the parallel lumped element (capacitor in 
parallel or inductor in series) that must be used in order to resonate the antenna. 


SOLUTION 

In order for the pattern maximum to be along the axis of the loop, the circumference 
of the loop must be large compared to the wavelength. Therefore the current distri- 
bution will be nonuniform. To accomplish this. Figure 5.1 1(a) should be used. There 
is not only one unique design which meets the specifications, but there are many 
designs that can accomplish the goal. 

One design is to select a circumference where the loop is self-resonant, and there 
is no need for a resonant capacitor. For example, referring to Figure 5.1 1(b) and 
choosing an il = 12, the circumference of the loop is nearly 1.1 25A. Since the free- 
space wavelength at 100 MHz is 3 meters, then the circumference is 

circumference — 1.125(3) = 3.375 meters 
while the radius of the loop is 
3.375 

radius = a = — — = 0.5371 meters 
27 r 


The radius of the wire is obtained using 



or 


7 = 64.2077 

b 

Therefore the radius of the wire is 

b = = Mth = °' 8365 ™ = 8 365 * 10 3 me ' CTS 

Using Figure 5.10, the axial directivity for this design is approximately 3.6 dB. Using 
Figure 5.1 1(a), the input impedance is approximately 

Z in = Z; o - 125 ohms 

Since the antenna chosen is self-resonant, there is no need for a lumped element to 
resonate the radiator. 

Another design will be to use another circumference where the loop is not self 
resonant. This will necessitate the use of a capacitor C r to resonate the antenna. This 
is left as an end of the chapter exercise. 


5.5 GROUND AND EARTH CURVATURE EFFECTS 
FOR CIRCULAR LOOPS 

The presence of a lossy medium can drastically alter the performance of a circular 
loop. The parameters mostly affected are the pattern, directivity, input impedance. 
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Figure 5.13 Directivity of circular-loop antenna, C = ku = 1 . for 6 = 0 versus distance 
from reflector h/ A, Theoretical curve is for infinite planar reflector: measured points are for 
square reflector, (sourch: G. S. Smith. “Loop Antennas," copyright © McGraw-Hill, Inc. 
Permission by McGraw-Hill. Inc.) 


and antenna efficiency. The amount of energy dissipated as heat by the lossy medium 
directly affects the antenna efficiency. As for the linear dements, geometrical optics 
techniques can be used to analyze the radiation characteristics of loops in the presence 
of conducting surfaces. The reflections are taken into account by introducing appro- 
priate image (virtual) sources. Divergence factors are introduced to take into account 
the effects of the ground curvature. Because the techniques are identical to the for- 
mulations of Section 4.8. they will not be repeated here. The reader is directed to that 
section for the details. It should be pointed out, however, that a horizontal loop has 
horizontal polarization in contrast to the vertical polarization of a vertical electric 
dipole. Exact boundary-value solutions, based on Sommerfeld integral formulations, 
are available [I6J. However they are too complex to be included in an introductory 
chapter. 

By placing the loop above a reflector, the pattern is made unidirectional and the 
directivity is increased. To simplify the problem, initially the variations of the axial 
directivity (0 = 0°) of a circular loop with a circumference of one wavelength 
(ku - I) when placed horizontally a height h above an infinite in extent perfect 
electric conductor are examined as a function of the height above the ground plane. 
These were obtained using image theory and the array factor of two loops, and they 
are shown for 10 < H < 20 in Figure 5.13[5], 1 18]. Since only one curve is shown 
for 10 < fi < 20, it is evident that the directivity variations as a function of the height 
are not strongly dependent on the radius of the wire of the loop. It is also apparent 
that for 0.05A < h < 0.2A and 0.65A < h < 0.75A the directivity is about 9 dB. For 
the same size loop, the corresponding variations of the impedance as a function of 
the height are shown in Figure 5.1415], [18]. While the directivity variations are not 
strongly inlluenced by the radius of the wire, the variations of the impedance do show 
a dependence on the radius of the wire of the loop for 10 < Cl < 20. 
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Figure 5.14 Input impedance of circular-loop antenna C = ka - I versus distance from 
reflector /i/A. Theoretical curves are for infinite planar reflector: measured points are for 
square reflector, (source: G. S. Smith. “Loop Antennas.” copyright © 1984, McGraw-Hill. 
Inc. Permission by McGraw-Hill, Inc.) 


A qualitative criterion that can be used to judge the antenna performance is the 
ratio of the radiation resistance in free-space to that in the presence of the homo- 
geneous lossy medium [19]. This is a straightforward but very tedious approach. A 
much simpler method |201 is to find directly the self-impedance changes (real and 
imaginary) that result from the presence of the conducting medium. 

Since a small horizontal circular loop is equivalent to a small vertical magnetic 
dipole (sec Section 5.2.2). computations [21) were carried out for a vertical magnetic 
dipole placed a height h above a homogeneous lossy half-space. The changes in the 
self-impedance, normalized with respect to the free-space radiation resistance /?,, given 
by (5-24). are shown plotted in Figure 5.15. The parameter N\ is defined by (4-124). 

As for the vertical electric dipole, the magnitude changes of A R/R n in Figure 
5.15(a) approach unity as the height h of the antenna above a perfectly conducting 
(|N?| = ») ground plane approaches zero (2 k {) h — > 0). For the magnetic dipole (or 
the loop) this corresponds to a vanishing resistance. Also, as expected, the magnitude 
of AX approaches infinity as 2A 0 h — * 0. Both A R and AX become oscillatory as 
2/,'o/j exceeds approximately nor when h exceeds about A<,/4. 

The effect the finite conductivity has on the resistance (A R) and reactance (AX) 
changes for |/V?| = 100, 25, 4 are shown in Figures 5.15(b) and (c). Significant 
modifications, compared to those of a perfect conductor, are indicated. The effects 
that a stratified lossy half-space have on the characteristics of a horizontal small 
circular loop have also been investigated and documented [22). It was found that 
when a resonant loop is close to the interface, the changes in the input admittance as 
a function of the antenna height and the electrical properties of the lossy medium 
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were very pronounced. This suggests that a resonant loop can be used effectively to 
sense and to determine the electrical properties of an unknown geological structure. 


5.6 POLYGONAL LOOP ANTENNAS 

The most attractive polygonal loop antennas are the square, rectangular, triangular, 
and rhombic. These antennas can be used for practical applications such as for aircraft, 
missiles, and communications systems. However, because of their more complex 
structure, theoretical analyses seem to be unsuccessful [23], Thus the application of 
these antennas has received much less attention. However design curves, computed 
using the Moment Method, do exist 1241 and can be used to design polygonal loop 
antennas for practical applications. Usually the circular loop has been used in the 
UHF range because of its higher directivity while triangular and square loops have 
been applied in the HF and UHF bands because of advantages in their mechanical 
construction. Broadband impedance characteristics can be obtained from the different 
polygonal loops. 


5.6.1 Square Loop 


Next to the circular loop, the square loop is the simplest loop configuration. The far- 
field pattern for a small loop, in each of its principal planes, can be obtained by 
assuming that each of its sides is a small linear dipole of constant current / 0 and length 
l. Referring to Figure 5.16, the field in the y-z plane is given according to (4-26a) by 


„ „ r, . */«/ 

E <t> — E<t> i + £<£2 - 


. ~J kr [ 


g~J kr 2~ 

ri 


(5-68) 


since the pattern of each element is omnidirectional in that plane. Using the far-field 
approximations of 


/‘i — r - -sin 0 
2 

r-> = r + ^sin 0 
2 

f\ =* r 2 — r 


for phase variations 
for amplitude variations 


(5-68) can be written as 



(5 -68a) 
(5-68b) 


(5-69) 


For small values of 1(1 < A/50), (5-69) reduces to 



(5-70) 


where S = / 2 is the geometrical area of the loop. The corresponding magnetic field 
is given by 




E± = 7 rsy-' <r 

7| A V 


sin 6 


(5-71) 
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Figure 5.15 Vertical magnetic dipole (VMD) (or small horizontal loop) impedance change 
as a function of height above a homogeneous lossy half-space, (source: R. E. Collin and F. 
J. Zucker (eds.). Antenna Theory Part 2. McGraw-Hill. New York. 1969). 
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Figure 5.15 (coniinued) 
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Figure 5.16 Square loop geometry for far-iield observations on the v-z plane. 


Equations (5-70) and (5-71 ) are identical to (5-27b) and (5-27a). respectively, for the 
small circular loop. Thus the far-zone principal-plane fields of a small square loop 
are identical to those of a small circular loop. The fields in the other planes are more 
difficult to obtain, and they will not be attempted here. However design curves are 
included which can be used for practical design applications. 


5.6.2 Triangular, Rectangular, and Rhombic Loops 

Shown in Figure 5. 1 7 are the polygonal loops for which design data will be presented. 
They consist of top- and base-driven triangular loops, a rectangular loop, and a 
rhombic loop. The top-driven triangular loop has its feed at the top corner of the 
isosceles triangle while the base-driven configuration has its terminals at the base. 
The rectangular loop has its feed at the center of one of its sides while the rhombic 
configuration has its terminals at one of its corners. 

The parameter (3 delines the angle of the top corner of the isosceles triangle for 
the triangular and rhombic loops while y = W/H is used to identify the relative side 
dimensions of the rectangular loop. The perimeter of each loop is given by P; for the 
rectangular loop, P = 2(H + IV). For all configurations, the radius of the wire is b. 

Shown in Figure 5.18 are the input impedance (Z = R + jX) variations, as a 
function of P (in wavelengths), of the four configurations shown in Figure 5.17. The 
interval between adjacent points on each curve is A P/A = 0.2. Depending on the 
parameters j8 or y. the input resistance of polygonal loops near the resonance fre- 
quency changes drastically. The reactance goes to zero when a loop approaches a 
short-circuited A/2 long transmission line. In design then, the shape of the loop can 
be chosen so that the input impedance is equal to the characteristic impedance of the 
transmission line. Although the curves in Figure 5.18 are for specific wire radii, the 
impedance variations of the polygonal antennas as a function of the wire diameter are 
similar to those of the dipole. 

Because the radius of the impedance locus for the (3 = 60° of the top-driven 
triangular loop | Figure 5.1 8(a) | is smaller than for the other values of /3. the (3 = 60° 
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(;u Top-driven triangular 



<b) Base-driven triangular 



Figure 5.17 Typical configurations of polygonal loop antennas. 
(sourcl: T. Tsukiji and S. Tou. “On Polygonal Loop Antennas.” IEEE 
Trans. Antennas Pwpagat.. Vol. AP-28, No. 4. July 1980. © 1980 IEEE) 


has the broadest impedance bandwidth compared with other triangular shapes or with 
the same shape but different feed points. Similar broadband impedance characteristics 
are indicated in Figure 5.18(c) for a rectangular loop with y = 0.5 (the side with the 
feed point is twice as large as the other). 

It can then be concluded that if the proper shape and feed point arc chosen, a 
polygonal loop can have broadband impedance characteristics. The most attractive 
are the top-driven triangular loop with /3 = 60° and the rectangular loop with 
y ~ 0.5. A 50-70 ohm coaxial cable can be matched with a triangular loop with 
j3 =* 40°. Rectangular loops with greater directivities, but with less ideal impedance 
characteristics, are those with larger values of y. 

The frequency characteristics of a polygonal loop can be estimated by inspecting 
its current distribution. When the current standing wave pattern has. at its antiresonanl 
frequency, a null at a sharp comer of the loop, the loop has a very low current standing 
wave and. hence, broadband impedance characteristics. 

Radiation patterns for the /3 = 60° top- and base-driven triangular loops and the 
y = 4 rectangular loop, for various values of P (in wavelengths), were also computed 
124). It was noted that for low frequencies near the resonance, the patterns of the top- 
and base-driven triangular loops were not too different. However, for higher frequen- 
cies the base-driven triangular loop had a greater gain than its corresponding top- 
driven configuration. In general, rectangular loops with larger y s have greater gains. 



X(X too il) 


Ria = 300 



R(X WQSl) 

(a) Top-driven triangular 



0 = J20°/ 

* 

/ 

r 

i 


> 

ii 

«-* 

°o 

Pf\ - 1 6 4 



/ 



/ 

/ 

/ 

/ 0 = 60“ 


R(X 100 H) 

(b) Base-driven triangular 


Figure 5.18 Input impedances of polygonal loop antennas, (source: T. Tsukiji and S. Tou, “On Polygonal Loop Antennas,” IEEE Trans. 
Antennas Propagat., Vol. AP-28, No. 4, July 1980, © 1980 IEEE) 
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5.7 FERRITE LOOP 

Because the loss resistance is comparable to the radiation resistance, electrically small 
loops are very poor radiators and are seldom used in the transmitting mode. However, 
they are often used for receiving signals, such as in radios and pagers, where the 
signal-to-noise ratio is much more important than the efficiency. 


5.7.1 Radiation Resistance 


The radiation resistance, and in turn the antenna efficiency, can be raised by increasing 
the circumference of the loop. Another way to increase the radiation resistance, 
without increasing the electrical dimensions of the antenna, would be to insert within 
its circumference a ferrite core that has a tendency to increase the magnetic flux, the 
magnetic field, the open-circuit voltage, and in turn the radiation resistance of the 
loop [25]-[27]. This is the so-called ferrite loop and the ferrite material can be a rod 
of very few inches in length. The radiation resistance of the ferrite loop is given by 



Rr 



(5-72) 


where 


Rf = radiation resistance of ferrite loop 
R r = radiation resistance of air core loop 
p. ve = effective permeability of ferrite core 
p . o = permeability of free-space 
fjL cer = relative effective permeability of ferrite core 


Using (5-24), the radiation resistance of (5-72) for a single-turn small ferrite loop can 
be written as 



and for an /V-tum loop, using (5-24a), as 



(5-73) 


(5-74) 


The relative effective permeability of the ferrite core p,. 4 . r is related to the relative 
intrinsic permeability of the unbounded ferrite material p jr {fx Jr = pj/po) by 


Mo 


I + Difyr - I) 


(5-75) 


where D is the demagnetization factor which has been found experimentally for 
different core geometries, as shown in Figure 5.19. For most ferrite material, the 
relative intrinsic permeability p fr is very large (/iy> » 1 ) so that the relative effective 
permeability of the ferrite core p. ier is approximately inversely proportional to the 
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Core lengih/diameter ratio 

Figure 5.19 Demagnetization factor as a function of core lengihAJiameter ratio, (source: 
E. A. Wolff, Antenna Analysis. Wiley. New York, 1966) 


demagnetization factor, or /z (Vr ~ 1/D = D“ In general, the demagnetization factor 
is a function of the geometry of the ferrite core. For example, the demagnetization 
factor for a sphere is D = { while that for an ellipsoid of length 2/ and radius a. such 
that / » a. is 



5.7.2 Ferrite-Loaded Receiving Loop 

Because of their smallness, ferrite loop antennas of few turns wound around a small 
ferrite rod are used as antennas especially in pocket transistor radios. The antenna is 
usually connected in parallel with the RF amplifier tuning capacitance and, in addition 
to acting as an antenna, it furnishes the necessary inductance to form a tuned circuit. 
Because the inductance is obtained with only few turns, the loss resistance is kept 
small. Thus the Q is usually very high, and it results in high selectivity and greater 
induced voltage. 

The equivalent circuit for a ferrite loaded loop antenna is similar to that of Figure 
5.3 except that a loss resistance R M , in addition to R L > is needed to account for the 
power losses in the ferrite core. Expressions for the loss resistance R M and inductance 
L a for the ferrite loaded loop of N turns can be found in |4] and depend on some 
empirical factors which are determined from an average of experimental results. The 
inductance L, is the same as that of the unloaded loop. 
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5.8 MOBILE COMMUNICATION SYSTEMS 
APPLICATIONS 

As was indicated in Section 4.7.4 of Chapter 4, the monopole is one of the most 
widely used elements for handheld units of mobile communication systems. An al- 
ternative to the monopole is the loop. [28]— [3 1 ], which has been often used in pagers 
but has found very few applications in handheld transceivers. This is probably due to 
loop's high resistance and inductive reactance which are more difficult to match to 
standard feed lines. The fact that loop antennas are more immune to noise makes 
them more attractive for an interfering and fading environment, like that of mobile 
communication systems. In addition, loop antennas become more viable candidates 
for wireless communication systems which utilize devices operating at higher fre- 
quency bands, particularly in designs where balanced amplifiers must interface with 
the antenna. Relative to top side of the handheld unit, such as the telephone, the loop 
can be placed either horizontally |29| or vertically 1 3 1 ]. Either configuration presents 
attractive radiation characteristics for land-based mobile systems. 
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PROBLEMS 

5.1. Derive 

(a) (5-18a)-(5-18c) using (5-17) and (3-2a) 

(b) (5-1 9a )— ( 5- 1 9b ) using (5-l8aM5-l8c) 

5.2. Write the fields of an infinitesimal linear magnetic dipole of constant current l„„ length 
/, and positioned along the r-axis. Use Die fields of an infinitesimal electric dipole. 
(4-8aM4-IOc). and apply the principle of duality. Compare with (5-20a)-(5-20d). 

5.3. Find the radiation efficiency of a single-turn and a 4-tum circular loop each of radius 
A/flOrr) and operating at 10 MHz. The radius of the wire is 10“ ’A and the turns are 
spaced 3 X 10 3 A apart Assume the wire is copper with a conductivity of 5.7 X 10 7 
S/m, and the antenna is radiating into free -space. 

5.4. Find the power radiated by a small loop by forming the average power density, using 
(5-27a)-(5-27c), and integrating over a sphere of radius r. Compare the answer with 
(5-23b). 
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5.5. For a small loop of constant current, derive its fur-zone fields using (5-17) and the 
procedure outlined and relationships developed in Section 3.6. Compare the answers 
with (5-27a)-(5-27b). 

5.6. Design a lossless resonant circular loop operating at 10 MHz so that its single turn 
radiation resistance is 0.73 ohms. The resonant loop is to be connected to a matched 
load through a balanced “twin-lead” 300-ohm transmission line. 

(a) Determine the radius of the loop (in meters and wavelengths). 

(b) To minimize the matching reflections between the resonant loop and the 300-ohm 
transmission line, determine the closest number of integer turns the loop must have, 

(c) For the loop of part b. determine the maximum power that can be expected to be 
delivered to a receiver matched-load if the incident wave is polarization matched 
to the lossless resonant loop. The power density of the incident wave is 10 6 
watts/m 2 . 

5.7. A resonant 6-tum loop of closely spaced turns is operating at 50 MHz. The radius of 
the loop is A/30, and the loop is connected to a 50-ohm transmission line. The radius 
of the wire is A/300, its conductivity is cr — 5.7 X I0 7 S/m, and the spacing between 
the turns is A/ 1 00. Determine the 

(a) directivity of the antenna (in dB) 

(b) radiation efficiency taking into account the proximity effects of the turns 
(e) reflection efficiency 

(d) gain of the antenna (in dB) 

5.8. Find the radiation efficiency (in percent) of an 8-lurn circular loop antenna operating 
at 30 MHz. The radius of each turn is a = 15 cm. the radius of the wire is b = I mm, 
and the spacing between turns is 2c = 3.6 mm. Assume the wire is copper (rr = 5.7 
X 10 7 S/m), and the antenna is radiating into free space. Account for the proximity 

effect. 

5.9. A very small circular loop of radius a(a < A/6ir) and constant current /„ is symmetrically 
placed about the origin at x = 0 and with the plane of its area parallel to the v-r. plane. 
Find the 

(a) spherical E- and H-field components radiated by llie loop in the far-zone 

(b) directivity of the antenna 

5. 10. Repeal Problem 5.9 when the plane of the loop is parallel to the x-z plane at y = 0. 

5. 1 1 . Using the computer program at the end of this chapter, compute the radiation resistance 
and the directivity of a circular loop of constant current with a radius of 

(a) a = A/50 (b) a = A/ 10 

(c) a - A/4 (d) it = A/2 

5.12. A constant current circular loop of radius a = 5A/4 is placed on the .v-y plane. Find 
the two smallest angles (excluding f) = 0°) where a null is formed in the lar-lield 
pattern. 

5.13. Design a circular loop of constant current such that its field intensity vanishes only at 
0 = 0° (0 = 180°) and 90°. Find its 

(a) radius 

(b) radiation resistance 

(c) directivity 

5.14. Design a constant current circular loop so that its first minimum, aside from 0 = 0°. 
in its far-lield pattern is at 30° from a normal to the plane of the loop. Find the 

(a) smallest radius of the antenna (in wavelengths) 

(b) relative (to the maximum) radiation intensity (in dB) in the plane of the loop 

5.15. Design a constant current circular loop so that its pattern has a null in the plane of the 
loop, and two nulls above and two nulls below the plane of the loop. Find the 

(a) radius of the loop 

(b) angles where the nulls occur 
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5.16. A constant current circular loop is placed on the x-y plane. Find the far-held position, 
relative to that of the loop, that a linearly polarized probe antenna must have so that 
the polarization loss factor (PLF) is maximized. 

5.17. A very small ( a < A) circular loop of constant current is placed a distance h above an 
infinite electric ground plane. Assuming z is perpendicular to the ground plane, find the 
total far-zone field radiated by the loop when its plane is parallel to the 

(a) x-z plane 

(b) y-z plane 

5.18. A very small loop antenna ( a «£: A/30) of constant current is placed a height h above 
a flat, perfectly conducting ground plane of infinite extent. The area plane of the loop 
is parallel to the interface (.i-y plane). For far-field observations 

(a) find the total electric field radiated by the loop in the presence of the ground plane 

(b) all the angles (in degrees) from the vertical to the interface where the total field 
will vanish when the height is A 

(c) the smallest nonzero height (in A) such that the total far-zone field exhibits a null 
at an angle of 60° from the vertical 



5.19. A small circular loop, with its area parallel to the x-z plane, is placed a height It above 
an infinite flat perfectly electric conducting ground plane. Determine 

(a) the array factor for the equivalent problem which allows you to find the total field 
on and above the ground plane 

(b) angle(s) 0 (in degrees) where the array factor will vanish when the loop is placed 
at a height A/2 above the ground plane 



5.20. For the loop of Problem 5.17(a). find the smallest height h so that a null is formed in 
the y-z plane at an angle of 45° above the ground plane. 
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5.21. A small single-turn circular loop of radius a — 0.05A is operating at 300 MHz. 
Assuming the radius of the wire is I0 4 A, determine the 

(a) loss resistance 

(b) radiation resistance 

(c) loop inductance 

Show that the loop inductive reactance is much greater than the loss resistance and 
radiation resistance indicating that a small loop acts primarily as an inductor. 

5.22. Determine the radiation resistance of a single-tum small loop, assuming the geometrical 
shape of the loop is 

(a) rectangular with dimensions a and b (a, b A) 

(b) elliptical with major axis a and minor axis b (a, b. < A) 

5.23. Show that for the rectangular loop the radiation resistance is represented by 

R, = 31.171 

while for the elliptical loop is represented by 



Assuming the direction of the magnetic field of the incident plane wave coincides with 
the plane of incidence, derive the effective length of a small circular loop of radius a 
based on the definition of (2-92). Show that its effective length is 

I, = a^jkS sin(0) 

where 5 - me. 

5.24. A circular loop of nonconstant current distribution, with circumference of I.4A, is 
attached to a 300-ohm line. Assuming the radius of the wire is 1.555 X l()' 2 A, find 
the 

(a) input impedance of the loop 

(b) VSWR of the system 

(c) inductance or capacitance that must be placed across the feed points so that the 
loop becomes resonant at / = 100 MHz 

5.25. A very popular antenna for amateur radio operators is a square loop antenna (referred 
to as quad antenna) whose circumference is one wavelength. Assuming the radiation 
characteristics of the square loop are well represented by those of a circular loop: 

(a) What is the input impedance (real and imaginary parts) of the antenna? 

(b) What element (inductor or capacitor), and of what value, must be placed in series 
with the loop at the feed point to resonate the radiating element at a frequency of 
1 GHz? 

(c) What is the input VSWR, having the inductor or capacitor in place, if the loop is 
connected to a 78-ohm coaxial cable? 

5.26. Design circular loops of wire radius b, which resonate at the first resonance. Find 

(a) four values of alb where the first resonance occurs (a is the radius of the loop) 

(b) the circumference of the loops and the corresponding radii of the wires for the 
antennas of part (a) 

5.27. Consider a circular loop of wire of radius a on the x-y plane and centered about the 
origin. Assume the current on the loop is given by 


/. /<£') = A) cos (<£') 
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(a) Show that the far-zone electric field of the loop is given by 

r jr)ka e~ ikf J x (ka sin 8) . 

« — / 0 : — — cos 6 sin 4> 

2 r ka sin 0 

ivku c ,k ‘ 

Em ~ — — / 0 sin 0) cos <)> 

1 r 


where 


Ji'ix) 


dJjix) 

dx 


(b) Evaluate the radiation intensity U(0, <fr) in the direction 0 = 0 and <f> = f as a 
function of ka. 

5.28. A very small circular loop, of constant current and radius of Ao/25. is placed a height 
h above a perfect conductor and it is radiating in frec-space. 

(a) Find the smallest height h (h < A 0 ) where the changes of its reactance are the 
smallest. 

(b) At the height from pan (a), find the radiation resistance of the loop. 

5.29. A single-turn small loop of constant current /». radius a = A () /(l07r), and wire radius 
b = A|>/(50()7r) is placed a height h above a lossy ground plane, with the plane of the 
loop parallel to the ground. Assuming the lossy medium is flat earth with a conductivity 
of (T t = 10 ' 4 S/m, relative permittivity (dielectric constant) of = 4, and an operating 
frequency of I GHz, find the 

(a) input resistance and reactance of the loop, assuming the wire of the loop is perfectly 
conducting and the loop is radiating in air (neglect ground effects) 

(b) changes in the input resistance and input reactance when the loop is placed a height 
h — 0.06A 0 above a flat, lossy earth 

(c) total input resistance and input reactance when the loop is placed a distance h = 
O.Q 6 A 0 above a flat, lossy earth 

(d) input reflection coefficient when the loop is connected to a 300-ohm “twin-lead" 
transmission line 

(e) input VSWR when the loop is connected to the 300-ohm transmission line 
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COMPUTER PROGRAM - CIRCULAR LOOP 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I . MAXIMUM DIRECTIVITY (DIMENSIONLESS AND IN dB) 

II. RADIATION RESISTANCE 

FOR A SMALL (CONSTANT CURRENT) LOOP. THE LOOP IS 
RADIATING INTO FREE SPACE. 

THE DIRECTIVITY AND RADIATION RESISTANCE ARE 
CALCULATED USING THE TRAILING EDGE METHOD IN 
INCREMENTS OF 1° IN THETA. 


♦♦INPUT PARAMETERS 

1 . A: LOOP RADIUS (in wavelengths) 

♦•NOTE 

THE FAR-ZONE ELECTRIC FIELD COMPONENT E<p 
EXISTS FOR 0°£ 0 *1 8Qo AND 0°£ d> ^360°. 
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CHAPTER 


6 

ARRAYS: LINEAR, PLANAR, 
AND CIRCULAR 


6.1 INTRODUCTION 

In the previous chapter, the radiation characteristics of single-element antennas were 
discussed and analyzed. Usually the radiation pattern of a single element is relatively 
wide, and each element provides low values of directivity (gain). In many applications 
it is necessary to design antennas with very directive characteristics (very high gains) 
to meet the demands of long distance communication. This can only be accomplished 
by increasing the electrical size of the antenna. 

Enlarging the dimensions of single elements often leads to more directive char- 
acteristics. Another way to enlarge the dimensions of the antenna, without necessarily 
increasing the size of the individual elements, is to form an assembly of radiating 
elements in an electrical and geometrical configuration. This new antenna, formed by 
multielements, is referred to as an array. In most cases, the elements of an array are 
identical. This is not necessary, but it is often convenient, simpler, and more practical. 
The individual elements of an array may be of any form (wires, apertures, etc.). 

The total field of the array is determined by the vector addition of the fields 
radiated by the individual elements. This assumes that the current in each element is 
the same as that of the isolated element. This is usually not the case and depends on 
the separation between the elements. To provide very directive patterns, it is necessary 
that the fields from the elements of the array interfere constructively (add) in the 
desired directions and interfere destructively (cancel each other) in the remaining 
space. Ideally this can be accomplished, but practically it is only approached. In an 
array of identical elements, there are five controls that can be used to shape the overall 
pattern of the antenna. These are: 

1. the geometrical configuration of the overall array (linear, circular, rectangular, 
spherical, etc.) 

2. the relative displacement between the elements 

3. the excitation amplitude of the individual elements 

4. the excitation phase of the individual elements 

5. the relative pattern of the individual elements 

249 
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The influence that each one of the above has on the overall radiation characteristics 
will be the subject of this chapter. In many cases the techniques will be illustrated 
with examples. 

The simplest and one of the most practical arrays is formed by placing the 
elements along a line. To simplify the presentation and give a better physical inter- 
pretation of the techniques, a two-element array will first be considered. The analysis 
of an /V-element array will then follow. Two-dimensional analysis will be the subject 
at first. In latter sections, three-dimensional techniques will be introduced. 


6.2 TWO-ELEMENT ARRAY 


Let us assume that the antenna under investigation is an array of two infinitesimal 
horizontal dipoles positioned along the 2 -axis, as shown in Figure 6.1(a). The total 
field radiated by the two elements, assuming no coupling between the elements, is 
equal to the sum of the two and in the v-c plane it is given by 


kLI € e -j[kr 1 + i/3l2,\ 

E, = Ei + Ei = a,Jrf < cos 0, + cos & > 

47T r i r> 

V 1 ^ J 


( 6 - 1 ) 


where 0 is the difference in phase excitation between the elements. The magnitude 
excitation of the radiators is identical. Assuming far-fieid observations and referring 
to Figure 6. 1 (b). 


0| — Bj ~ 0 


r, — 


r-> — 


r - - cos 0 
2 


r + — cos 0 
2 


r\ — r 2 — r 


for phase variations 


for amplitude variations 


(6-2a) 

(6-2b) 

(6-2c) 


Equation 6-1 reduces to 


„ „ . kl 0 le >kr 

E, = *oJV— A cos 

47rr 


+ j(kl cos &+■ f})T2 


+ 


j(kd cos 0+ /3V2^ 


kl()le~i kr 

E, = /t) — cos 0 2 cos 

47rr 


1 

,S 2 


(kd cos 0 - 1- /3) 


1 


(6-3) 


It is apparent from (6-3) that the total field of the array is equal to the field of a 
single element positioned at the origin multiplied by a factor which is widely referred 
to as the array factor. Thus for the two-element array of constant amplitude, the array 
factor is given by 


AF = 2 cosl cos 0 + 0)1 (6-4) 

which in normalized form can be written as 

(AF)„ = cos [Ukd cos 0 + 0)] (6-4a) 


The array factor is a function of the geometry of the array and the excitation phase. 
By varying the separation d and/or the phase 0 between the elements, the character- 
istics of the array factor and of the total field of the array can be controlled. 
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Figure 6.1 Geometry of a two-element array positioned along the z-axis. 


It has been illustrated that the f'ar-zone field of a uniform two-element array of 
identical elements is equal to the product of the field of a single element, at a selected 
reference point ( usually the origin), and the array factor of that array. That is, 


E{ total) = [E(single element at reference point)] X [array factor) 


(6-5) 


This is referred to as pattern multiplication for arrays of identical elements, and it is 
analogous to the pattern multiplication of (4-59) for continuous sources. Although it 
has been illustrated only for an array of two elements, each of identical magnitude, it 
is also valid for arrays with any number of identical elements which do not necessarily 
have identical magnitudes, phases, and/or spacings between them. This will be dem- 
onstrated in this chapter by a number of different arrays. 

Each array has its own array factor. The array factor, in general, is a function of 
the number of elements, their geometrical arrangement, their relative magnitudes, 
their relative phases, and their spacings. The array factor will be of simpler form if 
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the elements have identical amplitudes, phases, and spacings. Since the array factor 
does not depend on the directional characteristics of the radiating elements themselves, 
it can be formulated by replacing the actual elements with isotropic (point) sources. 
Once the array factor has been derived using the point-source array, the total field of 
the actual array is obtained by the use of (6-5). Each point-source is assumed to have 
the amplitude, phase, and location of the corresponding element it is replacing. 

In order to synthesize the total pattern of an array, the designer is not only required 
to select the proper radiating elements but the geometry (positioning) and excitation 
of the individual elements. To illustrate the principles . let us consider some examples. 


Example 6.1 

Given the array of Figures 6.1(a) and (b), find the nulls of the total field when 
d = A/4 and 

(a) j3 = 0 

„ 77 

(b) /3 - + — 

7T 

(c) fi = -- 


SOLUTION 
(a) >3 = 0 

The normalized field is given by 


E,„ = cos 6 cos 




The nulls are obtained by setting the total field equal to zero, or 


77 


E m - cos 6 cos ! ~ cos 0)L=0 = 0 




Thus 


cos 6„ = 0 o 6„ = 90° 
and 

( 7T \ ,. 7T ^ 77 77 

— cos 6„ I = 0 o — cos 9„ = — . — — *=> 0„ = does not exist 

The only null occurs at 6 = 90° and is due to the pattern of the individual 

elements. The array factor does not contribute any additional nulls because there is 

not enough separation between the elements to introduce a phase difference of 1 80° 
between the elements, for any observation angle. 


(b) 0 = +| 
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The normalized field is given by 


E n , = cos 0 cos 


TT 


— (cos 0 + 1 ) 


The nulls are found from 


E,„ = cos 0 cos 


TT 


— (cos 0 4- I ) 
4 


Thus 


cos = 0 » 6„ = 90° 


and 


cos 


r 71 

I — (cos 0 


+ 1) 


i 

]u«. = 0 


7 r 


- 0 L -' — (cos #„ + 1 ) 


^ e m = o° 


and 


o — (cos 0„ + I ) = — — ^ 0„ — does not exist 

The nulls of the array occur at 0 = 90° and 0°. The null at 0° is introduced by 
the arrangement of the elements (array factor). This can also be shown by physical 
reasoning, as shown in Figure 6.2(a). The element in the negative z-axis has an initial 
phase lag of 90° relative to the other element. As the wave from that element travels 
toward the positive i-axis (0 = 0° direction), it undergoes an additional 90° phase 
retardation when it arrives at the other element on the positive z-axis. Thus there is a 
total of 180° phase difference between the waves of the two elements when travel is 




(a) 0 = 0° direction (h) 0= 180° direction 

Figure 6.2 Phase accumulation for two-element array for null formation toward 0 = 0° 
and 180°. 
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toward (he positive z-axis (0 — 0°). The waves of the two elements are in phase when 
they travel in the negative z-axis (0 = 180°), as shown in Figure 6.2(b). 


(c) P = 


TT 


2 


The normalized field is given by 

TT 


TT 

cos 0 cos — 
4 


E m = cos 0 cos J — (cos 6 - 1 ) 
and the nulls by 

f tt 

E,„ — cos 0 cos — (cos 0 — 1 ) 


L4 


o=o„ ~ 0 


Thus 


cos 0„ = 0 0„ = 90° 


and 


cos 


[tt 

- (cos e„ 


- I) 


TT 


= ()==> — (cos — 1) 
4 


and 


TT 


® - (cos e n - i ) 
4 


TT 

= — 0„ — does not exist 


TT 


= 180° 


The nulls occur at 90° and 180°. The element at the positive z-axis has a phase lag of 
90° relative to the other, and the phase difference is 180° when travel is restricted 
toward the negative “-axis. There is no phase difference when the waves travel toward 
the positive z-axis. A diagram similar to that of Figure 6.2 can be used to illustrate 
this case. 


To better illustrate the pattern multiplication rule, the normalized patterns of the single 
element, the array factor, and the total array for each of the above array examples are 
shown in Figures 6.3, 6.4(a), and 6.4(b). In each ligure, the total pattern of the array 
is obtained by multiplying the pattern of the single element by that of the array factor. 
In each case, the pattern is normalized to its own maximum. Since the array factor 
lor the example of Figure 6.3 is nearly isotropic (within 3 dB), the element pattern 
and the total pattern are almost identical in shape. The largest magnitude difference 
between the two is about 3 dB, and for each case it occurs toward the direction along 
which the phases of the two elements are in phase quadrature (90° out of phase). For 
Figure 6.3 this occurs along 6 = 0° while for Figures 6.4(a,b) this occurs along 
0 - 90°. Because the array factor for Figure 6.4(a) is of cardioid form, its correspond- 
ing element and total patterns are considerably different. In the total pattern, the null 
at 0 = 90° is due to the element pattern while that toward 0 = 0° is due to the array 
factor. Similar results are displayed in Figure 6.4(b). 
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180 ° 

Total 


Figure 6.3 Element, array factor, and total field patterns of a two-element ar- 
ray of infinitesimal horizontal dipoles with identical phase excitation (/3 = 0°, 
d = A/4). 


Example 6.2 

Consider an array of two identical infinitesimal dipoles oriented as shown in Figures 
6.1(a) and (b). For a separation d and phase excitation difference /3 between the 
elements, find the angles of observation where the nulls of the array occur. The 
magnitude excitation of the elements is the same. 

SOLUTION 

The normalized total field of the array is given by (6-3) as 
E tn = cos 6 cos [{(kd cos 6 -1- /3)] 
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180 ° 

Total 


Figure 6.4 Pattern multiplication of element, array factor, and total array patterns 
of a two-element array of infinitesimal horizontal dipoles with (a) /3 = +90°, 
d = A/4. 


To find the nulls, the field is set equal to zero, or 
E m = cos 0 cos (fa/ cos 8 + P)]\e=e„ = 0 
Thus 

cos 8„ = 0 *=> 6„ = 90° 


cos - (fa/ cos 6 n + /3) 


l l^rfT “f" 

0°-(W cos 8 n + P) = ± ( ~ — 


= cos I— r-0 ± (2« + 1 )tt] I, 


n = 0, 1, 2, . . . 
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The null at 6 = 90° is attributed to the pattern of the individual elements of the array 
while the remaining ones are due to the formation of the array. For no phase difference 
between the elements (j8 = 0). the separation cl must be equal or greater than half a 
wavelength (cl ^ A/2) in order for at least one null, due to the formation of the array, 
to occur. 


6.3 N-ELEMENT LINEAR ARRAY: 

UNIFORM AMPLITUDE AND SPACING 

Now that the arraying of elements has been introduced and it was illustrated by the 
two-element array, let us generalize the method to include N elements. Referring to 
the geometry of Figure 6.5(a), let us assume that all the elements have identical 
amplitudes but each succeeding element has a /3 progressive phase lead current 
excitation relative to the preceding one (j8 represents the phase by which the current 
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(b) Phasor diagram 


Figure 6.5 Far-tield geometry and phasor diagram of /V-element array of isotropic sources 
positioned along die ’-axis. 


in each element leads the current of the preceding element). An array of identical 
elements all of identical magnitude and each with a progressive phase is referred to 
as a uniform array. The array factor can be obtained by considering the elements to 
be point sources. If the actual elements are not isotropic sources, the total field can 
be formed by multiplying the array factor of the isotropic sources by the field of a 
single element. This is the pattern multiplication rule of (6-5), and it applies only for 
arrays of identical elements. The array factor is given by 

= 1 + g+jiMwxfl I p) _|_ ft) „ , . + \)ikdcos(H (i\ 

N 

AF = 2 W'/iwtf+p) (6-6) 

n= I 

which can be written as 

(6-7) 
(6-7a) 

Since the total array factor for the uniform array is a summation of exponentials, it 
can be represented by the vector sum of N phasors each of unit amplitude and 
progressive phase if/ relative to the previous one. Graphically this is illustrated by the 
phasor diagram in Figure 6.5(b). It is apparent from the phasor diagram that the 
amplitude and phase of the AF can be controlled in uniform arrays by properly 


/V 

AF = 'Z e 

n = I 

where ijs = kd cos 0+1 3 
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.electing the relative phase »// between the elements; in nonuniform arrays, the am- 
jlitude as well as the phase can be used to control the formation and distribution of 
he total array factor. 

The array factor of (6-7) can also be expressed in an alternate, compact and closed 
brm whose functions and their distributions are more recognizable. This is accom- 
jlished as follows. 

Multiplying both sides of (6-7) by e**, it can be written as 

(AF)e'* = e J * + e j2 * + e* 3 * + • • • + + e im (6-8) 

Subtracting (6-7) from (6-8) reduces to 

AF(e"* - !) = (-! + e m ') (6-9) 

which can also be written as 



For small values of t/', the above expression can be approximated by 



(6- 10b) 


The maximum value of (6-1 0a) or (6-1 Ob) is equal to N, To normalize the array factors 
so that the maximum value of each is equal to unity, (6- 10a) and (6- lOb) are written 
in normalized form as (see Appendix II) 



(6-10c) 
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and (see Appendix 1) 


sin \-ifi 


<AF)„ = 


(6-lOd) 


To find the nulls of the array. (6-IOc) or (6-10d) are set equal to zero. That is, 


. IN \ , N ,, 

sin I— = 0 ^ = ± 


= ± I1TT => 0„ — COS" 1 


[-( 

_2TTd\ 


a In ' 

~P ± TT 7r 
A' i 


(6-11) 


n = 1, 2, 3. . . . 

» 7^ A, 2M 3N, . . . with (6-10c) 


For n = N. 2 N, 3/V, .... (6- 10c) attains its maximum values because it reduces to a 
sin(0)/0 form. The values of n determine the order of the nulls (first, second, etc.). 
For a zero to exist, the argument of the arccosine cannot exceed unity. Thus the 
number of nulls that can exist will be a function of the element separation d and the 
phase excitation difference (3. 

The maximum values of (6- 10c) occur when 


if) \ \ 

t = z(kd cos 0 + p)\o=o m — ± onr 0 m = cos”' - — ,( — /3 ± 2m n) 

2 2 12nd J 


m = 0 , 1 , 2 , 


( 6 - 12 ) 


The array factor of (6-IOd) has only one maximum and occurs when m = 0 in 
(6-12). That is. 


./ Aj8 

- “•"bs 


which is the observation angle that makes iff = 0. 

The 3-dB point for the array factor of (6-10d) occurs when (see Appendix I) 


Jip = j( kd cos e + /3)|,=^ = ±1.391 


o 6,, = cos ' 1 


2.782 


(6-14) 


which can also be written as 


2.782 


For large values of d(d > A), it reduces to 

TT A i n 2.782 
h ~ 2 2 mt\ ^ ± N 
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The half-power beamwidth (-*)/, can be found once the angles of the first maximum 
( 6 ,„ ) and the half-power point (8,,) are found. For a symmetrical pattern 

®* = 2 K - «„| (6-l4c) 


For the array factor of (6-10d), there are secondary maxima (maxima of minor 
lobes) which occur approximately when the numerator of (6-10d) attains its maximum 
value. That is. 


. IN \ . I* 

sin I — ii>| = sin — 

\2 / L 2 


sin {kd cos 8+1 3) 
2s + [\ 


— — 1 ^ '^’(W cos 8 + f$)\osa, 


TT 


o = COS - 


' A f 12s + 1\ 11 


■9 = 1,2, 3. . . . 


(6-15) 


which can also be written as 



For large values of did » A), it reduces to 



.v = 1,2,3,... (6- 15a) 


.v = 1, 2, 3. . . . (6-15b) 


The maximum of the first minor lobe of (6-IOc) occurs uppoximately when (see 
Appendix I) 


N N . /3tt\ 

- (kd cos 8 + f3 )\ = ±{ — I 


or when 


# ' = c0s "{2^[“^ ± ¥ . 


At that point, the magnitude of (6- 1 Od) reduces to 


(AFX, - 


sin 


("A 

\2 7 


N 

-d/ 

2 V 


= — = 0.212 

3tt 


o, 

S “ I 


which in dB is equal to 


(AF)„ = 20 log 


10 


fe) = - 13 ' 


46 dB 


(6-16) 


(6- 16a) 


(6-17) 


(6- 17a) 


Thus the maximum of the first minor lobe of the array factor of (6-IOd) is 13.46 dB 
down from the maximum at the major lobe. More accurate expressions for the angle, 
beamwidth, and magnitude of first minor lobe of the array factor of (6-10d) can be 
obtained. These will be discussed in Chapter 12. 
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6.3.1 Broadside Array 

In many applications it is desirable to have the maximum radiation of an array directed 
normal to the axis of the array (broadside; 0 = 90° of Figure 6.5(a)). To optimize the 
design, the maxima of the single element and of the array factor should both be 
directed toward 6 — 90°. The requirements of the single elements can be accomplished 
by the judicious choice of the radiators, and those of the array factor by the proper 
separation and excitation of the individual radiators. In this section, the requirements 
that allow the array factor to “radiate” efficiently broadside will be developed. 

Referring to (6- 10c) or (6-1 Od), the maximum of the array factor occurs when 


if/ = kd cos 6 + j8 = 0 


(6*18) 


Since it is desired to have the maximum directed toward 6 = 90°, then 


if/ = kd cos 0 + /3|0=tjo° = /3 = 0 


(6- 18a) 


Thus to have the maximum of the array factor of a uniform linear array directed 
broadside to the axis of the array, it is necessary that all the elements have the same 
phase excitation (in addition to the same amplitude excitation). The separation be- 
tween the elements can be of any value. To ensure that there are no principal maxima 
in other directions, which are referred to as grating lobes, the separation between the 
elements should not be equal to multiples of a wavelength {d ^ n\,n = 1, 2, 3 . . .) 
when /3 = 0. If d = n A, n = 1, 2 ,3 ... . and j3 = 0, then 


if/ = kd cos 6 + p\ d , nA - 2tt/j cos lg0 „ = ±2mr (6-19) 

13 = 0 

n = I. 2. S.... 


This value of if/ when substituted in (6-IOc) makes the array factor attain its maximum 
value. Thus for a uniform array with = 0 and d = n\ , in addition to having the 
maxima of the array factor directed broadside (0 = 90°) to the axis of the array, there 
are additional maxima directed along the axis ( 8 = 0°, 180°) of the array (end-fire 
radiation). 

One of the objectives in many designs is to avoid multiple maxima, in addition 
to the main maximum, which are referred to as grating lobes. Often it may be required 
to select the largest spacing between the elements but with no grating lobes. To avoid 
any grating lobe the largest spacing between the elements should be less than one 
wavelength (d max < A). 

To illustrate the method, the three-dimensional array factor of a 10-element (N 
= 10) uniform array with j8 = 0 and d = A/4 is shown plotted in Figure 6.6(a). A 
90° angular sector has been removed for better view of the pattern distribution in the 
elevation plane. The only maximum occurs at broadside (8 = 90°). To form a 
comparison, the three-dimensional pattern of the same array but with d = A is also 
plotted in Figure 6.6(b). For this pattern, in addition to the maximum at d = 90°, 
there are additional maxima directed toward 0 = 0°, 1 80°. The corresponding two- 
dimensional patterns of Figures 6.6(a,b) are shown in Figure 6.7. 

If the spacing between the elements is chosen between A < d < 2 A, then the 
maximum of Figure 6.6 toward 6 = 0° shifts toward the angular region 0 ° < 0 < 






264 Chapter 6 Arrays: Linear, Planar, and Circular 



180° 


d - X/4 


Figure 6.7 Array factor patterns of a 10-element uniform amplitude broadside 
array (N - 10. p = 0). 


90° while the maximum toward 0 = 180° shifts toward 90° < 0 < 180°. When d = 
2 A, there are maxima toward 0°, 60°. 90°, 120° and 180°. 

In Tables 6. 1 and 6.2 the expressions for the nulls, maxima. half*power points, 
minor lobe maxima, and beamwidths for broadside arrays have been listed. They are 
derived from the more general ones given by (6-10c)-(6-16a). 

6.3.2 Ordinary End-Fire Array 

Instead of having the maximum radiation broadside to the axis of the array, it may 
be desirable to direct it along the axis of the array (end-fire). As a matter of fact, it 
may be necessary that it radiates toward only one direction (either 6 = 0° or 180° of 
Figure 6.5). 
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Table 6.1 NULLS, MAXIMA. HALF-POWER 

POINTS. AND MINOR LOBE MAXIMA 
FOR UNIFORM AMPLITUDE 
BROADSIDE ARRAYS 


NULLS 


MAXIMA 


HALF-POWER 

POINTS 


0 „ = cos 1 


N3 


n = 1 . 2, 3, . . . 
n N. IN, 3 N, . 


G.„ = cos 


'Hr) 


m = 0, 1 . 2. . . 


8 h = cos 1 

m//A 


/±L391A\ 
\ ttNcI ) 


MINOR LOBE 
MAXIMA 



m//A •‘s: | 


To direct the maximum toward 6 = 0°. 


if/ = kd cos 8 + P\ 0=0“ = kd+P = Q c >(3 = — kd 
If the maximum is desired toward 8 = 1 80°, then 


(6- 20a) 


i (/ - cos 8 + (3\„ = moo = - kd + /3 = 0 r> p = kd 


(6- 20b) 


Thus end-fire radiation is accomplished when (3 — — kd (for 8 — 0°) or (3 = kd (for 
8 = 180°). 

If the element separation is d = A/2, end-fire radiation exists in both directions 
(8 = 0° and 8 = 180°). If the element spacing is a multiple of a wavelength (d = n A, 


Table 6.2 BEAMWIDTHS FOR UNIFORM AMPLITUDE 
BROADSIDE ARRAYS 

FIRST NULL , \ v _ , /_A\" 

BEAMWTDTH (FNBW) " * [2 C ° S \Nd] 


HALF-POWER 
BEAMW1DTH (HPBW) 


FIRST SIDE LOBE 
BEAMWIDTH (FSLBW) 



mZ/A 1 
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‘h,e= 180 - 

Figure 6.8 Three-dimensional amplitude patterns for end-fire arrays toward 0 = 0° and 
18 U“. 


n = 1 . 2. 3. . . then in addition to having end-fire radiation in both directions, there 
also exist maxima in the broadside directions. Thus for d = nA, n = 1 , 2, 3, . . . there 
exist four maxima; two in the broadside directions and two along the axis of the array. 
To have only one end-fire maximum and to avoid any grating lobes, the maximum 
spacing between the elements should be less than d max < A/2. 

The three-dimensional radiation patterns of a 10-element ( N = 10) array with d 
= A/4, p = + kd are plotted in Figure 6.8. When p = -kd, the maximum is directed 
along 0 = 0° and the three-dimensional pattern is shown in Figure 6.8/a). However, 
when P = + kd. the maximum is oriented toward 9 = 180°, and the three-dimensional 
pattern is shown in Figure 6.8(b). The two-dimensional patterns of Figures 6.8(a. h) 
are shown in Figure 6.9. To form a comparison, the array factor of the same array (N 
= 10) but with d = A and P = —kd has been calculated. Its pattern is identical to 
that of a broadside array with N = 10. d = A. and it is shown plotted in Figure 6.7. 
It is seen that there are four maxima; two broadside and two along the axis of the 
array. 

The expressions for the nulls, maxima, half-power points, minor lobe maxima, 
and beamwidths, as applied to ordinary end-fire arrays, are listed in Tables 6.3 
and 6.4. 


6.3.3 Phased (Scanning) Array 

In the previous two sections it was shown how to direct the major radiation from an 
array, by controlling the phase excitation between the elements, in directions normal 
(broadside) and along the axis (end-fire) of the array. It is then logical to assume that 
the maximum radiation can be oriented in any direction to form a scanning array. The 
procedure is similar to that of the previous two sections. 



6.3 /V-Efement Linear Array: Uniform Amplitude and Spacing 267 



0 = 

0= - M 

Figure 6.9 Array factor patterns of a 10-element uniform amplitude end-fire 
array (N = 10, cl = A/4). 


Let us assume that the maximum radiation of the array is required to be oriented 
at an angle (0° s < 180°). To accomplish this, the phase excitation /3 between 
the elements must be adjusted so that 


(it = kd cos 0 + $*,. a, = kd cos 0 O + /3 = 0 => /3 = -Ad cos 0 n 


( 6 - 21 ) 


Thus by controlling the progressive phase difference between the elements, the max- 
imum radiation can be squinted in any desired direction to form a scanning array. 
This is the basic principle of electronic scanning phased array operation. Since in 
phased array technology the scanning must be continuous, the system should be 
capable of continuously varying the progressive phase between the elements. In 
practice, this is accomplished electronically by the use of ferrite or diode phase 
shifters. For ferrite phase shifters, the phase shift is controlled by the magnetic Held 
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Table 6.3 NULLS, MAXIMA. HALF-POWER 

POINTS. AND MINOR LOBE MAXIMA 
FOR UNIFORM AMPLITUDE 
ORDINARY END-FIRE ARRAYS 

NULLS 0„ = cos"' |l - ~j 

n = 1. 2, 3, . . . 
n * N, 2 N, 3 N , . . . 


MAXIMA 



HALF-POWER 

POINTS 



ndf A C 1 


MINOR LOBE 
MAXIMA 


0, — cos 1 I - 


(2 s + l)A 


2Nd 


s = 1,2.3, 
m//A ^ I 


within the ferrite, which in turn is controlled by the amount of current flowing through 
the wires wrapped around the phase shifter. 

For diode phase shifter using balanced, hybrid-coupled varactors, the actual phase 
shift is controlled either by varying the analog bias dc voltage (typically 0-30 volts) 
or by a digital command through a digital-to-analog (D/A) converter (!]. 

To demonstrate the principle of scanning, the three-dimensional radiation pattern 
of a 10-element array, with a separation of A/4 between the elements and with the 
maximum squinted in the % - 60° direction, is plotted in Figure 6.10(a). The 
corresponding two-dimensional pattern is shown in Figure 6.10(b). 

The half-power beam width of the scanning array is obtained using (6-14) with 
= —kd cos 8 () . Using the minus sign in the argument of the inverse cosine function 
in (6-14) to represent one angle of the half-power beamwidth and the plus sign to 


Table 6.4 BEAMWIDTHS FOR UNIFORM AMPLITUDE 


ORDINARY END-FIRE ARRAYS 


FIRST NULL 


(, M 

BEAMWIDTH (FNBW) 

(-)„ = 2 cos j 

i aw) 

HALF-POWER 

(")„ = 2 cos"' | 

/ 1.39IA\ 

BEAMWIDTH (HPBW) 

ml/, A <5: 

ttoN / 

1 

FIRST SIDE LOBE 

C H ), — 2 cos " 1 1 

1 3A \ 

BEAMWIDTH (FSLBW) 

i 

ml! A 

\ 2Ndj 

1 
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Array length [ (L + d )f\ \ 

Figure 6.11 Half-power beamwidth for broadside, ordinary 
end-fire, and scanning uniform linear arrays, (source: R. S. 
Elliott. "Beamwidth and Directivity of Large Scanning Ar- 
rays," First of Two Parts, The Microwave Journal. Decem- 
ber 1963) 


represent the other angle, then the total beamwidth is the difference between these 
two angles and can be written as 



Since N = (L + cl)/d> (6-22) reduces to [2] 


(6-22a) 


where L is the length of the array. Equation (6-22a) can also be used to compute the 
half-power beamwidth of a broadside array. However, it is not valid for an end-fire 
array. A plot of the half-power beamwidth (in degrees) as a function of the array 
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length is shown in Figure 6.11. These curves are valid for broadside, ordinary end- 
lire, and scanning uniform arrays (constant magnitude but with progressive phase 
shift). In a later section it will be shown that the curves of Figure 6.1 1 can be used, 
in conjunction with a beam broadening factor |2], to compute die directivity of 
nonuniform amplitude arrays. 

6.3.4 Hansen-Woodyard End-Fire Array 

The conditions for an ordinary end-fire array were discussed in Section 6.3.2. It was 
concluded that the maximum radiation can be directed along the axis of the uniform 
array by allowing the progressive phase shift j8 between elements to be equal to 
(6-20a) for ft = 0° and (6-20b) for ft = 180°. 

To enhance the directivity of an end-fire array without destroying any of the other 
characteristics, Hansen and Woodyard [3] in 1938 proposed that the required phase 
shift between closely spaced elements of a very lung arrayf should be 


fi ~ - ^kd + ~ (jtd + =» for maximum in ft = 0° (6-23a) 

(3 - + ^kd + ~ + + ^ * or maximum in ft = 180° 


(6-23b) 


These requirements are known today as the Hansen-Woodyard conditions for end- 
fire radiation. They lead to a larger directivity than the conditions given by (6-20a) 
and (6-20b). It should be pointed out, however, that these conditions do not necessarily 
yield the maximum possible directivity. In fact, the maximum may not even occur at 
0=0° or 180°, its value found using (6-10c) or (6-10d) may not be unity, and the 
side lobe level may not be - 13.46 dB. Both of them, maxima and side lobe levels, 
depend on the number of array elements, as will be illustrated. 

To realize the increase in directivity as a result of the Hansen-Woodyard condi- 
tions, it is necessary that, in addition to the conditions of (6-23a) and (6-23b), |i/r| 
assumes values of 

For maximum radiation along ft — 0° 

|i/H = M cos ft + = ~ and |0| = |&/cos ft + iso" = tt (6-24a) 

For maximum radiation along ft = 180° 

M = \kd cos ft + /3|# = ia,v = ^ and |i//| = \kd cos ft + (3\ l)=(r = „• (6-24b) 

The condition of |i//| = tr/N in (6-24a) or (6- 24b) is realized by the use of (6-23a) or 
(6-23b), respectively. Care must be exercised in meeting the requirement of |i/>| — tt 

tin principle, the Hansen-Woodyard condition was derived for an infinitely long antenna with continuous 
distribution. It thus gives good results for very long, finite length discrete arrays with closely spaced 
elements. 
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for each array. For an array of N elements, the condition of |*^| = tt is satisfied by 
using (6-23a) for 9 = 0°. (6-23b) for 9 = 180°, and choosing for each a spacing of 


d = 



(6-25) 


If the number of elements is large, (6-25) can be approximated by 


d = 


A 

4 


(6-25a) 


Thus for a large uniform array, the Hansen- Woodyard condition can only yield an 
improved directivity provided the spacing between the elements is approximately A/4. 

To illustrate the principles, the patterns of a 10-element (N - 10) array with 
d — A/4 {f} = —3-JT/5) and d = A/2 (jS = — 11-77/10) have been plotted in Figure 
6.12. In both cases the desired maximum radiation should be toward 9 = 0°|j3 - 
- (kd + 7 t/AOJ. It is apparent dial the main lobe of the d = A/4 pattern is much 
narrower when contrasted to its counterpart of Figure 6.9 using the ordinary end-fire 
conditions of (6-20a). In fact, the 3-dB beamwidth of the d - A/4 pattern in Figure 
6. 12 is equal to 37° compared to 74° for that of Figure 6.9. 

To make the comparisons more meaningful, the directivities for each of the 
patterns of Figures 6.9 and 6.12 have been calculated, using numerical integration, 
and it is found that they are equal to II and 19. respectively. Thus the Hansen- 
Woodyard conditions realize a 73% increase in directivity lor this case. 

As will be shown in Section 6.4 and listed in Table 6.7. the directivity of a 
Hansen-Woodyard end-lire array is always approximately 1.789 times (or 2.5 dB) 
greater than the directivity of an ordinary end-fire array. The increase in directivity 
of the pattern in Figure 6.12 for d = A/4 over that of Figure 6.9 is at the expense of 
an increase of about 4 dB in side lobe level. Therefore in the design of an array, there 
is a trade-off between directivity (or half-power beamwidth) and side lobe level. 

To show that (6-23a) and (6-23b) do not lead to improved directivities over those 
of (6- 20a) and (6- 20b) if (6- 24a) and (6- 24b) are not satisfied, the pattern for the same 
array (N — 10) but with d = A/2 (j3 = — 1 1 77 / 10) that was plotted in Figure 6.12 
will be discussed. Even though this pattern exhibits a very narrow lobe in the 9 = 0° 
direction, its back lobes are larger than its main lobe. The d = A/2 pattern fails to 
realize a larger directivity because the necessary \t$ ( , = )W ><> — 77 condition of (6-24a) 
is not satisfied. That is. 


M = jar/ cos 9 -F /3)) tf = = \ -Qkd + 9r//V)| </=A/ , = 2.) tt (6-26) 

/3 = - </a/+ 77 /iV | N = 10 


which is not equal to 77 as required by (6-24a). Similar results occur for spacings 
other than those specified by (6-25) or (6-25a). 

To better understand and appreciate the Hansen-Woodyard conditions, a succinct 
derivation of (6-23a) will be outlined. The procedure is identical to that reported by 
Hansen and Woodyard in their classic paper (3). 

The array factor of an /V-element array is given by (6-I0c) as 


(AF)„ 


U 

N 


. > 

sin — 

2 


(kd cos 9 + )3) 


. T I 

stn - 


(kd cos 6 -I- j8) 


(6-27) 
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d = X/4 

d = X/2 

Figure 6.12 Array factor patterns of a 10-element uniform amplitude Hansen-Woodyard 
end-lire array \N = 10. j8 = -(kd + 7r/A0] 
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where 


Z = q(k cos 8 - p) 
The radiation intensity can be written as 


U(0) = l(AF),,] 2 = 


sin(Z) 

Z 


whose value at 8 — 0° is equal to 




in|<y(& cos 8 — p ) J 
q(k cos 8 — p) 


sin[</(A: - pS\ 
c/(k - p) 


(6-29a) 


( 6 - 2 %) 


(6-30) 


(6-30a) 


Dividing (6-30) by (6-3Qa), so that the value of the array factor ts equal to unity at 
8 = 0°, leads to 


U(8)„ = 


•4 


q(k ~ p) sin[f/(A cos 8 - /;)] ]“ _ 
sinU/(* - p)) | q(k cos 8 - p)\ ] 


v sin(Z) 2 
sin(v) Z 


where 


v = q(k - p) 

Z = q{k cos 8 — p) 

The directivity of the array factor can be evaluated using 


£>o = 


* max ^ max 


(6-31) 

(6-3 la) 
(6-3 lb) 

(6-32) 


where U () is the average radiation intensity and it is given by 


477 477 


2 sin(o) 


. — r r 

477 Jn Ji i 

-17T- 

Ku) J Jo L 


U(8) sin 8 d8 d<J> 


sin(Z) 

~Z~ 


sin 8 d8 


(6-33) 


By using (6-3 1 a) and (6-3 lb), (6-33) can be written as 


2 [st: 


q(k - p) 


sin|<?(/c cos 8 - p)\ 


sin [q(k — /?)] J Jo L q(k cos 8 — p) 


sin 8 dd (6-33a) 


To maximize the directivity, as given by (6-32). (6-33a) must be minimized. 
Performing the integration, (6-33a) reduces to 

1 v * 77 [cos(2v) — 1 ] 1 

U ° = Wu 2 + 2v + • S ' (2 '" I = <M4) 


where 


v = q(k - p) 


(6-34a) 
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with not too much relaxation in the condition since the curve of Figure 6. 1 3 is very 
flat around the minimum point v = — 1.46. Its value at v = — 1.57 is almost the 
same as the minimum at v = — 1 .46. 

The expressions for the nulls, maxima, half-power points, minor lobe maxima, 
and beamwidths are listed in Tables 6.5 and 6.6. 
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Table 6.5 NULLS, MAXIMA. HALF-POWER POINTS, AND 
MINOR LOBE MAXIMA FOR UNIFORM 
AMPLITUDE HANSEN-WOODY ARD 
END-FIRE ARRAYS 


NULLS 

0„ = cos 1 

1 + " - »J J 

MAXIMA 

e m = cos 1 

n = 1,2.3.... 
n jV, 2 JV, 3 /V, . . . 

{' + u -< 2m+ ‘>' 2 4 

HALF-POWER 

POINTS 

8 h = cos - '| 

hi - 1. 2. 3, . . . 
irdlk 1 

f l - 0.1398 -£-) 
i Nd} 

MINOR LOBE 


TTd/k « 1 

N large 
' .vA\ 

MAXIMA 

0, = cos 1 

i Nd) 


•v = 1.2.3,... 
ttJ/A <sc 1 


6.4 N- ELEMENT LINEAR ARRAY: DIRECTIVITY 

The criteria that must be met to achieve broadside and end-fire radiation by a uniform 
linear array of N elements were discussed in the previous section. It would be instruc- 
tive to investigate the directivity of each of the arrays, since it represents a figure-of- 
merit on the operation of the system. 


6.4.1 Broadside Array 

As a result of the criteria for broadside radiation given by (6- 18a), the array factor 
for this form of the array reduces to 


(A p )„ - - 


N \ 

sin I — kd cos 01 


sin kd cos 


i 


(6-38) 


which for a small spacing between the elements (d < A) can be approximated by 

(N, 


sin I — kd cos 0 1 


(AF)„ - 


— kd cos 0 

,2 


(6-38a) 
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Table 6.6 BEAMWIDTHS FOR UNIFORM AMPLITUDE 
HANSEN-WOOPYARD END-FIRE ARRAYS 

FIRST NULL , . . ,/ . A_\ 

BEAMWIDTH (FNBW) W " “ C0S \ 2<!N) 


HALF-POWER 
BEAMWIDTH (HPBW) 


O /( = 2cos 


1 - UI39S ^) 
7rJJX<sc ] 
N large 


FIRST SIDE LOBE 9 , 

BEAMWIDTH (FSLBW) ' \ Nil 

vd/\<sz I 
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For a large array ( Nkd/2 — > large), (6-41 ) can be approximated by extending the limits 
to infinity. That is. 


u " ~ Wd 


r^TsinZ] 2 1 r^TsinZ] 2 
u/J - Mit/i l Z \ Nkd J - * Z J ^ 


EM-” 


(6-4 la) reduces to 


U Q - 


(6-4 lb) 


The directivity of (6-32) can now be written as 


Using 


u, nax Nkd 2N 


L = [N - 1 )d 


where L is the overall length of the array. (6-42) can be expressed as 


L\ d 


°» =2W a r 2 1+ ; x 


which for a large array ( L d) reduces to 


L\ d\ t >'<i . L 


D "“ 2W U “ 2 1 A “ 2 


(6-44a) 


Example 6.3 

Given a linear, broadside, uniform array of 10 isotropic elements. (N = 10) with a 
separation of A/4 (d = A/4) between the elements, find the directivity of the array. 


SOLUTION 
Using (6-44a) 



= 5(dimensionless) = 10 logu,(5) = 6.99 


dB 
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6.4.2 Ordinary End-Fire Array 

For an end-fire array, with the maximum radiation in the 0 = 0° direction, the array 
factor is given by 


(AF)„ = 


. ~N 

im |_2 


sin —kd ( cos 0—1) 


N sin -kd (cos 0—1) 


(6-45) 


which, for a small spacing between the elements (d A), can be approximated by 


(AF)„ - 


sin —kd ( cos 0 — 1 ) 


— kd (cos 0—1) 


The corresponding radiation intensity can be written as 


U(0) = l(AF)„ | 2 = 


sin —kd (cos 0—1) 


— kd( cos 0 — 1 ) 


(6-45a) 


sin(Z) 

Z 


(6-46) 


Z = — kd ( cos 0 - 1 ) 


(6-46a) 


whose maximum value is unity ((7 max = 1) and it occurs at 0 = 0°. The average 
value of the radiation intensity is given by 


i„ = ± f-T 

0 4 t r Jo Jo 


sin — kd ( cos 0-1) 


sin 0 dd d(f> 


— kd ( cos 0 - I ) 


_ \_ r 

~~ 2 Jo 


. ’/V 
on |j 


sin —kdicos 0-1) 


kd (cos 0 - 1 ) 


sin Odd 


(6-47) 


By letting 


Z = —kd (cos 0—1) 


(6-47a) 


rfZ = — —kd sin 0 d0 
2 


(6-47b) 
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(6-47) can be written as 


,, 1 f ^Fsin(Z) “ 1 r M</ fsin(Z) ‘ 

£/,, = - — — — dZ = — -i- 1 dZ (6-48) 

Nkd J n [ Z J Nkd Jo [ Z 

For a large array (Nkd —> large), (6-48) can be approximated by extending the limits 
to infinity. That is. 


pw>p j_ rrswz) 
Nkd Jo [ z J Nkd J° L z 


Using (6-4 lb) reduces (6-48a) to 


(6-48a) 


U<) — 


2 Mr/ 


and the directivity to 


Do ~ 


U m .,, 2 Nkd 


- AN - 


Another form of (6-49), using (6-43), is 


D „» 4W - = 4 , + - _ 


L\ d 


which for a large array (L d) reduces to 


L\ ld\ '■»,! lL 


Ai“4/VI— I = 411 + -I l-l - 4 - 


(6-48b) 


(649) 


(649a) 


(649b) 


It should be noted that the directivity of the end-lire array, as given by (6-49)- 
(6-49b), is twice that for the broadside array as given by (6-42)-(6-44a). 


Example 6.4 

Given a linear, end-fire, uniform array of 10 elements (N = 10) with a separation of 
A/4 (d = A/4) between the elements, find the directivity of the array factor. This array 
is identical to the broadside array of Example 6.3. 


SOLUTION 
Using (6-49) 



lO(dimensionless) = 10 log, <>(10) = 10 dB 


This value for the directivity (D {) = 10) is approximate, based on the validity of 
(648a). However, it compares very favorably with the value of D () = 10.05 obtained 
by numerically integrating (6-45) using the computer program at the end of Chap- 
ter 2. 
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6.4.3 Hansen-Woodyard End-Fire Array 

For an end-fire array with improved directivity (Hansen-Woodyard conditions) and 
maximum radiation in the 0 = 0° direction, the radiation intensity (for small spacing 
between the elements, d <s: A) is given by (6-3 1 >— ( 6-3 1 b). The maximum radiation 
intensity is unity ((/ mux = 1), and the average radiation intensity is given by (6-34) 
where q and v are defined, respectively, by (6-29a) and (6- 34a). Using (6-29a), 
(6-34a), (6-35), and (6-37), the radiation intensity of (6-34) reduces to 


U 0 



1.8515 




which can also be written as 


0.87 1 
Nkd 


0.871 = 1.742 
Nkd ~ 2 Nkd 



(6-50) 


(6-50a) 


The average value of the radiation intensity as given by (6- 50a) is 0.554 times that 
for the ordinary end-fire array of (6-48b). Thus the directivity can be expressed, using 
(6-50a), as 


Dt\ = 


U, 


max 


U 0 


1 

= 1.805 

d\ 

AN - 

L * J 


W 


(6-51) 


which is 1.805 times that of the ordinary end-fire array as given by (6-49). Using 
(6-43), (6-51 ) can also be written as 


D () = 1.805 4/v|- 

3 ] = '- 8 ° 5 


(6-5 la) 

which for a large array (L » d) reduces to 



Id' 

D 0 = 1.805 4/vl — 

| = 1.805 


] 

il 

oc 

o 

Lh 

I 1 

i i 



(6-5 lb) 


Example 6.5 

Given a linear, end-fire (with improved directivity) Hansen-Woodyard, uniform array 
of 10 elements (N — 10) with a separation of A/4 (d = A/4) between the elements, 
find the directivity of the array factor. This array is identical to that of Examples 6.3 
(broadside) and 6.4 (ordinary end-fire ), and it is used for comparison. 


SOLUTION 


Using (6-5 1 b) 


A. = 



= 18.05(dimensionless) = 10 logn>( 18.05) = 12.56 dB 
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The value of this directivity (D 0 = 18.05) is 1.805 times greater than that of 
Example 6.4 (ordinary end- fire) and 3.578 times greater than that found in Example 
6.3 (broadside). 


Table 6.7 lists the directivities for broadside, ordinary end-fire, and Hansen- 
Woody ard arrays. 

6.5 DESIGN PROCEDURE 

In the design of any antenna system, the most important design parameters are usually 
the number of elements, spacing between the elements, excitation (amplitude and 
phase), half-power beamwidth, directivity, and side lobe level. In a design procedure 
some of these parameters are specified and the others are then determined. 

The parameters that are specified and those that are determined vary among 
designs. For a uniform array, other than for the Hansen- Woodyard end-fire, the side 
lobe is always approximately - 13.5 dB. For the Hansen-Woodyard end-fire array 
the side lobe level is somewhat compromised above the - 13.5 dB in order to gain 
about 1.805 (or 2.56 dB) in directivity. The order in which the other parameters are 
specified and determined varies among designs. For each of the uniform linear arrays 
that have been discussed, equations and some graphs have been presented which can 
be used to determine the half-power beamwidth and directivity, once the number of 
elements and spacing (or the total length of the array) are specified. In fact, some of 
the equations have been boxed or listed in tables. This may be considered more of an 
analysis procedure. The other approach is to specify the half-power beamwidth or 
directivity and to determine most of the others. This can be viewed more as a design 
approach, and can be accomplished to a large extent with equations or graphs that 
have been presented. More exact values can be obtained, if necessary, using iterative 
methods. 


Example 6.6 

Design a uniform linear scanning array whose maximum of the array factor is 30° 
from the axis of the array (0 = 30°). The desired half-power beamwidth is 2° while 
the spacing between the elements is A/4. Determine the excitation of the elements 
(amplitude and phase), length of the array (in wavelengths), number of elements, and 
directivity (in dB). 

SOLUTION 

Since the desired design is a uniform linear scanning array, the amplitude excitation 
is uniform. However, the progressive phase between the elements is, using (6-21) 

jS = — kd cos 0 O = - cos(30°) = - 1.36 radians = -77.94° 

The length of the array is obtained using an iterative procedure of (6-22) or its 
graphical solution of Figure 6.1 1. Using the graph of Figure 6. 1 1 for a scan angle of 
30° and 2° half-power beamwidth, the approximate length plus one spacing (L + d) 
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Table 6.7 DIRECTIVITIES FOR BROADSIDE AND END-FIRE ARRAYS 


Array 


BROADSIDE 


END-FIRE 

(ORDINARY) 


END-FIRE 

(HANSEN- 

WOODYARD) 


Directivity 


D ( 


D , 




iVW/A L»r/ 




A, = I. 


INml/X -* « , L » </ 

805 h(x)] = 1805 [ 4 ( l+ r/)i] 

2 NttcI/X 


-1-1 = 1.805 


of the array is 50A. For the 50A length plus one spacing dimension from Figure 6.1 1 
and 30° scan angle, (6-22) leads to a half-power beamwidth of 2.03°, which is very 
close to the desired value of 2°. Therefore, the length of the array for a spacing of 
A/4 is 49.75 A. 

Since the length of the array is 49.75A and the spacing between the elements is 
A/4, the total number of elements is 



The directivity of the array is obtained using the radiation intensity and the computer 
program DIRECTIVITY at the end of Chapter 2. and it is equal to 100.72 or 
20.03 dB. 


6.6 iV-ELEMENT LINEAR ARRAY: 
THREE-DIMENSIONAL CHARACTERISTICS 

Up to now, the two-dimensional array factor of an A-element linear array has been 
investigated. Although in practice only two-dimensional patterns can be measured, a 
collection of them can be used to reconstruct the three-dimensional characteristics of 
an array. It would then be instructive to examine the three-dimensional patterns of an 
array of elements. Emphasis will be placed on the array factor. 

6.6.1 /V- Elements Along Z-Axis 

A linear array of N isotropic elements are positioned along the z-axis and are separated 
by a distance </, as shown in Figure 6.5(a). The amplitude excitation of each element 
is a n and there exists a progressive phase excitation (3 between the elements. For far- 
field observations, the array factor can be written according to (6-6) as 

AF = 2 a ^ iH ~ nUeM ^ ' = (6-52) 

n - I n = l 


if/ = kd cos y + P 


(6-52a) 
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Z 



Figure 6.14 Linear array of N isotropic elements positioned along the A-axis. 


where the a,,’ s are the amplitude excitation coefficients and y is the angle between 
the axis of the array (c-axis) and the radial vector from the origin to the observation 
point. 

In general, the angle y can be obtained from the dot product of a unit vector 
along the axis of the array with a unit vector directed toward the observation point. 
For the geometry of Figure 6.5(a) 

cos y = a ; • a, . = 8- • (a, sin # cos (p + a v sin# sin <p + a ; cos 0) = cos 0n* y = # 

(6-53) 

Thus (6-52) along with (6-53) is identical to (6-6), because the system of Figure 6.5(a) 
possesses a symmetry around the --axis (no <p variations). This is not the case when 
the elements are placed along any of the other axes, as will be shown next. 

6.6.2 /V-E lements Along A- or Y-Axis 

To demonstrate the facility that a “sound” coordinate system and geometry can 
provide in the solution of a problem, let us consider an array of N isotropic elements 
along the x-axis, as shown in Figure 6.14. The far-zone array factor for this array is 
identical in form to that of Figure 6.5(a) except for the phase factor ip. For this 
geometry 

cos y = a, *a, = a, • (a v sin # cos (j> + a, sin# sin (f> + a. cos #) = sin #cos <f> 

(6-54) 

cos y = sin #cos (p *"> y = cos - '(sin #cos (f>) (6-54a) 
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The array factor of this array is also given by (6-52) but with y detined by 
(6-54a). For this system, the array factor is a function of both angles (9 and </>). 

In a similar manner, the array factor for N isotropic elements placed along the 
y-axis is that of (6-52) but with y defined by 


cos y = a v • a r = sin 9 sin (f > o y = cos '(sin 9 sin <j>) (6-55) 

Physically placing the elements along the z-, x-, or y-axis does not change the 
characteristics of the array. Numerically they yield identical patterns even though 
their mathematical forms are different. 


Example 6.7 

Two half-wavelength dipole (/ = A/2) are positioned along the x-axis and are separated 
by a distance d, as shown in Figure 6.15. The lengths of the dipoles are parallel to 
the c-axis. Find the total field of the array. Assume uniform amplitude excitation and 
a progressive phase difference of j8. 


SOLUTION 

The field pattern of a single element placed at the origin is given by (4-84) as 


£» = jv 


2nr 


cos 



sin 9 


Using (6-52), (6- 54a), and (6- 10c), the array factor can be written as 
sin (kd sin 9 cos <f> + /3) 


(AF)„ = 


2 sinU(fo/ sin 0cos <j> + /3)] 


Tile total field of the array is then given, using the pattern multiplication rule of 
(6-5), by 


E„, = E h ■ (AF)„ = jr) 


h\e 


In \ 
cos I — cos 0\ 

-ikr \2 / 


2nr 


sin 9 


f sin (kd sin 0 cos <£ + /?) 1 

L2 sin[A(fa/sin 0cos <f> + /3)J J 


To illustrate the techniques, the three-dimensional patterns of the two-element 
array of Example 6.7 have been sketched in Figures 6.15(a) and (b). For both, the 
element separation is A/2 (d = A/2). For the pattern of Figure 6.15(a), the phase 
excitation between the elements is identical (j 3 = 0). In addition to the nulls in the 9 
= 0° direction, provided by the individual elements of the array, there are additional 
nulls along the x-axis (9 = n/2, </» = 0 and </> = n) provided by the formation of 
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Figure 6.15 Three-dimensional patterns Tor iwn A/2 dipoles spaced A/2, ('source: P. Lor- 
rain and D, R, Corson, Electromagnetic Fields and Wm*#, 2nded., W. II Freeman and Co, 
Copyright © 1970). 


the array. The 180“ phase difference required, to form the nulls along the a- ax is is a 
result of the separation of the elements | kd = (27r/A)(A/2) = 7r]. 

To form a comparison, the three-dimensional pattern of the same array hut with 
a 1 80° phase excitation (/J = 18(f) between die elements is sketched in Figure 6.15(h), 
The overall pattern of this array is quite different from Hun shown in Figure 6.15(a). 
In addition to the nulls along the --axis (// = 0°) provided by the individual elements, 
there are nulls along the y-axis formed by the 180° excitation phase difference. 
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6.7 RECTANGULAR-TO-POLAR GRAPHICAL 
SOLUTION 

In antenna theory, many solutions are of the form 

j\£) = /(C cos y + 8) (6-56) 

where C and 8 are constants and y is a variable. For example, the approximate array 
factor of an ^/-element, uniform amplitude linear array (Equation (6-10d)| is that of 
a sin(£)/£ form with 

N N 

£ — C cos y + 8 = — ip = — ( kd cos 8 + /3) (6-57) 

where 



(6-57a) 

(6-57b) 


Usually the/(£) function can be sketched as a function of £ in rectilinear coor- 
dinates. Since £ in (6-57) has no physical analog, in many instances it is desired that 
a graphical representation of \f(£)\ be obtained as a function of the physically observ- 
able angle 8. This can be constructed graphically from the rectilinear graph, and it 
forms a polar plot. 

The procedure that must be followed in the construction of the polar graph is as 
follows: 

1. Plot, using rectilinear coordinates, the function |/(£)|. 

2. a. Draw a circle with radius C and with its center on the abscissa at £ — 8. 

b. Draw vertical lines to the abscissa so that they will intersect the circle. 

c. From the center of the circle, draw radial Lines through the points on the circle 
intersected by the vertical lines. 

d. Along the radial lines, mark off corresponding magnitudes from the linear 
plot. 

e. Connect all points to form a continuous graph. 

To better illustrate the procedure, the polar graph of the function 



57T 57T 

£ = — - cos 8 — 

2 4 


(6-58) 


has been constructed in Figure 6.16. The function f{£) of (6-58) represents the array 
factor of a 10-elemenl (N = 10) uniform linear array with a spacing of A/4 (d = A/4) 
and progressive phase shift of — 7t/4 (/3 = — 7r/4) between the elements. The con- 
structed graph can be compared with its exact form shown in Figure 6.10. 

From the construction of Figure 6. 1 6, it is evident that the angle at which the 
maximum is directed is controlled by the radius of the circle C and the variable 8. 
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Figure 6.16 Rectangular-to-polar plot graphical solution. 


For the array factor of Figure 6.16, the radius C is a function of the number of 
elements (N) and the spacing between the elements (</). In turn, 5 is a function of the 
number of elements ( N ) and the progressive phase shift between the elements (0). 
Making 5 = 0 directs the maximum toward 6 = 90° (broadside array). The part of 
the linear graph that is used to construct the polar plot is determined by the radius of 
the circle and the relative position of its center along the abscissa. The usable part of 
the linear graph is referred to as the visible region and the remaining part as the 
invisible region. Only the visible region of the linear graph is related to the physically 
observable angle 6 (hence its name). 

6.8 /V' ELEMENT LINEAR ARRAY: 

UNIFORM SPACING, NONUNIFORM AMPLITUDE 

The theory to analyze linear arrays with uniform spacing, uniform amplitude, and a 
progressive phase between the elements was introduced in the previous sections of 
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this chapter. A number of numerical and graphical solutions were used to illustrate 
some of the principles. In this section, broadside arrays with uniform spacing but 
nonuniform amplitude distribution will be considered. Most of the discussion will be 
directed toward binomial |4] and Dolph-Tschebyscheff [5] broadside arrays (also 
spelled Tchebyscheff or Chebyshev). 

Of the three distributions (uniform, binomial, and Tschebyscheff), a uniform 
amplitude array yields the smallest half-power beamwidth. It is followed, in order, by 
the Dolph-Tschebyscheff and binomial arrays. In contrast, binomial arrays usually 
possess the smallest side lobes followed, in order, by the Dolph-Tschebyscheff and 
uniform arrays. As a matter of fact, binomial arrays with element spacing equal or 
less than A/2 have no side lobes. It is apparent that the designer must compromise 
between side lobe level and beamwidth. 

A criterion that can be used to judge the relative beamwidth and side lobe level 
of one design to another is the amplitude distribution (tapering) along the source. It 
has been shown analytically that for a given side lobe level the Dolph-Tschebyscheff 
may produces the smallest beamwidth between the first nulls. Conversely , for a given 
beamwidth between the first nulls, the Dolph-Tschebyscheff design leads to the small- 
est possible side lobe level. 

Uniform arrays usually possess the largest directivity. However, superdireclive 
(or super gain as most people call them) antennas possess directivities higher than 
those of a uniform array [6J. Although a certain amount of superdirectivity is practi- 
cally possible, superdirective arrays require very large currents with opposite phases 
between adjacent elements. Thus the net total current and efficiency of each array are 
very small compared to the corresponding values of an individual element. 

Before introducing design methods for specific nonuniform amplitude distribu- 
tions, let us first derive the array factor. 


6.8.1 Array Factor 


An array of an even number of isotropic elements 2 M (where M is an integer) is 
positioned symmetrically along the z-axis. as shown in Figure 6.17(a). The separation 
between the elements is d , and M elements are placed on each side of the origin. 
Assuming that the amplitude excitation is symmetrical about the origin, the array 
factor for a nonuniform amplitude broadside array can be written as 

(AF) 2W = + < , 2<? +/(V2)Wcm* + 

q g — ,/< I /2 Mv/cos 0 ^ —ji 3/2 > Mcasff ^ 

M 

(AF) 2W = 2 2 «n cos 

/i — i 


(2a - 1) 


kd cos 0 


(6-59) 


which in normalized form reduces to 

M 

(AF) 2iV / = 2 «« cos 


(2 n ~ 1) 


kd cos 


•1 


(6-59a) 


where « <( ’s are the excitation coefficients of the array elements. 

If the total number of isotropic elements of the array is odd 2 M + I (where M 
is an integer), as shown in Figure 6.17(b), the array factor can be written as 
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(AF) 2WM = la, + i + a3f flu «*» + ... + a M ,.,e jMtiJcosft 

+ U2e -jt'l«*0 + a * e -/2hlcmB + # _ + aMn e -jMktlcosO 
A/i I 

(AF)-> m ^i = 2 ^ a„ cos[(n - I ) kd cos 0) (6-60) 

n= i 

which in normalized form reduces to 

M *■ I 

(AF) 2w+( = 2 a„ cos[(h - l)fo/cosfl] (6-60a) 

«- i 

The amplitude excitation of the center element is 2a,. 

Equations (6-59a) and (6-60a) can be written as 


(6-6 la) 


(6-6 lb) 


(6-6 lc) 


The next step will be to determine the values of the excitation coefficients ( 0 ,,’s). 


M 


(AF) 2m (even) = 2 a n cos[(2/i - I)//] 


»= i 


M+ I 


(■ AF) 2 , w+ , (odd) = 2 a » cos (2(7/ - 1 )«] 

n= i 


where 


ml 

u = — cos 6 
A 


6.8.2 Binomial Array 

The array factor for the binomial array is represented by (6-6 1 a)— (6-61 c) where the 
a„'s are the excitation coefficients which will now be derived. 


A. Excitation Coefficients 

To determine the excitation coefficients of a binomial array. J. S. Stone [4] suggested 
that the function ( I + .v)" ,_ 1 be written in a series, using the binomial expansion, as 


(1 -I- x) m ~ [ 


= 1 + (m — I)jc + 


(w — 1 )(m — 2) 
2 ! 


•> 

X* 


+ 


(m - 1 )(m — 2 )(m — 3) , 
3! 


+ • • • 


(6-62) 


The positive coefficients of the series expansion for different values of m are 
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(a) Even number of elements (b) Odd number of elements 

Figure 6.17 Nonuniform amplitude arrays of even and odd number of elements. 



The above represents Pascal’s triangle. If the values of m are used to represent the 
number of elements of the array, then the coefficients of the expansion represent the 
relative amplitudes of the elements. Since the coefficients are determined from a 
binomial series expansion, the array is known as a binomial array. 

Referring to (6-61a), (6-6 lb), and (6-63). the amplitude coefficients for the fol- 
lowing arrays are: 

1. Two elements (2M = 2) 

«, = I 

2. Three elements (2 M +1=3) 


2a \ — 2 «i = 1 

a 2 = 1 

3. Four elements (2 M = 4) 


«. - 3 
a 2 = 1 
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4. Five elements (2 M +1=5) 

2f/ 1 =6 +> r/, =3 
«2 — 4 
a* = I 

The coefficients for other arrays can be determined in a similar manner. 


B. Design Procedure 

One of the objectives of any method is its use in a design. For the binomial method, 
as for any other nonuniform array method, one of the requirements is the amplitude 
excitation coefficients for a given number of elements. This can be accomplished 
using either (6-62) or the Pascal triangle of (6-63) or extensions of it. Other figures 
of merit are the directivity, half-power beamwidth and side lobe level. It already has 
been stated that the binomial arrays do not exhibit any minor lobes provided the 
spacing between the elements is equal or less than one-half of a wavelength. Unfor- 
tunately, closed form expressions for the directivity and half-power beamwidth for 
binomial arrays of any spacing between the elements are not available. However, 
because the design using a A/2 spacing leads to a pattern with no minor lobes, 
approximate closed form expressions for the half-power beamwidth and maximum 
directivity for the d = A/2 spacing only have been derived [71 in terms of the numbers 
of elements or the length of the array, and they are given, respectively, by 


HPBW (d = A/2) = 


1.06 


1.06 


0.75 


\/N - 1 y/lUx \/Z7a 


D {) = 


i; 


7T 

COS — COS 6 


2< jV — 1 1 


sin 6 dO 


_ (2 N - 2)(2 N - 4) • • • 2 
0 ” (2 N - 3X2 N - 5) • • • 1 

Do - \J7y/N = 1 ,77V I + 2L/A 


(6-64) 

(6-65) 


(6-65a) 

(6-65b) 


These expressions can be used effectively to design binomial arrays with a desired 
half-power beamwidth or directivity. The value of the directivity as obtained using 
(6-65) to (6-65b) can be compared with the value using the array factor and the 
computer program DIRECTIVITY at the end of Chapter 2. 

To illustrate the method, the patterns of a 10-element binomial array (2 M = 10) 
with spacings between the elements of A/4, A/2. 3 A/4, and A. respectively, have been 
plotted in Figure 6.18. The patterns are plotted using (6-61 a) and (6-6 1 c) with the 
coefficients of «| = 126, a 2 = 84. a$ = 36. a A = 9, and ci<, = l. It is observed that 
there are no minor lobes for the arrays with spacings of A/4 and A/2 between the 
elements. While binomial arrays have very low level minor lobes, they exhibit larger 
beamwidths (compared to uniform and Dolph-Tschebyscheff designs). A major prac- 
tical disadvantage of binomial arrays is the wide variations between the amplitudes 
of the different elements of an array, especially for an array with a large number of 
elements. This leads to very low efficiencies, and it makes the method not very 
desirable in practice. For example, the relative amplitude coefficient of the end ele- 
ments of a 10-clemenl array is I while that of the center element is 126. Practically, 
it would be difficult to obtain and maintain such large amplitude variations among 
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0 - — j— ► o 

0 ° 



(/= Kf4 

£/-* 3 A/4 

d — X 

Figure 6.18 Array factor power patterns for a 10-olement broadside binomial 
array with /V = It) mid it = AM, A/2, 3A/4, and A. 


tlie elements, They would also lead to very inefficient antennas. Because the magni- 
tude distribution is monotnnically decreasing from the center toward the edges and 
the magnitude of the extreme elements is negligible compared to those toward the 
center, a very low side lobe level is expected. 


Example 6.8 

For a 10-element binomial array with a spacing of A/2 between the elements, whose 
amplitude pattern is displayed in Figure 6.18. determine die half-power beamwidth 
(in degrees) and the maximum directivity fin dB). Compare the answers with other 
available data. 
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SOLUTION 

Using (6-64), the half-power beamwidth is equal to 

HPBW = . 1,0 ?..= = — = 0.353 radians = 20.23° 

VlO 3 

The value obtained using the array factor, whose pattern is shown in Figure 6.18, is 
20.5° which compares well with approximate value. 

Using (6-65a), the value of the directivity is equal for /V = 10 

D 0 = 5.392 = 7.32 dB 

while the value obtained using (6-65b) is 

D {) = 1.77\/l0 = 5.597 = 7.48 dB 

The value obtained using the array factor and the computer program DIRECTIVITY 
is Do = 5.392 = 7.32 dB. These values compare favorably with each other. 


6.8.3 Dolph-Tschebyscheff Array 

Another array, with many practical applications, is the Dolph-Tschebyscheff array. 
The method was originally introduced by Dolph |51 and investigated afterward by 
others [8]-[l I]. It is primarily a compromise between uniform and binomial arrays. 
Its excitation coefficients are related to Tschebyscheff polynomials. A Dolph- 
Tschebyscheff array with no side lobes (or side lobes of — * dB) reduces to the 
binomial design. The excitation coefficients for this case, as obtained by both methods, 
would be identical. 


A. Array Factor 

Referring to (6-61a) and (6-6 lb), the array factor of an array of even or odd number 
of elements with symmetric amplitude excitation is nothing more than a summation 
of M or M + 1 cosine terms. The largest harmonic of the cosine terms is one less 
than the total number of elements of the array. Each cosine term, whose argument is 
an integer times a fundamental frequency, can be rewritten as a series of cosine 
functions with the fundamental frequency as the argument. That is. 


m = 0 
m = 1 
m — 2 
m — 3 
m = 4 
m = 5 
m — 6 
m - 7 
m — 8 

m - 9 


cos (mu) = 1 
cos(mu) = cos u 

cos (mu) = cos(2m) = 2 cos 2 u — 1 

co s(mu) = cos(3w) = 4 cos’ u — 3 cos u 

cos (mu) = cos(4m) = 8 cos 4 u — 8 cos 2 u + 1 

cos (mu) = cos(5«) = 16 cos 5 u — 20 cos 3 u + 5 cos u (6-66) 

cos (mu) = cos(6m) = 32 cos 6 u — 48 cos 4 u + 18 cos 2 w — 1 

cos (mu) = cos(7m) = 64 cos 7 a — 112 cos 5 u + 56 cos 3 u — 7 cos u 
cos(;?f«) = cos(8w) = 128 cos 8 it — 256 cos 6 u + 160 cos 4 u 

— 32 cos 2 m -l- l 


cos (mu) = cos(9m) = 256 cos 9 u - 576 cos 7 u + 432 cos 5 u 

— 1 20 cos 3 u + 9 cos u 
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The above are obtained by the use of Euler’s formula 

[e J, ‘] m — (cos u + j sin «)"’ = e i,m = cos (mu) + j sin(/m<) (6-67) 

and the trigonometric identity sin 2 u = 1 - cos 2 u. 

If we let 


- = cos u 


( 6 - 68 ) 


(6-66) can be written as 


m = 0 cos(mw) = 1 ~ 7'„(z) 

m = 1 cos (mu) = z = T\(z) 

m = 2 cos(mM) -2 z 2 — l = T 2 (z) 

m = 3 cos (mu) = 4z 3 — 3z = Tdz) 

m = 4 cos(wm) = 8z 4 — 8z 2 + 1 = T 4 (z) 

m = 5 cos (m«) = I6z 5 - 20z’ + 5z = T 5 (.z) 

m = 6 cos (w«) = 32z 6 - 48z 4 -I- I8z 2 — 1 — T 6 (z) 

m = 1 cos (m«) = 64z 7 — 1 1 2 ~ 5 + 56 z 3 — lz = Ty(z) 

m — 8 cos(mu) = 128z* — 256z° + I60z 4 — 32z 2 -I- 1 = 7#(z) 

m = 9 cos (mu) = 256 z* - 576z 7 + 432z 5 - 120z 3 + 9z = T 9 (z) 


(6-69) 


and each is related to a Tschebyscheff (Chebyshev) polynomial T„,(z). These relations 
between the cosine functions and the Tschebyscheff polynomials are valid only in the 
-1 < z < -I- 1 range. Because |cos(w«)| ^ 1, each Tschebyscheff polynomial is 
|7 m (z)| ^ 1 for - I ^ z — + 1 ■ For |z| > 1, the Tschebyscheff polynomials are 
related to the hyperbolic cosine functions. 

The recursion formula for Tschebyscheff polynomials is 


TJz) = 2 zT m -)(z) - T w _,(z) 


(6-70) 


It can be used to find one Tschebyscheff polynomial if the polynomials of the previous 
two orders are known. Each polynomial can also be computed using 


TJz) = coslm cos '(z)] 

- 1 < z ^ + 1 

T m {z) = coshfni cosh _l (z)l+ 

z < — 1 , z > + 1 


(6-7 1 a) 
(6-7 lb) 


In Figure 6.19 the first six Tschebyscheff polynomials have been plotted. The follow- 
ing properties of the polynomials are of interest: 


1. All polynomials, of any order, pass through the point (1. 1). 

2. Within the range - I < ; < I, the polynomials have values within - 1 to + 1. 

3. All roots occur within - 1 ^ z ^ 1, and all maxima and minima have values of 
-I- 1 and - 1. respectively. 

Since the array factor of an even or odd number of elements is a summation of 
cosine terms whose form is the same as the Tschebyscheff polynomials, the unknown 
coefficients of the array factor can be determined by equating the series representing 


t.r = cosh“'(y) = In I v ± <V - l) l/:: | 
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T m iz) 



the cosine terms of the array factor to the appropriate Tschebyscheff polynomial. The 
order of the polynomial should he one less than the total number of elements of the 
array. 

The design procedure will be outlined first, and it will be illustrated with an 
example. In outlining the procedure, it will be assumed that the number of elements, 
spacing between the elements, and ratio of major-to-minor lobe intensity (/?„) are 
known. The requirements will be to determine the excitation coefficients and the array 
factor of a Dolph-Tschebyscheff array. 

B. Array Design 

Statement. Design a broadside Dolph-Tschebyscheff array of 2 M or 2 Af + 1 elements 
with spacing d between the elements. The side lobes are /?« dB below the maximum 
of the major lobe. Find the excitation coefficients and form the array factor. 
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Procedure 

a. Select the appropriate array factor as given by (6-6 la) or (6-6 lb). 

b. Expand the array factor. Replace each cos (mu) function (m — 0, 1, 2. 3. . . .) by 
its appropriate series expansion found in (6-66). 

c. Determine the point z = z<, such that T m (z 0 ) = /?« (voltage ratio). The order m 
of the Tschebyscheff polynomial is always one less than the total number of 
elements. The design procedure requires that the Tschebyscheff polynomial in 
the — 1 < z — Z|, where zi is the null nearest to z = + 1. be used to represent 
the minor lobes of the array. The major lobe of the pattern is formed from the 
remaining part of the polynomial up to point z {) (Z| < z < zo)- 

d. Substitute 


cos (u) = — (6-72) 

in the array factor of step 2. The cos(m) is replaced by z/z <>. and not by z, so that 
(6-72) would be valid for |z| ^ |zo|. At jz| = | ZoU (6-72) attains its maximum 
value of unity. 

e. Equate the array factor from step 2, after substitution of (6-72), to a T m (z) from 
(6-69). The T„,(z) chosen should be of order m where m is an integer equal to one 
less than the total number of elements of the designed array. This will allow the 
determination of the excitation coefficients a„'s. 

f. Write the array factor of (6-6 1 a) or (6-6 1 b) using the coefficients found in step 5. 


Example 6.9 

Design a broadside Dolph-Tschebyscheff array of 10 elements with spacing d between 
the elements and with a major-to-minor lobe ratio of 26 dB. Find the excitation 
coefficients and form the array factor. 

SOLUTION 

1. The array factor is given by (6-6 la) and (6-6 lc). That is, 

M=5 

(AFhu = 2 rt„cos[(2n - 1)«] 


2. When expanded, the array factor can be written as 

(AF)io = aj cos(m) + a 2 cos (3 u) 

-I- cos(5«) + « 4 cos(7w) + a 5 cos(9m) 

Replace cos(n). cos(3«). cos(5m), eos(7«), and cos(9m) by their series expansions 
found in (6-66). 

3. R 0 (dB) = 26 = 20 log U) (R () ) or R n (voltage ratio) = 20. Determine Zo by 
equating /? 0 to 7i,(zo). Thus 

R () = 20 = T<,(zo) = coshl9 cosh _l (zo)| 
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-1.5 -1.0 C -0.5 o O.s .4 1.0 1.5 

U» 

Figure 6.20 Tschebyscheff polynomial of order nine (a) amplitude (b) magnitude. 


zo = cosh[i cosh '‘(20)] = 1.0851 

Another equation which can, in general, be used to find z<> and does not require 
hyperbolic functions is [8] 

(6-73) 

where P is an integer equal to one less than the number of array elements (in this 
case P = 9). Rq = HJH\ and Zo are identified in Figure 6.20. 
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4. Substitute 


cos(m) = — 

Zo 


1.0851 


in the array factor found in step 2. 

5. Equate the array factor of step 2, after the substitution from step 4, to T 9 (z). The 
polynomial Tg(z) is shown plotted in Figure 6.20. Thus 

(AF)w — 4“ 5ctj — 7o$ 4" 9 ^ 15 )/^] 

4- r'[(4«2 - 20a-, 4- 56% — 120a 5 )/z<> 3 ] 

4- r s [(l6% - 1 12% 4- 432a 5 )/co 5 ] 

4- c 7 |(64« 4 - 576a s )/2o 7 ) 

+ a(256a 5 )/2o l> ] 

= 9z - 120r* 4- 432," 5 - 576 z 7 + 256 z' 


Matching similar terms allows the determination of the a,,' s. That is, 

25taslzo = 256 ® « 5 = 2.0860 

(64% - 576rt 5 )/-„ 7 = -576 r> a $ = 2.8308 

(16 % - 112% 4- 432fl 5 )/co 5 = 432 => % = 4. 1 1 84 

(4% - 20% 4- 56% - I20a 5 )/zo 5 = - 120 = 5.2073 

(a | — 3% 4- 5% — 7% 4- 9%)/Z() = 9 o « , = 5.8377 

In normalized form, the a„ coefficients can be written as 


% = 1 


a 5 = 0.357 

% = 1.357 


% = 0.485 

% = 1.974 

or 

% = 0.706 

a 2 = 2.496 


a 2 = 0.890 

o, = 2.798 


«i = 1 


The first (left) set is normalized with respect to the amplitude of the elements at 
the edge while the other (right) is normalized with respect to the amplitude of the 
center element. 

6. Using the first (left) set of normalized coefficients, the array factor can be written 
as 


(AF)j 0 = 2.798 cos(m) 4- 2.496 cos(3w) 4- 1 .974 cos(5«) 
4- 1.357 cos(7m) 4- cos(9 w) 

where u = |( 7 rr//A)cos 0|. 


The array factor patterns of Example 6.9 for d — A/4 and XJ2 are shown plotted 
in Figure 6.2 1 . Since the spacing is less than A (d < A), maxima exist only at broadside 
(0 = 90°). However when the spacing is equal to \(d = A), two more maxima appear 
(one toward 0 = 0° and the other toward 0 = 180°). For d = A the array has four 
maxima, and it acts as an end-fire as well as a broadside array. 
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l BO 0 


.V = 10 

4 = X/4 

4 = \/2 

Figure 6.21 Array factor power pattern of a 10 -element broadside Dolph- 
Tsehebyscheff array. 


To hotter illustrate how the pattern of a Dolph-Tschebyscheff array is formed 
From the TschebyschelT polynomial, lei us again consider the 10-element array whose 
corresponding Tschebyscheff polynomial is of order 9 and is shown plotted in Figure 
6.20. The abscissa of Figure 6.20. in terms of the spacing beLween Lite elements (d) 
and the angle 0, is given by (6-72) or 



For d ~ A/4. A/2, 3A/4. and A the values of z for angles from 6 = 0° to 90° to 
180° are shown tabulated in Table 6.8. Referring to Table 6.8 and Figure 6.20, it is 
interesting to discuss the pattern formation lor the different spacings. 

1. d = A/4, N = 10, /? t) = 20 

At 0 - 0° die value of z is equal to 0.7673 Ipoint A). As d attains larger values. 
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Table 6.8 VALUES OF THE ABSCISSA z AS A FUNCTION OF (I FOR A 


10-ELEMENT DOLPH-TSCHEBYSCHEFF ARRAY WITH R u = 20 


0 

3 

It 

d = A/2 

d = 3 A/4 

d = A 

z(Eq. 6-74) 

z fEq. 6-74) 

z (Eq. 6-74) 

z(Eq.6-74) 

0 ° 

0.7673 

0.0 

- 0.7673 

- 1.0851 

10 ° 

0.7764 

0.0259 

- 0.7394 

- 1.0839 

20 ° 

0.8028 

0.1026 

- 0.6509 

- 1.0657 

30 ° 

0.8436 

0.2267 

- 0.4912 

- 0.9904 

40 ° 

0.8945 

0.3899 

- 0.2518 

- 0.8049 

50 ° 

0.9497 

0.5774 

0.0610 

- 0.4706 

60 ° 

1 .0025 

0.7673 

0.4153 

0.0 • 

o 

o 

1.0462 

0.9323 

0,7514 

0.5167 

80 ° 

1.0750 

1.0450 

0.9956 

0.9276 

90 ° 

1.0851 

1.0851 

1.0851 

1.0851 

100 ° 

1.0750 

1 .0450 

0.9956 

0.9276 

110 ° 

1.0462 

0.9323 

0.7514 

0.5167 

120 ° 

1.0025 

0.7673 

0.4153 

0.0 

130 ° 

0.9497 

0.5774 

0.0610 

- 0.4706 

140 ° 

0.8945 

0.3899 

- 0.2518 

- 0.8049 

150 ° 

0.8436 

0.2267 

- 0.4912 

- 0.9904 

160 ° 

0.8028 

0.1026 

- 0.6509 

- 1.0657 

170 ° 

0.7764 

0.0259 

- 0.7394 

- 1.0839 

180 ° 

0.7673 

0.0 

- 0.7673 

- 1.0851 


z increases until it reaches its maximum value of 1 .085 1 for ft = 90°. Beyond 90°. z 
begins to decrease and reaches its original value of 0.7673 for 0 — 180°. Thus for d 
— A/4, only the Tschebyschet’f polynomial between the values 0.7673 ^ ^ 1.0851 

(A < z ^ Co) is used to form the pattern of the array factor. 

2. d = A/2. N = !(),/?„ = 20 

At ft = 0° the value of z is equal to 0 (point B). As 6 becomes larger, z increases 
until it reaches its maximum value of 1 .085 1 for (i = 90°. Beyond 90°, z decreases 
and comes back to the original point for 0 = 180°. For d = A/2, a larger part of the 
Tschebyscheff polynomial is used (0 ^ z < 1.0851; B ^ ?„). 

3. d = 3 A/4. N = 10, /?„ = 20 

For this spacing, the value of z for $ = 0° is -0.7673 (point C), and it increases 
as ft becomes larger. It attains its maximum value of 1.0851 at ft = 90°. Beyond 90°. 
it traces back to its original value ( — 0.7673 ^ z«: C < - < Zo). 

4. d = A. /V = !(),/?„ = 20 

As the spacing increases, a larger portion of the Tschebyscheff polynomial is 
used to form the pattern of the array factor. When d — A. the value of z for 0 = 0° 
is equal to - 1.0851 (point D) which in magnitude is equal to the maximum value of 
z. As 6 attains values larger than 0°. z increases until it reaches its maximum value of 
1.0851 for 0 = 90°. At that point the polynomial (and thus the array factor) again 
reaches its maximum value. Beyond 6 = 90°. z and in turn the polynomial and array 
factor retrace their values ( - 1 .085 1 < - < +1 .085 1 ; D < - < Zo). For d = A there 
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are four maxima, and a broadside and an end-fire array have been formed simul- 
taneously. 

It is often desired in some Dolph-Tschebyscheff designs to take advantage of the 
largest possible spacing between the elements while maintaining the same level of all 
minor lobes, including the one toward 6 = 0° and 180°. In general, as well as in 
Example 6.8, the only minor lobe that can exceed the level of the others, when the 
spacing exceeds a certain maximum spacing between the elements, is the one toward 
end-fire (0 = 0° or 180° or - = — 1 in Figure 6.19 or Figure 6.20). The maximum 
spacing which can be used while meeting the requirements is obtained using (6-72) 
or 


z = Zo cos(w) = So cos 



(6-75) 


The requirement not to introduce a minor lobe with a level exceeding the others is 
accomplished by utilising the Tschcbyscheff polynomial up to. but not going beyond 
,- = - 1. Therefore, for 0-0° or 180° 


- I 



(6-76) 


or 



(6-7 6a) 


The excitation coefficients of a Dolph-Tschebyscheff array can be derived using 
various documented techniques [9j-[ 1 11 and others. One method, whose results are 
suitable for computer calculations, is that by Barbiere [9], The coefficients using this 
method can be obtained using 


M 


2 (-i f 


a„ = 




SI 


(q + M - 2)!(2 M - I) 

(q - n)\{q 4- n — 1 )\(M - q)\ ^ ^ a ) 

for even 2 M elements 
n = 1.2,... A/ 


(q + M - 2)\(2 M) 


° ejq ~ n)\(q + n - 2 )\(M - q + I)! 

for odd 2 M + 1 elements 

n = 1,2,... A/ + I 

(6-77b) 


where e. 


__ [2 n = I 

" [1 n* 1 


C. Beamwidth and Directivity 

For large Dolph-Tschebyscheff arrays scanned not too close to end-fire and with side 
lobes in (he range from -20 to -60 dB, (he half-power beamwidth and directivity 
can be found by introducing a beam broadening factor given approximately by (2j 
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(6-78) 

where R 0 is the major-to-side lobe voltage ratio. The beam broadening factor is plotted 
in Figure 6.22(a) as a function of side lobe level (in dB). 

The half-power beamwidth of a Dolph-Tschebyscheff array can be determined 
by 

1. calculating the beamwidth of a uniform array (of the same number of elements 
and spacing) using (6-22a) or reading it off Figure 6.1 1 

2. multiplying the beamwidth of part ( 1 ) by the appropriate beam broadening factor 
/ computed using (6-78) or reading it off Figure 6.22(a) 

The same procedure can be used to determine the beamwidth of arrays with a cosine- 
on-pedestal distribution (2]. 

The beam broadening factor / can also be used to determine the directivity of large 
Dolph-Tschebyscheff arrays, scanned near broadside, with side lobes in the —20 to 
-60 dB range [2J. That is. 


(6-79) 


which is shown plotted in Figure 6.22(b) as a function of L + d (in wavelengths). 
From the data in Figure 6.22(b) it can be concluded that: 

The directivity of a Dolph-Tschebyscheff array, with a given side lobe level, 
increases as the array size or number of elements increases. 

For a given array length, or a given number of elements in the array, the directivity 
does not necessarily increase as the side lobe level decreases. As a matter of fact, 
a — 15 dB side lobe array has smaller directivity than a -20 dB side lobe array. 
This may not be the case for all other side lobe levels. 

The beamwidth and the directivity of an array depend linearly, but not necessarily 
at the same rate, on the overall length or total number of elements of the array. 
Therefore, the beamwidth and directivity must be related to each other. For a uniform 
broadside array this relation is f2] 

(6-80) 

where 0,/ is the 3-dB beamwidth (in degrees). The above relation can be used as a 
good approximation betwen beamwidth and directivity for most linear broadside 
arrays with practical distributions (including the Dolph-Tschebyscheff array). Equa- 
tion (6-80) states that for a linear broadside array the product of the 3-dB beamwidth 
and the directivity is approximately equal to 100. This is analogous to the product of 
the gain and bandwidth for electronic amplifiers. 



1 . 

2 . 
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<u) Beam broadening factor 



40 dB 
60 dB 
30 dB 


20 dB 


ISdB 


S 10 30 100 300 1000 


Array length [ (L + d)/A I 
(b) Directivity 

Figure 6.22 Beam broadening factor and directivity of 
Tschebysche IT arrays, (source: R. S. Elliott, “Beam width 
and Directivity of Large Scanning Arrays,’’ First of Two 
Parts, The Microwave Journal, December 1963). 
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D. Design 

The design of a Dolph-Tschebyscheff array is very similar to those of other methods. 
Usually a certain number of parameters is specified, and the remaining are obtained 
following a certain procedure. In this section we will outline an alternate method that 
can be used, in addition to the one outlined and followed in Example 6.9, to design 
a Dolph-Tschebyscheff array. This method leads to the excitation coefficients more 
directly. 


Specify 

a. The side lobe level (in dB). 

b. The number of elements. 


Design Procedure 

a. Transform the side lobe level from decibels to a voltage ratio using 

/?„ (Voltage Ratio) = [/?«,( V7?)] = 10**®*™ (6-81) 

b. Calculate P, which also represents the order of the Tschebyscheff polynomial, 
using 

P = number of elements — 1 


c. 


d. 

e. 

f. 


g- 


h. 


i. 

J- 

k. 


Determine : 0 using (6-73) or 

So = cosh 


cosh 1 (/?o(W?)) 


(6-82) 


Calculate the excitation coefficients using (6-77a) or (6-77b). 

Determine the beam broadening factor using (6-78). 

Calculate the half-power beamwidth of a uniform array with the same number of 
elements and spacing between them. 

Find the half-power beamwidth of the Tschebyscheff array by multiplying the 
half-power beamwidth of the uniform array by the beam broadening factor. 

The maximum spacing between the elements should not exceed that of (6-76a). 
Determine the directivity using (6-79). 

The number of complete minor lobes for the three-dimensional pattern on either 
side of the main maximum, using the maximum permissible spacing, is equal to 
N - I. 

Calculate the array factor using (6-6 la) or (6-61 b). 


This procedure leads to the same results as any other. 


Example 6.10 

Calculate the half-power beamwidth and the directivity for the Dolph-Tschebyscheff 
array of Example 6.9 for a spacing of A/2 between the elements. 


SOLUTION 
From Example 6.9, 

/?„ = 26 dB o R 0 - 20 (voltage ratio) 
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Using (6-78) or Figure 6.22(a), the beam broadening factor/ is equal to 
/ = 1.079 

According to (6-22a) or Figure 6.1 1, the beamwidth of a uniform broadside array 
with L + d = 5A is equal to 

0,, = 10.17° 

Thus the beamwidth of a Dolph-Tschebyscheff array is equal to 
0,, = 10.17°/= 10. 17°(1.079) = 10.97° 

The directivity can be obtained using (6-79), and it is equal to 

2(20) 2 

D ( ) — = 9.18(dimensionless) = 9.63 dB 

1 + [(20)- - 1]-^- 

which closely agrees with the results of Figure 6.22(b). 


6.9 SUPERDIRECTIVITY 

Antennas whose directivities are much larger than the directivity of a reference antenna 
of the same size are known as superdirective antennas. Thus a superdi recti ve array is 
one whose directivity is larger than that of a reference array (usually a uniform array 
of the same length). In an array, superdirectivity is accomplished by inserting more 
elements within a fixed length (decreasing the spacing). Doing this, leads eventually 
to very large magnitudes and rapid changes of phase in the excitation coefficients of 
the elements of the array. Thus adjacent elements have very large and oppositely 
directed currents. This necessitates a very precise adjustment of their values. Asso- 
ciated with this are increases in reactive power (relative to the radiated power) and 
the Q of the array. 

6.9.1 Efficiency and Directivity 

Because of the very large currents in the elements of superdirective arrays, the ohmic 
losses increase and the antenna efficiency decreases very sharply. Although practically 
the ohmic losses can be reduced by the use of superconductive materials, there is no 
easy solution for the precise adjustment of the amplitudes and phases of the array 
elements. High radiation efficiency superdirective arrays can be designed utilizing 
array functions that are insensitive to changes in element values [12]. 

In practice, superdirective arrays are usually called supergam. However, super- 
gain is a misnomer because such antennas have actual overall gains (because of very 
low efficiencies) less than uniform arrays of the same length. Although significant 
superdirectivity is very difficult and usually very impractical, a moderate amount can 
be accomplished. Superdireclive antennas are very intriguing, and they have received 
much attention in the literature. 

The length of the array is usually the limiting factor to the directivity of an array. 
Schelkunoff [13] pointed out that theoretically very high directivities can be obtained 
from linear end-fire arrays. Bowkamp and de Bruijn [14], however, concluded that 
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theoretically there is no limit in the directivity of a linear antenna. More specifically, 
Riblet [81 showed that Dolph-Tschebyscheff arrays with element spacing less than 
A/2 can yield any desired directivity, A numerical example of a Dolph-Tschebyscheff 
array of nine elements, A/32 spacing between the elements (total length of A/4), and 
a 1/19.5 ( — 25.8 dB) side lobe level was carried out by Yarn [6]. It was found that to 
produce a directivity of 8.5 times greater than that of a single element, the currents 
on the individual elements must be on the order of 14 X 10 ft amperes and their values 
adjusted to an accuracy of better than one part in 1 0 1 1 . The maximum radiation 
intensity produced by such an array is equivalent to that of a single element with a 
current of only 19.5 X 10 ’ amperes. If the elements of such an array are 1-cm 
diameter, copper, A/2 dipoles operating at 10 MHz. the efficiency of the array is less 
than I0“ l4 %. 

6.9.2 Designs With Constraints 

To make the designs more practical, applications that warrant some superdirectivity 
should incorporate constraints. One constraint is based on the sensitivity factor, and 
it was utilized for the design of superdirective arrays [I5|. The sensitivity factor 
(designated as K) is an important parameter which is related to the electrical and 
mechanical tolerances of an antenna, and it can be used to describe its performance 
(especially its practical implementation). For an jV-element array, such as that shown 
in Figure 6.5(a), it can be written as [ 1 5 1 


(6-83) 


where a„ is the current excitation of the nth element, and r'„ is the distance from the 
nth element to the far-field observation point (in the direction of maximum radiation). 

In practice, the excitation coefficients and the positioning of the elements, which 
result in a desired pattern, cannot be achieved as specified. A certain amount of error, 
both electrical and mechanical, will always be present. Therefore the desired pattern 
will not be realized exactly, as required. However, if the design is accomplished based 
on specified constraints, the realized pattern will approximate the desired one within 
a specified deviation. 

To derive design constraints, the realized current excitation coefficients c„'s are 
related to the desired ones afs by 

c„ = a„ + a„a n = a„( 1 + a„) (6-83a) 

where a„«„ represents the error in the nth excitation coefficient. The mean square 
value of «„ is denoted by 

<r = <W> 2 (6-83b) 

To take into account the eiTor associated with the positioning of the elements, we 
introduce 



, _ (k<r ) 2 
s ~ 


(6-83c) 
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where <r is the root-mean-square value of the element position error. Combining 
(6-83b) and <6-83c) reduces to 

A : = S 2 + c 2 (6-83d) 


where A is a measure of the combined electrical and mechanical errors. 
For uncorrelated errors [15) 


, average radiation intensity of realized pattern 
K A — 

maximum radiation intensity of desired pattern 
If the realized pattern is to be very close to the desired one, then 


KA 2 <f: 1 


A 



(6-83e) 


Equation (6-83e) can be rewritten, by introducing a safety factor S , as 



(6-83f) 


S is chosen large enough so that (6-83e) is satisfied. When A is multiplied by 100, 
IOOA represents the percent tolerance for combined electrical and mechanical errors. 

The choice of the value of S depends largely on the required accuracy between 
the desired and realized patterns. For example, if the focus is primarily on the reali- 
zation of the main beam, a value of S = 10 will probably be satisfactory. For side 
lobes of 20 dB down, S should be about 1,000. In general, an approximate value of 
S should be chosen according to 


S — 10 X 10 w, ° 


(6-83g) 


where b represents the pattern level (in dB down) whose shape is to be accurately 
realized. 

The above method can be used to design, with the safety factor K constrained to 
a certain value, arrays with maximum directivity. Usually one first plots, for each 
selected excitation distribution and positioning of the elements, the directivity D of 
the array under investigation versus the corresponding sensitivity factor K (using 
6-83) of the same array. The design usually begins with the excitation and positioning 
of a uniform array (i.e., uniform amplitudes, a progressive phase, and equally spaced 
elements). The directivity associated with it is designated as D<> while the correspond- 
ing sensitivity factor, computed using (6-83), is equal to K n = I IN. 

As the design deviates from that of the uniform array and becomes superdirective, 
the values of the directivity increase monotonically with increases in K. Eventually a 
maximum directivity is attained (designated as D max ). and it corresponds to a K = 

i beyond that point (K > K mm ), the directivity decreases monotonically. The 
antenna designer should then select the design for which D 0 < D < D max and K { > = 

I /N<K<K mM . 

The value of D is chosen subject to the constraint that K is a certain number 
whose corresponding tolerance error A of (6-83f ), for the desired safety factor S, can 
be achieved practically. Tolerance errors of less than about 0.3 percent are usually 
not achievable in practice. In general, the designer must trade-off between directivity 
and sensitivity factor: larger D’s (provided D ^ D mas ) result in larger K's (K ^ 
K mtiX ). and vice-versa. 
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A number of constrained designs can be found in [15]. For example, an array of 
cylindrical monopoles above an infinite and perfectly conducting ground plane was 
designed for optimum directivity at / = 30 MHz, with a constraint on the sensitivity 
factor. The spacing d between the elements was maintained uniform. 

For a four-element array, it was found that for d — 0.3A the maximum directivity 
was 14.5 dB and occurred at a sensitivity factor of K = 1. However for d = 0.1 A 
the maximum directivity was up to 15.8 dB. with the corresponding sensitivity factor 
up to about 1 0\ At K {) = 1 IN = 1/4. the directivities for d = OJA and 0.1A were 
about 1 1 .3 and 8 dB, respectively. When the sensitivity factor was maintained constant 
and equal to K = 1, the directivity for d = OJA was 14.5 dB and only 1 1.6 dB for 
d = 0. 1 A. It should be noted that the directivity of a single monopole above an infinite 
ground plane is twice that of the corresponding dipole in free-space and equal to about 
3.25 (or about 5.1 dB). 

6.10 PLANAR ARRAY 

In addition to placing elements along a line (to form a linear array), individual radiators 
can be positioned along a rectangular grid to form a rectangular or planar array. Planar 
arrays provide additional variables which can be used to control and shape the pattern 
of the array. Planar arrays are more versatile and can provide more symmetrical 
patterns with lower side lobes. In addition, they can be used to scan the main beam 
of the antenna toward any point in space. Applications include tracking radar, search 
radar, remote sensing, communications, and many others. 


6.10.1 Array Factor 

To derive the array factor for a planar array, let us refer to Figure 6.23. If M elements 
are initially placed along the x-axis, as shown in Figure 6.23(a), the array factor of it 
can be written according to (6-52) and (6-54) as 

M 

AF = 2 -IKW.rfn*o*+Al (6-84) 

m = I 


where is the excitation coefficient of each element. The spacing and progressive 
phase shift between the elements along the Jt-axis are represented, respectively, by d x 
and p x . If N such arrays are placed next to each other in the y-direction, a distance d y 
apart and with a progressive phase /3 V , a rectangular array will be formed as shown 
in Figure 6.23(b). The array factor for the entire planar array can be written as 


iV M 

AF = 2 l\n 2 / m IMW,»in«cos^+A) 

ti ~ I m - I 




(6-84a) 


or 


where 


AF= S^.S 


Wt ~ V/f 


(6-85) 


M 

S Mn = 2 l m \ 

fit ~ 1 


(6-85a) 
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H 

S y „ = 2 i Uie j<"-Uik<hM n *+fi> (6-85b) 

n = I 

Equation (6-85) indicates that the pattern of a rectangular array is the product of the 
array factors of the arrays in the .r- and y-directjons. 

If the amplitude excitation coefficients of the elements of the array in the y- 
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direction are proportional to those along the a*, the amplitude of the (/?/. »)th element 
can be written as 


Imn — ( 6 - 86 ) 

If in addition the amplitude excitation of the entire array is uniform = /<»), (6- 
84a) can be expressed as 

XI N 

Ap = / () ^ e^"‘~ 0(W,sin»ci)s</>+A) ^ e j(n - I )(*</, sintfsin^-t-fl,) (6-87) 

m = I /i = I 

According to (6-6), (6-10), and (6- 10c), the normalized form of (6-87) can also be 
written as 


( 6 - 88 ) 


(6-88a) 
(6-88b) 

When the spacing between the elements is equal or greater than A/2, multiple 
maxima of equal magnitude can be formed. The principal maximum is referred to as 
the major lobe and the remaining as the grating lobes. A grating lobe is defined as 
“a lobe, other than the main lobe, produced by an array antenna when the inter 
element spacing is sufficiently large to permit the in-phase addition of radiated fields 
in more than one direction.” To form or avoid grating lobes in a rectangular array, 
the same principles must be satisfied as for a linear array. To avoid grating lobes in 
the x-z and y-z planes, the spacing between the elements in the x- and y-directions, 
respectively, must be less than A/2 (d x < A/2 and d v < A/2). 

For a rectangular array, the major lobe and grating lobes of S xm and S y „ in (6-85a) 
and (6-85b) are located at 

kd x sin 0cos <P + \ 3, = ±2mir m — 0, 1, 2, . . . (6-89a) 

kd v sin 0 sin -I- 0 V = ±2tnr n = 0, 1, 2, . . . (6-89b) 

The phases /3, and j3 v are independent of each other, and they can be adjusted so that 
the main beam of S xm is not the same as that of 5 V „. However, in most practical 
applications it is required that the conical main beams of S. vm and S v „ intersect and 
their maxima be directed toward the same direction. If it is desired to have only one 
main beam that is directed along 0 = 0 () and <f> = </>„, the progressive phase shift 
between the elements in the x- and y-directions must be equal to 


AF„(0, t}>) = 


sin I 
1 \ 

?* 

)| 

f • / 

sin 1 

1 \ 



M 

sin 

(f) 


N 

sin 

(f) 



where 

t/r, — kd x sin 0 cos <^> -I- f3 x 
ip.. = kd y sin 0 sin <p + /3 V 


/3 t = —kd v sin 0 () cos c/>n 
/3 r = - kd v sin 0 O sin <h> 


(6-90a) 

(6-90b) 
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When solved simultaneously, (6-90a) and (6-90b) can also be expressed as 


tan <f > » 
sin 2 0 O 


Pyd* 

fix dy 

IpA 2 . I 

\Mv/ \Wv/ 


(6-9 1 a) 
(6-9 lb) 


The principal maximum (m = n — 0) and the grating lobes can be located by 


kd x ( sin 0cos (f> — sin 0 O cos 0t>) = ±2m7r. m = 0, 1, 2, . . . (6-92a) 

kdy( sin 0sin </> - sin 0 O sin </>,,) = ±2n7r, n = 0. 1, 2, . . . (6-92b) 


sin 0 cos <i> - sin 6 0 cos <f> 0 = 



sin 0 sin <£ - sin 0 O sin = 



w = 0, f, 2, . . . (6-93a) 

n = 0. 1, 2 (6-93b) 


which, when solved simultaneously, reduce to 


4> = tan ‘ 1 


sin flo sin <A) ± /iA/d v 
sin 0 (1 cos <b 0 — wA/r/,. 


and 


(6-94a) 


sin 0 () cos ± mkld x 

. _ | 

sin 0 () sin <&, ± nhld y 

= sin 1 

COS (f> 

sin <t> 


(6-94b) 


In order for a true grating lobe to occur, both forms of (6-94b) must be satisfied 
simultaneously (i.e., lead to the same 0 value). 

To demonstrate the principles of planar array theory, the three-dimensional pattern 
of a 5 X 5 element array of uniform amplitude. /}, = /3 V = 0, and d x — d y = A/4, 
is shown in Figure 6.24. The maximum is oriented along 0 O = 0° and only the pattern 
above the x-y plane is shown. An identical pattern is formed in the lower hemisphere 
which can be diminished by the use of a ground plane. 

To examine the pattern variation as a function of the element spacing, the three- 
dimensional pattern of the same 5X5 element array of isotropic sources with d x = 
d y — A/2 and /?, = /3 V = 0 is displayed in Figure 6.25. As contrasted with Figure 
6.24, the pattern of Figure 6.25 exhibits complete minor lobes in all planes. Figure 
6.26 displays the corresponding two-dimensional elevation patterns with cuts at 
<f> = 0° {x-z plane), $ = 90° (v-z plane), and </> = 45°. The two principal patterns 
( (f> = 0° and (f> = 90°) are identical. The patterns of Figures 6.24 and 6.25 display a 
four-fold symmetry. 

As discussed previously, arrays possess wide versatility in their radiation char- 
acteristics. The most common characteristic of an array is its scanning mechanism. 
To illustrate that, the three-dimensional pattern of the same 5x5 element array, with 
its maximum oriented along the 0 O = 30°, <f) 0 = 45°, is plotted in Figure 6.27. The 
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x~: plane <0 = 0° 1 y-z plane 1 0 = VO" I 

Figure 6.24 Three-dimensional antenna pattern of a planar array of isotropic elements with 
a spacing of </, - d, — A/4, and equal amplitude and phase excitations. 


element spacing is d A = d v — A/2. The maxinuim is found in the first quadrant of the 
upper hemisphere. The small ring around the vertical axis indicates the maximum 
value of the pattern along that axis (0 = 0°). The two-dimensional patterns are shown 
in Figure 6.28, and they exhibit only a two-fold symmetry. The principal plane pattern 
( <f> = 0° or (f) = 90°) is normalized relative to the maximum which occurs at 0„ = 
30°, </>„ = 45°. Us maximum along the principal planes (<t> = 0° or </> = 90°) occurs 
when 0 = 2 1 1 * and it is 17.37 dB down from the maximum at 0 Q - 30°, <fr> = 45°. 

To illustrate the formation of the grating lobes, when the spacing between the 
elements is large, the three-dimensional pattern of the 5 X 5 element array with d x 
= d x . — A and — 0 arc displayed in Figure 6.29. Us corresponding two- 

dimensional elevation patterns at 4> = 0° ((f> = 90°) and </> = 45° are exhibited in 
Figure 6.30. Besides the maxima along 0 = 0° and 0 — 180°, additional maxima 
with equal intensity, referred to as grating lobes . appear along the principal planes 
(x-z and y-z planes) when 0 = 90°. Further increase of the spacing to d x - d v = 2 A 
would result in additional grating lobes. 

The array factor of the planar array has been derived assuming that each element 
is an isotropic source. If the antenna is an array of identical elements, the total field 
can be obtained by applying the pattern multiplication rule of (6-5) in a manner similar 
as lor the linear array. 

When only the central clement of a large planar array is excited and the others 
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A Rely live 
magnitude 



v-r plane (0 - 0° ) y-z plane (0 = 90*) 

Figure 6.25 Three-dimensional antenna pattern of a planar array of isotropic elements with 
a spacing of t/, = t/, = A/2, and equal amplitude and phase excitations. 


are passively terminated, it has been observed experimentally that additional nulls in 
tlie pattern of the element are developed which are not accounted tor by theory which 
does not include coupling. The nulls were observed to become deeper and narrower 
116] as the number of elements surrounding the excited element increased and ap- 
proached a large array. These effects became more noticeable for arrays of open 
waveguides. It has been demonstrated 1 1 7] that dips at angles interior to grating lobes 
are formed by coupling through surface wave propagation. The coupling decays very 
slowly with distance, so that even distant elements from the driven elements experi- 
ence substantial parasitic excitation. The angles where these large variations occur 
can be placed outside scan angles of interest by choosing smaller element spacing 
than would be used in the absence of such coupling. Because of the complexity of 
the problem, it will not be pursued here any further but the interested reader is referred 
to the published literature. 

6.10.2 Beamwidth 

The task of finding the beamwidth of nonuniform amplitude planar arrays is quite 
formidable. Instead, a very simple procedure will be outlined which can be used to 
compute these parameters for large arrays whose maximum is not scanned too far off 
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180° 


90° 


0 = 0° (x-z plune) 

0 = 90° o -r plane) 

0 = 45 ° 

d x - - X/2 

0.v - 0 , =0 

A/ = *V “ 5 

Figure 6.26 Two-dimensional antenna patterns of a planar array of isotropic elements with 
a spacing of d x — d v — A/2, and equal amplitude and phase excitations. 


broadside. The method [18] utilizes results of a uniform linear array and the beam 
broadening factor of the amplitude distribution. 

The maximum of the conical main beam of the array is assumed to be directed 
toward d>o as shown in Figure 6.3 1 . To define a beamwidth, two planes are chosen. 
One is the elevation plane defined by the angle <f> = <&> and the other is a plane that 
is perpendicular to it. The corresponding half-power beamwidth of each is designated, 
respectively, by 0,, and ¥/,. For example, if the array maximum is pointing along 
Bq = tt/2 and </><, = rr/2. 0/, represents the beamwidth in the y-z plane and the 
beamwidth in the jr-y plane. 

For a large array, with its maximum near broadside, the elevation plane half- 
power beamwidth 0,, is given approximately by [18] 
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Relative 

magnitude 





.v-r plane (0 = 0°) y-z plane (0 = 90° ) 

Figure 6.27 Three-dimensional antenna pattern of a planar array of isotropic ele- 
ments with a spacing of </, - d y = A/2, equal amplitude, and progressive phase 
excitation. 



where 0 rfJ represents the half-power beamwidth of a broadside linear array of M 
elements. Similarly, 0,o represents the half-power beamwidth of a broadside array of 
N elements. 

The values of ( M )<« and 0 >o can be obtained by using previous results. For a 
uniform distribution, for example, the values of 0*0 and 0*, can be obtained by using, 
respectively, the lengths (L t + d x )l A and (L y + d y )l . A and reading the values from the 
broadside curve of Figure 6.1 1. For a Tschebyscheff distribution, the values of 0*o 
and 0 X<) are obtained by multiplying each uniform distribution value by the beam 
broadening factor of (6-78) or Figure 6.22(a). The same concept can be used to obtain 
the beamwidth of other distributions as long as their corresponding beam broadening 
factors are available. 

For a square array (M = N. 0*o = 0,o). (6-95) reduces to 

0* = 0,o sec 0 O = 0,0 sec 0 O (6-95a) 

Equation (6-95a) indicates that for 0 O > 0 the beamwidth increases proportionally to 
sec 0 ( ) = 1/cos 0o . The broadening of the beamwidth by sec 0 O , as 0 () increases, is 
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180 ° 


' 0 = 0° (x-r plane) 

$ = 90° O'-z plane) 

ij> = 45° 

</,=</,= A/2 

0* = 0, =-»/(2v/I) 

0 O = 30°. tfo = 45* 

:V/ = .V = 5 

Figure 6.28 Two-dimensional antenna patterns of a planar array of isotropic elements with 
a spacing of </,. = </ v . = A/2, equal amplitude, and progressive phase excitation. 


consistent with the reduction by cos 9 {) of the projected area of the array in the pointing 
direction. 

The half-power beamwidth in the plane that is perpendicular to the <f> = <f\> 
elevation, is given by [ 18] 



and it does not depend on 0». For a square array, (6-96) reduces to 


Vr, = fcU = ©>o 


(6-96a) 
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x-i plane (0 = 0°1 ¥~- plane (0 = 90 s ) 

Figure 6.29 Tliree-dimensiunul antenna pattern nf a planar array of isotropic elements with 
a Spacing of tl y ~ <V, = A, and equal amplitude and phase excitations. 


The values of 0 d) and C H > V( , are the same as in (6-951 and (6-95 a). 

For a planar array, it is useful to define a beam solid angle Q A by 

Q,4 = ® ;! % (6-97) 

as it was done in (2^23>. (2-24). and (2-26a). Using (6-95) and (6-96), (6-97 ) can be 
expressed as 


n _ sec ft, 

a l ^ 

_ i . 2 , 

sir'- 4 + —j cos' epo 
v/jbO 

1/2 

sin 3 4 + cos 3 4 

L u vo 

in 


6J0.3 Directivity 


The directivity of the array factor AF(f), 4 whose major beam is pointing in the 
0 = 0,) and tf) = 4 direction, can be obtained by employing ibe definition of (2-22) 
and writing it as 


On = 


J 'V r? 

n Jo 


4 tt[ AF( P ( j, 4)1 |AF(f)o, 4)l*| 


n-i-iix 


[AF(tf. ib)\ [AF(0, 41* sin 0 Jt) d r/> 


(6-99) 




6.10 Planar Array 310 


0 ' f » 0 


0 “ 



* ^ = 0“ (x-r plant; i 

<j) = 90" 0*»i plane) 

* = 45° 

tty ~ tty — X 

01 = flf = Q 
M=N= 5 

Figure 6.30 Two-dimensional antenna patterns oJ a planar array of isotropic elements with 
a spacing oft/, - </,, = A, and equal amplitude and phase excitations. 


A novel method has been introduced | 1 0J for integrating the terms of the directivity 
expression for isotropic and conical patterns. 

As in the case of the beam width, the task of evaluating (6*99) for nonuniform 
amplitude distribution is formidable. Instead, a very simple procedure will be outlined 
to compute the directivity of a planar array using data from linear arrays. 

It should be pointed out that the directivity of an array wilh bidirectional (two- 
sided pattern in free space) would he hall' the directivity of the same array with 
unidirectional (one-sided pattern) elements (e.g., dipoles over ground plane). 

For large planar arrays, which arc nearly broadside, the directivity reduces to 1 1 81 


ZJ(, = 3TCOS ft) D K D y 


(6-100) 
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Figure 6.31 Hall-pnwer beamwidlhs for a conical main beam oriented toward t) ~ 
c/j = (j) 0 , (source: R. S. Elliott, “Beam width and Directivity of Large Scanning Arrays," 
Litsi of Two Parts, The Microwave Journal, January 1964) 


where D, tuid // are the directivities of broadside linear arrays each, respectively, of 
length and number of elements L K , M and L y , N. The factor cos 0 U accounts for the 
decrease of the directivity because of the decrease of ihe projected area of the array. 
Each of the values, U, and D v , can he obtained by using (6-79) with die appropriate 
beam broadening factor/ For Tsehebyscheff arrays, D, and // can be obtained using 
(6-78) or Figure 6~22{a) and (6-79). Alternatively, they can be obtained using the 
graphical data of Figure 6.22(b). 

For most practical amplitude distributions. the directivity of (6-100) is related to 
the beam solid angle of die same array by 


■7 r- _ 32,400 

1 //rads 2 ) i //degrees- ) 


where n. t is expressed in square radians or square degrees. Equation (6-101) should 
he compared with (2-26) or (2-27) given by Kraus. 


Example 6.11 

Compute ihe half-power beam widths, beam solid angle, and directivity of a planar 
square array of 100 isotropic elements (10 x 10). Assume a Tsehebyscheff distri- 
bulion. d/2 .spacing between the elements, 26 JB side lobe level, and the maximum 
oriented along — 30°, <f\\ = 45/ 
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SOLUTION 


Since in the x- and v-direciions 


L x 4- d x — L y + dy — 5A 
and each is equal to L + il of Example 6.10, then 
©vo = ©vo = 10.97° 

According to (6-95a) 

fly, = 0 l( , sec 0 O = 10.97° sec(30°) = 12.67° 
and (6-96a) 

%, = ©v« = 10.97° 
and (6-97) 

SI* = ©A - 12.67(10.97) = 138.96 (degrees 2 ) 

The directivity can be obtained using (6-100). Since the array is square, D x — D y , 
each one is equal to the directivity of Example 6. 10. Thus 

D () = 77 cos (30°)(9. 1 8)(9. 1 8) = 229.28(dimensionless) = 23.60 dB 

Using (6-101 ) 




32,400 


J44UU 


0 n /4 (degrees 2 ) 138.96 
Obviously we have an excellent agreement 


= 233. 1 6(dimensionless 


23.67 dB 


6.11 DESIGN CONSIDERATIONS 

Antenna arrays can be designed to control their radiation characteristics by properly 
selecting the phase and/or amplitude distribution between the elements. It has already 
been shown that a control of the phase can significantly alter the radiation pattern of 
an array. In fact, the principle of scanning arrays, where the maximum of the array 
pattern can be pointed in different directions, is based primarily on control of the 
phase excitation of the elements. In addition, it has been shown that a proper amplitude 
excitation taper between the elements can be used to control the beamwidth and 
sidelobe level. Typically the level of the minor lobes can be controlled by tapering 
the distribution across the array; the smoother the taper from the center of the array 
toward the edges, the lower the sidelobe level and the larger the half-power beam- 
width, and conversely. Therefore a very smooth taper, such as that represented by a 
binomial distribution or others, would result in very low sidelobe but larger half- 
power beamwidth. In contrast, an abrupt distribution, such as that of uniform illumi- 
nation. exhibits the smaller half-power beamwidth but the highest sidelobe level (about 
-13.5 dB). Therefore, if it is desired to achieve simultaneously both a very low 
sidelobe level, as well as a small half-power beamwidth, a compromise design has to 
be selected. The Dolph-Tschebyscheff design of Section 6.8.3 is one such distribution. 
There are other designs that can be used effectively to achieve a good compromise 
between sidelobe level and beamwidth. Two such examples are the Taylor Line- 
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Source (Tschehyscheff Error) and the Taylor Line-Source (One-Parameter). These 
are discussed in detail in Sections 7.6 and 7.7 of Chapter 7, respectively. Both 
of these are very similar to the Dolph-Tschebyscheff. with primarily the following 
exceptions. 

For the Taylor Tschebyscheff Error design, the number of minor lobes with the 
same level can be controlled as part of the design; the level of the remaining one is 
monotonically decreasing. This is in contrast to the Dolph-Tschebyscheff where all 
the minor lobes are of the same level. Therefore, given the same sidelobe level, the 
half-power beamwidth of the Taylor Tschebyscheff Error is slightly greater than that 
of the Dolph-Tschebyscheff. For the Taylor One-Parameter design, the level of the 
first minor lobe (closest to the major lobe) is controlled as pan of the design; the level 
of the remaining ones are monotonically decreasing. Therefore, given the same side- 
lobe level, the half-power beamwidth of the Taylor One-Parameter is slightly greater 
than that of the Taylor Tschebyscheff Error, which in turn is slightly greater than that 
of the Dolph-Tschebyscheff design. More details of these two methods, and other 
ones, can be found in Chapter 7. However there are some other characteristics that 
can be used to design arrays. 

Uniform arrays are usually preferred in design of direct-radiating active-planar 
arrays with a large number of elements |20). One design consideration in satellite 
antennas is the beamwidth which can be used to determine the “footprint” area of 
the coverage. It is important to relate the beamwidth to the size of the antenna. In 
addition, it is also important to maximize the directivity of the antenna within the 
angular sector defined by the beamwidth, especially at the edge-of-the-coverage 
(EOC) (20). For engineering design purposes, closed-form expressions would be 
desirable. 

To relate the half-power beamwidth, or any other beamwidth, to the length of the 
array in closed form, it is easier to represent the uniform array with a large number 
of elements as an aperture. The normalized array factor for a rectangular array is that 
of (6-88). For broadside radiation ((?,> = 0°) and small spacings between the elements 
(d, A and d y ^ A), (6-88) can be used to spproximate the pattern of a uniform 
illuminated aperture. In one principal plane (i.e., x-z plane: (f> — 0°) of Figure 6.23, 
(6-88) reduces for small element spacing and large number of elements to 


(AFM <f> = 0) = 1 


. (Mkd x . \ 

sinl — - — sin 01 


sm \T sm tf ] 

• i MM ' • A 

sinl — — sin 01 

Mkd x . 

— — sm 0 

2 

• l kL ' • 

sinl — sm 01 

kL K . 

— isin 0 

2 


( 6 - 102 ) 
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where L x is the length of the array in the jc direction. The array factor of (61 02) can 
be used to represent the field in a principal plane of a uniform aperture (see Sections 
12.5.1. 12.5.2 and Table 12.1). Since the maximum elective area of a uniform array 
is equal to its physical area A em = A p [see (12-37)], the maximum directivity is equal 
to 


Do 



47 r 

~i? Ap 






Therefore the normalized pov/er pattern in the xz-planu, multiplied by die maximum 
directivity, can be written as the product of (6-102) and <6-103). and it can be 
expressed as-^_ 


ne. 0 = o, = (^) 


. (kL t . 

sin|“- sin 


0 


kL ■ a 
— sm 0 


(6-104) 


The maximum of (6-104) occurs when 6 — 0°. However, for any other angle Q = 0 t , 
the maximum of the pattern occurs when 



(6-105) 


or 


— 


7T 


k sin 6 C 


A 

2 sin 


(6- 105a) 


Therefore to maximize the directivity at the edge 0 - 0, of a given angular sector 
0° < 0 < 0 C , the optimum aperture dimension must be chosen according to (6-105a). 
Doing otherwise leads to a decrease in directivity at the edge-of-t lie-coverage. 

For a square aperture (L v = L x ) the value of the normalized power pattern of 
(6-104) occurs when 6 = 0°, and it is equal to 


P(0 = 0°)U 



(6-106) 


while that at the edge of the covering, using the optimum dimension, is 

/L.\ 2 /2\ z 

P(6 = e c ) = 4ttM - 
\A/ \ir/ 


(6-107) 


Therefore the value of the directivity at the edge of die desired coverage (0 — 0), 
relative to its maximum value at 0 = 0°, is 

2 

= 0.4053(dimensionless) = -3.92 dll (6-108) 


P(0 = 0 C ) /2\ 

P(0 = 0°) \tt ) 


Thus the variation of the directivity within the desired coverage (0° ^ 0 < 9 ( .) is less 
than 4 dB. 

If, for example, the length of the array for a maximum half-power beamwidth 
coverage is changed from the optimum or chosen to be optimized at another angle, 
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then the directivity at the edge of the half-power beamwidth is reduced from the 
optimum. 

Similar expressions have been derived for circular apertures with uniform, para- 
bolic and parabolic with - 10 dB pedestal [20], and they can be found in Chapter 12, 
Section 12.7. 

6.12 CIRCULAR ARRAY 

The circular array, in which the elements are placed in a circular ring, is an array 
configuration of very practical interest. Its applications span radio direction finding, 
air and space navigation, underground propagation, radar, sonar, and many other 
systems. 


6.12.1 Array Factor 

Referring to Figure 6.32, let us assume that N isotropic elements are equally spaced 
on the .v-y plane along a circular ring of the radius a. The normalized field of the array 
can be written as 


N ~jkR f , 

E„(r, ft <f») = 2 a >r^— (6-109) 

n = I A, | 

where R„ is the distance from the nth element to the observation point. In general 

R n = (r + cr - 2a r cos if/) ul (6- 109a) 

which for r>a reduces to 

R„ — r — a cos i f/„ = r — a( a,, • a r ) = r - a sin 0 cos(</> — <£„) (6- 109b) 

where 

a,, * a, = (a, cos <b n + a v sin <£„) ♦ (a, sin 6 cos <f> + a v sin 0 sin <j> + a ; cos 0) 

= sin 0cos(<£ — <}>„) (6- 109c) 

Thus (6-109) reduces, assuming that for amplitude variations R n — r, to 

e -Jkr N 

ft <f>) = y (6-110) 

r n = I 


where 


a„ = excitation coefficients (amplitude and phase) of nth 
element 

<f>„ = 27r(^j = angular position of nth element on x-y plane 


In general, the excitation coefficient of the nth element can be written as 


a„ = I„e Jn ° 


( 6 - 111 ) 
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Figure 6.32 Geometry of an ^-element circular array. 


where 

/„ = amplitude excitation of the nth element 

a„ = phase excitation (relative to the array center) of the nth 
element 

With (6-111 ). (6-1 10) can be expressed as 

e ~Jkr 

E„(r . ft <f>) = [AF(ft <b)\ (6-1 12) 

/• 

where 

N 

AF(ft <f>) = X tf «»<*-<*,, I + (6-1 12a) 

ii - I 


Equation (6-1 12a) represents the array factor of a circular array of N equally 
spaced elements. To direct the peak of the main beam in the (ft), <ft>) direction, the 
phase excitation of the nth element can be chosen to be 

a„ = - ka sin ft, cos(<ft, - <f>„) (6-1 13) 


Thus the array factor of (6-1 12a) can be written as 

N 


A F( 0 <f ) ) — ^ I sin cos< ^ 1 * s ' n cos( ^ i 


n = i 


/V 

_ ^ j gjkci\<o$t!/-cosM 

h - I 


(6-114) 
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Figure 6.33 Three-dimensional amplitude pa Item of the array factor for a uni- 
form circular array of 10 elements (C = ket — 10). 


To reduce (6-1 14) to a simpler form, we define p„ as 

p n = f/[(sm W cos ff> — sin d ( | cos r/)()}" + (sin 0 sin <b — sin 15b sin 4fa) 2 \ in 

(6-115) 

Thus the exponential in (6-1 14) takes the form of 
Jfco(cos t/> - cos i //,d 

Apolsin 9 cos( d> - &„) - sin 0 {) cos(r/> M - <fr,j| 

|(sin ft cos </> - sin cos (/>») 2 + (sin 8 sin <f> — sin ft-> sin <ft)) 2 | ,/2 

(6-i 16) 


which when expanded reduces to 


ka( cos i// - cos t// (t l 

J cos <fr„(sia cos r/j — sin d t i cos r/> [t ) +■ sin i/j„(sin 0 sin r/j — sin 0 tt sin </j ( >) ] 

,fl ] [(sin 8 cos 4> — sin 0 ti cos tf} Q ) 2 + (sin 8 sin tfi — sin ffo sin d^) 2 \ U2 J 

(6-1 16a) 


= kp , 
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Thus (6-1 16a) and (6-1 14) can he rewritten, respectively, as 

ka( cos <// - cos t(/o) = Apotcos <i>„ cos £ + sin <£„ sin £) = kp {) cos ((f),, — £) 

(6-119) 


( 6 - 120 ) 


(6- 1 20a) 


and pt> is defined by (6-1 15). 

Equations (6-120), (6-1 15), and (6-120a) can he used to calculate the array factor 
once iV, /„, a, 0 O , and <l \ , are specified. This is usually very time consuming, even for 
moderately large values of N. The three-dimensional pattern of the array factor for a 
10-element uniform circular array of ka — 10 is shown in Figure 6.33. The corre- 
sponding two-dimensional principal plane patterns are displayed in Figure 6.34. As 
the radius of the array becomes very large, the directivity of a uniform circular array 
approaches the value of N, where N is equal to the number of elements. An excellent 
discussion on circular arrays can be found in (2 1 ]. 

For a uniform amplitude excitation of each element (/„ = / 0 ). (6-120) can be 
written as + * 

AF(0, <l>) = jV/o 2 (6-121) 

m -■ - A 

where J p (x) is the Bessel function of the first kind (see Appendix V). The part of the 
array factor associated with the zero order Bessel function J^(kp 0 ) is called the prin- 
cipal term and the remaining terms are noted as the residuals. For a circular array 
with a large number of elements, the term Jo{kpa) alone can be used to approximate 
the two-dimensional principal plane patterns. The remaining terms in (6-121 ) contrib- 
ute negligibly because Bessel functions of larger orders arc very small. 


«= i 


\ 

2 

1 


AF(0, <f>) = 2 l n e' ku(c " s,l, - ws,l, '' ) = 2 /„«?'*'»****■“*' 

where 

£ = tan -1 


sin 0 si 
sin 0 co 


sin (f) - sin 0 O sin <£„ 


cos </> — sin 0 ( , cos 
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PROBLEMS 

6.1. Three isotropic sources, with spacing d between them, are placed along the j-axis. The 
excitation coefficient of each outside element is unity while that of the center element 
is 2. For a spacing of d = A/4 between the elements, find the 

(a) array factor 

(b) angles (in degrees) where the nulls of the pattern occur (0° s ()< 180°) 

(c) angles (in degrees) where the maxima of the pattern occur (0° s 6 < 180°) 

6.2. Two very short dipoles ( “infinitesimal” ) of equal length are equidistant from the origin 
with their centers lying on the y-axis, and oriented parallel to the s-axis. They are 
excited with currents of equal amplitude. The current in dipole 1 (at y = - d/2) leads 
the current in dipole 2 (at v = +d/2) by 90° in phase. The spacing between dipoles is 
one quarter wavelength. To simplify the notation, let E ( , equal the maximum magnitude 
of the far field at distance r due to either source alone. 

(a) Derive expressions for the following six principal plane patterns: 

1. \E„(0)\ for </» = ()“ 

2. \Ef,( (f)\ for (!) = 90° 

3. \E (I (<1>)\ for 6 = 90° 

4. \E^())\ for (h = 0° 

5. (/• ,,,U))\ for <f> = 90° 

6. |£^(0)t for 0 = 90° 

(b) Sketch the six field patterns. 
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6.3. A three-element array of isotropic sources has the phase and magnitude relationships 
shown. The spacing between the elements is d = A/2. 

(a) Find the array factor. 

(b) Find all die nulls. 



6.4. Repeat Problem 6.3 when the excitation coefficients for elements # I. #2 and #3 are, 
respectively. +1, + j and —j. 

6.5. Four isotropic sources are placed along the c-axis as shown. Assuming that the ampli- 
tudes of elements #1 and #2 are + I and the amplitudes of elements #3 and #4 are 
- I (or 1 80 degrees out of phase with # I and #2), find 

(a) the array factor in simplified form 

(b) all the nulls when d = A/2 



6.6. Three isotropic elements of equal excitation phase are placed along the y-axis. as shown 
in the figure. If the relative amplitude of #1 is +2 and of #2 and #3 is + 1, find a 
simplified expression for the three-dimensional unnormalized array factor. 



6.7. Design a two-element uniform array of isotropic sources, positioned along the z-axis a 
distance A/4 apart, so that its only maximum occurs along 0 = 0°. Assuming ordinary 
end-fire conditions, find the 

(a) relative phase excitation of each element 

(b) array factor of the array 

(c) directivity using the computer program DIRECTIVITY at the end of Chapter 2. 
Compare it with Kraus’ approximate formula 
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6.8. Repeat the design of Problem 6.7 so that its only maximum occurs along 0 = 180°. 

6.9. Design a four-element ordinary end-fire array with the elements placed along the z-axis 
a distance d apart and with the maximum of the array factor directed toward 0 = 0°. 
For a spacing of d - A/2 between the elements find the 

(a) progressive phase excitation between the elements to accomplish this 

(b) angles (in degrees) where the nulls of the array factor occur 

(c) angles (in degrees) where the maximum of the array factor occur 

(d) beamwidth (in degrees) between the first nulls of the array factor 

(e) directivity (in dB) of the array factor. Verify using the computer program DIREC- 
TIVITY at the end of the chapter. 

6.10. Design an ordinary end-fire uniform linear array with only one maximum so that its 
directivity is 20 dB (above isotropic). The spacing between the elements is A/4, and its 
length is much greater than the spacing. Determine the 

(a) number of elements 

(b) overall length of the array (in wavelengths) 

(c) approximate half-power beamwidth (in degrees) 

(d) amplitude level (compared to the maximum of the major lobe) of die first minor 
lobe (in dB) 

(e) progressive phase shift between the elements (in degrees). 

6.11. Redesign the ordinary end-fire uniform array of Problem 6.10 in order to increase its 
directivity while maintaining the same, as in Problem 6.10, the uniformity, number of 
elements, spacing between them, and end-fire radiation. 

(a) What different from the design of Problem 6.10 are you going to do to achieve 
this? Be very specific, and give values. 

(b) By how many decibels (maximum) can you increase the directivity, compared to 
the design of Problem 6.10? 

(c) Are you expecting the half-power beamwidth to increase or decrease? Why increase 
or decrease and by how much? 

(d) What antenna ligure-of-merit will be degraded by this design? Be very specific in 
naming it. and why is it degraded? 

6.12. Ten isotropic elements are placed along the j-axis. Design a Hansen-Woodyard end- 
fire array with the maximum directed toward 0 = 180°. Find the: 

(a) desired spacing 

(b) progressive phase shift /? (in radians) 

(c) location of all the nulls (in degrees) 

(d) first null beamwidth (in degrees) 

(e) directivity: verify using the computer program DIRECTIVITY at the end of the 
chapter 

6.13. An array of 10 isotropic elements are placed along the z-axis a distance d apart. 
Assuming uniform distribution, find the progressive phase (in degrees), half-power 
beamwidth (in degrees), first null beamwidth (in degrees), first side lobe level maximum 
beamwidth (in degrees), relative side lobe level maximum (in dB), and directivity (in 
dB) (using equations and the computer program DIRECTIVITY at the end of Chapter 
2, and compare) for 

(a) broadside (c) Hansen-Woodyard end-fire 

(b) ordinary end-fire 

arrays when the spacing between the elements is d = A/4. 

6.14. Find the beamwidth and directivity of a 10-element uniform scanning array of isotropic- 
sources placed along the r-axis. The spacing between the elements is A/4 and the 
maximum is directed at 45° from its axis. 

6.15. Show that in order for a uniform array of N elements not to have any minor lobes, the 
spacing and the progressive phase shift between the elements must be 

(a) d - A//V, /3 = 0 for a broadside array. 

(b) d — A/(2/V), /3 = ± kd for an ordinary end-fire array. 
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6.16. A uniform array of 20 isotropic elements is placed along the ;-axis a distance A/4 apart 
with a progressive phase shift of /3 rad. Calculate (3 (give the answer in radians) for the 
following array types: 

(a) broadside 

(b) end-lire with maximum at 0 = 0° 

(c > end-fire with maximum at 6 = 180° 

(d) phased array with maximum aimed at 0 — 30° 

(el Hansen-Woodyard with maximum at 6 = 0° 

(f ) Hansen-Woodyard with maximum at 0 = 180° 

6.17. Design a 19-element uniform linear scanning array with a spacing of A/4 between the 
elements. 

(a) What is the progressive phase excitation between the elements so that the maximum 
of the array factor is 30° from the line where the elements are placed? 

(h) What is the half-power beamwidth (in degrees) of the array factor of part a? Verify 
using the computer program at the end of this chapter. 

(c) What is the value (in dB) of the maximum of the first minor lobe? 

6. J 8. For a uniform broadside linear array of J 0 isotropic elements, determine the approx intale 
directivity (in dB) when the spacing between the elements is 

(a) A/4 

(b) A/2 

(c) 3 A/4 

(d) A 

Compare the values with those obtained using the computer program at the end of this 
chapter. 

6.19. The maximum distance d between the elements in a linear scanning surray to suppress 
grating lobes is 

. _ A 

,,u,x - 1 4- |cos(M 

where £)«, is the direction of the pattern maximum. What is the maximum distance 
between the elements, without introducing grating lobes, when the array is designed to 
scan to maximum angles of 

(a) - 30° 

(b) I9„ = 45° 

<c) 0„ = 60° 

6.20. An array of 4 isotropic sources is formed by placing one at the origin, and one along 
the .V-, >■-. and z-axes a distance d from the origin. Find the array factor for all space. 
The excitation coefficient of each element is identical. 

6.21. Design a linear array of isotropic elements placed along the j-axis such that the nulls 
of the array factor occur at 0 = 0° and 6 = 45°. Assume that the elements are spaced 
a distance of A/4 apart and that f3 — 0°. 

(a) Sketch and label the visible region on the unit circle 

(b) Find die required number of elements 

(c) Determine their excitation coefficients 

6.22. Design a linear array of isotropic elements placed along the s-axis such that the zeros 
of the array factor occur at H ~ 10°, 70°, and 1 10°. Assume that the elements are spaced 
a distance of A/4 apart and that (3 = 45°. 

(a) Sketch and label the visible region on the unit circle 

(b) Find the required number of elements 

(c) Determine their excitation coefficients 

6.23. Repeal Problem 6.22 so that the nulls occur at 6 = 0°. 50° and 100°. Assume a spacing 
of A/5 and /3 = 0° between the elements. 
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6.24. Design a three-element binomial array of isotropic elements positioned along the E-axis 
a distance d apart. Find the 

(a) normalized excitation coefficients (c) nulls of the array factor for d = A 

(b) array factor (d) maxima of the array factor for d = A 

6.25. Show that a three-element binomial array with a spacing of d :£ A/2 between the 
elements does not have a side lobe. 

6.26. Four isotropic sources are placed symmetrically along the E-axis a distance d apart. 
Design a binomial array. Find the 

(a) normalized excitation coefficients 

(b) array factor 

(c) angles (in degrees) where the array factor nulls occur when d = 3A/4 

6.27. Five isotropic sources are placed symmetrically along the E-axis, each separated from 
its neighbor by an electrical distance kd = 5ir/4. For a binomial array, find 

(a) the excitation coefficients 

(b) the array factor 

(c) the normalized power pattern 

(d) the angles (in degrees) where the nulls (if any) occur 

Verify parts or the problem using the computer program at the end of this chapter. 

6.28. Design u four-element binomial array of A/2 dipoles, placed symmetrically along the 
,v-axis a distance d apart. The length of each dipole is parallel to the E-axis. 

(a) Find the normalized excitation coefficients. 

(b) Write the array factor for all space. 

(c) Write expressions for the £-lields for all space. 

6.29. Repeat the design of Problem 6.28 when the A/2 dipoles are placed along the y-axis. 

6.30. Design a broadside binomial array of six elements placed along the z-axis separated by 
a distance d - A/2. 

(a) Find the amplitude excitation coefficients (n„'s). 

(b) What is the progressive phase excitation between the elements? 

(c) Write the array factor. 

(d) Now assume that the elements are A/4 dipoles oriented in the z-direction. Write the 
expression for the electric field vector in the far field. 

Verify parts of the problem using the computer program at the end of this chapter. 

6.31. Repeat Problem 6.30 for an array of seven elements. 

6.32. Five isotropic elements, with spacing d between them, arc placed along the z-axis. For 
a binomial amplitude distribution, 

(a) write the array factor in its most simplified form 

(b) compute the directivity (in dB) using the computer program at the end of this 
chapter (d = A/2) 

(c) find the nulls of the array when d = A(0° ^ 0 ^ 180°) 

6.33. Repeat the design of Problem 6.24 for a Dolph-Tschebyscheff array with a side lobe 
level of -20 dB. 

6.34. Design a three-element, - 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements placed symmetrically along the z-axis. Find the 

(a) amplitude excitation coefficients 

(b) array factor 

(c) angles where the nulls occur for d = 3 A/4 (0° ^ 0 ^ 180°) 

(d) directivity for d = 3A/4 

(e) half-power beamwidth for d = 3A/4 

6.35. Design a four-element. - 40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements placed symmetrically about the z-axis. Find the 

(a) amplitude excitation coefficients (c) angles where the nulls occur 

(b) array factor for d = 3A/4. 

Verify parts of the problem using the computer program at the end of this chapter. 
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6.36. Repeat the design of Problem 6.35 for a five-element. — 20 dB Dolph-Tschebyschcff 
array. 

6.37. Repeal die design of Problem 6.35 for a six-element. - 20 dB Dolph-Tschebyscheff 
array. 

6.38. Repeat the design of Problem 6.28 for a Dolph-Tschebyscheff distribution of -40 dB 
side lobe level and A/4 spacing between the elements. In addition, find the 

(a) directivity of the entire array 

(b) half-power bcamwidths of the entire array in the .v-v and y-z planes 

6.39. Repeal the design of Problem 6.29 for a Dolph-Tschebyscheff distribution of — 40 dB 
side lobe level and A/4 spacing between the elements. In addition, find the 

(a) directivity of the entire array 

(b) half-power beamwidlhs of the entire array in the x-y and x-z planes 

6.40. Design a live-element. -40 dB side lobe level Dolph-Tschebyscheff array of isotropic 
elements. The elements are placed along the .v-axis with a spacing of A/4 between them. 
Determine the 

(a) normalized amplitude coefficients 

(b) array factor 

(c) directivity 

(d) half-power beamwidth 

6.41 . The total length of a discrete-element array is 4A. For a — 30 dB side lohe level Dolph- 
Tschebyscheff design and a spacing of A/2 between the elements along the c-axis, find 
the 

(a) number of elements 

(b) excitation coefficients 

(c) directivity 

(d) half-power beamwidth 

6.42. Design a broadside three-clement. —26 dB side lobe level Dolph-Tschebyscheff array 
of isotopic sources placed along the ’-axis. For this design, find the 

(a) normalized excitation coefficients 

(b) array factor 

(e) nulls of die array factor when d — A/2 (in degrees) 

(d) maxima of the array factor when d = A/2 (in degrees) 

(e) beamwidth (in degrees) of the array factor when d = A/2 

(f) directivity (in dB) of the array factor when d = A/2 

6.43. Design a broadside uniform array, with its elements placed along the ~ axis, so that the 
directivity of the array factor is 33 dB (above isotropic). Assuming the spacing between 
the elements is A/16, and it is very small compared to the overall length of the array, 
determine the: 

(a) Closest number of integer elements to achieve this. 

(b) Overall length of the array (in wavelengths). 

(c) Half-power beamwidth (in degrees). 

(d) Amplitude level (in dB) of the maximum of the first minor lobe compared to the 
maximum of the major lobe. 

6.44. The design of Problem 6.43 needs to be changed to a nonuni form Dolph-Tschebyscheff 
so that to lower the side lobe amplitude level to —30 dB, while maintaining the same 
number of elements and spacing. For the new nonuniform design, what is the: 

(a) Half-power beamwidth (in degrees). 

(b) Directivity (in dB). 

6.45. Design a Dolph-Tschebyscheff linear array of N elements with uniform spacing between 
them. The array factor must meet the following specifications: 

( 1 ) -40 dB sidelobc level. 

(2) Four complete minor lobes from 0° £ fl s 90°: all of the same level. 
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(3) Largest allowable spacing between the elements (in wavelengths) and still meet 
above specifications. 

Determine: 

(a) Number ol' elements 

(b) Excitation coefficients, normalized so that the ones of the edge elements is unity. 

(c) Maximum allowable spacing (in wavelengths) between the elements and still meet 
specifications. 

(d) Plot (in 1° increments) the normalized (max = 0 dB) array factor (in dB). Check 
to see that the array factor meets the specifications. If not, find out what is wrong 
with it. 

Verify parts of the problem using the computer program at the end of this chapter. 

6.46. In high-performance radar arrays low-sidclobes are very desirable. In a particular ap- 
plication it is desired to design a broadside linear array which maintains all the sidelobes 
at the same level of -30 dB. The number of elements must be 3 and the spacing 
between them must be A/4. 

(a) State the design that will meet the specifications. 

(b) What arc the amplitude excitations of the elements? 

(c) What is the half-power beamwidth (in degrees) of the main lobe? 

(d) What is the directivity (in dB) of the array? 

6.47. Design a nonuniform amplitude broadside linear array of 5 elements. The total length 
of the array is 2 A. To meet the sidclobc and half-power beamwidth specifications, the 
amplitude excitations of the elements must be that of a cosine-on-a-pedestal distribution 
represented by 

Amplitude distribution = 1 4- cos (m JL) 

where ,v„ is the position of the nth element (in terms of L) measured from the center of 
the array. Determine the amplitude excitation coefficients a „' s of the five elements. 
Assume uniform spacing between the elements and the end elements are located at the 
edges of the array length. 

6.48. It is desired to design a uniform square scanning array whose elevation half-power 
beamwidth is 2°. Determine the minimum dimensions of the array when the scan 
maximum angle is 

(a) d 0 = 30° 

(b) d 0 = 45° 

(c) do = 60° 

6.49. Determine the azimuthal and elevation angles of the grating lobes for a 10 X 10 

element uniform planar array when the spacing between the elements is A. The maxi- 
mum of the main beam is directed toward d 0 = 60°. = 90° and the array is located 

on the .v-.y plane. 

6.50. Design a 10 x 8 ( 10 in the x direction and 8 in the y) element uniform planar array so 
that the main maximum is oriented along d 0 = 10°, <&, = 90°. For a spacing of 
d x - r/ v = A/8 hetween the elements, find the 

(a) progressive phase shift between the elements in the x and y directions 

(b) directivity of the array 

(c) half-power beamwidths (in two perpendicular planes) of the array 
Verify the design using the computer program at the end of this chapter. 

6.51. The main beam maximum of a 10 X 10 planar array of isotropic elements (100 
elements) is directed toward d 0 = 10° and <ft, = 45°. Find the directivity, beamwidths 
(in two perpendicular planes), and beam solid angle lor a Tschebyseheff distribution 
design with side lobes of - 26 dB. The array is placed on the x-y plane and the elements 
are equally spaced with d = A/4. It should be noted that an array with bidirectional 
(two-sided pattern) elements would have a directivity which would be half of that of 
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the same array but with unidirectional (one-sided pattern) elements. Verify the design 
using the computer program at the end of this chapter. 

6.52. Repeat Problem 6.50 for a Tschebyscheff distribution array of - 30 dB side lobes. 

6.53. In the design of uniform linear arrays, the maximum usually occurs at 0 = 0 o at the 
design frequency / = /,>, which has been used to determine the progressive phase 
between the elements. As the frequency sliiiis from the designed center frequency / 0 to 
f h , the maximum amplitude of the array factor at / = /, is 0.707 the normalized 
maximum amplitude of unity at / = /,. The frequency J), is referred to as the half- 
power frequency, and it is used to determine the frequency bandwidth over which the 
pattern maximum varies over an amplitude of 3 dB. Using the array factor of linear 
uniform array, determine an expression for the 3-dB frequency bandwidth in terms of 
die length L of the array and the scan angle %. 
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COMPUTER PROGRAM - ARRAYS 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE 
RADIATION CHARACTERISTICS OF: 

I. LINEAR ARRAYS (UNIFORM & BROADSIDE NONUNIFORM) 

II. PLANAR ARRAY (BROADSIDE UNIFORM) 

THE UNIFORM AND BROADSIDE NONUNIFORM LINEAR ARRAYS HAVE N 
ELEMENTS PLACED EQUIDISTANTLY ALONG THE Z-AXIS. 

BROADSIDE PLANAR UNIFORM ARRAY HAS MxN ELEMENTS PLACED 
EQUIDISTANTLY ALONG THE X AND Y AXES 


OPTION I. LINEAR ARRAYS 
OPTION A. UNIFORM 

••CHOICES: ARRAY TYPE 

1. BROADSIDE (Maximum along 0 = 90°) 

2. ORDINARY END-FIRE (Maximum along 0 = 0° or 180°) 

3. HANSEN WOODYARD END-FIRE (Maximum along 0 = 0° or 180°) 

4. SCANNING (Maximum along 0 = 0,^) 

••ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in A.) 

3. DIRECTION OF ARRAY MAXIMUM ©max (in degrees) 

•• PROGRAM OUTPUT: 

1. NORMALIZED ARRAY FACTOR 

2. DIRECTIVITY (dimensionless and in dB) USING 
NUMERICAL INTEGRATION OF THE ARRAY FACTOR 

3. HALF-POWER BEAM WIDTH (in degrees) USING AN 
ITERATIVE METHOD (for all maxima in the pattern) 

OPTION B. NONUNIFORM (BROADSIDE) 

••CHOICES: ARRAY TYPE 

1. BINOMIAL 

2. DOLPH-TSCHEB YSCHEFF 

••BINOMIAL ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in X) 


(continued on next page) 
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(continued) 


♦♦DOLPH-TSCHEBYSCHEFF ARRAY INPUT PARAMETERS 

1. NUMBER OF ELEMENTS 

2. SPACING BETWEEN THE ELEMENTS (in X) 

3 . SIDE LOBE LEVEL (in positive dB; i.e., 30 dB) 

♦♦PROGRAM OUTPUT: 

1 . NORMALIZED EXCITATION COEFFICIENTS (a„) 

2. NORMALIZED ARRAY FACTOR 

3. DIRECTIVITY (in dB) USING NUMERICAL 
INTEGRATION OF THE ARRAY FACTOR 

4. HALF-POWER BEAMWIDTH (in degrees) USING 
AN ITERATIVE METHOD (for all maxima in the pattern) 


OPTION n. PLANAR ARRAY (BROADSIDE UNIFORM) 

♦♦ARRAY INPUT PARAMETERS 

1. NUMBER OF ARRAY ELEMENTS IN X-DIRECTION 

2. SPACING BETWEEN ELEMENTS IN X-DIRECTION (in X) 

3. NUMBER OF ARRAY ELEMENTS IN Y-DIRECTION 

4. SPACING BETWEEN ELEMENTS IN Y-DIRECTION (in X) 

5. MAXIMUM BEAM DIRECTION ANGLE 0 O 

6. MAXIMUM BEAM DIRECTION ANGLE tj> 0 

7 . THE AZIMUTHAL ANGLE <}>clevation (in degrees) AT WHICH 
THE 2-D ANTENNA PATTERN NEEDS TO BE EVALUATED 

♦♦NOTE 

ONLY THE ELEVATION ANTENNA PATTERN IS 
EVALUATED. THIS PATTERN RANGES FROM 0=0° TO 
0=180°, WHEREAS <|> REMAINS CONSTANT AT 

Elevation- IF THE PATTERN NEEDS TO BE EVALUATED 
IN THE BACKSIDE REGION OF THE 2-D ARRAY, THEN 
THE PROGRAM NEEDS TO BE RE-RUN FOR A NEW 


AZIMUTHAL ANGLE 4> elevation = ^elevation ^ 180°. 


♦♦PROGRAM OUTPUT: 

1. NORMALIZED ARRAY FACTOR EVALUATED AT 
A GIVEN ANGLE. 

2. DIRECTIVITY (in dB) USING NUMERICAL 
INTEGRATION OF THE ARRAY FACTOR 

3. HALF-POWER BEAMWIDTH (in degrees) FOR ALL 
MAXIMA THAT OCCUR IN THE ELEVATION PLANE 
OF THE 2-D ARRAY PATTERN 
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CHAPTER 


7 

ANTENNA SYNTHESIS AND 
CONTINUOUS SOURCES 


7.1 INTRODUCTION 

Thus far in the hook we have concentrated primarily on the analysis and design of 
antennas. In the analysis problem an antenna model is chosen, and it is analyzed for 
its radiation characteristics (pattern, directivity, impedance, beamwidth, efficiency, 
polarization, and bandwidth). This is usually accomplished by initially specifying the 
current distribution of the antenna, and then analyzing it using standard procedures. 
If the antenna current is not known, it can usually be determined from integral equation 
formulations. Numerical techniques, such as the Moment Method of Chapter 8. can 
be used to numerically solve the integral equations. 

In practice, it is often necessary to design an antenna system that will yield desired 
radiation characteristics. For example, a very common request is to design an antenna 
whose far-field pattern possesses nulls in certain directions. Other common requests 
are for the pattern to exhibit a desired distribution, narrow beamwidth and low side 
lobes, decaying minor lobes, and so forth. The task, in general, is to find not only the 
antenna configuration but also its geometrical dimensions and excitation distribution. 
The designed system should yield, either exactly or approximately, an acceptable 
radiation pattern, and it should satisfy other system constraints. This method of design 
is usually referred to as synthesis. Although synthesis, in its broadest definition, usually 
refers to antenna pattern synthesis, it is often used interchangeably with design. Since 
design methods have been outlined and illustrated previously, in this chapter we want 
to introduce and illustrate antenna pattern synthesis methods. 

Antenna pattern synthesis usually requires that first an approximate analytical 
model is chosen to represent, either exactly or approximately, the desired pattern. The 
second step is to realize the analytical model by an antenna model. Generally speaking, 
antenna pattern synthesis can be classified into three categories. One group requires 
that the antenna patterns possess nulls in desired directions. The method introduced 
by Schelkunoff [1] can be used to accomplish this; it will be discussed in Section 7.3. 
Another category requires that the patterns exhibit a desired distribution in the entire 
visible region. This is referred to as beam shaping, and it can be accomplished using 
the Fourier transform [2] and the Woodward-Lawson [3], [4] methods. They will be 
discussed and illustrated in Sections 7.4 and 7.5, respectively. A third group includes 
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techniques that produce patterns with narrow beams and low side lobes. Some methods 
that accomplish this have aleady been discussed: namely the binomial method (Section 
6.8.2) and the Dolph-Tschebyscheff method (also spelled Tchebyscheff orChebyshev) 
of Section 6.8.3. Other techniques that belong to this family are the Taylor line-source 
(Tschebyscheff error) [5] and the Taylor line-source (one-parameter) (6]. They will 
be outlined and illustrated in Sections 7.6 and 7.7, respectively. 

Tile synthesis methods will be utilized to design line-sources and linear arrays 
whose space factors [as defined by (4-58a)] and array factors [as defined by (6-52)] 
will yield desired far-field radiation patterns. The total pattern is formed by multiplying 
the space factor for array factor) by die element factor (or element pattern) as dictated 
by (4-59) [or (6-5)]. For very narrow beam patterns, the total pattern is nearly the 
same as the space factor or array factor. This is demonstrated by the dipole antenna 
(/ s A) of Figure 4.5 whose element factor, as given by (4-58a), is sin#; for values 
of 0 near 90° (0 — 90°). sin 0 = 1. 

The synthesis techniques will be followed with a brief discussion of some very 
popular line-source distributions (triangular, cosine, cosine-squared) and continuous 
aperture distributions (rectangular and circular). 

7.2 CONTINUOUS SOURCES 

Very long (in terms of a wavelength) arrays of discrete elements usually are more 
difficult to implement, more costly, and have narrower bandwidths. For such appli- 
cations, antennas with continuous distributions would be convenient to use. A very 
long wire and a large reflector represent, respectively, antennas with continuous line 
and aperture distributions. Continuous distribution antennas usually have larger side 
lobes, arc more difficult to scan, and in general, they are not as versatile as arrays of 
discrete elements. The characteristics of continuously distributed sources can be ap- 
proximated by discrete-element arrays, and vice-versa, and their development follows 
and parallels that of discrete-element arrays. 


7.2.1 Line-Source 


Continuous line-source distributions are functions of only one coordinate, and they 
can be used to approximate linear arrays of discrete elements and vice-versa. 

The array factor of a discrete-element array, placed along the z-axis, is given by 
(6-52) and (6-52a). As the number of elements increases in a fixed-length array, the 
source approaches a continuous distribution. In the limit, the array factor summation 
reduces to an integral. For a continuous distribution, the factor that corresponds to the 
array factor is known as the space factor. For a line-source distribution of length / 
placed symmetrically along the "-axis as shown in Figure 7. 1 (a), the space factor (SF) 
is given by 


(7-1) 


where /„(;') and represent, respectively, the amplitude and phase distributions 

along the souce. For a constant phase distribution <fi„(z') = 0. 

liquation (7-1) is a finite one-dimensional Fourier transform relating the far-field 
pattern of the source to its excitation distribution. Two-dimensional Fourier transforms 
are used to represent die space factors for two-dimensional source distributions. These 
relations are results of the angular spectrum concept for plane waves, introduced first 
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(a) Continuous source 



(b) Discre 


c source 


Figure 7.1 Continuous and discrete linear sources. 


by Booker and Clemmow [2], and it relates the angular spectrum of a wave to the 
excitation distribution of the source. 

For a continuous source distribution, the total field is given by the product of the 
element and space factors as defined in (4-59). This is analogous to the pattern 
multiplication of (6-5) for arrays. The type of current and its direction of flow on a 
source determine the element factor. For a finite length linear dipole, for example, 
the toal field of (4-58a) is obtained by summing the contributions of small infinitesimal 
elements which are used to represent the entire dipole. In the limit, as the infinitesimal 
lengths become very small, the summation reduces to an integration. In (4-58a), the 
factor outside the brackets is the element factor and the one within the brackets is the 
space factor and corresponds to (7- 1 ). 


7.2.2 Discretization of Continuous Sources 

The radiation characteristics of continuous sources can be approximated by discrete- 
element arrays, and vice-versa. This is illustrated in Figure 7.1(b) whereby discrete 
elements, with a spacing d between them, are placed along the length of the continuous 
source. Smaller spacings between the elements yield better approximations, and they 
can even capture the fine details of the continuous distribution radiation characteristics. 
For example, the continuous line-source distribution l„(z') of (7-1) can be approxi- 
mated by a discrete-element array whose element excitation coefficients, at the 
specified element positions within —i/2 ^ z 1 ^ 1/2, are determined by the sampling 
of l n (z')e j<t '' ,i: '\ The radiation pattern of the digitized discrete-element array will ap- 
proximate the pattern of the continuous source. 

The technique can be used for the discretization of any continuous distribution. 
The accuracy increases as the element spacing decreases; in the limit, the two patterns 
will be identical. For large element spacing, the patterns of the two antennas will not 
match well. To avoid this, another method known as root-matching can be used [7]. 
Instead of sampling the continuous current distribution to determine the element 
excitation coefficients, the root-matching method requires that the nulls of the contin- 
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uous distribution pattern also appear in the initial pattern of the discrete-element array. 
If the synthesized pattern using this method still does not yield (within an acceptable 
accuracy) the desired pattern, a perturbation technique |7] can then be applied to the 
distribution of the discrete-element array to improve its accuracy. 

7.3 SCHELKUNOFF POLYNOMIAL METHOD 

A method that is conducive to the synthesis of arrays whose patterns possess nulls in 
desired directions is that introduced by Schelkunoff [ 1 ]. To complete the design, this 
method requires information on the number of nulls and their locations. The number 
of elements and their excitation coefficients are then derived. The analytical formation 
of the technique follows. 

Referring to Figure 6.5(a), the array factor for an /V-element. equally spaced, 
nonuniform amplitude, and progressive phase excitation is given by (6-52) as 

AF = 2 a„e J0, -' ){kdco * <>+/3) = 2 a n e iin ~^ (7-2) 

M=l «=l 

where a„ accounts for the nonuniform amplitude excitation of each element. The 
spacing between the elements is d and j3 is the progressive phase shift. 

Letting 

z = x + jy — e Jtf ' = e J{kdv ™ ,H (7-3) 

we can rewrite (7-2) as 

N 

AF = ^ &„z n 1 — Q\ + ci^z + o$z~ + • • • + a N z N 1 (7-4) 

n= I 

which is a polynomial of degree (N - 1). From the mathematics of complex variables 
and algebra, any polynomial of degree (TV - I ) has (N — 1 ) roots and can be expressed 
as a product of (N - 1 ) linear terms. Thus we can write (7-4) as 

(7-5) 

where s,, z 2 , C 3 , . . . . Z,\~ 1 are the roots, which may be complex, of the polynomial. 
The magnitude of (7-5) can be expressed as 

(7-6) 

Some very interesting observations can be drawn from (7-6) which can be used 
judiciously for the analysis and synthesis of arrays. Before tackling that phase of the 
problem, let us first return and examine the properties of (7-3). 

The complex variable z of (7-3) can be written in another form as 

z = |zk'* = \z\ = I Lty (7-7) 

2tt 

i(j = kd cos 6 + (3 = — d cos 6 + (3 (7-7a) 

A 

It is clear that for any value of d, 6 , or /3 the magnitude of .1 lies always on a unit 
circle; however its phase depends upon d, 8 , and j3. For )3 = 0, we have plotted 
in Figures 7-2(a)-(d) the value of z, magnitude and phase, as 0 takes values of 0 to 
tt rad. It is observed that for d = A /8 the values of z, for all the physically observable 
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(a) d - X/8. 0 = 0 
^ = f <os0 



cos# 



Figure 7.2 Visible /fegion (VR) and /invisible Region (IR) boundaries for complex 
variable z when /3 = 0. 


angles of 8, only exisi over ihe part of the circle shown in Figure 7.2(a). Any values 
of z outside that arc are not realizable by any observation angle 8 for the spacing 
d = A/8. We refer to the realizable part of the circle as the visible region and the 
remaining as the invisible region. In Figure 7.2(a) we also observe the path of the z 
values as 8 changes from 0° to 180°. 

In Figures 7.2(b)-(d) we have plotted the values of ■ when the spacing between 
the elements is A/4. A/2, and 3A/4. It is obvious that the visible region can be extended 
by increasing the spacing between the elements. It requires a spacing of at least A/2 
to encompass, at least once, the entire circle. Any spacing greater than A/2 leads to 
multiple values for z. In Figure 7.2(d) we have double values for z for half of the 
circle when d = 3A/4. 

To demonstrate the versatility of the arrays, in Figures 7.3(a)— (d) we have plotted 
the values of z for the same spacings as in Figures 7.2<a)-(d) but with a /3 = 7t/4. A 
comparison between the corresponding figures indicates that the overall visible region 
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to d = X/2, i) = n/4 (d) d = .U/4, (3 = jr/4 

^ = jtcosO + ^ cosd + ^ 

Figure 7.3 Visible Region (VR) and /nvisible Region (1R) boundaries for com- 
plex variable when /3 = 7r/4. 


for each spacing has not changed but its relative position on the circle has rotated 
counterclockwise by an amount equal to /3. 

We can conclude then that the overall extent of the visible region can be controlled 
by the spacing between the elements and its relative position on the circle by the 
progressive phase excitation of the elements. These two can be used effectively in the 
design of the array factors. 

Now let us return to (7-6). The magnitude of the array factor, its form as shown 
in (7-6), has a geometrical interpretation. For a given value of ; in the visible region 
of the unit circle, corresponding to a value of 0 as determined by (7-3), |AF| is 
proportional to the product of the distances between z and zi, <>. *" 3 , . . . , Z/v- 1 , the 
roots of AF. In addition, apart from a constant, the phase of AF is equal to the sum 
of the phases between z and each of the zeros (roots). This is best demonstrated 

geometrically in Figure 7.4(a). If all the roots z\, Z 2 , Zj, Zv_i are located in the 

visible region of the unit circle, then each one corresponds to a null in the pattern of 
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2.1 



fit) Roots ol* array factor (b) Roots ol* array factor on unit circle 

and within visible region 

Figure 7.4 Array factor roots within and outside unit circle, and visible and invisi- 
ble regions. 


!AF| because as 6 changes z changes and eventually passes through each of the z„'s. 
When it does, the length between z and that z, t is zero and (7-6) vanishes. When all 
the zeros (roots) are not in the visible region of the unit circle, but some lie outside 
it and/or any other point not on the unit circle, then only those zeros on the visible 
region will contribute to the nulls of the pattern. This is shown geometrically in Figure 
7.4(b). If no zeros exist in the visible region of the unit circle, then that particular 
array factor has no nulls for any value of 0. However, if a given zero lies on the unit 
circle but not in its visible region, that zero can be included in the pattern by changing 
the phase excitation j 8 so that the visible region is rotated until it encompasses that 
root. Doing this, and not changing d , may exclude some other zero(s). 

To demonstrate all the principles, we will consider an example along with some 
computations. 


Example 7.1 

Design a linear array with a spacing between the elements of d — A/4 such that it 
has zeros at 0 = 0°, 90°. and 180°. Determine the number of elements, their excitation, 
and plot the derived pattern. Use Schelkunoff’ s method. 


SOLUTION 

For a spacing of A/4 between the elements and a phase shift /3 = 0°, the visible region 
is shown in Figure 7.2(b). If the desired zeros of the array factor must occur at 6 = 
0°, 90°, and 180°, then these correspond to z - j, 1, —j on the unit circle. Thus a 
normalized form of the array factor is given by 

AF = (z — zi)(z - z 2 )(z ~ z.i) = (z - j)(z - l)(z + j) 

AF = z 3 - z 2 + Z - 1 
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o - — | — «■ o 

0 ° 



Figure 7.5 Amplitude radiation pattern of a four-element array of isotropic 
sources with a spacing of A/4 between them, zero degrees progressive phase 
shift, and zeros at 0 = 0°. 90°, and 180°. 


Referring to (7-4), the above array factor and the desired radiation characteristics can 
be obtained when there are four elements and their excitation coefficients are equal to 

rt, = - I 
Cl 2 ~ +1 
«3 = ~ I 
f I 4 = + 1 

To illustrate the method, we plotted in Figure 7.5 the pattern of that array; it 
clearly meets the desired specifications. Because of the symmetry of the array, the 
pattern of the left hemisphere is identical to that of the right. 


7.4 FOURIER TRANSFORM METHOD 

This method can be used to determine, given a complete description of the desired 
pattern, the excitation distribution of a continuous or a discrete source antenna system. 
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The derived excitation will yield, either exactly or approximately, the desired antenna 
pattern. The pattern synthesis using this method is referred to as beam shaping. 


7.4.1 Line-Source 

For a continuous line-source distribution of length /, as shown in Figure 7.1, the 
normalized space factor of (7- 1 ) can be written as 


SF(0) = 


r U2 

7 — 1/2 


dz' = 



£ = k cos 0 — k : -s 


0 = cos 1 



(7-8) 

(7-8a) 


where k. is the excitation phase constant of the source. For a normalized uniform 
current distribution of the form Hz') — / 0 //, (7-8) reduces to 


SF(fl) = /„ 



(7-9) 


The observation angle 0 of (7-9) will have real values (visible region) provided that 
- (k + L) <£<(/: — k.) as obtained from (7-8a). 

Since the current distribution of (7-8) extends only over -1/2 ^ z' ^ 1/2 (and it 
is zero outside it), the limits can be extended to infinity and (7-8) can be written as 


SF (6) = SF(£) = 


/; 


Hz')e^ dz' 


(7- 10a) 


The form of (7-IOa) is a Fourier transform, and it relates the excitation distribution 
Hz') of a continuous source to its far-field space factor SF(<9). The transform pair of 
(7-IOa) is given by 


Hz') = ~ J ^ SF ^ J x SF(6 De-WdZ 


(7- 10b) 


Whether (7- 1 0a) represents the direct transform and (7- 1 Ob) the inverse transform, 
or vice-versa, does not matter here. The most important thing is that the excitation 
distribution and the far-field space factor are related by Fourier transforms. 

Equation (7- 10b) indicates that if SF(0) represents the desired pattern, the exci- 
tation distribution Hz') that will yield the exact desired pattern must in general exist 
for all values of ). Since physically only sources of finite dimensions 

are realizable, the excitation distribution of (7- 10b) is truncated at z' = ± H2 (beyond 
z' = ± 1/2 it is set to zero). Thus the approximate source distribution is given by 


LW) 


Hz') 



SF ($)e J:( d€ 


- 1/2 s s' < 1/2 


10 


elsewhere 


(7-11) 
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and it yields an approximate pattern SF(0)«. The approximate pattern is used to 
represent, within certain error, the desired pattern SF(0),/. Thus 


SF{0) t , - SF(ff) <t 



dz 


(7-12) 


It can be shown that, over all values of £, the synthesized approximate pattern 
SF(0)„ yields the least mean square error or deviation from the desired pattern SF(0) d . 
However that criterion is not satisfied when the values of £ are restricted only in the 
visible region [81, [9]. 

To illustrate the principles of this design method, an example is taken. 


Example 7.2 

Determine the current distribution and the approximate radiation pattern of a line- 
source placed along the z-axis whose desired radiation pattern is symmetrical about 
0 - tt/2. and it is given by 

f 1 7r/4 ^ 0 < 3-77/4 

SF(0) = | Q elsewhere 

This is referred to as a sectoral pattern, and it is widely used in radar search and 
communication applications. 


SOLUTION 


Since the pattern is symmetrical, k z = 0. The values of £, as determined by (7-8a), 
are given by k/\f 2 s £> -A7\/2. In turn, the current distribution is given by 
(7- 10b) or 



I r^V' * 

-M = —^= 

2 7 tJ~V\ 2 7T\/2 



and it exists over all values of z ( — x — z ' s »). Over the extent of the line source, 
the current distribution is approximated by 


Uz') - l(z '), 


-1/2 < z' < 1/2 


If the derived current distribution I(z') is used in conjunction with (7- 10a) and it is 
assumed to exist over all values of z', the exact and desired sectoral pattern will result. 
If however it is truncated at z' = ± //2 (and assumed to be zero outside), then the 
desired pattern is approximated by (7-12) or 


SF (0) d - SF(0)„ 



I tl (z)e j - Z dz' 
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= — | S, 7 tt (cos 0 H -pi - Si 

*■1 L A \ Wi 

where 5,(.v) is the sine integral of (4-68b). 

The approximate current distribution (nonnalized so that its maximum is unity) 
is plotted in Figure 7.6(a) for / = 5 A and / - 10 A. The corresponding approximate 
normalized patterns are shown in Figure 7.6(b) where they are compared with the 
desired pattern. A very good reconstruction is indicated. The longer line source (7 = 
10 A) provides a belter realization. The side lobes are about 0.102 (— 19.83 dB) for 
1 = 5 A and 0.081 ( — 21.83 dB) for / = 10 A (relative to the pattern at 9 = 90°). 



7.4.2 Linear Array 

The array factor of an /V-element linear array of equally spaced elements and non- 
uniform excitation is given by (7-2). If the reference point is taken at the physical 
center of the array, the array factor can also be written as 

Odd Number of Elements ( N = 2M + 1) 

(7- 1 3a) 

Even Number of Elements (N = 2M) 

(7- 13b) 

where 

if/ = kd cos 9 + p (7- 1 3c) 

For an odd number of elements (N = 2M + I ), the elements are placed at 

z',„ = md . nt = 0, ±1, ±2, . . . , ± M (7- 13d) 





An odd number of elements must be utilized to synthesize a desired pattern whose 
average value, over all angles, is not equal to zero. The in = 0 term of (7- 13a) is 
analogous to the d.c. term in a Fourier series expansion of functions whose average 
value is not zero. 

In general, the array factor of an antenna is a periodic function of if/, and it must 
repeat for every 2tt radians. In order for the array factor to satisfy the periodicity 
requirements for real values of 8 (visible region), then 2kd = 27r or d = A/2. The 
periodicity and visible region requirement of d = A/2 can be relaxed; in fact, it can 
be made d < A/2. However, the array factor AF(i//) must be made pseudoperiodic by 
using lill-in functions, as is customarily done in Fourier series analysis. Such a 
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construction leads to nonunique solutions, because each new till-in function will result 
in a different solution. In addition, spacings smaller than A/2 lead to superdirective 
arrays that are undesirable and impractical. If d > A/2, the derived patterns exhibit 
undesired grating lobes; in addition, they must be restricted to satisfy the periodicity 
requirements. 

If AFO/') represents the desired array factor, the excitation coefficients of the array 
can be obtained by the Fourier formula of 

Odd Number oj Elements ( N = 2M -t- 1) 

(7- 14a) 

Even Number of Elements (N = 2M) 


(7-l4b) 


(7-14c) 


Simplifications in the forms of (7-l3aj-(7-13b) and <7-l4aM7-14e) can be obtained 
when the excitations are symmetrical about the physical center of the array. 




Example 7.3 

Determine the excitation coefficients and the resultant pattern for a broadside discrete 
element array whose array factor closely approximates the desired symmetrical sec- 
toral pattern of Example 7.2. Use 1 1 elements with a spacing of d - A/2 between 
them. Repeat the design for 21 elements. 


SOLUTION 


Since the array is broadside, the progressive phase shift between the elements as 
required by (6-1 8a) is zero (/3 = 0). Since the pattern is nonzero only for ir/4 <()< 
377/4, the corresponding values of 1 p are obtained from (7- 13c) or 7r/\/2 ^ <// > — 
7T/V2- The excitation coefficients are obtained from (7- 14a) or 
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Desired pattern 

Line-source (/ = 5X) 
Line-source U = I OX) 


(b) Space factor 

Figure 7.6 Normalized curreni distribution, desired pattern, and synthesized patterns 
using the Fourier transform method. 


and they are symmetrical about the physical center of the array \u,„( — z', n ) = 
The corresponding array factor is given by (7- 1 3a). 

The normalized excitation coefficients are 


(in = 

1.0000 

a ±4 = 

0.0578 

« ±8 = -0.0496 

Cl -+- 1 — 

0.3582 

a± 5 = 

-0.0895 

a + 9 = 0.0455 

a ± 2 = 

-0.2170 

a — 

0.0518 

a ±w = - 0.0100 

* + 3 = 

0.0558 

a ± 7 — 

0.0101 



They are displayed graphically by a dot (*) in Figure 7.6(a) where they are compared 
with the continuous current distribution of Example 7.2. It is apparent that at the 
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Desired pattern 

_ Linear array 

<S = \i.d = \/2) 

— — — ■ Linear array 

(A = 2L</ - X/2) 

Figure 7.7 Desired array factor and synthesized normalized patterns For linear 
array of 1 1 and 21 elements using the Fourier transform method. 


element positions, the line-source and linear array excitation values are identical. This 
is expected since the two antennas are of the same length (for /V ~ 11. d — A/2 o 
/ = 5A and for N = 21. d = A/2 o / = 10A). 

The corresponding normalized array factors are displayed in Figure 7.7. As it 
should be expected, the larger array {N = 2 1 , d = A/2) provides a better reconstruction 
of the desired pattern. The side lobe levels, relative to the value of the pattern at 6 — 
90°. are 0.061 (-24.29 dB) for N = 11 and 0.108 ( - 19.33 dB) for N- 21. 

Discrete element linear arrays only approximate continuous line-sources. There- 
fore, their patterns shown in Figure 7.7 do not approximate as well the desired pattern 
as the corresponding patterns of the line-source distributions shown in Figure 7.6(b). 


Whenever die desired pattern contains discontinuities or its values in a given 
region change very rapidly, the reconstruction pattern will exhibit oscillatory over- 
shoots which are referred to as Gibbs' phenomena. Since the desired sectoral patterns 
of Examples 7.2 and 7.3 are discontinuous at 0 = tt/A and 3tt/A, the reconstructed 
patterns displayed in Figures 7.6(b) and 7.7 exhibit these oscillatory overshoots. 


7.5 WOODWARD. LAWSON METHOD 

A very popular antenna pattern synthesis method used for beam shaping was intro- 
duced by Woodward and Lawson (3), [4], 1 10]. The synthesis is accomplished by 
sampling the desired pattern at various discrete locations. Associated with each pattern 
sample is a harmonic current of uniform amplitude distribution and uniform progres- 
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sive phase, whose corresponding field is referred to as a composing function. For a 
line-source, each composing function is of an b m sin(^ m )/<//„, form whereas for a linear 
array it takes an b„, sin(N<(> n ,)/N sin( <f> m ) form. The excitation coefficient b m of each 
harmonic current is such that its field strength is equal to the amplitude of the desired 
pattern at its corresponding sampled point. The total excitation of the source is 
comprised of a finite summation of space harmonics. The corresponding synthesized 
pattern is represented by a finite summation of composing functions with each term 
representing the field of a current harmonic with uniform amplitude distribution and 
uniform progressive phase. 

The formation of the overall pattern using the Woodward-Lawson method is 
accomplished as follows. The first composing function produces a pattern whose main 
beam placement is determined by the value of its uniform progressive phase while its 
intermost side lobe level is about - 13.5 dB; the level of the remaining side lobes 
monotonically decreases. The second composing function has also a similar pattern 
except that its uniform progressive phase is adjusted so that its main lobe maximum 
coincides with the intermost null of the first composing function. This results in the 
filling-in of the intermost null of the pattern of the first composing function; the 
amount of filling-in is controlled by the amplitude excitation of the second composing 
function. Similarly, the uniform progressive phase of the third composing function is 
adjusted so that the maximum of its main lobe occurs at the second intermost null of 
the first composing function; it also results in filling-in of the second intermost null 
of the first composing function. This process continues with the remaining finite 
number of composing functions. 

The Woodward-Lawson method is simple, elegant and provides insight into the 
process of pattern synthesis. However, because the pattern of each composing function 
perturbs the entire pattern to be synthesized, it lacks local control over the side lobe 
level in the unshaped region of the entire pattern. In 1988 and 1989 a spirited and 
welcomed dialogue developed concerning the Woodward-Lawson method 1 1 1 1-| 141. 
The dialogue centered whether the Woodward-Lawson method should be taught and 
even appear in textbooks, and whether it should be replaced by an alternate method 
( 15) which overcomes some of the shortcomings of the Woodward-Lawson method. 
The alternate method of [15] is more of a numerical and iterative extension of 
Schelkunoff’s polynomial method which may be of greater practical value because it 
provides superior beamshape and pattern control. One of the distinctions of the two 
methods is that the Woodward-Lawson method deals with the synthesis of field 
patterns while that of [151 deals with the synthesis of power patterns. 

The analytical formulation of this method is similar to the Shannon sampling 
theorem used in communications which states that “if a function g(t ) is band-limited, 
with its highest frequency being /),, the function g(t) can be reconstructed using 
samples taken at a frequency f s . To faithfully reproduce the original function #(/), the 
sampling frequency f should be at least twice the highest frequency .//, (fi = 2 f h ) or 
the function should be sampled at points separated by no more than A t = \/fi = 
1/(2 f h ) = T/J2 where T„ is the period of the highest frequency f k ." In a similar 
manner, the radiation pattern of an antenna can be synthesized by sampling functions 
whose samples aie separated by A// rad, where l is the length of the source [9], [10). 

7.5.1 Line-Source 

Let the current distribution of a continuous source be represented, within —1/2 ^ 
Z — //2, by a finite summation of normalized sources each of constant amplitude and 
linear phase of the form 
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-jkz' cos#,, 


- 1/2 < z' < U2 


(7-15) 


As it will be shown later, 0,„ represents the angles where the desired pattern is sampled. 
The total current Z(r') is given by a finite summation of 2M (even samples) or 
2 M + 1 (odd samples) current sources each of the form of (7-15). Thus 


1 M 

/<:') = 7 2 

I m— -M 


(7-16) 


where 


m - 0, ± I, ±2 ± M (for 2M + 1 odd number of samples) (7- 1 6a) 


For simplicity always use odd number of samples. 

Associated with each current source of (7-15) is a corresponding field pattern of 
the form given by (7-9) or 


s«i ( 0 ) b m 


. ’kl 

sin —(cos 0 - cos Q,„) 


kl 

— (cos 0 - cos 0,„) 


(7-17) 


whose maximum occurs when 0 = 0,„. The total pattern is obtained by summing 
2M + I (odd samples) terms each of the form given by (7-17). Thus 



(7-18) 


The maximum of each individual term in (7-18) occurs when 6 = and it is 
equal to SF(0 = 0 m ). In addition, when one term in (7-18) attains its maximum value 
at its sample at 0 = 0 m , all other terms of (7-18) which are associated with the other 
samples are zero at 0 = 0 m . In other words, all sampling terms (composing functions) 
of (7- 1 8) are zero at all sampling points other than at their own. Thus at each sampling 
point the total field is equal to that of the sample. This is one of the most appealing 
properties of this method. If the desired space factor is sampled at 0 = 0,„, the 
excitation coefficients b„ t can be made equal to its value at the sample points 0 m . Thus 


b„, = SF(0 = Q m ) t , 


(7-19) 


The reconstructed pattern is then given by (7-18), and it approximates closely the 
desired pattern. 

In order for the synthesized pattern to satisfy the periodicity requirements of 27r 
for real values of 0 (visible region) and to faithfully reconstruct the desired pattern, 
each sample should be separated by 


kz' A| |v| = / = 27TO A = y 


(7- 19a) 
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The location of each sample is given by 


(7-1%) 


(7-190 


Therefore. M should be the closest integer to M = UK. 

As long as the location of each sample is determined by (7-1 9b), the pattern value 
at the sample points is determined solely by that of one sample and it is not correlated 
to the field of the other samples. 


cos0„, — /)i A — m ^y^, m — 0. ± 1, ± 2. . . 

for odd samples 


f (2m - 1 ) (2m — I ) / A \ 

2 A= 2 17 j- 


cos«,„ = { 

m — + 1 . + 2, . . 

for even samples 


(2m + 1 ) (2m + 1 ) / A\ 

2 A = 2 It} 



^ hi = — 1 . — 2. . . 

for even samples 


Example 7.4 

Repeat the design of Example 7.2 for / = 5 A using odd samples and the Woodward- 
Lawson line-source synthesis method. 

SOLUTION 

Since / — 5A. M — 5 and the sampling separation is 0.2. The total number of sampling 
points is II. The angles where the sampling is performed are given, according to 
(7- 1 9b), by 

6>„, = cos _, |/nyj = cos' '(0.2i»), m = 0. ± I ±5 


The angles and the excitation coefficients at the sample points are listed below. 


m 

<L 

b m = SF(W m ) rf 

m 

(L 

b m = SF( 0 m )„ 

0 

90° 

1 




l 

78.46° 

1 

- 1 

101.54° 

1 

2 

66.42° 

1 

_ o 

113.58° 

I 

3 

53.13° 

1 

-3 

126.87° 

1 

4 

36.87° 

0 

-4 

143.13° 

0 

5 

0° 

0 

-5 

180° 

0 


The computed pattern is shown in Figure 7.8(a) where it is compared with the desired 
pattern. A good reconstruction is indicated. The side lobe level, relative to the value 
of the pattern at 0 — 90°. is 0.160 ( — 15-92 dB). 

To demonstrate the synthesis of the pattern using the sampling concept, we have 
plotted in Figure 7.8(b) all seven nonzero composing functions x,„(0) used for the 
reconstruction of the / = 5A line-source pattern of Figure 7.8(a). Each nonzero 
s„,(0) composing function was computed using (7-17) for m = 0, ±1, ±2, ±3. It 
is evident that at each sampling point all the composing functions are zero, except 
the one that represents that sample. Thus the value of the desired pattern at each 
sampling point is determined solely by the maximum value of a single composing 
function. The angles where the composing functions attain their maximum values are 
listed in tire previous table. 
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Desired pattern 

Line-source ISF (tf)l (/ = 5A) 

1. inear array I AF (tf)l (N - 10, d = A/2) 

ta) Normalized amplitude paLiems 



Desired palteni 

Line- source ]SF (0)\ if ~ 5A) 

Composing In act ions s trt tfl), 

w = 0. ±L±Z±3 


<b) Composing functions for line-source ( l - 5A) 

Figure 7.8 Desired and synthesized patterns, and composing functions for Wood- 
ward-Lawson designs. 
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7.5.2 Linear Array 


The Woodward-Lawson method can also be implemented to synthesize discrete linear 
arrays. The technique is similar to the Woodward-Lawson method for line sources 
except that the pattern of each sample, as given by (7-17), is replaced by the array 
factor of a uniform array as given by (6-10c). The pattern of each sample can be 
written as 


sin 


L(0) = K 


N 

— kd ( cos 0 - cos 6 m ) 




N sin 


^kd { cos 0 


- COS 0J 


(7-20) 


t = Nd assumes the array is equal to the length of the line source (the length ( of the line 
includes a distance d/2 beyond each end element). The total array factor can be written 
as a superposition of 2 M + I sampling, terms (as was done for the line source) each of 
the form of (7-20). Thus 


M 


AF(0) = 2 b„ 


. ~N 
sin —I 
2 


sin I —kd ( cos 8 - cos Q m ) 


m = - M 


N sin 


-kd ( cos 0 - cos 0,„) 


(7-21) 


As for the line sources, the excitation coefficients of the array elements at the 
sample points are equal to the value of the desired array factor at the sample points. 

That is, [“ I ( 7 -22) 


b m - AF(0 = 0,„),i 


The sample points are taken at 


(7-23a) 


(7-23b) 


The normalized excitation coefficient of each array element, required to give the 
desired pattern, is given by 


cos0„, = wA = m = 0- — 1. — 2, . . 

for odd samples 


r (2m - 1) , (2m - l) ( A ^ 

2 A= 2 Ul 


cos 0 m = < 

m - + 1 , + 2. . . 

for even samples 


(2m f 1) . (2m + 1) / A \ 

2 A = 2 U> 



i, m - - 1, - 2, . . 

for even samples 



(7-24) 


where z„' indicates the position of the nth element (element in question) symmetrically 
placed about the geometrical center of the array. 


Example 7.5 

Repeal the design of Example 7.4 for a linear array of 10 elements using the Woodward- 
Lawson method with odd samples and an element spacing of d = A/2. 
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SOLUTION 

According ro (7-19), (7- 19b), (7-22) and (7-23a). the excitation coefficients of the array 
at the sampling points are the same as those of the line source. Using the values of 
b m as listed in Example 7.4. the computed array factor pattern using (7-21) is shown 
in Figure 7.8(a). A good synthesis of the desired pattern is displayed. The side lobe 
level, relative to the pattern value at 0 = 90°, is 0.221 (- 13.1 dB). The agreement 
between the line-source and the linear array Woodward-Lawson designs are also good. 

The normalized pattern of the symmetrical discrete array can also be generated 
using the array factor of (6-61a) or (6-61b), where the normalized excitation coeffi- 
cients a „' s of the array elements are obtained using (7-24). For this example, the 
excitation coefficients of the 10-element array, along with their symmetrical position, 
are listed below. To achieve the normalized amplitude pattern of unity at 6 = 90° in 
Figure 7.8(a), the array factor of (6-6 la) must be multiplied by !/£«„ = 1/0.5 = 2.0. 


Element Number 

n 

Element Position 

t'n 

Excitation Coefficient 

± 1 

±0.25 A 

0.5695717 

±2 

±0.75A 

- 0.0344577 

± 3 

± 1.25A 

- 0.0999999 

±4 

± I.75A 

0.1108508 

±5 

±2.25A 

-0.0459650 


In general, the Fourier transform synthesis method yields reconstructed patterns 
whose mean-square error (or deviation) from the desired pattern is a minimum. 
However, the Woodward-Lawson synthesis method reconstructs patterns whose val- 
ues at the sampled points are identical to the ones of the desired pattern: it does not 
have any control of the pattern between the sample points, and it does not yield a 
pattern with least mean-square deviation. 

Ruze [9] points out that the least-mean-square error design is not necessarily the 
best. The particular application will dictate the preference between the two. However, 
the Fourier transform method is best suited for reconstruction of desired patterns 
which are analytically simple and which allow the integrations to be performed in 
closed form. Today, with the advent of high-speed computers, this is not a major 
restriction since integration can be performed (with high efficiency) numerically. In 
contrast, the Woodward-Lawson method is more flexible, and it can be used to 
synthesize any desired pattern. In fact, it can even be used to reconstruct patterns 
which, because of their complicated nature, cannot be expressed analytically. Meas- 
ured patterns, either of analog or digital form, can also be synthesized using the 
Woodward-Lawson method. 


7.6 TAYLOR LINE-SOURCE 
(TSCHEBYSCHEFF ERROR) 

In Chapter 6 we discussed the classic Dolph-Tschebyscheff array design which yields, 
for a given side lobe level, the smallest possible first null beamwidth (or the smallest 
possible side lobe level for a given first nuJJ beamwidth). Another classic design that 
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is closely related to it, but is more applicable for continuous distributions, is that by 
Taylor |5] (this method is different from that by Taylor |6| which will be discussed 
in the next section). 

The Taylor design [5] yields a pattern that is an optimum compromise between 
beamwidth and side lobe level. In an ideal design, the minor lobes are maintained at 
an equal and specific level. Since the minor lobes are of equal ripple and extend to 
infinity, this implies an infinite power. More realistically, however, the technique as 
introduced by Taylor leads to a pattern whose first few minor lobes (closest to the 
main lobe) are maintained at an equal and specified level; the remaining lobes decay 
monotonically. Practically, even the level of the closest minor lobes exhibits a slight 
monotonic decay. This decay is a function of the space u over which these minor 
lobes are required to be maintained at an equal level. As this space increases, the rate 
of decay of the closest minor lobes decreases. For a very large space of u (over which 
the closest minor lobes are required to have an equal ripple), the rate of decay is 
negligible. It should be pointed out, however, that the other method by Taylor [6] (of 
Section 7.7) yields minor lobes, all of which decay monotomically. 

The details of the analytical formulation are somewhat complex (for the average 
reader) and lengthy, and they will not be included here. The interested reader is 
referred to the literature [5], [16]. Instead, a succinct outline of the salient points of 
the method and of the design procedure will be included. The design is for far-field 
patterns, and it is based on the formulation of (7-1). 

Ideally the normalized space factor that yields a pattern with equal-ripple minor 
lobes is given by 


SF(0) = 


cosh [ \/(7 rAp - « 2 ) 
cosh(irA) 


u 


7T~ COS 9 
A 


(7-25) 


(7-25a) 


whose maximum value occurs when u - 0. The constant A is related to the maximum 
desired side lobe level /?<> by 

cosh( 7rA ) = /? (> (voltage ratio) (7-26) 

The space factor of (7-25) can be derived from the Dolph-Tschebyscheff arTay 
formulation of Section 6.8.3, if the number of elements of the array are allowed to 
become infinite. 

Since (7-25) is ideal and cannot be realized physically, Taylor 15] suggested that 
it be approximated (within a certain error) by a space factor comprised of a product 
of factors whose roots are the zeros of the pattern. Because of its approximation to 
the ideal Tschebyscheff design, it is also referred to as Tschebyscheff error. The 
Taylor space factor is given by 


n~\ 

n 

sin(n) " -l 

Qp/., A 7t\ — 

[■- 

0 



OP 1 11 % /\ * ft ) 

U n - 1 

n 

n— 1 

H 

' u y 

i - 

r. 



(7-27) 
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M = TTV = 7T “ COS 0 

A 


/ 

«„ = 7TU,, = 7T— cos 
A 


(7-27a) 
(7 -27b) 


where 0„ represents the locations of the nulls. The parameter n is a constant chosen 
by the designer so that the minor lobes for |u| = |«/7r| s n are maintained at a nearly 
constant voltage level of l//? 0 i for |u| = \u!tt\ > n the envelope, through the maxima 
of the remaining minor lobes, decays at a rate of 1/v = tt/u. In addition, the nulls of 
the pattern for fu| ^ n occur at integer values of v. 

In general, there are n — 1 inner nulls for |v| < n and an infinite number of outer 
nulls for |v| ^ n. To provide a smooth transition between the inner and the outer nulls 
(at the expense of slight beam broadening), Taylor introduced a parameter tr. It is 
usually referred to as the st aling factor , and it spaces the inner nulls so that they blend 
smoothly with the outer ones. In addition, it is the factor by which the beamwidth of 
the Taylor design is greater than that of the Dolph-Tschebyscheff, and it is given by 


n 

V^ 2 + (n - W 


(7-28) 


The location of the nulls are obtained using 


u„ = 7 TV, 


I f ± tt(t\/A 2 -I- (n - ^) 2 1 s n < n 

= TT-cos 0„ ~ \ ' _ (7-29) 

A [ ±m t n s n ^ ^ 


by 


The normalized line-source distribution, which yields the desired pattern, is given 


, A ’ 
W) = y 


Hz') = tM +2 2 SF(p.A,7i)cos|27rpy-j 


(7-30) 


The coefficients SF(p, A, n) represent samples of the Taylor pattern, and they 
can be obtained from (7-27) with it = irp. They can also be found using 


SF (p, A. n) = ■< 


[in - 1)!J 2 


(ft - I + p)!(/t -1-/7)! >» = 
0 


; n [ i - N 

! « = * L \ u ">! 


|p! < n 
\p\ - n 
(7-30a) 


with SF( -p, A, n) = SF(p, A . n). 

The half-power beamwidth is given approximately by f8] 


Rn 



(cosh 1 R 0 f - cosh ' 1 -~ 


\n'K' 


V 2 / J 


(7-31) 


7.6.1 Design Procedure 

To initiate a Taylor design, you must 

1, specify the normalized maximum tolerable side lobe level J//? 0 of the pattern. 
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2. choose a positive integer value for 77 such that for |i>| = |(//A) cos 0| ^ 77 ihe 
normalized level of the minor lobes is nearly constant at \/K (i . For |v| > 77, the 
minor lobes decrease monoton ically. In addition, for |u| < 77 there exist (77 — I ) 
nulls. The position of all the nulls is found using (7-29). Small values of 77 yield 
source distributions which are maximum at the center and monotonically decrease 
toward the edges. In contrast, large values of 77 result in sources which are peaked 
simultaneously at the center and at the edges, and they yield sharper main beams. 
Therefore, very small and very large values of 77 should be avoided. Typically, 
the value of 77 should be at least 3 and at least 6 for designs with side lobes of 
— 25 and —40 dB. respectively. 

To complete the design, you do the following: 

1. Determine A using (7-26), ir using (7-28). and the nulls using (7-29). 

2. Compute the space factor using (7-27). the source distribution using (7-30) and 
(7-30a). and the half-power beamwidth using (7-31). 


Example 7.6 

Design a — 20 dB Taylor distribution line-source with 77 = 5. Plot the pattern and 
the current distribution for / = 7A( — 7 ^ v = id tt s 7). 

SOLUTION 

For a - 20 dB side lobe level 
R u (voltage ratio) = 10 
Using (7-26) 

4 = -cosh’ '(10) = 0.95277 

rr 

and by (7-28) 

= ; - , 5 , = 1.0871 

V<0.95277) 2 + (5 - ().5r 

The nulls are given by (7-29) or 

v„ = uJtt = ± 1.17. ± 1.932. ±2.91, ±3.943, ±5.00, ±6.00. ±7.00,... 

The corresponding null angles for / = 7A are 

0„ = 80.38° (99.62°), 73.98° (106.02°). 65.45° (114.55°). 

55.7 1 0 ( 1 24.29°), 44.4 1 ° ( 1 35.59°), and 3 1 .00° ( 1 49.00°) 

The half-power beamwidth for / = 7A is found using (7-31 ), or 
(-)o ^ 7.95° 

The source distribution, as computed using (7-30) and (7-30a). is displayed in Figure 
7.9(a). The corresponding radiation pattern for —l<v= idn ^ 7 (0° ^ 0 ^ 180° 
for / = 7A) is shown in Figure 7.9(b). 

All the computed parameters compare well with results reported in |5| and 1 16|. 
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Position on Source tr'l 


(ii) Current distribution 



r = t//Mcos0 

l t I 1 i 1 I 1 1 1 ! ! I 1 I 

180" 14^ 1 24.8" 106.6° W 73.4° 55.2° 3T 0 

Observation unple 0 (i = 7Vi 
< h 1 Spaa* factor 

Figure 7.9 Normalized current distribution and far- field space factor pattern 
lor a - 20 dB side lobe and n = 5 Taylor (Tsehebyseheff error) line-source of 
/ = 7A. 


7.7 TAYLOR LINE-SOURCE (ONE-PARAMETER) 

The Dolph-Tschebyscheff array design of Section 6.8.3 yields minor lobes of equal 
intensity while the Taylor (Tsehebyseheff error) produces a pattern whose inner minor 
lobes are maintained at a constant level and the remaining ones decrease monotoni- 
cally. For some applications, such as radar and low-noise systems, it is desirable to 
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sacrifice some beamwidth and low inner minor lobes to have all the minor lobes decay 
as the angle increases on either side of the main beam. In radar applications this is 
preferable because interfering or spurious signals would be reduced further when they 
try to enter through the decaying minor lobes. Thus any significant contributions from 
interfering signals would be through the pattern in the vicinity of the major lobe. 
Since in practice it is easier to maintain pattern symmetry around the main lobe, it is 
also possible to recognize that such signals are false targets. In low-noise applications, 
it is also desirable to have minor lobes that decay away from the main beam in order 
to diminish the radiation accepted through them from the relatively “hot” ground. 

A continuous line-source distribution that yields decaying minor lobes and, in 
addition, controls the amplitude of the side lobe is that introduced by Taylor [6] in 
an unpublished classic memorandum. It is referred to as the Taylor (one-parameter) 
design and its source distribution is given by 


(7-32) 


where 7 0 is the Bessel function of the first kind of order zero, / is the total length of 
the continuous source (see Figure 7.1(a)], and B is a constant to be determined from 
the specified side lobe level. 

The space factor associated with (7-32) can be obtained by using (7-1). After 
some intricate mathematical manipulations, utilizing Gegenbauer’s finite integral and 
Gegenbauer polynomials [171, the space factor for a Taylor amplitude distribution 
line-source with uniform phase - 0| can be written as 


(7-33) 


where 

(7-33a) 

B = constant determined from side lobe level 
/ = line-source dimension 

The derivation of (7-33) is assigned as an exercise to the reader (Problem 7. 1 7). When 
( ttB)~ > it , (7-33) represents the region near the main lobe. The minor lobes are 
represented by (ttB) 2 < it in (7-33). Either form of (7-33) can be obtained from the 
other by knowing that (see Appendix VI) 





sin (jx) = j sinh(A') 
sinh (jx) = j sin(jr) 


(7-34) 
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When u — 0 (0 = n/2 and maximum radiation), the normalized pattern height 
is equal to 


(SF ) max 


sinh(7ri?) 

ttB 


= Ho 


For ir » ( ttB ) 2 , the normalized form of (7-33) reduces to 


(7-35) 


SF(fl) = 


sin f y/tr - (rrB) 2 ] 

Vw 2 ~ 


sin(») 

u 


u » ttB 


(7-36) 


and it is identical to the pattern of a uniform distribution. The maximum height H\ of 
the side lobe of (7-36) is H\ = 0.217233 (or 13.2 dB down from the maximum), and 
it occurs when (see Appendix I) 


[u 2 - (7 tB) 2 ] 1 ' 2 = u - 4.494 


(7-37) 


Using (7-35), the maximum voltage height of the side lobe (relative to the max- 
imum H () of the major lobe) is equal to 


W, = J_ = 0.217233 

H ( ) R 0 sinh(7rfl)/(7rS) 


(7-38) 


or 


*o = 


1 


0.217233 t tB 


sinh(7rB) „ sinh(7r5) 

- 4.603 


nB 


(7-38a) 


Equation (7-38a) can be used to find the constant B when the intensity ratio R 0 
of the major-to-the-side lobe is specified. Values of B for typical side lobe levels are 


SIDE LOBE 
LEVEL 
(dB) 

-10 -15 -20 -25 -30 

-35 

-40 

B 

y'0.4597 0.3558 0.7386 1.0229 1.2761 

1.5136 

1.7415 


The disadvantage of designing an array with decaying minor lobes as compared 
to a design with equal minor lobe level (Dolph-Tschebyscheff ), is that it yields about 
12 to 15% greater half-power beam width. However such a loss in beam width is a 
small penalty to pay when the extreme minor lobes decrease as 1 In. 

To illustrate the principles, let us consider an example. 


Example 7.7 

Given a continuous line-source, whose total length is 4A, design a Taylor distribution 
array whose side lobe is 30 dB down from the maximum of the major lobe. 

(a) Find the constant B. 

(b) Plot the pattern (in dB) of the continuous line-source distribution. 
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(c) For a spacing of A/4 between the elements, find the number of discrete 
isotropic elements needed to approximate the continuous source. Assume 
that the two extreme elements are placed at the edges of the continuous line 
source. 

(d) Find the normalized coefficients of the discrete array of part (c). 

(e) Write the array factor of the discrete array of parts (c) and (d). 

(f) Plot the array factor (in dB) of the discrete array of part (e). 

(g) For a corresponding Dolph-Tschebyscheff array, find the normalized coef- 
ficients of the discrete elements. 

(h) Compare the patterns of the Taylor continuous line-source distribution and 
discretized array, and the corresponding Dolph-Tschebyscheff discrete ele- 
ment array. 


SOLUTION 


For a — 30 dB maximum side lobe, the voltage ratio of the major-to-the-side lobe 
level is equal to 


30 = 20 log,(, (/? 0 ) R () ~ 31.62 

(a) The constant B is obtained using (7-38a) or 


/?,, = 31.62 


4.603 


sinh(TrB) 

ttB 


r> B = 


1.2761 


(b) The normalized space factor pattern is obtained using (7-33), and it is shown 
plotted in Figure 7.10. 

(c) For d = A/4 and with elements at the extremes, the number of elements is 
17. 

(d) The coefficients are obtained using (7-32). Since we have an odd number 
of elements, their positioning and excitation coefficients are those shown in 
Figure 6.17(b). Thus the total excitation coefficient of the center element is 

2 «, = /„(z')|,'=„ = y<)(./4.009) = 1 1 .4(X) >=> a \ = 5.70 


The coefficients of the elements on either side of the center element are 
identical (because of symmetry), and they are obtained from 

ci, = /(z%**±a/« = ^,,(73.977) = 11.106 


The coefficients of the other elements are obtained in a similar manner, 
and they are given by 

a } = 10.192 
u 4 — 8.889 
a 5 = 7.195 
= 5.426 
« 7 = 3.694 
a H = 2.202 

= i.ooo 
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CoiUmtiaus 

U = 4M 

— Disc retired 

(I = 4 Kd = X/4, N = 17) 

Figure 7.10 Far-held amplitude patterns of continuous and discretized Taylor 
tone-parameter) distributions. 


(e) The array factor is given by ($-61 b) and (6-6 1 c). or 

( AF)|7 = S a n COS[2(t! - I. lit] 

II- 1 

(i 7 r 

U = 7T — COS 0 = — COS ft 

A 4 

where the coefficients are those found in part (d). 

(f) The normalized pattern (in dB) of the discretized distribution (discrete ele- 

ment array) is shown in Figure 7. 10. 

(g) The normalized coefficients of a 17-element Dolph-T sehebyseheff array, 
with —30 dB side lobes, are obtained using the method outlined in the 
Design Section of Section 6.8.3 and are given by 
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Figure 7.1 1 Far-field amplitude patterns of Taylor (discretized) am! Dti I ph-T seheby sche IT 
distributions (/ - 4A, d = A/4. /V = 17). 


UN NORMALIZED NORMALIZED 


u, = 2.858 

«i« = 

1.680 

a 2 = 5.597 

^2 if = 

3.290 

IJ 

sC 

^3>r = 

3.086 

« 4 = 4.706 


2.767 

ct s = 4.022 

^■5/f “ 

2.364 

4a - 3.258 


1.915 

u 7 - 2.481 


1.459 

(in = 1.750 


1 .029 

th j - 1.701 

— 

1.000 


As with the discretized Taylor distribution array, the coefficients are 
symmetrical, and. the form of the array factor is that given in part (e). 

(If) The normalized pattern (in dB> is plotted in Figure 7. 1 1 where it is compared 



368 Chapter 7 Antenna Synthesis and Continuous Sources 


with that of the discretized Taylor distribution. From the patterns in Figures 
7.10 and 7.1 1, it can be concluded that 

1. the main lobe of the continuous line-source Taylor design is well ap- 
proximated by the discretized disuibution with a A/4 spacing between 
the elements. Even the minor lobes are well represented, and a better 
approximation can be obtained with more elements and smaller spacing 
between them. 

2. the Taylor distribution array pattern has a wider main lobe than the 
corresponding Dolph-Tschebyscheff, but it displays decreasing minor 
lobes away from the main beam. 


A larger spacing between the elements does not approximate die continuous 
distribution as accurately. The design of Taylor and Dolph-Tschebyscheff arrays for 
/ = 4A and d = A/2 (N = 9) is assigned as a problem at the end of the chapter 
(Problem 7.18). 

To qualitatively assess the performance between uniform, binomial, Dolph- 
Tschebyscheff, and Taylor (one-parameter) array designs, the amplitude distribution 
of each has been plotted in Figure 7.12(a). It is assumed that / = 4A, d = A/4, N — 
17. and the maximum side lobe is 30 dB down. The coefficients are normalized with 
respect to the amplitude of the corresponding element at the center of that array. 

The binomial design possesses the smoothest amplitude distribution (between 1 
and 0) from the center to the edges (the amplitude toward the edges is vanishingly 
small). Because of this characteristic, the binomial array displays the smallest side 
lobes followed, in order, by the Taylor. Tsehebyscheff, and the uniform arrays. In 
contrast, the uniform array possesses the smallest half-power beam width followed, in 
order, by the Tsehebyscheff, Taylor, and binomial arrays. As a rule of thumb, the 
array with the smoothest amplitude distribution (from the center to the edges) has the 
smallest side lobes and the larger half-power beamwidths. The best design is a trade- 
off between side lobe level and beamwidth. 


7.8 TRIANGULAR, COSINE, AND 
COSINE-SQUARED AMPLITUDE DISTRIBUTIONS 

Some other very common and simple line-source amplitude distributions are those of 
the triangular, cosine, cosine-squared, cosine on-a-pedestal, cosine-squared on-a- 
pedestal, Gaussian, inverse taper, and edge. Instead of including many details, the 
pattern, half-power beamwidth. first-null beamwidth, magnitude of side lobes, and 
directivity for uniform, triangular, cosine, and cosine-squared amplitude distributions 
(with constant phase) are summarized in Table 7.1 [18]. [19]. 

The normalized coefficients for a uniform, triangular, cosine, and cosine-squared 
arrays of / = 4 A, d - A/4. N = 17 are shown plotted in Figure 7.12(b). The array 
with the smallest side lobes and the larger half-power beamwidth is the cosine-squared, 
because it possesses the smoothest distribution. It is followed, in order, by the trian- 
gular. cosine, and uniform distributions. This is verilied by examining the character- 
istics in Table 7.1. 
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Element number (from center) 

• ••• Uniform Taylor / = 4X 

. — Binomial __ Dolph-Tschcbyscheff d = V4. j V = 1 7 

(u) Amplitude distribution of uniform, binomial, Taylor, 
and Dolph-Tschebyschcff discrete-element arrays 


1.0 



Element number (from center) 

Uniform Cosine-squared / = 4X 

^ ^ . d = \j 4..V= 17 

— — — Tnangular — Cosine 

tb) Amplitude distribution of uniform, triangular, cosine, 
and cosine squared discrete-element arrays 

Figure 7.12 Amplitude distribution of nonuniform amplitude linear arrays. 


Cosine on-a-pedestal distribution is obtained by the superposition of the uniform 
and the cosine distributions. Thus it can be represented by 


= 



+ h COS 



- 1/2 < < J/2 

elsewhere 


(7-39) 






Table 7.1 RADIATION CHARACTERISTICS FOR LINE SOURCES AND UNEAR ARRAYS 


WITH UNIFORM. TRIANGULAR. COSINE. AND COSINE-SQUARED DISTRIBUTIONS 


Distribution 

Uniform 

Triangular 

Cosine 

Cosine-Squared 

Distribution 

/„ 

(analytical) 

/« 

4-7*' 


/ 2 COs|y2'| 


Distribution 

(graphical) 

i, 

mhm..- 

/. 

- r J 

'l 

♦ 

K 

• 

Space factor (SF) 

M 

u cose 

, , sin(w) 

'4 

sin (§)' 
M 
2 

2 

7T COS(H) 

, / sin(«) f ir~ 1 


/o' 

II 

2 2 (nil? - IT 

'2 U |_ 7T“ - « 2 J 

Space factor jSF| 





Half-power 

beamwidth 

(degrees) 

1 A 

50.6 

(//A) 

73.4 

(//A) 

68.8 

(//A) 

83.2 

(//A) 

First null 

beamwidth 

(degrees) 

/ :» A 

114.6 

m) 

229.2 

(//A) 

171.9 

(//A) 

229.2 

(//A) 

First side lobe 
max. (to main 
max.) (dB) 

-13.2 

-26.4 

-23.2 

-31.5 

Directivity 
factor 
(/ large) 

■SB 

a 75 [ 2 (i) 

1 

0.8,0 [ 2 ({)] 

0.662 [ 2 $] 
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where /<> and I 2 are constants. The space factor pattern of such a distribution is obtained 
by the addition of the patterns of the uniform and the cosine distributions found in 
Table 7.1. That is. 


. sin(n) ttI 
SF id) = IqI— 3- 1 2 — 


cos U 


It 


2 (tt/ 2) 2 — u 2 


(7-40) 


A similar procedure is used to represent and analyze a cosine-squared on-a- 
pedestal distribution. 


7.9 LINE-SOURCE PHASE DISTRIBUTIONS 

The amplitude distributions of the previous section were assumed to have uniform 
phase variations throughout the physical extent of the source. Practical radiators (such 
as reflectors, lenses, horns, etc.) have nonuniform phase fronts caused by one or more 
of the following: 

1. displacement of the reflector feed from the focus 

2. distortion of the reflector or lens surface 

3. feeds whose wave fronts are not ideally cylindrical or spherical (as they are 
usually presumed to be) 

4. physical geometry of the radiator 

These are usually referred to phase errors, and they are more evident in radiators with 
tilted beams. 

To simplify the analytical formulations, most of the phase fronts are represented 
with linear, quadratic, or cubic distributions. Each of the phase distributions can be 
associated with each of the amplitude distributions. In (7-1 ), the phase distribution of 
the source is represented by 0„(z'). For linear, quadratic, and cubic phase variations, 
<£„(*') takes the form of 


2 


linear: 

4>\(z') = /?, y z\ 

-m < z ' ^ u 2 

(7-4Ja) 

quadratic: 

<f>i(z') — /^jyj z' 

-1/2 < < 1/2 

(7-41 b) 


/2\> , 



cubic: 

Hi') = ft lyj 

-1/2 ^ z* ^ U2 

(7-4Ic) 


and it is shown plotted in Figure 7.13. The quadratic distribution is used to represent 
the phase variations at the aperture of a horn and of defocused (along the symmetry 
axis) reflector and lens antennas. 

The space factor patterns corresponding to the phase distributions of (7-4 la)— 
(7-4 !c) can be obtained by using (7-1). Because the analytical formulations become 
lengthy and complex, especially for the quadratic and cubic distributions, they will 
not be included here. Instead, a general guideline of their effects will be summarized 
[18], |19|. 

Linear phase distributions have a tendency to tilt the main beam of an antenna 
by an angle 0„ and to form an asymmetrical pattern. The pattern of this distribution 
can be obtained by replacing the u (for uniform phase) in Table 7.1 by (u - fy,). In 
general, the half-power beamwidth of the tilted pattern is increased by 1/cos 0 O while 
the directivity is decreased by cos 0 o . This becomes more apparent by realizing that 
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01 



03 



(c) Cubic 

Figure 7.13 Linear, quadratic, and cubic phase variations. 


the projected length of the line source toward the maximum is reduced by cos 0 O - 
Thus the effective length of the source is reduced. 

Quadratic phase errors lead primarily to a reduction of directivity, and an increase 
in side lobe level on either side of the main lobe. The symmetry of the original pattern 
is maintained. In addition, for moderate phase variations, ideal nulls in the patterns 
disappear. Thus the minor lobes blend into each other and into the main beam, and 
they represent shoulders of the main beam instead of appearing as separate lobes. 
Analytical formulations for quadratic phase distributions were introduced in Chapter 
13 on horn antennas. 

Cubic phase distributions introduce not only a tilt in the beam but also decrease 
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the directivity. The newly formed patterns are a symmetrical. The minor lobes on one 
side are increased in magnitude and tho.se on the other side are reduced in intensity. 


7.10 CONTINUOUS APERTURE SOURCES 

Space factors for aperture (two-dimensional) sources can be introduced in a similar 
manner as in Section 7.2.1 for line-sources. 


7.10.1 Rectangular Aperture 

Referring to the geometry of Figure 6.23(b). the space factor for a two-dimensional 
rectangular distribution along the jc-y plane is given by 



f iy/2 fi X /2 

gp — A vV lWin *.<*'. />! dx'dv' 

J " iy/2 J — l x /2 " 

(7-42) 

where /, and l y are, respectively, the linear dimensions of the rectangular aperture 
along the x and y axes. A„U', y') and <f>„( jc\ y') represent, respectively, the amplitude 
and phase distributions on the aperture. 

For many practical antennas (such as waveguides, horns, etc.) the aperture distri- 
bution (amplitude and phase) is separable. That is. 


A n (.*\y‘) = I x (x')I y {y') 

(7-42a) 


(f>„(x',y') = <j>Ax') + <M.v') 

(7-42b) 

so that (7-42) can be written as 



SF = S x S y 

(7-43) 

where 

Sv = \ Ix{x > )e j\kx^n0^ + ^X )\ dx , 

J t x /2 

(7-43a) 


ff v /2 

5 = / ( y' ) e J\ k y' Mn^sm^+ (Mv )1 rfy* 

J- / v /2 V ^ 

(7-43b) 


which is analogous to the array factor of (6-85)-(6-85b) for discrete-element arrays. 

The evaluation of (7-42) can be accomplished either analytically or graphically. 
If the distribution is separable, as in (7-42a) and (7-42b). the evaluation can be 
performed using the results of a line-source distribution. 

The total field of the aperture antenna is equal to the product of the element and 
space factors. As for the line sources, the element factor for apertures depends on the 
type of current density and its orientation. 


7.10.2 Circular Aperture 

The space factor for a circular aperture can be obtained in a similar manner as for the 
rectangular distribution. Referring to the geometry of Figure 6.32, the space factor 
for a circular aperture with radius a can be written as 
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Table 7.2 RADIATION CHARACTERISTICS FOR CIRCULAR APERTURES AND 
CIRCULAR PLANAR ARRAYS WITH CIRCULAR SYMMETRY AND 
TAPERED DISTRIBUTION 


Distribution 

Uniform 

Radial Taper 

Radial Taper 
Squared 

Distribution 

(analytical) 




Distribution 

(graphical) 




Space factor (SF) 
u = ( 2 .;) sin H 

l n 2mr 

u 

. , 2 J ± Ul) 
/ 1 4 77V7 

U 

/■» 1 f>irn^ — — — 

il 

Half-power 
beumwidth 
(degrees) 
a » A 

29.2 

(fl/A) 

36.4 
(a/ A) 

42.1 

(tf/A) 

First null 

beamwidth 

(degrees) 

0 » A 

69.9 
(at A) 

93.4 
(a/ A) 

116.3 

(o/A) 

First side 
lobe max. 

(to main max.) 
<dB) 

-17.6 

-24.6 

- 30.6 

Directivity factor 



■gl 


SF(0, </>) = f f A„(p\ p‘ dp' d<f>' (7-44) 

Jo Jo 


where p' is the radial distance (0 < p' < «), <f>' is the azimuthal angle over the 
aperture (0 ^ <t>' ^ 2n for 0 < p' < a), and A„(p\ <}>') and £„(p\ 4>') represent, 
respectively, the amplitude and phase distributions over the aperture. Equation (7-44) 
is analogous to the array factor of (6-1 12a) for discrete elements. 

If the aperture distribution has uniform phase |£„(p\ 0') = Co = 0] and azimuthal 
amplitude symmetry [A„(p\ 0') = A„{p') J. (7-44) reduces, by using (5-48), to 

SF( 0) = 2?r I A„(p')Mkp^ind)p'dp' (7-45) 

J o 

where J 0 (.v) is the Bessel function of the first kind and of order zero. 

Many practical antennas, such as a parabolic reflector, have distributions that 
taper toward the edges of the apertures. These distributions can be approximated 
reasonably well by functions of the form 
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() < p' < a, n = 0, 1, 2, 3, . . . (7_46) 

t 0 elsewhere 

For n = 0. (7-46) reduces to a uniform distribution. 

The radiation characteristics of circular apertures or planar circular arrays with 
distributions (7-46) with n ~ 0. 1, 2 are shown tabulated in Table 7.2 [19J. It is 
apparent, as before, that distributions with lower taper toward the edges (larger values 
of n) have smaller side lobes but larger beamwidths. In design, a compromise between 
side lobe level and beamwidth is necessary. 
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PROBLEMS 


7.1. 


7.2. 


7.3. 


7.4. 

7.5. 


7.6. 


7.7. 


7.8. 

7.9. 

7. in. 


A three-element array is placed along the c-axis. Assuming the spacing between the 
elements is r/ = A/4 and the relative amplitude excitation is equal to a x = I, a 2 = 2. 
U\ = I, 

(a) find the angles where the array factor vanishes when /3 = 0. rr/2, tt, and ?>tH2 
(h) plot the relative pattern for each array factor 
Use Schelkunoff s method. 

Design a linear array of isotropic elements placed along the z - axis such that the zeros 
of the array factor occur at 0 — 0°, 60°. and 1 20°. Assume that the elements are spaced 
A/4 apart and that the progressive phase shift between them is 0°. 

(a) Find the required number of elements. 

(b) Determine their excitation coefficients. 

(c> Write the array factor. 

(d) Plot the array factor pattern to verify the validity of the design. 

The c-plane array factor of an array of isotropic elements placed along the z-axis is 
given by 

AF = z(: 4 - I) 


Determine the 

(a) number of elements of the array. If there are any elements with zero excitation 
coefficients (null elements), so indicate 

(b) position of each element (including that of null elements) along the z axis 

(c) magnitude and phase (in degrees) excitation of each element 

(d) angles where the pattern vanishes when the total array length (including null ele- 
ments) is 2A 

Repeal Prob. 7.3 when 

AF = z(z* - I) 


Repeat Example 7.2 when 


SF(0) = 



40° SOS 140° 
elsewhere 


Repeat the Fourier transform design of Example 7.2 for a line source along the z-axis 
whose sectoral pattern is given by 

fl 60° £9<] 20° 

SF(0) = \ 

l/) elsewhere 

Use / = 5A and I0A. Compare the reconstructed patterns with the desired one. 

Repeat the Fourier transform design of Problem 7.6 for a linear array with a spacing 
of d = A/2 between the elements and 

(a) N = II elements 

(b) N = 21 elements 

Repeat the design of Problem 7.6 using the Woodward-Lawson method for line-sources. 
Repeat the design of Problem 7.7 using the Woodward-Lawson method for linear arrays 
for N = 10, 20. 

Design, using the Woodward-Lawson method, a line-source of / = 5A whose space 
factor pattern is given by 

SF(0) = sin'(0) 0°£ 0^180° 


Determine the current distribution and compare the reconstructed pattern with the 
desired pattern. 
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7. 1 1 . Repeat the design of Problem 7. 10 for a linear array of N = 10 elements with a spacing 
of d — A/2 between them. 

7.12. In target-search, grounding-mapping radars, and in airport beacons it is desirable to 
have the echo power received from a target, of constant cross section, to be independent 
of its range R. 

Generally, the far-zone field radiated by an antenna is given by 


|£(/?, 0, <f>)\ = C 0 


im <*>)! 

R 


where C 0 is a constant. According to the geometry of the figure 
R = hJ sin (0) = h esc (0) 



For a constant value of <f>, the radiated field expression reduces to 


M = Ci m 


A constant value of field strength can be maintained provided the radar is flying 
at a constant altitude h and the far-field antenna pattern is equal to 


/(0) = C 2 csc(0) 

This is referred to as a cosecant pattern, and it is used to compensate for the range 
variations. For very narrow beam antennas, the total pattern is approximately equal to 
the space or array factor. Design a line-source, using the Woodward-Lawson method, 
whose space factor is given by 

sp = 1 0 342 csc < 0) ’ 20° 0 ^ 60° 

1 0 elsewhere 


Plot the synthesized pattern for / = 20A, and compare it with the desired pattern. 

7. 13. Repeat the design of Problem 7. 12 for a linear array of N = 41 elements with a spacing 
of d = A/2 between them. 

7.14. For some radar search applications, it is more desirable to have an antenna which has 
a square beam for 0 s < 0 O , a cosecant pattern for 0<> s 0 < 0 m , and it is zero 
elsewhere. Design a line-source, using the Woodward-Lawson method, with a space 
factor of 


SF(0) = 


r* 

S 0.342 csc{0) 


^0 


15° 0 < 20° 

20° < 0 < 60° 
elsewhere 


Plot the reconstructed pattern for / = 20A, and compare it with the desired pattern. 

7.15. Repeat the design of Problem 7.14, using the Woodward-Lawson method, for a linear 
array of 41 elements with a spacing of d = A/2 between them. 

7. 16. Design a Taylor (Tschebyscheff error) line-source with a 

(a) - 25 dB side lobe level and n = 5 

(b) —20 dB side lobe level and n = 10 

For each, find the half-power beam width and plot the normalized current distribution 
and the reconstructed pattern when / = 10A. 

7.17. Derive (7-33) using (7-1), (7-32), and Gegenbauer’s finite integral and polynomials. 
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7.18. Repeat the design of Example 7.7 for an array with / = 4A, d = A/2. N = 9. 

7.19. Design a broadside five-element, —40 dB side lobe level Taylor (one-parameter) dis- 
tribution array of isotropic sources. The elements are placed along the x-axis with a 
spacing of A/4 between them. Determine the 

(a) normalized excitation coefficients (amplitude and phase) of each element 

(b) array factor 

7.20. Derive the space factors for uniform, triangular, cosine, and cosine squared line-source 
continuous distributions. Compare with the results in Table 7. 1 . 

7.21. Compute the half-power beamwidth, first null beamwidth. first side lobe level (in dB), 
and directivity of a linear array of closely spaced elements with overall length of 4A 
when its amplitude distribution is 

(a) uniform (b) triangular 

(c) cosine (d) cosine squared 

7.22. Derive the space factors for the uniform radial taper, and radial taper-squared circular 
aperture continuous distributions. Compare with the results in Table 7.2. 

7.23. Compute the half-power beamwidth, first null beamwidth, first side lobe level (in dB), 
and gain factor of a circular planar array of closely spaced elements, with radius of 2A 
when its amplitude distribution is 

(a) uniform 

(b) radial taper 

(c) radial taper-squared 



CHAPTER 


8 

INTEGRAL EQUATIONS, 
MOMENT METHOD, AND SELF 
AND MUTUAL IMPEDANCES 


8.1 INTRODUCTION 

In Chapter 2 it was shown, by the Thevenin and Norton equivalent circuits of Figures 
2.21 and 2.22, that an antenna can be represented by an equivalent impedance 
Z A [Z A = (R r + R t ) + jX A ]. The equivalent impedance is attached across two terminals 
(terminals a — b in Figures 2.21 and 2.22) which are used to connect the antenna to 
a generator, receiver, or transmission line. In general, this impedance is called the 
driving-point impedance. However, when the antenna is radiating in an unbounded 
medium, in the absence of any other interfering elements or objects, the driving-point 
impedance is the same as the self-impedance of the antenna. In practice, however, 
there is always the ground whose presence must be taken into account in determining 
the antenna driving-point impedance. The self- and driving point impedances each 
have, in general, a real and an imaginary part. The real part is designated as the 
resistance and the imaginary part is called the reactance. 

The impedance of an antenna depends on many factors including its frequency 
of operation, its geometry, its method of excitation, and its proximity to the surround- 
ing objects. Because of their complex geometries, only a limited number of practical 
antennas have been investigated analytically. For many others, the input impedance 
has been determined experimentally. 

The impedance of an antenna at a point is defined as the ratio of the electric to 
the magnetic fields at that point; alternatively, at a pair of terminals it is defined as 
the ratio of the voltage to the current across those terminals. There are many methods 
that can be used to calculate the impedance of an antenna 1 1 1. Generally, these can 
be classified into three catogories: (I) the boundary- value method. (2) the transmis- 
sion-line method, and (3) the Poynting vector method. Extensive and brief discussions 
and comparisons of these methods have been reported |1 ]. [2]. 

The boundary- value approach is the most basic, and it treats the antenna as a 
boundary-value problem. The solution to this is obtained by enforcing the boundary 

379 



380 Chapter 8 Integral Equations, Moment Method, and Self and Mutual Impedances 


conditions (usually that the tangential electric field components vanish at the con- 
ducting surface). In turn, the current distribution and finally the impedance (ratio of 
applied emf to current) are determined, with no assumptions as to their distribution, 
as solutions to the problem. The principal disadvantage of this method is that it has 
limited applications. It can only be applied and solved exactly on simplified geomet- 
rical shapes where the scalar wave equation is separable. 

The transmission-line method, which has been used extensively by Schelkunoff 
13 J. treats the antenna as a transmission line, and it is most convenient for the biconical 
antenna. Since it utilizes tangential electric field boundary conditions for its solution, 
this technique may also be classified as a boundary-value method. 

The basic approach to the Poynting vector method is to integrate the Poynting 
vector (power density) over a closed surface. The closed surface chosen is usually 
either a sphere of a very large radius r (r > 2D 2 /A where D is the largest dimension 
of the antenna) or a surface that coincides with the surface of the antenna. The large 
sphere closed surface method has been introduced in Chapters 4 and 5, but it lends 
itself to calculations only of the real part of the antenna impedance (radiation resis- 
tance). The method that utilizes the antenna surface has been designated as the induced 
emf method, and it has been utilized [4]— [6] for the calculation of antenna impedances. 

The impedance of an antenna can also be found using an integral equation with 
a numerical technique solution, which is widely referred to as the Integral Equation- 
Method of Moments [7]-( 14], This method, which in the late 1960s was extended to 
include electromagnetic problems, is analytically simple, it is versatile, but it requires 
large amounts of computation. The limitation of this technique is usually the speed 
and storage capacity of the computer. 

In this chapter the integral equation method, with a Moment Method numerical 
solution, will be introduced and used first to find the self- and driving-point impe- 
dances, and mutual impedance of wire type of antennas. This method casts the solution 
for the induced current in the form of an integral (hence its name) where the unknown 
induced current density is part of the integrand. Numerical techniques, such as the 
Moment Method (7|-[ 14|, can then be used to solve the current density. In particular 
two classical integral equations for linear elements, Paddington's and HaUen's In- 
tegral Equations, will be introduced. This approach is very general, and it can be used 
with todays modem computational methods and equipment to compute the character- 
istics of complex configurations of antenna elements, including skewed arrangements. 
For special cases, closed form expressions for the self, driving point, and mutual 
impedances will be presented using the induced emf method. This method is limited 
to classical geometries, such as straight wires and arrays of collinear and parallel 
straight wires. 


8.2 INTEGRAL EQUATION METHOD 

The objective of the Integral Equation (IE) method for radiation or scattering is to 
cast the solution for the unknown current density, which is induced on the surface of 
the radiation scalterer, in the form of an integral equation where the unknown induced 
current density is part of the integrand. The integral equation is then solved for the 
unknown induced current density using numerical techniques such as the Moment 
Method (MM). To demonstrate this technique, we will initially consider some specific 
problems. For introduction, we will start with an electrostatics problem and follow it 
with time-harmonic problems. 
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8.2.1 Electrostatic Charge Distribution 

In electrostatics, the problem of finding the potential that is due to a given charge 
distribution is often considered. In physical situations, however, it is seldom possible 
to specify a charge distribution. Whereas we may connect a conducting body to a 
voltage source, and thus specify the potential throughout the body, the distribution of 
charge is obvious only for a few rotationally symmetric geometries. In this section 
we will consider an integral equation approach to solve for the electric charge distri- 
bution once the electric potential is specified. Some of the material here and in other 
sections is drawn from ( 15 j, 1 16]. 

From statics we know that a linear electric charge distribution p( r') creates an 
electric potential, V(r), according to [17] 


V(r) 


1 

47re ( ) 


I 


source 

(charge) 


R 


dr 


( 8 - 1 ) 


where r’i.x, v\ z') denotes the source coordinates, r(x, y, z) denotes the observation 
coordinates, dl' is the path of integration, and R is the distance from any one point 
on the source to the observation point, which is generally represented by 

R(r, r') = |r - r'| = y/(x - x'j* + (>• - 77 + (z - 77 (8-la) 

We see that (8-1) may be used to calculate the potentials that are due to any 
known line charge density. However, the charge distribution on most configurations 
of practical interest, i.e.. complex geometries, is not usually known, even when the 
potential on the source is given. It is the nontrivial problem of determining the charge 
distribution, for a specified potential, that is to be solved here using an integral 
equation-numerial solution approach. 


A. Finite Straight Wire 

Consider a straight wire of length / and radius «. placed along the y axis, as shown 
in Figure 8- 1(a). The wire is given a normalized constant electric potential of 1 V. 

Note that (8-1) is valid everywhere, including on the wire itself (V^m. = 1 V). 
Thus, choosing the observation along the wire axis (jc = z — 0) and representing the 
charge density on the surface of the wire, (8-1) can be expressed as 


1 


I 

47re„ 


r p(.v') 

o R( y. /) 


dy\ 


0 < y < / 


(8-2) 


where 

R(y.y') = R(r, r')| A = :=0 = V< V - 7? + [U'V + (z') 2 ] 


= V(.V ~ .v') 2 + a 2 (8-2a) 

The observation point is chosen along the wire axis and the charge density is repre- 
sented along the surface of the wire to avoid R(y, y r ) = 0, which would introduce a 
singularity in the integrand of (8-2). 

It is necessary to solve (8-2) for the unknown p(y') (an inversion problem). 
Equation (8-2) is an integral equation that can be used to find the charge density 
p(v' ) based on the I -V potential. The solution may be reached numerically by reducing 
(8-2) to a series of linear algebraic equations that may be solved by conventional 
matrix equation techniques. To facilitate this , let us approximate the unknown charge 
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Figure 8.1 Straight wire of constant potential and its segmentation. 


distribution pty'i by an expansion of N known terms with constant, but unknown, 
coefficients, that is, 


p(y* ) 


A 


2 a,tgjy) 

n= t 


(8-3) 


Thus. (8-2) may be written, using (8-3), as 


4^,= f-L. 

Jn my, >■' 
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n^= I 


dV 


(8-4) 


Because (8-4) is a non singular integral, its integration and summation can be inter- 
changed. ami it can be written as 

N rl 

[ V I 

(8-4a) 


v f &</) 


TJie wire is now divided into N uniform segments, each of length A = UN, us 
illustrated in Figure K. lib). The £„{/) functions in the expansion (8-3) are chosen 
for their ability to accurately mode! die unknown quantity, while minimizing com- 
putation. They are often referred to as basis (or expansion) functions, and they will 
be discussed further in Section 8.2.3, To avoid complexity in this solution, subdomain 
piecewise constant (or il pulse'‘) functions will be used. These functions, shown in 
Figure 8.5, rue defined to be of a constant value over one segment and zero elsewhere, 
or 

f 0 y' < (n — I )A 

i (« — i )A •£ y s «a 
o «a < y 


*«(/) - 1 


(8-5) 
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Many other basis functions are possible, some of which will be introduced later in 
Section 8.2.3. 

Replacing v in (8-4) by a fixed point such as y ,„ . results in an integrand that is 
solely a function of y\ so the integral may be evaluated. Obviously. (8-4) leads to 
one equation with N unknowns a„ written as 


, f A gi(y') , , f’ A g 2 (y') , , 

47reo = (i\ \ t; rdy + a*> — —uv + • • • 

Jo /?(y m , .v ) ~h R(v m .y) 

r 1 «.(>■') . . r' sak.v'> 

+ a„ r«v + * • • + a N \ 

Jf/i- t»a /f(y». y ) Juv-i 


( 8 - 6 ) 


dV 


y') ' 


In order to obtain a solution for these N amplitude constants. N linearly independent 
equations are necessary. These equations may be produced by choosing /V observation 
points y,„ each at the center of each A length element as shown in Figure 8.1(b). This 
results in one equation of the form of (8-6) corresponding to each observation point. 
For N such points, we can reduce (8-6) to 


„ gi(y') j • , . f gtt(y') 

47 T€ 0 = a | — dv + • * • + a N \ — — dy 

Jo R(y u y ) ' J(N- DA R( V|, y ) 

, r *ify') . , . . f 8n(Y) 

Jo R(yn, y ■ J(V-I)A R(y N ,y') 


(8-6a) 


We may write (8-6a) more concisely using matrix notation as 


[VJ = fZ m , ,][/„] 


where each Z m „ term is equal to 

-7 _ (' 8„(y') 
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sdy' 
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and 


Kl = la„) 

\V, n \ = |47re 0 ]. 


(8-7) 


(8-7a) 


(8-7b) 

(8-70 


The V m column matrix has all terms equal to 47reo. and the I„ = a„ values are the 
unknown charge distribution coefficients. Solving (8-7) for [/,J gives 

f/,,1 = loj = \Z„J-'[V m ] (8-8) 

Either (8-7) or (8-8) may readily be solved on a digital computer by using any of 
a number of matrix inversion or equation solving routines. Whereas the integral 
involved here may be evaluated in closed form by making appropriate approximations, 
this is not usually possible with more complicated problems. Efficient numerical 
integral computer subroutines are commonly available in easy-to-use forms. 
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One closed form evaluation of (8-7a) is to reduce the integral and represent it by 

(8-9a) 


7 = 

^ mn 


where 


2 In 



m ~ n 


In \ d+mn - m * n but |m - n\ < 2 (8-9b) 
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(8-9d) 

(8-9e) 


/,„ is the distance between the m th matching point and the center of the nth source 
point. 

In summary, the solution of (8-2) for the charge distribution on a wire has been 
accomplished by approximating the unknown with some basis functions, dividing the 
wire into segments, and then sequentially enforcing (8-2) at the center of each segment 
to form a set of linear equations. 

Even for the relatively simple straight wire geometry we have discussed, the exact 
form of the charge distribution is not intuitively apparent. To illustrate the principles 
of the numerical solution, an example is now presented. 


Example 8.1 

A 1-m long straight wire of radius a = 0.001 m is maintained at a constant potential 
of 1 V. Determine the linear charge distribution on the wire by dividing the length 
into 5 and 20 uniform segments. Assume subdomain pulse basis functions. 


SOLUTION 

1. N = 5. When the 1-m long wire is divided into five uniform segments each of 
length A = 0.2 m, (8-7) reduces to 
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Inverting this matrix leads to the amplitude coefficients and subsequent charge 
distribution of 


fli = 8.81/>C/w 
= 8.09 pC/m 
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Figure 8.2 Charge distribution on a 1 -m straight wire at I V. 


cii — 7. 97 pC/rn 
«4 = 8.09 pC/m 
<z 5 — H.SipC/m 

The charge distribution is shown in Figure 8.2(a). 

2. N — 20. Increasing the number of segments to 20 results in a much smoother 
distribution, as shown plotted in Figure 8.2(b). As more segments are used, a 
better approximation of the actual charge distribution is attained, which has 
smaller discontinuities over the length of the wire. 


B. Beni Wire 

In order to illustrate the solution of a more complex structure, let us analyze a body 
composed of two noncollinear straight wires; that is, a bent wire. If a straight wire is 
bent, the charge distribution will be altered, although the solution to find it will differ 
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only slightly from the straight wire case. We will assume a bend of angle a. which 
remains on the vs-plane, as shown in Figure 8.3. 

For the first segment / 1 of the wire, the distance R can be represented by (8-2a). 
However, for the second segment l 2 we can express the distance as 

R = V(>’ “ 7? + (z - 7? (8-10) 


Also because of the bend, the integral in (8-7a) must be separated into two parts of 

di\ + [' (8-11) 


= i dr , + 

Jo R Jo R 


where / , and A are measured along the corresponding straight sections from their left 
ends. 


Example 8.2 

Repeat Example 8. 1 assuming that the wire has been bent 90° at its midpoint. Sub- 
divide the wire into 20 uniform segments. 

SOLUTION 

The charge distribution for this case, calculated using (8-10) and (8-11), is plotted 
in Figure 8.4 for N = 20 segments. Note that the charge is relatively more con- 
centrated near the ends of this structure than was the case for a straight wire of 
Figure 8.2(b). Further, the overall density, and thus capacitance, on the structure 
has decreased. 


Arbitrary wire configurations, including numerous ends and even curved sections, 
may be analyzed by the methods already outlined here. As with the simple bent wire, 
the only alterations generally necessary are those required to describe the geometry 
analytically. 
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8.2.2 Integral Equation 

Equation (8-2) for the l-V potential on a wire of length / is an integral equation, 
which can be used to solve for the charge distribution. Numerically this is accom- 
plished using a method, which is usually referred to as Moment Method or Method of 
Moments f 71— fJ 4]. To solve (8-2) numerically the unknown charge density p(v') is 
represented by N terms, as given by (8-3). In (8-3) g„(y') are a set of N known 
functions, usually referred to as basis or expansion functions, while a„ represents a 
set of N constant, but unknown, coefficients. The basis or expansion functions are 
chosen to best represent the unknown charge distribution. 

Equation (8-2) is valid at every point on the wire. By enforcing (8-2) at /V discrete 
but different points on the wire, the integral equation of (8-2) is reduced to a set of N 
linearly independent algebraic equations, as given by (8-6a). This set is generalized 
by (8-7)-(8-7c), which is solved for the unknown coefficients a„ by (8-8) using matrix 
inversion techniques. Since the system of N linear equations each with N unknowns, 
as given by (8-6a)-(8-8), was derived by applying the boundary condition (constant 
l-V potential) at N discrete points on the wire, the technique is referred to as point- 
matching (or collocation) method [7], (8). Thus, by finding the elements of the f V| 
and [Z], and then the inverse [Z] _l matrices, we can then determine the coefficients 
a„ of the |7] matrix using (8-8). This in turn allows us to approximate the charge 
distribution p(y') using (8-3). This was demonstrated by Examples 8.1 and 8.2 for 
the straight and bent wires, respectively. 

In general, there are many forms of integral equations. For time-harmonic elec- 
tromagnetics. two of the most popular integral equations are the electric field integral 
equation (EFIE) and the magnetic field integral equation (MFIE) [14J. The EFIE 
enforces the boundary condition on the tangential electric field while the MFIE 
enforces the boundary condition on the tangential components of the magnetic field. 
The EFIE is valid for both closed or open surfaces while the MFIE is valid for closed 
surfaces. These integral equations can be used for both radiation and scattering prob- 
lems. Two- and three-dimensional EFIE and MFIE equations for TE and TM polari- 
zations are derived and demonstrated in ( 14 1. For radiation problems, especially wire 
antennas, two popular EFIEs are the Pocklington Integral Equation and the Hallen 
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Integral Equation. Both of these will be discussed and demonstrated in the section 
that follows. 


8.3 FINITE DIAMETER WIRES 

In this section we want to derive and apply two classic three-dimensional integral 
equations, referred to as Paddington's integrodifferential equation and Hailin' s in- 
tegral equation (18]-|26|. that can be used most conveniently to find the current 
distribution on conducting wires. Hallen’s equation is usually restricted to the use of 
a delta-gap voltage source model at the feed of a wire antenna. Pocklington's equation, 
however, is more general and it is adaptable to many types of feed sources (through 
alteration of its excitation function or excitation matrix), including a magnetic frill 
[27|. In addition, Halldn's equation requires the inversion of an N + I order matrix 
(where N is the number of divisions of the wire) while Pocklington’s equation requires 
the inversion of an N order matrix. 

For very thin wires, the current distribution is usually assumed to be of sinusoidal 
form as given by (4-56). For finite diameter wires (usually diameters d of d > 0.05A). 
the sinusoidal current distribution is representative but not accurate. To find a more 
accurate current distribution on a cylindrical wire, an integral equation is usually 
derived and solved. Previously, solutions to the integral equation were obtained using 
iterative methods [201; presently, it is most convenient to use moment method tech- 
niques [7]-[9|. 

If we know the voltage at die feed terminals of a wire antenna and find the current 
distribution, the input impedance and radiation pattern can then be obtained. Similarly, 
if a wave impinges upon the surface of a wire scatterer. it induces a current density 
that in turn is used to find the scattered field. Whereas the linear wire is simple, most 
of the information presented here can be readily extended to more complicated struc- 
tures. 

8.3.1 Pocklington's Integral Equation 

To derive Pocklington's integral equation, refer to Figure 8.5. Although this derivation 
is general, it can be used either when die wire is a scatterer or an antenna. Let us 
assume that an incident wave impinges on the surface of a conducting wire, as shown 
in Figure 8.5(a). and it is referred to as the incident electric field E'(r). When the wire 
is an antenna, the incident field is produced by the feed at the gap, as shown in Figure 
8.7. Part of the incident field impinges on the wire and induces on its surface a linear 
current density J s (amperes per meter). The induced current density J s reradiates and 
produces an electric field that is referred to as the scattered electric field E s (r). 
Therefore, at any point in space the total electric field E‘(r) is the sum of the incident 
and scattered fields, or 

E‘(r) = E'(r) -I- E 5 (r) (8-12) 


where 

E*(r) = total electric field 
E‘(r) = incident electric field 
E s (r) = scattered electric field 

When the observation point is moved to the surface of the wire (/• = r v ) and the 
wire is perfectly conducting, the total tangential electric field vanishes. In cylindrical 



8.3 Finite Diameter Wires 389 



(kit Oetuneiry i bt Equivalent current 

Figure 8,5 Uniform plane wave obliquely incident on a conducting wire. 


coordinates, the electric field radiated by the dipole has a radial component (E p ) and 
a tangential component {£'.). These are represented by (8-55a) and (8-55b). Therefore 
on the surface of the wire the tangential component of (8-12) reduces to 

£I(r = rj = £*(r = rj + E*.(r = rj = 0 (8-13) 

or 

Ei{r = i-jf) = —Ei{r = rj (8- 1 3a) 

In general, the scattered electric field generated by the induced current density ,) s 
is given by (3-15), or 


E v (r) = ->A - V(V • A) 

= -/—[A* A + V(V ■ A)] (8-14) 

ttifJLt 

However, for observations at the wire surface only the z component of (8-14) is 
needed, and we can write it as 

1 ( , d 2 A\ 

E'(r) = -j J + -rr (8-15) 

\ at" J 

According to (3-51 ) and neglecting edge effects 




-jkn 
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R 
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If the wire is very thin, the current density J is not a function of the azimuthal 
angle (b. and we can write it as 


2 TTfr J - = l : {z') J z = 



(8-17) 
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<a) On the surface (b) Along the center 

Figure 8.6 Dipole segmentation and its equivalent current. 


where I.(z') is assumed to be an equivalent filament line-source current located a 
radial distance p = a from the c axis, as shown in Figure 8.6(a). Thus (8-16) reduces 
to 


A. 



dz' 


R = V <* - *') 2 + (V - 7 ? + te - z ') 2 
= \/Tf r + a 2 - 2pa cos(<£ - 0') + (z — z') 2 


(8-18) 


(8- 1 8a) 


where p is the radial distance to the observation point and a is the radius. 

Because of the symmetry of the scaiterer, the observations are not a function of 
<f>. For simplicity, let us then choose c/> — 0. For observations on the surface p = a 
of the scatterer (8-18) and (8- 18a) reduce to 
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(8-19) 
(8- 19a) 


(8- 19b) 
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Thus for observations at the surface p ~ a of the scatterer, the z component of the 
scattered electric field can be expressed as 


j 2 \ r + U2 


EUp = «> = -j-\k- + ~rs 


<t>€ 


dz~ J-ti 2 


l.(z')G(z, z')dz' 


( 8 - 20 ) 


which by using (8- 13a) reduces to 


J (i)€\dz~ J J-U 2 


L(z')G(z,z')dz' = -Ei(p = a) 


( 8 - 21 ) 


or 


(S + l_ ln l &')G(z.z')dz' = -M£<P = «) 

Interchanging integration with differentiation, we can rewrite (8-2 la) as 

dz' = -jcoeEi(p = a) 


(8-2 fa) 
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( 8 - 22 ) 


where G(z, s') is given by (8- 19a). 

Equation (8-22) is referred to as Pocklington ',v integral equation | ! J. and it can be 
used to determine the equivalent filamentary line-source current of the wire, and thus 
current density on the wire, by knowing the incident field on the surface of the wire. 

If we assume that the wire is very thin ( a A) such that (8- 19a) reduces to 

,, -/** 


G(z, z') = G(R) = 


4ttR 


(8-23) 


(8-22) can also be expressed in a more convenient form as 1 22] 
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(8-24) 


where for observations along the center of the wire (p = 0) 

R = Ver + Tz ~ z') 2 (8-24a) 

In (8-22) or (8-24), l-(z') represents the equivalent filamentary line-source current 
located on the surface of the wire, as shown in Figure 8.5(b), and it is obtained by 
knowing the incident electric field on the surface of the wire. By point-matching 
techniques, this is solved by matching the boundary conditions at discrete points on 
the surface of the wire. Often it is easier to choose the matching points to be at the 
interior of the wire, especially along the axis as shown in Figure 8.6(a), where I z (z') 
is located on the surface of the wire. By reciprocity, the configuration of Figure 8.6(a) 
is analogous to that of Figure 8.6(b) where the equivalent filamentary line-source 
current is assumed to be located along the center axis of the wire and die matching 
points are selected on the surface of the wire. Either of the two configurations can be 
used to determine the equivalent filamentary line-source current P(z')\ the choice is 
left to the individual. 
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8.3.2 Hallen’s Integral Equation 

Referring again to Figure 8.5(a), let us assume that the length of the cylinder is much 
larger than its radius (/ » «) and its radius is much smaller than the wavelength 
(a <&: A) so tliat the effects of the end faces of the cylinder can be neglected. Therefore 
the boundary conditions for a wire with infinite conductivity are those of vanishing 
total tangential E fields on the surface of the cylinder and vanishing current at the 
ends of the cylinder [/.(z' = ±1/2) — 0|. 

Since only an electric current density Hows on the cylinder and it is directed along 
the - axis (J = a J.), then according to (3-14) and (3-51) A = Sk.A z (z'), which for 
small radii is assumed to be only a function of z'. Thus (3-15) reduces to 


, I ft 2 A- 

e : = - j(oA . - j —f 

/.til £ /IT- 


I I \d 2 A. 


Since the total tangential electric field El vanishes on the surface of the cylinder, 
(8-25) reduces to 


d-A, ,, 

— f- + fcA. — 0 (8-25a) 

dr 

Because the current density on the cylinder is symmetrical (E(z') = J z ( -z')j, 
the potential A z is also symmetrical (i.e.. A z (z') — A ; (— z')l. Thus the solution of 
(8-25a) is given by 

A.(z) = cos (kz) + C, sin(/:|z|)] (8-26) 

where B ( and C t are constants. For a current-carrying wire, its potential is also given 
by (3-53). Equating (8-26) to (3-53) leads to 


(E j cos(tz) + C, sin(£|z|)] (8-27) 

If a voltage V, is applied at the input terminals of the wire, it can be shown that the 
constant C ( = VJ2. The constant B, is determined from the boundary condition that 
requires the current to vanish at the end points of the wire. 

Equation (8-27) is referred to as H alien \y integral equation for a perfectly con- 
ducting wire. It was derived by solving the differential equation (3-15) or (8-25a) 
with the enforcement of the appropriate boundary conditions. 



8.3.3 Source Modeling 

Let us assume that the wire of Figure 8.5 is symmetrically fed by a voltage source, 
as shown in Figure 8.7(a), and the element acting as a dipole antenna. To use, for 
example. Pocklington’s integrodifferential equation (8-22) or (8-23) we need to know 
how to express El(p = a). Traditionally there have been two methods used to model 
the excitation to represent El(p = a, 0 ^ tf> < 2 it, — 1/2 ^ z ^ +//2) at all points 
on the surface of the dipole: One is referred to as the delta-gap excitation and the 
other as the equivalent magnetic ring current (better known as magnetic frill gen- 
erator) (27]. 
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Figure 8.7 


(it) Dipole (h) Segmentation and gap modeling 

Cylindrical dipole, its segmentation, and gap modeling. 


A. Delta Gap 

The delta-gap source modeling is the simplest and most widely used of the two. but 
it is also the least accurate, especially for impedances. Usually it is most accurate for 
smaller width gaps. Using the delta gap, it is assumed that the excitation voltage at 
the feed terminals is of a constant V, value and zero elsewhere. Therefore the incident 
electric field El(p = a, 0 ^ (f> ^ lit , — 1/2 ^ s +1/2) is also a constant (V,/A 
where A is the gap width) over the feed gap and zero elsewhere, hence the name delta 
gap. For the delta-gap model, the feed gap A of Figure 8.7(a) is replaced by a narrow 
band of strips of equivalent magnetic current density of 

M, = -ft x E' = -a„ x | s s | (8-28) 

The magnetic current density M* is sketched in Figure 8.7(a). 

B. Magnetic Frill Generator 

The magnetic frill generator was introduced to calculate the near- as well as the far- 
zone fields from coaxial apertures [271. To use this model, the feed gap is replaced 
with a circumferentially directed magnetic current density that exists over an annular 
aperture with inner radius a , which is usually chosen to be the radius of the wire, and 
an outer radius b , as shown in Figure 8.7(b). Since the dipole is usually fed by 
transmission lines, the outer radius b of the equivalent annular aperture of the magnetic 
frill generator is found using the expression for the characteristic impedance of the 
transmission line. 
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Over the annular aperture of the magnetic frill generator, the electric field is 
represented by the TEM mode field distribution of a coaxial transmission line given 
by 


E, = 


V, 

2 p In (b/a) 


a < p' < 


(8-29) 


Therefore the corresponding equivalent magnetic current density My for the magnetic 
frill generator used to represent the aperture is equal to 


M,- = -2n x E r = -2a. x a /( E fl = -a^— 


V, 


p' In (b/a) 


a ! ^ p ' s \ b 


(8-30) 


The fields generated by the magnetic frill generator of (8-30) on the surface of 
the wire are found by using [27) 


h(p = a, 0 < (f> < 2ir, - l - < z ^ 


- -V, 


cr 

+ R„ 


(k(b 2 — a 2 )e jkR " 


8 In {b/a)Rl 


1 


ikRo 


+ 7 I- 


b 2 - a 2 ^ 

2Rl 


\kRo 


+ 7 1- 


(b 2 + a 3 )) 


2Rl 


r* - i 


/ 1 . b 2 + tr\ 

+ \~ kti + 7 i 


where 


ff (l = V r + a 2 


(8-31) 


(8-3 la) 


The fields generated on the surface of the wire computed using (8-31) can be 
approximated by those found along the axis (p = 0). Doing this leads to a simpler 
expression of the form | 27) 


4=o.-H4H- 


v, r< 




where 


2 In (b/a) |_ R, 
R\ ~ \/z 2 + ~a~ 

R, = VFTi 5 


nr. 


(8-32) 

(8-32a) 

(8-32b) 


To compare the results using the two source modelings (delta-gap and magnetic- 
frill generator), an example is performed. 


Example 8.3 

For a center-fed linear dipole of / = 0.47A and a = 0.005A, determine the induced 
voltage along the length of the dipole based on the incident electric field of the 
magnetic frill of (8-32). Subdivide the wire into 21 segments (N — 21). Compare the 
induced voltage distribution based on the magnetic frill to that of the delta gap. Assume 
a 50-ohm characteristic impedance with free space between the conductors for the 
annular feed. 
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SOLUTION 

Since the characteristic impedance of the annular aperture is 50 ohms, then 


4= = 50 O - = 2.3 

‘ €o 27 r a 


Subdividing the total length (/ = 0.47A) of the dipole to 2J segments makes 


A = 


0.47A 

21 


0.0224A 


Using (8-32) to compute E 1 ., the corresponding induced voltages obtained by multi- 
plying the value of — at each segment by the length of the segment are listed in 
Table 8.1. where they are compared with those of the delta gap. In Table 8.1 n — 1 
represents the outermost segment and n = 1 1 represents the center segment. Because 
of the symmetry, only values for the center segment and half of the other segments 
are shown. Although the two distributions are not identical, the magnetic-frill distri- 
bution voltages decay quite rapidly away from the center segment and they very 
quickly reach almost vanishing values. 


Table 8.1 UNNORMALIZED AND NORMALIZED DIPOLE INDUCED VOLTAGEt 
DIFFERENCES FOR DELTA-GAP AND MAGNETIC-FRILL GENERATOR 
(/ = 0.47A, a = Q.QQ5A.N = 21) 

Segment Delta-Gap Voltage 

Number Unnor- Normal- Magnetic Prill Generator Voltage 


n malized ized Unnormalized Normalized 


1 

0 

0 

1.11 

X 

10~ J 

-26.03° 

7.30 

X 

I0~ s 

-26.03° 

2 

0 

0 

1.42 

X 

10“-' 

-20.87° 

9.34 

X 

I0- 5 

-20.87° 

3 

0 

0 

1.89 

X 

IO -4 

-16.13° 

1.24 

X 

10" 4 

-16.13° 

4 

0 

0 

2.62 

X 

I0~ 4 

- 11.90° 

1.72 

X 

io -4 

-11.90° 

5 

0 

0 

3.88 

X 

io- 4 

- 8.23° 

2.55 

X 

I0" J 

- 8.23° 

6 

0 

0 

6.23 

X 

io 4 

-5.22° 

4.10 

X 

io 4 

-5.22° 

7 

0 

0 

1.14 

X 

10“’ 

-2.91° 

7.5 

X 

nr 4 

-2.91° 

8 

0 

0 

2.52 

X 

10- * 

- 1.33° 

1.66 

X 

io - 1 

- 1.33° 

9 

0 

0 

7.89 

X 

I0- 1 

-0.43° 

5.19 

X 

10 1 

- 0.43° 

10 

0 

0 

5.25 

X 

IO- 2 

-0.06° 

3.46 

X 

IO' 2 

-0.06° 

11 

1 

1 

1.52 



0° 

1.0 



0° 


tVoItage differences as defined here represent the product of the incident electric field at the center of 
each segment and the corresponding segment length. 


8.4 MOMENT METHOD SOLUTION 

Equations (8-22), (8-24), and (8-27) each has the form of 

Fig) = h (8-33) 

where F is a known linear operator, h is a known excitation function, and g is the 
response function. For (8-22) F is an integrodifferential operator while for (8-24) and 
(8-27) it is an integral operator. The objective here is to determine g once F and h 
are specified. 
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While the inverse problem is often intractable in closed form, the linearity of the 
operator F makes a numerical solution possible. One technique, known as the Moment 
Method [7]-J 14| requires that the unknown response function be expanded as a linear 
combination of N terms and written as 


N 

g{z') - tfigi(r') + a 2 g 2 (z f ) + ■ • • + a N g N (z') = X a„g„(z') (8-34) 

#1 = 1 

Each a„ is an unknown constant and each g„(z') is a known function usually referred 
to as a basis or expansion function. The domain of the g„(z') functions is the same 
as that of #(-' ). Substituting (8-34) into (8-33) and using the linearity of the F operator 
reduces (8-33) to 

N 

2 a„F(f>„) = h (8-35) 

n — I 

The basis functions are chosen so that each F(g n ) in (8-35) can be evaluated 
conveniently, preferably in closed form or at the very least numerically. The only task 
remaining then is to find the a„ unknown constants. 

Expansion of (8-35) leads to one equation with N unknowns. It alone is not 

sufficient to determine the N unknown a„ (n = 1.2 N) constants. To resolve 

the N constants, it is necessary to have N linearly independent equations. This can be 
accomplished by evaluating (8-35) (e.g., applying boundary conditions) at N different 
points. This is referred to as point-matching (or collocation). Doing this. (8-35) takes 
the form of 


N 

2 l„F(g„) = h m , m = 1, 2 N 

n - 1 

In matrix form, (8-36) can be expressed as 

lZ m „][/„| = | V m \ 


where 


Z,nn — F(gfi) 

i n Un 


(8-36) 


(8-37) 


(8-37a) 

(8-37b) 

(8-37c) 


The unknown coefficients a„ can be found by solving (8-37) using matrix inver- 
sion techniques, or 


r/J = [Z m „]-'\VJ 


(8-38) 


8.4.1 Basis Functions 

One very important step in any numerical solution is the choice of basis functions. In 
general, one chooses as basis functions the set that has the ability to accurately 
represent and resemble the anticipated unknown function, while minimizing the com- 
putational effort required to employ it |28)-[30|. Do not choose basis functions with 
smoother properties than the unknown being represented. 

Theoretically, there are many possible basis sets. However, only a limited number 
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(c) Function rcprcsenuuion 

Figure 8.8 Piecewise constant subdomain functions. 


are used in practice. These sets may be divided into two general classes. The first 
class consists of subdomain functions, which are nonzero only over a part of the 
domain of the function g(.v'); its domain is the surface of the structure. The second 
class contains entire domain functions that exist over the entire domain of the unknown 
function. The entire domain basis function expansion is analogous to the well-known 
Fourier series expansion method. 


A. Subdomain Functions 

Of the two types of basis functions, subdomain functions are the most common. 
Unlike entire domain bases, they may be used without prior knowledge of the nature 
of the function that they must represent. 

The subdomain approach involves subdivision of the structure into N nonover- 
lapping segments, as illustrated on the axis in Figure 8.8(a). For clarity, the segments 
are shown here to be collinear and of equal length, although neither condition is 
necessary. The basis functions are defined in conjunction with the limits of one or 
more of the segments. 

Perhaps the most common of these basis functions is the conceptually simple 
piecewise constant, or “pulse" function, shown in Figure 8.8(a). It is defined by 


Piecewise Constant 


X„(x') 


fi 

to elsewhere 


(8-39) 
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«i.V| < v‘> 




(c) Function representation 

Figure 8.9 Piecewise linear subdomain functions. 


Once the associated coefficients are determined, this function will produce a staircase 
representation of the unknown function, similar to that in Figures 8.8(b) and (c). 

Another common basis set is the piecewise linear, or “triangle,” functions seen 
in Figure 8.9(a). These are defined by 


Piecewise Linear 


/?»(*') 


i 

-v„ - 

X$t 4- i 




x' 


n - \ 


- X 


Xn I 
0 


Y* , < X* < Y f 

•*«- I — ' — ■ 


K - x' < x '„, , 
elsewhere 


(8-40) 


and tire seen to cover two segments, and overlap adjacent functions [Figure 8.9(b)!. 
The resulting representation [Figure 8.9(c)] is smoother than that for “pulses,” but 
at the cost of increased computational complexity. 

Increasing the sophistication of subdomain basis functions beyond the level of 
the “triangle” may not be warranted by the possible improvement in accuracy. 
However, there are cases where more specialized functions are useful for other rea- 
sons. For example, some integral operators may be evaluated without numerical 
integration when their integrands are multiplied by a sin(/cc') or cos (kx') function, 
where x' is the variable of integration. In such examples, considerable advantages in 
computation time and resistance to errors can be gained by using basis functions like 
the piecewise sinusoid of Figure 8.10 or truncated cosine of Figure 8.11. These 
functions are defined by 


8.4 Moment Method Solution 399 





Figure 8.10 Piecewise sinusoids subdomain functions. 


Piecewise Sinusoid 


£„(■*') = 


sin [Hr* ~ -r,',-i)l 

sin|^(4 - 

sin\k(x' n , | - x')\ 
sin[*(.v; )+ , - .v;,)| 
0 


■*ff — I 


X S A' 


^ < r* < r f , , 
— .v — •'//-FI 

elsewhere 


( 8 - 41 ) 


Truncated Cosine 

r 




cos 

0 




A„_| — X — X n 

elsewhere 


(8-42) 


B. Entire Domain Functions 

Entire domain basis functions, as their name implies, are defined and are nonzero 
over the entire length of the structure being considered. Thus no segmentation is 
involved in their use. 

A common entire domain basis set is that of sinusoidal functions, where 


Entire Domain 


(2 n - 1)7 tx' 



/ 

9 


K„(x‘) = cos 


/ 


( 8 - 43 ) 



400 Chapter 8 Integral Equations, Moment Method, and Self and Mutual Impedances 


i.o 


<•»•> 


I L 

- v 0 ‘I 


X Z x > X N 

(a) Single 




u 2 I!2 0 ‘> 


(■*') 


I I I I L_ 

v 0 *i v : x s *n 

ih) Multiple 



Figure 8.11 Truncated cosines subdomain functions. 


Note that this basis set would be particularly useful for modeling the current distri- 
bution on a wire dipole, which is known to have primarily sinusoidal distribution. 
The main advantage of entire domain basis functions lies in problems where the 
unknown function is assumed a priori to follow a known pattern. Such entire-domain 
functions may render an acceptable representation of the unknown while using far 
fewer terms in the expansion of (8-34) than would be necessary for subdomain bases. 
Representation of a function by entire domain cosine and/or sine functions is similar 
to the Fourier series expansion of arbitrary functions. 

Because we are constrained to use a finite number of functions (or modes, as they 
are sometimes called), entire domain basis functions usually have difficulty in mod- 
eling arbitrary or complicated unknown functions. 

Entire domain basis functions, sets like (8-43). can be generated using Tschebys- 
cheff, Maclaurin, Legendre, and Hermile polynomials, or other convenient functions. 


8.4.2 Weighting (Testing) Functions 

To improve the point-matching solution of (8-36), (8-37), or (8-38) an inner product 
(vv. g) can be defined which is a scalar operation satisfying the laws of 


(w. k) = <g. »v> 

(8-44a) 

(bf + eg, w) = b(f, vv> + c{g, w) 

(8-44b) 

(#*.£>> 0 

(8-44c) 

<g*. g) = 0 if g = 0 

(8-44d) 
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where b and c are scalars and the asterisk (*) indicates complex conjugation. A typical, 
but not unique, inner product is 



w* • g ds 


(8-45) 


where the w’s are the weighting (testing) functions and S is the surface of the structure 
being analyzed. Note that the functions w and g can be vectors. This technique is 
better known as the Moment Method or Method of Moments (MM) |7], |8|. 

The collocation (point-matching) method is a numerical technique whose solu- 
tions satisfy the electromagnetic boundary conditions (e.g.. vanishing tangential elec- 
tric fields on the surface of an electric conductor) only at discrete points. Between 
these points the boundary conditions may not be satisfied, and we define the deviation 
as a residual (e.g., residual = A£|, an = E (scattered)| lnn + E (incident)| tim ^ 0 on 
the surface of an electric conductor). For a half-wavelength dipole, a typical residual 
is shown in Figure 8.12(a) for pulse basis functions and point-matching and Figure 
8.12(b) exhibits the residual for piecewise sinusoids-Galerkin method [31]. As ex- 
pected, the pulse basis point-matching exhibits the most ill-behaved residual and the 
piecewise sinusoids-Galerkin method indicates an improved residual. To minimize 
the residual in such a way that its overall average over the entire structure approaches 
zero, the method of weighted residuals is utilized in conjunction with the inner product 
of (8-45). This technique, referred to as the Moment Method (MM), does not lead to 
a vanishing residual at every point on the surface of a conductor, but it forces the 
boundary conditions to be satisfied in an average sense over the entire surface. 

To accomplish this, we define a set of N weighting (or testing) functions ( w„,} = 

W|. w 2 w N in the domain of the operator F. Forming the inner product between 

each of these functions, (8-35) results in 

N 

2 a„(w m .F(g„)) = (w„„ h) m = 1,2 N (8-46) 


This set of N equations may be written in matrix form as 

[E m „] [«„] = [hj 


where 


(8-47) 


(m'u/TSi)) (tV|, F(g 2 )) ••• 


[F mn ] = 

(W 2 , 

F(g |)> <w 2 , F(g 2 )) 

• • 

• • 


« 1 


(w,, h) 

k,l = 

Cl 2 

\h m \ = 

(w 2 , h ) 




(w N , h) 


(8-47a) 


(8-47b) 


The matrix of (8-47) may be solved for the a„ by inversion, and it can be written as 


[«„] = If,,,,,! ‘(AJ 


(8-48) 


The choice of weighting functions is important in that the elements of |vv„) must 
be linearly independent, so that the N equations in (8-46) will be linearly independent 
[7]-[9], [29], [30]. Further, it will generally be advantageous to choose weighting 
functions that minimize the computations required to evaluate the inner product. 

The condition of linear independence between elements and the advantage of 
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i a) Pulse poim-maiching 



(b) Piecewise sinusoids-Galerkin 

Figure 8.12 Tangential electric field on the conducting surface of a A/2 dipole, (source: 
E. K. Miller and F. J. Deadrick. “Some computational aspects of thin-wire modeling*' in 
Numerical and Asymptotic Techniques in Electromagnetics. 1975, Springer- Verlag.) 


computational simplicity are also important characteristics of basis functions. Because 
of this, similar types of functions are often used for both weighting and expansion. A 
particular choice of functions may be to let the weighting and basis function be the 
same, that is, w„ — g„. This technique is known as Galerkin’s method [32]. 
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It should be noted that there are N 2 terms to be evaluated in (8-47a). Each term 
usually requires two or more integrations; at least one to evaluate each F(g„) and one 
to perform the inner products of (8-45). When these integrations are to be done 
numerically, as is often the case, vast amounts of computation time may be necessary. 
There is, however, a unique set of weighting functions that reduce the number of 
required integrations. This is the set of Dirac delta weighting functions 

[wj = [5(p - pj] = [8(p - Pil Sip - pi) J (8-49) 

where p specifies a position with respect to some reference (origin) and p,„ represents 
a point at which the boundary condition is enforced. Using (8-45) and (8-49) reduces 
(8-46) to 

(Sip - /;,„), h) = ~ Pm)> F (&,)) tn = 1,2 N 

n 

/ Jv 5( p ~ p,n)l1 ds = J j/(p ” Pm) F( Hu) t,s tn = N (8-50) 

h\, m = '• 2 N 

n 

Hence, the only remaining integrations are those specified by Fig,,). This simplification 
may lead to solutions that would be impractical if other weighting functions were 
used. Physically, the use of Dirac delta weighting functions is seen as the relaxation 
of boundary conditions so that they are enforced only at discrete points on the surface 
of the structure, hence the name point-matching. 

An important consideration when using point-matching is the positioning of the 
N points (/?„,). While equally space points often yield good results, much depends on 
the basis functions used. When using .subsectional basis functions in conjunction with 
point-matching, one match point should be placed on each segment (to maintain linear 
independence). Placing the points at the center of the segments usually produces the 
best results. It is important that a match point does not coincide with the “peak” of 
a triangle or a similar discontinuous function, where the basis function is not differ- 
entiably continuous. This may cause errors in some situations. 

8.5 SELF IMPEDANCE 

The input impedance of an antenna is a very important parameter, and it is used to 
determine the efficiency of the antenna. In Section 4.5 the real part of the impedance 
(referred either to the current at the feed terminals or to the current maximum) was 
found. At that time, because of mathematical complexities, no attempt was made to 
find the imaginary part (reactance ) of the impedance. In this section the self impedance 
of a linear element will be examined using both the Integral Equation-Moment Method 
and the induced etnf method. The real and imaginary parts of the impedance will be 
found using both methods. 

8.5.1 Integral Equation-Moment Method 

To use this method to find the self impedance of a dipole, the first thing to do is to 
solve the integral equation for the current distribution. This is accomplished using 
either Pocklington's Integral equation of (8-22) or (8-24) or Hallen’s integral equation 
of (8-27). For Pocklington’s integral equation you can use either the delta-gap voltage 
excitation of (8-28) or the magnetic frill model of (8-31) or (8-32). Hallen’s integral 
equation is based on the delta-gap model of (8-28). 
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Once the current distribution is found, using either or both of the integral equa- 
tions, then the self (input) impedance is determined using the ratio of the voltage to 
current, or 

Zb = 7 * (8-51) 

‘in 

A computer program MOMENT METHOD has been developed based on Pockling- 
ton's and Hailin’ s integral equations, and it is found at the end of this chapter. 
Pocklington’s uses both the delta-gap and magnetic- frill models while Halldn’s uses 
only the delta-gap feed model. Both, however, use piecewise constant subdomain 
functions and point-matchiug. The program computes the current distribution, nor- 
malized amplitude radiation pattern, and input impedance. The user must specify the 
length of the wire, its radius (both in wavelengths), and the type of feed modeling 
(delta-gap or magnetic-frill) and the number of segments. 

To demonstrate the procedure and compare the results using the two-source 
modelings (delta-gap and magnetic-frill generator) for Pocklington’s integral equation, 
an example is performed. 


Example 8.4 

Assume a center-fed linear dipole of / = 0.47A and a = 0.005A. This is the same 
element of Example 8.3. 

1. Determine the normalized current distribution over the length of the dipole using 
N = 21 segments to subdivide the length. Plot the current distribution. 

2. Determine the input impedance using segments of N = 7, 1 1 , 2 1 , 29, 4 1 , 5 1 , 6 1 , 
71, and 79. 

Use Pocklington’s integrodifferential equation (8-24) with piecewise constant sub- 
domain basis functions and point-matching to solve the problems, model the gap with 
one segment, and use both the delta-gap and magnetic-frill generator to model the 
excitation. Use (8-32) for the magnetic-frill generator. Because the current at the ends 
of the wire vanishes, the piecewise constant subdomain basis functions are not the 
most judicious choice. However, because of their simplicity, they are chosen here to 
illustrate the principles even though the results are not the most accurate. Assume that 
the characteristic impedance of the annular aperture is 50 ohms and the excitation 
voltage Vj is 1 V. 


SOLUTION 

1. The voltage distribution was found in Example 8.3, and it is listed in Table 8 . 1 . 
The corresponding normalized currents obtained using (8-24) with piecewise 
constant pulse functions and point-matching technique for both the delta-gap and 
magnetic frill-generator are shown plotted in Figure 8.13(a). It is apparent that 
the two distributions are almost identical in shape, and they resemble that of the 
ideal sinusoidal current distribution which is more valid for very thin wires and 
very small gaps. The distributions obtained using Pocklington’s integral equation 
do not vanish at the ends because of the use of piecewise constant subdomain 
basis functions. 
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Table 8.2 DIPOLE INPUT IMPEDANCE FOR 
DELTA-GAP AND MAGNETIC- 
FRILL GENERATOR USING 
POCKLINGTON'S INTEGRAL 
EQUATION (/ = 0.47 A, a = 0.005 A) 


N 

Delta Gap 

Magnetic Frill 

7 

122.8 + j 113.9 

26.8 + 7*24.9 

It 

94.2 + 7*49.0 

32.0 + y 16-7 

21 

77.7 - 7*0.8 

47.1 - j0.2 

29 

75.4 - 76.6 

57.4 - ./4.5 

41 

75.9 - 7*2.4 

68.0 - 7 I.O 

51 

77.2 + 7*2.4 

73.1 + 7*4.0 

61 

78.6 + 7 * 6. 1 

76.2 + 7*8.5 

71 

79.9 + j 7.9 

77.9 + 7*11.2 

79 

80.4 -h 7 * 8.8 

78.8 + 7*12.9 


2. The input impedances using both the delta-gap and the magnetic-frill generator 
are shown listed in Table 8.2. It is evident that the values begin to stabilize and 
compare favorably to each other once 61 or more segments are used. 


To further illustrate the point on the variation of the current distribution on a 
dipole, it has been computed by Moment Method and plotted in Figure 8.13(b) for 
/ = A/2 and / = A for wire radii of a = 10 _5 A and 10 -3 A where it is compared with 
that based on the sinusoidal distribution. It is apparent that the radius of the wire does 
not influence to a large extent the distribution of the / = A/2 dipole. However it has 
a profound effect on the current distribution of the / = A dipole at and near the feed 
point. Therefore the input impedance of the / = A dipole is quite different for the 
three cases of Figure 8. 1 3(b), since the zero current at the center of the sinusoidal 
distribution predicts an infinite impedance. In practice, the impedance is not infinite 
but is very large. 

8.5.2 Induced EMF Method 

The induced emf method is a classical method to compute the self and mutual 
impedances |1J-[6|. |33J. The method is basically limited to straight, parallel and in 
echelon elements, and it is more difficult to account accurately for the radius of the 
wires as well as the gaps at the feeds. However it leads to dosed form solutions which 
provide very good design data. From the analysis of the infinitesimal dipole in Section 
4.2, it was shown that the imaginary part of the power density, which contributes to 
the imaginary power, is dominant in the near-zone of the element and becomes 
negligible in the far-field. Thus, near-fields of an antenna are required to find its input 
reactance. 

A. Near- Fie Id of Dipole 

In Chapter 4 the far-zone electric and magnetic fields radiated by a finite length dipole 
with a sinusoidal current distribution were found. The observations were restricted in 
the far-field in order to reduce the mathematical complexities. The expressions of 
these fields were used to derive the radiation resistance and the input resistance of the 
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H //2 4 . 1/2 

fa)/ = 0.47 k 



Distance from dipole center (wavelengths) 

(b) I * a/2 and / = A 

Figure 8.13 Current distribution on a dipole antenna. 


dipole. However, when the input reactance and/or the mutual impedance between 
elements are desired, the near-fields of the element must be known. It is the intent 
here to highlight the derivation. 

The fields are derived based on the geometry of Figure 8.14. The procedure is 
identical to that used in Section 4.2. 1 for the infinitesimal dipole. The major difference 
is that the integrations are much more difficult. To minimize long derivations involving 
complex integrations, only the procedure will be outlined and the final results will be 
given. The derivation is left as an end of the chapter problems. The details can also 
be found in the first edition of this book. 

To derive the fields, the first thing is to specify the sinusoidal current distribution 
for a finite dipole which is that of (4-56). Once that is done, then the vector potential 
A of (4-2) is determined. Then the magnetic field is determined using (3-2a), or 
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<(» 

Figure 8.14 Dipole geometry for near-ficld analysis. 


I 1 

H = -V x A = -a*-^ (8-52) 

P At <>P 

It is recommended that cylindrical coordinates are used. By following this procedure 
and after some lengthy analytical details, it can be shown by referring to Figure 
8.14(b) that the magnetic field radiated by the dipole is 

H = a 4 H 4 = e ~ ikR ' + e ~ JkRl ~ 2cos |y| c (S' 53 ) 

where 



(8-53a) 
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The corresponding electric field is found using Maxwell's equation of 


E = 7— V x H 

jwe 


(8-54) 


Once this is done, it can be shown that the electric field radiated by the dipole is 


E = a p E p + a ; £ ; = 


p j<o€ f)z 


. I ID „ 

+ 

JO)€ p dp 


where 


(8-55) 



(8-55a) 

(8-55b) 


It should be noted that the last term in (8-53), (8-55a), and (8-55b) vanishes when 
the overall length of the element is an integral number of odd half wavelengths 
(/ = nA/2, n - 1. 3, 5, . . .) because cos(M/2) = coa(/nr/2) = 0 for n = 1.3, 
5 

The fields of (8-53), (8-55a), and (8-55b) were derived assuming a zero radius 
wire. In practice all wire antennas have a finite radius which in most cases is very 
small electrically (typically less than A/200). Therefore the fields of (8-53), (8-55a), 
and (8-55b) are good approximations for finite, but small, radius dipoles. 


B. Self Impedance 

The technique, which is used in this chapter to derived closed form expressions for 
the self- and driving point impedances of finite linear dipoles, is known as the induced 
emf method. The general approach of this method is to form the Poynting vector using 
(8-53), (8-55a), and (8-55b). and to integrate it over the surface that coincides with 
the surface of the antenna (linear dipole) itself. However, the same results can be 
obtained using a slightly different approach, as will be demonstrated here. The ex- 
pressions derived using this method are more valid for small radii dipoles. Expressions, 
which are more accurate for larger radii dipoles, were derived in the previous section 
based on the Integral Equation- Moment Method. 

To find the input impedance of a linear dipole of finite length and radius, shown 
in Figure 8. 1 5, the tangential electric field component on the surface of the wire is 
needed. This was derived previously and is represented by (8-5 5b). Based on the 
current distribution and tangential electric field along the surface of the wire, the 
induced potential developed at the terminals of the dipole based on the maximum 
current is given by 


r+02 

= d 
J-m 

■-U- 


+ 02 


02 


I.(p = a. z = z')E z (p ~ a, z = z') dz' 


(8-56) 
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Figure 8.15 Uniform linear current density over cylindrical surface of wire. 


where /„, is the maximum current. The input impedance ( referred to at the current 
maximum /,„) is defined as 


Z,„ = 7= (8-57) 

* m 

and can be expressed using (8-56) as 

I V n 

Z m = ~ jt I I z (p = a, z - z')E.(p = a, z = z ) dz' (8-57a) 
• 7» t/2 

Equation (8-57a) can also be obtained by forming the complex power density, inte- 
grating it over the surface of the antenna, and then relating the complex power to the 
terminal and induced voltages 12). The integration can be performed either over the 
gap at the terminals or over the surface of the conducting wire. 

For a wire dipole, the total current I. is uniformly distributed around the surface 
of the wire, and it forms a linear current sheet J.. The current is concentrated primarily 
over a very small thickness of the conductor, as shown in Figure 8. 15. and it is given, 
based on (4-56). by 

(8-58) 

Therefore (8-57a) can be written as 



For simplicity, it is assumed that the £-field produced on the surface of the wire 
by a current sheet is the same as if the current were concentrated along a filament 
placed along the axis of the wire. Then the £’-field used in (8-59) is the one obtained 
along a line parallel to the wire at a distance p = a from the filament. 

Letting /,„ = /„ and substituting (8-55b) into (8-59) it can be shown, after some 


I. = IvaJ. = /,,, sin 


i 


k r - z' 
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lengthy but straightforward manipulations, that the real and imaginary pans of the 
input impedance (referred to at the current maximum) can be expressed as 

v 1 

R, = R m = tMC + In (A/) - Ci(kl) + - &\n(ki)\S,{2kl) - 2S,(*/)| 

27 T 2 


+ -cos(*/)[C + \n(kl/2) + Cj(2kl) - 2 C,(kl)]} 


(8-60a) 


- ^{ 25 - 


,(*/) + CQ$(kl)[2Sj(kl) - S t (2kl)] 


•pc, 


-sin(W) 2C,(W) - C,(2kl) 


' «(¥)]} 


(8-60b) 


where S,(x) and C,U) are the sine and cosine integrals of Appendix III. Equation 
(8-60a) is identical to (4-70). In deriving (8-6()a) it was assumed that the radius of 
the wire is negligible (in this case set to zero), and it has little effect on the overall 
answer. This is a valid assumption provided / a, and it has been confirmed by 
oilier methods. 

The input resistance and input reactance ( referred to at the current at the input 
terminals) can be obtained by a transfer relation given by (4-79), or 


/ \ 2 

= (”) R, = 
V «#/ 

i v 2 

x = i—l x — 
1/1 /v,n 
Vim/ 


Rr 


sin 2 0t//2) 

X m 

sin 2 (A7/2) 


(8-61 a) 


(8-61 b) 


For a small dipole the input reactance is given by [34] 




= X m = - 120 


[ln(//2a) - 1) 
tan(/c//2 ) 


(8-62) 


while its input resistance and radiation resistance are given by (4-37). Plots of the self 
impedance, both resistance and reactance, based on (8-60a). (8-60b) and (8-61a), 
(8-6 1 b) for 0 < / ^ 3A are shown in Figures 8. 16(a.b). The radius of the wire is 
I0 -5 A. It is evident that when the length of the wire is multiples of a wavelength the 
resistances and reactances become infinite; in practice they are large. 

Ideally the radius of the wire does not affect the input resistance, as is indicated 
by (8-60a). However in practice it does have an effect, although it is not as significant 
as it is for the input reactance. To examine the effect the radius has on the values of 
the reactance, its values as given by (8-60) have been plotted in Figure 8. 1 7 for a ~ 
10 _5 A. 10 ' 4 A. 10 _1 A, and 10' 2 A. The overall length of the wire is taken to be 0 < 
/ ^ 3A. It is apparent that the reactance can be reduced to zero provided the overall 

length is slightly less than n\J2, n = 1,3 or slightly greater than nA/2, n — 2, 

4, . . . . This is commonly done in practice for / — A/2 because the input resistance is 
close to 50 ohms, an almosL ideal match for the widely used 50-ohm lines. For small 
radii, the reactance for / = A/2 is equal to 42.5 ohms. 

From (8-60b) it is also evident that when / = n\/2, n = I, 2, 3, ... , the terms 
within the last bracket do not contribute because sin (Id) = sin(mr) = 0. Thus for 
dipoles whose overall length is an integral number of half-wavelengths, the radius 
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 


Ilk 

(a) Resistance 



(b) Reactance 

Figure 8.16 Self-rcsistancc and self-reactance of dipole antenna with wire radius of 10 5 A. 

has no effect on the antenna reactance. This is illustrated in Figure 8.17 by the 
intersection points of the curves. 


Example 8.5 

Using the induced emf method, compute the input reactance for a linear dipole whose 
lengths are «A/2, where n = I — 6. 


SOLUTION 

The input reactance for a linear dipole based on the induced emf method is given by 
(8-60b) whose values are equal to 42.5 for A/2, 125.4 for A, 45.5 for 3 A/2, 133.1 for 
2A, 46.2 for 5 A/2, and 135.8 for 3 A. 
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Dipole length (wavelengths) 

Figure 8.17 Reactance (referred to the current maximum) of linear dipole with sinusoidal 
current distribution for different wire radii. 


8.6 MUTUAL IMPEDANCE BETWEEN 
LINEAR ELEMENTS 


In the previous section, the input impedance of a linear dipole was derived when the 
element was radiating into an unbounded medium. The presence of an obstacle, which 
could be another element, would alter the current distribution, the field radiated, and 
in turn the input impedance of the antenna. Thus the antenna performance depends 
not only on its own current but also on the current of neighboring elements. For 
resonant elements with no current excitation of their own, there could be a substantial 
current induced by radiation from another source. These are known as parasitic 
elements, as in the case of a Yagi-Uda antenna, and play an important role in the 
overall performance of the entire antenna system. The antenna designer, therefore, 
must take into account the interaction and mutual effects between elements. The input 
impedance of the antenna in the presence of the other elements or obstacles, which 
will be referred to as driving-point impedance , depends upon the self impedance 
(input impedance in the absence of any obstacle or other element) and the mutual 
impedance between the driven element and the other obstacles or elements. 

To simplify the analysis, it is assumed that the antenna system consists of two 
elements. The system can be represented by a two-port (four-terminal) network, as 
shown in Figure 8.18, and by the voltage-current relations 


where 


V, = Z,,/, 4- Z, 2 / 2 1 

Vi = | / ) ■+■ Z22 1 2 j 




/,« 0 


(8-63) 


(8-63a) 


is the input impedance at port # 1 with port #2 open-circuited, 



/,=o 


(8-63b) 
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(a> Two-port network 



Ibj T-neiwotk equivalent 

Figure 8.18 Two-port network and its T-equi valent. 


is the mutual impedance at port #1 due to a current at port #2 (with port #1 open- 
circuited), 

Z 2 \ = ~ (8-63c) 

h 4=0 

is the mutual impedance at port #2 due to a current in port #1 (with port #2 open- 
circuited). 

Z 2 

is die input impedance at port #2 wiLh port #1 open-circuited. For a reciprocal 
network, Z !2 = Z 2! . 

The impedances Z M and Z 22 are the input impedances of antennas I and 2, 
respectively, when each is radiating in an unbounded medium. The presence of another 
element modifies the input impedance and the extent and nature of the effects depends 
upon ( 1 ) the antenna type, (2) the relative placement of the elements, and (3) the type 
of feed used to excite the elements. 

Equation (8-63) can also be written as 

z„, = ^ = Z„ + Z,M (8-64a) 

Zjtf — i " Z>, + Z 2i f— j (8-64b) 

Z w and Z 2l j represent die driving point impedances of antennas I and 2, respectively. 
Each driving point impedance depends upon the current ratio Ijfi, the mutual impe- 
dance, and the self-input impedance (when radiating into an unbounded medium). 
When attempting to match any antenna, it is the driving point impedance that must 
be matched. It is, therefore, apparent that the mutual impedance plays an important 
role in tile performance of an antenna and should be investigated. However, the 
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Figure 8.19 Dipole positioning for mutual coupling. 


analysis associated with it is usually quite complex and only simplified models can 
be examined with the induced emf method. Integral Equation-Moment Method tech- 
niques can be used for more complex geometries, including skewed arrangements of 
elements. 

Referring to Figure 8.19, the induced open-circuit voltage in antenna 2, referred 
to its current at the input terminals, due to radiation from antenna I is given by 

1 

JA, = - - J (8-65) 

where 

Ez 2 \ (z') = E-field component radiated by antenna 1, which is parallel to antenna 2 
I 2 (z') = current distribution along antenna 2 

Therefore the mutual impedance of (8-63c), (referred to at the input current I u of 
antenna 7), is expressed as 


221 ) — 


Vai 

Iu 


1 f‘-' n 


E tl dz , )h{z , )dz > 


( 8 - 66 ) 


8.6.1 Integral Equation-Moment Method 

To use this method to find the mutual impedance based on (8-66), an integral equation 
must be formed to find , which is the field radiated by antenna 1 at any point on 
antenna 2. This integral equation must be a function of the unknown current on 
antenna 1, and it can be derived using a procedure similar to that used to form 
Pocklington’s Integral Equation of (8-22) or (8-24), or Hallen’s Integral Equation of 
(8-27). The unknown current of antenna 1 can be represented by a series of finite 
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number of terms with N unknown coefficients and a set of known (chosen) basis 
functions. The current l 2 (z) must also be expanded into a finite series of N terms with 
N unknown coefficients and a set of N chosen basis functions. Once each of them is 
formulated, then they can be used interactively to reduce (8-66) into an N X N set of 
linearly independent equations to find the mutual impedance. 

To accomplish this requires a lengthy formulation, computer programming, and 
usually a digital computer. The process usually requires numerical integrations or 
special functions for the evaluation of the impedance matrices of E z2 1 and the integral 
of (8-66). There are national computer codes, such as the Numerical Electromagnetics 
Code (NEC) and the simplified version Mini Numerical Electromagnetics Code (M1N- 
INEC). for the evaluation of the radiation characteristics, including impedances, of 
wire antennas [35|-[37|. Both of these are based on an Integral Equation-Moment 
Method formulation. Information concerning these two codes follows. There are other 
codes: however, these two seem to be the most popular, especially for wire type 
antennas. 

Another procedure that has been suggested to include mutual effects in arrays of 
linear elements is to use a convergent iterative algorithm [381, [39 1. Tins method can 
be used in conjunction with a calculator [381, and it has been used to calculate 
impedances, patterns and directivities of arrays of dipoles [39], 

A. Numerical Electromagnetics Code (NEC) 

The Numerical Electromagnetics Code (NEC) is a user-oriented program developed 
at Lawrence Livermore Laboratory. It is a moment method code for analyzing the 
interaction of electromagnetic waves with arbitrary structures consisting of conducting 
wires and surfaces. It combines an integral equation for smooth surfaces with one for 
wires to provide convenient and accurate modeling for a wide range of applications. 
The code can model nonradiating networks and transmission lines, perfect and im- 
perfect conductors, lumped element loading, and perfect and imperfect conducting 
ground planes. It uses the electric field integral equation (EF1E) for thin wires and the 
magnetic field integral equation (MFIE) for surfaces. The excitation can be either an 
applied voltage source or an incident plane wave. The program computes induced 
currents and charges, near- and far-zone electric and magnetic fields, radar cross 
section, impedances or admittances, gain and directivity, power budget, and antenna- 
to-antenna coupling. 

B. Mini-Numerical Electromagnetics Code (MININEC) 

The Mini-Numerical Electromagnetics Code (MININEC) [361, [371 is a user-oriented 
compact version of the NEC developed at the Naval Ocean Systems Center (NOSC). 
It is also a moment method code, but coded in BASIC, and has retained the most 
frequently used options of the NEC. It is intended to be used in mini, micro, and 
personal computers, as well as work stations, and it is most convenient to analyze 
wire antennas. It computes currents, and near- and far-field patterns. It also optimizes 
the feed excitation voltages that yield desired radiation patterns. 

Information concerning the NEC and MININEC, and their availability, can be 
directed to: 

Professor Richard W. Adler 
Naval Postgraduate School 
Code 62 AB 

Monterey, California 93943 
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8.6.2 Induced EMF Method 

The induced emf method is also based on (8-66) except that is assumed to be 
the ideal current distribution of (4-56) or (8-58) while E z2 j(z') is the electric held of 
(8-55b). Using (8-58) and (8-55b), we can express (8-66) as 



(8-67) 


where r. R |, and R 2 are given, respectively, by (8-53a), (8-53b) and (8-53c) but with 
v = d and / = l\. / Im , l 2m and 7| ( , / 2( : represent, respectively, the maximum and input 
currents for antennas I and 2. By referring each of the maximum currents to those at 
the input using (4-78) and assuming free space, we can write (8-67) as 


Zzu ~ j' 


30 


kl A . kl 
sully) sml-j 


p— 

+ 2 cos 


■j ■"[*(! - 4 


->Wf| 




( 8 - 68 ) 


The mutual impedance referred to the current maxima is related to that at the input 
of (8-68) by 


„ , • MM • MM 

im mn I - I sin I . 


(8-69) 


which for identical elements (/ t = / a = / ) reduces to 

Z 2 im = Z 2 |,sin 2 |yj 

whose real and imaginary parts are related by 

m = /? 2 i, sin 2 (— 


v . , kl\ 
Xzhir ~ Sin - | — J 


(8-70) 


(8-70a) 

(8-70b) 


For a two-element array of linear dipoles, there are three classic configurations 
for which closed-form solutions for (8-68), in terms of sine and cosine integrals, are 
obtained [331. These are shown in Figure 8.20, and they are referred to as the side- 
by-side [Fig. 8.20(a)|, collinear [Fig. 8.20(b)], and parallel-in-echelon [Fig. 8.20(c)). 
For two identical elements (each with odd multiples of A/2, / = nA/2, n = 1, 3, 5, 
. . .) (8-70) reduces for each arrangement to the expressions that follow. Expressions 
for linear elements of any length are much more complex and can be found in [331. 

A computer progrant referred to as SELF AND MUTUAL IMPEDANCES, based 
on (8-7la)-(8-73i), is included at the end of the chapter. 
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(a) Sidc-by-side (b) Collinear (c) Parallel in echelon 

Figure 8.20 Dipole eonliguralion of two identical elements for mutual 
impedance computations. 


S'lde-by-Side Configuration / Figure 8.20(a)] 



Rz\m = -P~\ 2C/(« 0 ) - C,(«|) - C/(«2)| 
4ir 

<8-7 la) 


= — ~l25j(n ( )) — S,(M|) — S,(« 2 )] 

47T 

(8-7 lb) 


Mo = kd 

(8-7 Ic) 


U\ = k(\/d z + /*" + /) 

(8-7 Id) 


u 2 = k(\ZcP ~ V- - /) 

(8-7 le) 

Col linear Configuration [Figure 8.20(b)] 


8 2 1 m ~ 

- -^-cos(u 0 )[-2C,(2v 0 ) + C,(v 2 ) -f- C f (w,) - ln(u 3 )] 

OTT 



+ -^- sin(v 0 )[2S,(2v 0 ) - S,(v 2 ) - S,(v,)] 

07 T 

(8-72a) 

Xl\m ~ 

- -p- cos(v 0 )[2S, (2u<>) - Sj(vz) - 5i(v t )] 

o7T 



+ -p- sin(u () )f2C/(2u<)) - C,(v 2 ) - C,(u,) - ln(u.O] 

oTT 

(8-72b) 


v () = kh 

(8-72c) 


ui = 2 k(h + 1) 

(8-72d) 


v 2 — 2k(h - l ) 

(8-72e) 


= { h 2 - l 2 )fh 2 

(8-720 
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Parallel-in- Echelon Configuration [ Figure 8.20(c) ] 

/?2I m = - -p- COS(w 0 )[ — 2Cy(W|) - 2C,(w,') + C,(w 2 ) 

07 T 

4- C,(w 2 ) 4- C/(»v-») 4- C,(vi' 3 )| 

+ -p- sin(w 0 )[2S,-(w,) - 2$i (wf) - ,$’,(w 2 ) 

8 t r 

4- Si(\\' 2 ) - S,(mV> + Si(wtf\ (8-73a) 

X 2U „ = - “COS(W 0 )[25/(W|) + 25;(w() - S,(vv’ 2 ) 

o 77 

- SM) - s,( h' 3 ) - SM)] 

+ -p- sin(w 0 )[2C,(M'|) - 2 C,(h’|) - C,(w 2 ) 4- C,(w- 2 ) 

57T 


c,(vv 3 ) + C,(H’()] 

(8-73b) 

vv 0 = kh 

(8-73c) 

vv, = k(\/d 2 4- ir + h) 

(8-73d) 

w[ = k(\/d 2 4- Jr - h ) 

(8-73e) 

\v 2 = k\\/T- 4 (/? - /) 2 + (h — /)] 

(8-730 

ii 

?s- 

£ 

to 

4 

1 

> “kj 

1 

1 

(8-73g) 

W 3 = k\\/d~ + (h + l) 2 + (h + /)] 

(8-73h) 

= k\\/d~ + (h + I) 2 — (h + /)] 

(8-73i) 


The mutual impedance, referred to the current maximum, based on the induced 
emf method of a side-by-side and a collinear arrangement of two half-wavelength 
dipoles is shown plotted in Figure 8.2 1 . It is apparent that the side-by-side arrangement 
exhibits larger mutual effects since the antennas are placed in the direction of maxi- 
mum radiation. The data is compared with those based on the Moment Method/NEC 
[35J using a wire with a radius of 10" 5 A. A very good agreement is indicated between 
the two sets because a wire with a radius of 10 _5 A for the MM/NEC is considered 
very thin. Variations as a function of the radius of the wire for both the side-by-side 
and collinear arrangements using the MM/NEC are shown, respectively, in Figures 
8.22(a,b). Similar sets of data were computed for the parallel-in-echelon arrangement 
of Figure 8.20(c), and they are shown, respectively, in Figures 8.23(a) and 8.23(b) 
for d = A/4, 0 < /; < A and h = A/2, 0 < d < A for wire radii of 10 ~ 5 A. Again a 
very good agreement between the induced emf and Moment Method/NEC data is 
indicated. 


Example 8.6 

Two identical linear half- wavelength dipoles are placed in a side-by-side arrangement, 
as shown in Figure 8.20(a). Assuming that the separation between the elements is 
d = 0.35A, find the driving point impedance of each. 
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(a; Side- by- si dc 



<b) Collinear 

Figure 8.21 Mutual impedance of two side-by-side and collinear A/2 dipoles using the mo- 
ment method and induced emf method. 


SOLUTION 

Using (8-64a) 

Z ut = t - z „ + Z12 
h 

Since the dipoles are identical. l\ = 1 2 . Thus 
Z | j — Z ii 4- Z\2 
From Figure 8.21(a) 

Z 12 = 25 ~ y38 
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Separation wavelengths) 


<a> Sidc-by-sidc 



Separation s (wavelengths) 


(b) Collincar 

Figure 8.22 Variations of mutual impedance as a function of wire radius 
for side-by-side and collinear A/2 dipole arrangements. 


Since 

Z,, = 73 + y'42.5 
Z\ d reduces to 

Z u - 98 + 74.5 

which is also equal to Z w of (8-64b). 
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(u>c/-0.5A 



d/X 


(b) h = 0.5A 

Figure 8.23 Mutual impedance for two parallel-in-echelon A/2 dipoles with 
wire radii of 10' 5 A. 


As discussed in Chapter 2, Section 2.13, maximum power transfer between the 
generator and the transmitting antenna occurs when their impedances are conjugate- 
matched. The same is necessary for the receiver and receiving antenna. This ensures 
maximum power transfer between the transmitter and receiver, when there is no 
interaction between the antennas. In practice, the input impedance of one antenna 
depends on the load connected to the other antenna. Under those conditions, the 
matched loads and maximum coupling can be computed using the Linville method 
[40], which is used in rf amplifier design. This technique has been incorporated into 
the NEC [35]. Using this method, maximum coupling is computed using [35] 
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Separation d t s (wavelengths) 

Figure 8.24 Maximum coupling for the two A/2 dipoles in side 
by-side and collinear arrangements as a function of separation. 


C„„ = A(1 - (| - 


where 


L = 


\Y y2 Y 2l 


2Re(J'n) Re(f 22 ) — Relfii K ji) 


(8-74) 


(8-74a) 


To ensure maximum coupling, the admittance of the matched load on the receiving 
antenna should he [35] 


Y, = 


1 ~ P 

U + p 


+ 1 


Re(K 22 ) - F 22 


(8-75) 


where 


^MAX (Y\2 Tzi)* 

I Y a Y-u\ 


The corresponding input admittance of the transmitting antenna is 


(8-75a) 


Y n = Y ii - 


Yu Yj 2 
Y,_ + Y 2 2 


(8-76) 


Based on (8-74)-(8-76). maximum coupling for two half-wavelength dipoles in 
side-by-side and collinear arrangements as a function of the element separation (d for 
side-by-side and s for collinear) was computed using the NEC, and it is shown in 
Figure 8.24. As expected, the side-by-side arrangement exhibits much stronger coup- 
ling, since the elements are placed along the direction of their respective maximum 
radiation. Similar curves can be computed for the parallel-in-echelon arrangement. 


8.7 MUTUAL COUPLING IN ARRAYS 

When two antennas are near each other, whether one and/or both are transmitting or 
receiving, some of the energy that is primarily intended for one ends up at the other. 
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The amount depends primarily on the 

a. radiation characteristics of each 

b. relative separation between them 

c. relative orientation of each 

There are many different mechanisms that can cause this interchange of energy. For 
example, even if both antennas are transmitting, some of the energy radiated from 
each will be received by the other because of the nonideal directional characteristics 
of practical antennas. Part of the incident energy on one or both antennas may be 
rescattered in different directions allowing them to behave as secondary transmitters. 
This interchange of energy is known as “mutual coupling,” and in many cases it 
complicates the analysis and design of an antenna. Furthermore, for most practical 
configurations, mutual coupling is difficult to predict analytically but must be taken 
into account because of its significant contribution. Because the mutual effects of any 
antenna configuration cannot be generalized, in this section we want first to briefly 
introduce them in a qualitative manner and then examine their general influence on 
the behavior of the radiation characteristics of the antenna. Most of the material and 
presentation in this section is followed from a well-written document on this subject 
141]. 


8.7.1 Coupling in the Transmitting Mode 

To simplify the discussion, let us assume that two antennas m and n of an array are 
positioned relative to each other as shown in Figure 8.25(a). The procedure can be 
extended to a number of elements. If a source is attached to antenna n, the generated 
energy traveling toward the antenna labeled as (0) will be radiated into space (1) and 
toward die wth antenna (2). The energy incident on the wth antenna sets up currents 
which have a tendency to rescatter some of the energy (3) and allow the remaining 
to travel toward the generator of m (4). Some of the rescattered energy (3) may be 
redirected back toward antenna n (5). This process can continue indefinitely. The 
same process would take place if antenna tn is excited and antenna n is the parasitic 
element. If both antennas, m and n, are excited simultaneously, the radiated and 
rescattered fields by and from each must be added vectorially to arrive at the total 
field at any observation point. Thus, “ the total contribution to the fur-field pattern of 
a particular element in the array depends not only upon the excitation furnished by 
its own generator (the direct excitation ) but upon the total parasitic excitation as 
well, which depends upon the couplings from and the excitation of the other generators 

[41]” 

The wave directed from the n to the m antenna and finally toward its generator 
(4) adds vectorially to the incident and reflected waves of the m antenna itself, thus 
enhancing the existing standing wave pattern within m. For coherent excitations, the 
coupled wave (4) due to source n differs from the reflected one in m only in phase 
and amplitude. The manner in which these two waves interact depends on the coupling 
between them and the excitation of each. It is evident then that the vector sum of 
these two waves will influence the input impedance looking in at the terminals of 
antenna m and will be a function of the position and excitation of antenna n. This 
coupling effect is commonly modeled as a change in the apparent driving impedance 
of the elements and it is usually referred to as mutual impedance variation. 

To demonstrate the usefulness of the driving impedance variation, let us assume 
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Anlenna m 


Antenna « 


fa) Transmitting 


Incident 



(h) Receiving 

Figure 8*25 Transmitting mode coupling paths between antennas m and n (Reprinted with 
permission of MIT Lincoln Laboratory* Lexington, MA). 


that a set of elements in an array are excited. For a given element in the array, the 
generator impedance that is optimum in the sense of maximizing the radiated power 
for that element is that which would be a conjugate impedance match at the element 
terminals. This is accomplished by setting a reflected wave which is equal in amplitude 
and phase to the backwards traveling waves induced due to the coupling. Even though 
this is not the generator impedance which is a match to a given element when all 
other elements are not excited, it does achieve maximum power transfer. 

To minimize confusion, let us adopt the following terminology [41]: 

1. Antenna impedance: The impedance looking into a single isolated element. 

2. Passive driving impedance: The impedance looking into a single element of an 
array with all other elements of the array passively terminated in their normal 
generator impedance unless otherwise specified. 

3. Active driving impedance: The impedance looking into a single element of an 
array with all other elements of the array excited. 
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Since the passive driving impedance is of minor practical importance and differs 
only slightly from the antenna impedance, the term driving impedance will be used 
to indicate active driving impedance, unless otherwise specified. 

Since the driving impedance for a given element is a function of the placement 
and excitation of the other elements, then optimum generator impedance that maxi- 
mizes array radiation efficiency (gain) varies with array excitation . These changes, 
with element excitation variations, constitute one of the principal aggravations in 
electronic scanning arrays. 


8.7.2 Coupling in the Receiving Mode 

To illustrate the coupling mechanism in the receiving mode, let us again assume that 
the antenna system consists of two passively loaded elements of a large number, as 
shown in Figure 8.25(b). Assume that a plane wave (0) is incident, and it strikes 
antenna m first where it causes current flow. Part of the incident wave will be rescal- 
tered into space as (2). the other will be directed toward antenna n as (3) where it will 
add vectorially with the incident wave (0), and part will travel into its feed as (1). It 
is then evident that the amount of energy received by each element of an antenna 
array is the vector sum of the direct waves and those that are coupled to it parasitically 
from the other elements. 

The amount of energy that is absorbed and reradiated by each element depends 
on its match to its terminating impedance. Thus, the amount of energy received by 
any element depends upon its terminating impedance as well as that of the other 
elements. In order to maximize the amount of energy extracted from an incident wave, 
we like to minimize the total backscattered (2) energy into space by properly choosing 
the terminating impedance. This actually can be accomplished by mismatching the 
receiver itself relative to the antenna so that the reflected wave back to the antenna 
(4) is cancelled by the rescattered wave, had the receiver been matched to the actual 
impedance of each antenna. 

As a result of the previous discussion, it is evident that mutual coupling plays an 
important role in the performance of an antenna. However, the analysis and under- 
standing of it may not be that simple. 


8.7.3 Mutual Coupling on Array Performance 

The effects of the mutual coupling on the performance of an array depends upon the 

a. antenna type and its design parameters 

b. relative positioning of the elements in the array 

c. feed of the array elements 

d. scan volume of the array 

These design parameters influence the performance of the antenna array by varying 
its element impedance, reflection coefficients, and overall antenna pattern. In a finite- 
element array, the multipath routes the energy follows because of mutual coupling 
will alter the pattern in the absence of these interactions. However, for a very large 
regular array (array with elements placed at regular intervals on a grid and of sufficient 
numbers so that edge effects can be ignored), the relative shape of the pattern will be 
the same with and without coupling interactions. It will only require a scaling up or 
down in amplitude while preserving the shape. This, however, is not true for irregular 
placed elements or for small regular arrays where edge effects become dominant. 
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8.7.4 Coupling in an Infinite Regular Array 

The analysis and understanding of coupling can be considerably simplified by con- 
sidering an infinite regular array. Although such an array is not physically realizable, 
it does provide an insight and in many cases answers of practical importance. For the 
infinite regular array we assume that 

a. all the elements are placed at regular intervals 

b. all the elements are identical 

c. all the elements have uniform (equal) amplitude excitation 

d. there can be a linear relative phasing between the elements in the two orthogonal 
directions 


The geometry of such an array is shown in Figure 6.23 with its array factor given by 
(6-87) or (6-88). This simplified model will be used to analyze the coupling and 
describes fairly accurately the behavior of most elements in arrays of modest to large 
size placed on flat or slowly curve surfaces with smoothly varying amplitude and 
phase taper. 

To assess the behavior of the element driving impedance as a function of scan 
angle, we can write the terminal voltage of any one element in terms of the currents 
flowing in the others, assuming a single-mode operation, as 


-2 

P <t 


2 ^mn.pq Iptf 


(8-77) 


where Z„„, w defines the terminal voltage at antenna mn due to a unity current in 
element pq when the current in all the other elements is zero. Thus the Z mnp<l terms 
represent the mutual impedances when the indices mn and pq are not identical. The 
driving impedance of the mn th element is defined as 

Z Omn - y — = 22 Zmn.pq (8-78) 

*mn P •mn 

Since we assumed that the amplitude excitation of the elements of the array was 
uniform and the phase linear, we can write that 


/ w = /oo^ A+,Al (8-79a) 

L fl = W (,wA+,,A) (8-79b) 


Thus, (8-78) reduces to 


Zo- = 22 (8-80) 

/' <1 

It is evident that the driving point impedance of mn element is equal to the vector 
sum of the element self impedance (mn = pq) and the phased mutual impedances 
between it and the other elements (mn ^ pq). The element self impedance (mn = 
pq) is obtained when all other elements are open-circuited so that the current at their 
feed points is zero [I IH{ (pq ^ mn) = 0]. For most practical antennas, physically this 
is almost equivalent to removing the pq elements and finding the impedance of a 
single isolated element. 

A consequence of the mutual coupling problem is the change of the array impe- 
dance with scan angle. In order not to obscure the basic principle with the complexity 
of the problem, this can best be illustrated by examining the behavior of the reflection 
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(c) H - plane scan reflection 

Figure 8.26 Geometry for plane wave reflection from resistive sheet. (Reprinted 
with permission of MIT Lincoln Laboratory. Lexington, MA.) 


coefficient of a uniform plane wave in free-space incident on a resistive sheet of 
infinite extent backed by an open circuit so that there are no transmitted fields through 
the sheet, as shown in Figure 8.26(a). Although the open circuit is not physically 
realizable, nevertheless the model is useful. This is accomplished by choosing the 
surface resistivity of the sheet to be that of free-space (rj 0 = 120ir) so that the sheet 
is an exact match for a normally incident wave. Referring to Figure 8.26(b) for an 
E-plane scan and Figure 8.26(c) for an //-plane scan, we impose that at the boundary 
(z = 0 for all a and y) the ratio of the total tangential electric field to the total 
tangential magnetic field is equal to the surface impedance of the sheet. The same 
procedure is used in electromagnetics to derive the Fresnel reflection and transmission 
coefficients from planar interfaces for vertical and horizontal polarizations (141. 

Referring to Figure 8.26(b), we can write that the incident and reflected waves 
for the E- and H- fields as 


E' = EU S v cos 0, - a. sin "« +ecaB «> 

(8-81 a) 

H‘ = k x H‘ a e + A ,<y sin 0i + 2cns 4) 

(8-8 lb) 

E r = £o(a y cos 0, -1- a. sin 0 r ) e ~ jko< _ vs '" ttr ^ ** cm 

(8-8 lc) 

jjf _ vsinfl,+2cos0 r > 

(8-8 Id) 
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Applying boundary conditions on the tangential components of the electric and mag- 
netic field of (8-8 1 a)— (8-8 1 d ) gives 


Since 


Vo = 


-'lan 


H \ 


tun 


we can write (8-82) as 


Eft cos + £>; cos 

— H( ) e jkvys "' 0 ' 


H,\ 


H 


r 

0 


4 

Vo 


£o 

Vo 


(8-82) 


(8-82a) 

(8-82b) 


EM cos ft - De**""*' = -E[ } ( cos ft. + | )****•* 
whose only solution independent of y occurs when 6 r = ft. Thus, 

r ^0 _ 1 - COS ft 2 /ft\ 

r £/, 1 + COS ft an \2/ 

which can also be written as 


Eu _ 1 - cos ft _ cos ft _ Z,. — I 
£o 1 + cos 0, 1 + j Z, + 1 

cos 0, 


(8-83) 


(8-84) 


(8-85) 


By comparison with the reflection coefficient T of a transmission line with a normal- 
ized load Z/. 


r = 


4 ~ 1 
\ + 1 


( 8 - 86 ) 


the sheet represents an impedance to the wave that varies as 


4 = 


1 


cos 0, 


(8-87) 


This is usually referred to as a normalized directional impedance. 

Referring to Figure 8.26(c), it can be shown that for the //-plane scan the reflection 
coefficient is 


r> I “COS ft . W0,\ 

1 + cos 0, \2 / 

and the sheet represents to the wave an impedance that varies as 

Z /( = cos ft 


( 8 - 88 ) 


(8-89) 


It is clear that even for such a simple problem of a plane wave impinging on a 
resistive sheet, there is a change, as a function of the scan angle, of the apparent 
impedance that the resistive sheet represents to the wave. 

To illustrate the practical importance of the resistive sheet problem, the computed 
reflection coefficient magnitude for the E- and //-plane scans for arrays of half- 



8.7 Mutual Coupling In Arrays 429 




(a) £- plane scan (b) W-phne scan 

Figure 8.27 Magnitude of reflection coefficient as a function of principal plane 
scan angle. (Reprinted with permission of MIT Lincoln Laboratory. Lexington, MA.) 


wavelength dipoles for various spacings d(d = d x = </ v ) and height h above a ground 
plane are shown in Figures 8.27(a,b) [41], The height h was chosen to minimize the 
mismatch in the principal planes of scan. The curves are discontinued at the angles 
where major lobes are equally disposed about broadside and retrace themselves be- 
yond that point. The angles of discontinuity become smaller for wider spacings. It is 
also evident that the reflection coefficient for a given scan angle in the principal plane 
becomes smaller as the elements are brought closer together. In the same figures and 
indicated by small .v’s is the reflection coefficient of the central element of a large 
array of short dipoles with a spacing of d x = d v = 0.1 A but without a ground plane. 
The resistive sheet reflection coefficient is also plotted for comparison purposes. It 
should be noted that the results of Figure 8.27 were computed assuming the generator 
impedance is matched to the element driving impedance when the array's major lobe 
was toward broadside. This requires the tuning of the driving reactance for broadside 
conditions, which for small spacings is exceedingly large. 

8.7.5 Grating Lobes Considerations 

Because of the periodic nature of an infinite array, the impedance behavior as a 
function of scan volume lor different elements and interelement spacing can be 
described in the form of an infinite series. This is accomplished by expressing the 
radiated and stored (real and reactive) powers in the vicinity of the array in terms of 
the current, field distribution or pattern, of a typical element. The analysis, which was 
pioneered by Wheeler (42]; Edelberg and Oliner [43], [44]; and Stark [45] is straight- 
forward. but it will not be included here because it requires a knowledge of Fourier 
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transforms, and i( is beyond the scope of the book at this point. However, some 
qualitative results will be briefly discussed. 

It was shown in Section 6.10.1 that grating lobes in an array can be formed 
provided (6-89a) and (6-89b) are satisfied. This was illustrated by the three-dimen- 
sional pattern of Figure 6.29. It was indicated there that additional grating lobes can 
be formed by increasing the interelement spacing. The grating lobes disappear as the 
spacing recedes toward zero. In general, grating lobes can be moved into and out of 
the visible region by controlling the spacing and/or relative phase between the ele- 
ments. 

The dependence of the element driving impedance Z W (/3 V . /3 V ) on the pointing 
direction (scan) of the main beam of the array is demonstrated by examining it for 
different elements, spacings, and the presence of a ground plane. The discussion is 
restricted to planar arrays and the impedance variations are illustrated for the £-, //-, 
and /3-planes. We define D- as the diagonal plane (45° from the £- and //-planes) and 
6 r , 0j ,, and Oj as the angles of the main beam from broadside for the £-, H- and 
D -planes, respectively. 

If the elements are polarized in the v-direction, then according to (6-90a) and 
(6-90b) the progressive phase shifts between the elements must be 


A = 0 

/3 V = - kd y sin Q e 
j3, = - kd x sin 6,, 

P y = 0 



E-plane scan (</> 0 = 90°, % - 0J 


//-plane scan (<fo, = 0°, 0<» = 0,,) 


D-plane scan (<&> = 45°, 0 O = 6 d ) 


(8-90) 

(8-91) 

(8-92) 


To make the presentation of the results more uniform, the element driving im- 
pedance Zp(6) is displayed on a Smith chart in a normalized form 


where 


Z 0 (8) n 


Zn(fl) ~ jXp(O) 
R»( 0 ) 


Z,A6) = R P (0) + jX,A6) 


(8-93) 


(8-93a) 


K/,(0) = R o (0 =0°) . , , ... 

beam pointed at broadside 

X n (0) = X p (d = 0°) 


(8-93b) 


In Figure 8.28, we display the normalized driving impedance in the E-, //- and 
D-planes for a planar array of half-wavelength dipoles (/ = 0.5A) spaced d x = d y = 
0.55A [41 ). The E- and //-planes are discontinued at 65°. Physically that angle cor- 
responds to a grating lobe at — 65°, symmetrically disposed relative to the main beam. 
Scanning beyond that point is equivalent to moving the main beam in from 65° or 
retracing the curve. 

For a VSWR of 3:1, the half-wavelength dipole array of Figure 8.28 can be 
scanned up to 45° in the //-plane, 79° in the D-plane, and anywhere in the £-plane; 
for a VSWR of 2:1, then the maximum scan angles are 50° in the E-plane. 40° in the 
//-plane, and 77° in the £)-plane. For a small dipole (/ = 0.1 A) the maximum scans 
are 47° in the //-plane, 79° in the D-plane, and anywhere for the E-plane for a 3:1 
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Figure 8.28 Normalized element Impedance versus scan angle on the //-, and Z)-planes 
for a planar array of half-wavclcngth dipoles (l = O.SA) with d x — d y . = 0.55A and with no 
ground plane. (Reprinted with permission of MIT Lincoln Laboratory, Lexington, MA.) 


VSWR: maximum scans of 40° in the H- plane, 76° in the D-planc, and anywhere in 
the £-plane for a 2:1 VSWR. The results are summarized in Table 8.3 [41 1. 

To demonstrate the effects of a ground plane on the element driving impedance, 
the normalized impedance of the half- wavelength (I = 0.5AJ dipole arrays, when 
placed horizontally a height h = 0.25A above an infinite electric ground plane, are 
displayed in Figure 8.29. Physically, the introduction of the ground plane below the 


Table 8.3 MAXIMUM SCAN VOLUME OF SHORT AND HALF- 
WAVELENGTH DIPOLE PLANAR ARRAY WITH d y = d x = 
0.55A AND WITHOUT GROUND PLANE FOR VSWRs 
OF 3: 1 AND 2:1 


[Reprinted with permission of MIT Lincoln Laboratory. 
Lexington, MA] 


VSWR 

Scan Plane 

Maximum Scan Angle 

Short Dipole 
(/ = 0.1 A) 

Half-Wavelength 
Dipole (/ = 0.5A) 


E- Plane 

— 

— 

3:1 

//-Plane 

47° 

45° 


D- Plane 

79 ° 

79 ° 


£-Planc 

— 

50° 

2:1 

//-Plane 

40° 

40° 


D-Plane 

76° 

IT 
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Figure 8.29 Normalized element impedance versus scan angle on the £-, H~, and 0-planes 
for a planar array of half-wavelength = 0.5A) dipoles with d. x — d y = 0.55A and placed 
h = 0.25A above a ground plane. (Reprinted with permission of MIT Lincoln Laboratory. 
Lexington, MA.) 


horizontal electric dipoles prevents them from radiating along the ground plane, so 
the impedance is continuous when a grating lobe moves into the visible region. The 
maximum scan angles for VSWR’s of 3:1 and 2:1 are shown listed in Table 8.4 [41J. 

The impedances of a short dipole (7 = 0.1 A) are similar to those of the half- 
wavelength dipole shown in Figures 8.28 and 8.29. The most striking variation in 


Table 8.4 MAXIMUM .SCAN VOLUME OF SHORT AND HALF- 
WAVELENGTH DIPOLE PLANAR ARRAY WITH d x = d Y - 
0.55A AND WITH GROUND PLANE (h = 0.25 A > FOR VSWRs 
OF 3:1 AND 2:1 

[Reprinted with permission of MIT Lincoln Laboratory, 
Lexington. MAJ 


VSWR 

Scan Plane 

Maximum Scan Angle 

Short Dipole 
(/ = 0.1A) 

Half-Wavelength 
Dipole (/ = 0.5A) 


E-Plane 

55° 

50° 

3:1 

W-Plane 

50° 

50° 


0-Plane 

62° 

62° 


E-Plane 

45° 

40° 

2:1 

W-Plane 

40° 

40° 


0-Plane 

52° 

50° 
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Figure 8.30 VSWR at versus height above ground plane for two large planar square 
arrays of half-wavelength it = 0.5A) dipoles. (Reprinted with permission of MIT Lincoln 
Laboratory, Lexington, MA.) 


impedance of a given array of dipoles is accomplished by the introduction of the 
ground plane particularly for scan angles near grating-lobe formation. 

By comparing the results of Tables 8.3 and 8.4 it is evident that if for dipole 
arrays the element spacing for allowing grating lobes to appear marginally is used as 
a design criterion, placing the arrays above a ground plane would give vastly better 
(but still poor) VSWR performance at extreme scans. If. however, the element spacing 
is chosen to maintain the maximum VSWR below a given value, there appears little 
difference between the elements but results in a smaller maximum scan for a given 
element spacing. 

To examine the effect the height h above the ground plane has on the maximum 
VSWR (within a specified scan volume), the maximum VSWR as a function of the 
height for E- and //-plane scans of two large square arrays of half-wavelength dipoles 
with d x = d y = 0.5A and d x = d x = 0.6A spacing between the elements are displayed 
in Figure 8.30. The maximum scan angle is 40° and the arrays are assumed to he 
matched at broadside. It is evident from the results that as the height is decreased the 
maximum E-plane mismatch becomes very large while that of the //-plane decreases 
monotonically. The optimum height which leads to equal maximum mismatches in 
the E- and //-planes of scan for a given scan volume is determined by the spacing 
between the elements. The optimum heights for the two arrays are indicated in Figure 
8.30. 

It can be concluded that when an array is placed at its optimum height above the 
ground plane for a given scan volume and the spacing between the elements of the 
array is smaller than that required by the grating lobes, that array will exhibit less 
impedance variations than the one which just satisfies the scan volume requirement. 

To demonstrate the variations of the input reflection coefficient, and thus of the 
input impedance, of an infinite array as a function of scan angle, the input reflection 
coefficient of an infinite array of circular microstrip patches matched at broadside is 
shown in Figure 8.31 for the E-plane and //-plane (46]. The variations are due mainly 
to coupling between the elements. The variations are more pronounced for the 
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Figure 8.31 Typical magnitude of input reflection coefficient versus scan angle in £- and 
//-planes for infinite array of microstrip patches (courtesy J. T. Aberle and F. Zavosh). 


E-plane than for the //-plane. For microstrip patches, coupling is attributed to space 
waves (with Ur radial variations), higher order waves (with I/p 2 radial variations), 
surface waves (with 1/p 2 radial variations), and leaky waves [with exp(-A p)/p m 
radial variations]. As is shown in Chapter 14 and Figures 14.36. 14.37. the variations 
of the reflection coefficient can be reduced by suppressing the surface waves supported 
by the substrate using cavities to back the patches [46]. The variations of the reflection 
coefficient as a function of scan angle can lead, due to large values of the reflection 
coefficient (ideally unity), to what is usually referred as array scan blindness [47]— 
[50]. This is evident for the E-plane near 72°-73° and is due to excitation in that plane 
of a leaky-wave mode, which is not as strongly excited as the scan angle increases 
beyond those values. Scan blindness is reached at a scan angle of 90°. Also there can 
be degradation of side lobe level and main beam shape due to the large variations of 
the reflection coefficient. 

Scan blindness is attributed to slow waves which are supported by the structure 
of the antenna array. These structures may take the form of dielectric layers (such as 
radomes, superstrates and substrates) over the face of the array, or metallic grids or 
fence structures. The scan blindness has been referred to as a '‘forced surface wave” 
[47], [48]. or a "leaky wave" [49], resonant response of the slow wave structure by 
the phased array. For the microstrip arrays, the substrate layer supports a slow surface 
wave which contributes to scan blindness [50], 
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PROBLEMS 

8.1. Derive Pocklington’s integral equation 8-24 using (8-22) and (8-23). 

8.2. Derive the solution of (8-26) to the differential equation of (8-25a). Show that H alien’s 
integral equation can be written as (8-27). 

8.3. Show that the incident tangential electric field {E- ) generated on the surface of a wire 
of radius a by a magnetic field generator of (8-30) is given by (8-31 ). 

8.4. Reduce (8-31) to (8-32) valid only along the z axis (p = 0). 
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8.5. For the center-fed dipole of Example 8.3 write the jZJ matrix for N = 21 using for the 
gap the delta-gap generator and the magnetic- frill generator. Use the computer program 
MOMENT METHOD (POCKLINGTON) at the end of the chapter. 

8.6. For an infinitesimal center-fed dipole of ( = A/50 of radius a = 0.005A, derive the 
input impedance using Pockfington's integral equation with piecewise constant sub- 
domain basis functions and point-matching. Use N = 21 and model the gap as a delta- 
gap generator and as a magnetic-frill generator. Use the MOMENT METHOD (POCK- 
LINGTON) computer program at the end of the chapter. 

8.7. Using the MOMENT METHOD (H ALLEN) computer program at the end of the 
chapter, compute the input impedance of a A/4 and 3A/4 dipole with an Ud ratio of 
lid = 50 and 25. Use 20 subsections. Compare the results with the impedances of a 
dipole with Ud = )0 y . Plot die current distribution and the Jar-field pattern of each 
dipole. 

8.8. Derive (8-53)-(8-55b) using (8-52). (3-2a), and (4-56). 

8.9. For a linear dipole with sinusoidal current distribution, radiating in frce-space. find the 
radiation Z im and the input Z ln impedances when a = A/20. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of the chapter. 

(a) / = A/4 (b) / = A/2 

(c) / = 3 A/4 (d) / = A 

8.10. A A/2 dipole of finite radius is not self-resonant. However, if the dipole is somewhat 
less than A/2, it becomes self-resonant. For a dipole with radius of a = A/200 radiating 
in free-space, find the 

(a) nearest length by which the A/2 dipole becomes self-resonant 

(b) radiation resistance (referred to the current maximum) of the new resonant dipole 

(c) input resistance 

Id) VSWR when the dipole is connected to a 50-ohm line 

8.1 1. Find the length, at the first resonance, of linear dipoles with wire radii of 

(a) 10 5 A (b) 1(T 4 A 

(c) I0 -, A (d) 1(T 2 A 

Compute the radiation resistance of each. 

8. 12. A quarter-wavelength monopole of radius a = 10“ 'A is placed upon an infinite ground 
plane. Determine the 

(a) impedance of the monopole 

(b) length by which it must be shortened to become self-resonant (first resonance) 

(c) impedance of the monopole when its length is that given in part b. 

(d) VSWR when the monopole of part b is connected to a 50-ohm line. 

8. 13. For two half-wavelength dipoles radiating in free-space, compute (using equations, not 
curves) the mutual impedance Z lXm referred to the current maximum for 

(a) sidc-by-side arrangement with d = A/4 

(b) collinear configuration with s - A/4 

Verify using the computer program SELF AND MUTUAL IMPEDANCES at the end 
of the chapter. 

8.14. Two identical linear A/2 dipoles are placed in a collinear arrangement a distance s = 
0.35A apart. Find the driving point impedance of each. Verify using the computer 
program SELF AND MUTUAL IMPEDANCES at the end of the chapter. 

8.15. Two identical linear A/2 dipoles are placed in a collinear arrangement. Find the spacings 
between them so that die driving point impedance of each has the smallest reactive 
part. 
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COMPUTER PROGRAM - MOMENT METHOD 


THIS IS A FORTRAN MOMENT METHOD PROGRAM USING 

I. POCKLINGTON'S [Equ. (8-24)] 

II. HALLEN’S (Equ. (8-27)] 

INTEGRAL EQUATIONS TO COMPUTE THE: 

A. CURRENT DISTRIBUTION 

B. INPUT IMPEDANCE 

C. NORMALIZED AMPLITUDE RADIATION PATTERN 

OF A LINEAR SYMMETRICALLY EXCITED DIPOLE. 

THIS PROGRAM USES PULSE EXPANSION FOR THE ELECTRIC 
CURRENT MODE AND POINT-MATCHING THE ELECTRIC 
FIELD AT THE CENTER OF EACH WIRE SEGMENT 

DELTA-GAP FEED MODEL IS USED IN BOTH FORMULATIONS. 

IN ADDITION. MAGNETIC-FRILL GENERATOR IS AVAILABLE IN 
THE POCKUNGTON’S INTEGRAL EQUATION 


OPTION I. POCKLINGTON'S INTEGRAL EQUATION 
OPTION D. HALLEN’S INTEGRAL EQUATION 

♦♦INPUT PARAMETERS 

1. TL = TOTAL LENGTH OF THE DIPOLE (in wavelengths) 

2. RA = RADIUS OF THE WIRE (in wavelengths) 

3. NM = TOTAL NUMBER OF SUBSECTIONS 

(must be an odd integer) 

4. IEX = OPTION TO USE EITHER MAGNETIC-FRILL 

GENERATOR OR DELTA-GAP FEED 
IEX = 1: MAGNETIC-FRILL GENERATOR 
IEX a 2: DELTA-GAP FEED 

♦♦NOTE 

IGNORE INPUT PARAMETER IEX WHEN CHOOSING OPTION 0 
(i.e., HALLEN’S FORMULATION) 
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COMPUTER PROGRAM - SELF AND MUTUAL IMPEDANCES 


THIS IS A FORTRAN PROGRAM THAT COMPUTES THE: 

I. SELF IMPEDANCE FOR ANY LENGTH DIPOLE 

II. MUTUAL IMPEDANCE BETWEEN TWO IDENTICAL 
LINEAR DIPOLES 

BASED ON THE INDUCED EMF METHOD AND THE IDEAL CURRENT 
DISTRIBUTION OF EQUATION (4-56) 

THE IMPEDANCES CAN BE COMPUTED BASED EITHER ON THE CURRENT 
AT THE INPUT, OR ON THE CURRENT MAXIMUM: 

I. SELF IMPEDANCE (INPUT IMPEDANCE) 

1. BASED ON CURRENT AT THE INPUT: 

Zfo “ Rfa + j x in 

Rin = INPUT RESISTANCE [Equs.(8-60a) and (8-6 la)] 

X in = INPUT REACTANCE [Equs.(8-60b) and (8 -6 lb)] 

2. BASED ON CURRENT MAXIMUM: 

Zinin = R jnm + J X jnm 

R inm = SELF RESISTANCE [Equ. (8-60a)] 

X iiun = SELF REACTANCE [Equ. (8-60b)] 

II. MUTUAL IMPEDANCE 

1. BASED ON CURRENT AT THE INPUT: 

- R 21i + j x 21i I^l u - (8-68)] 

R 2U = MUTUAL RESISTANCE 
X 21i - MUTUAL REACTANCE 

2. BASED ON CURRENT MAXIMUM: 

^2 lm ” ^2 1m + j x 2lm (8-70)] 

R 21m = MUTUAL RESISTANCE 
X 2 im = MUTUAL REACTANCE 

THE DIPOLES FOR MUTUAL IMPEDANCE COMPUTATIONS MUST BE 
IDENTICAL WITH LENGTH OF ODD MULTIPLES OF X/2 
(1 = vX/2, n =s 1 ,3,5,..). 


OPTION I. SELF IMPEDANCE (INPUT IMPEDANCE) 

••ARRAY INPUT PARAMETERS 

1. I = LENGTH OF THE DIPOLE 

2. a = RADIUS OF TOE DIPOLE 


(continued on next page) 
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(continued) 


OPTION n. MUTUAL IMPEDANCE 
CHOICE A: SIDE-BY-SIDE [sec Fig. 8.19(a)) 

••ARRAY INPUT PARAMETERS 

1. I m LENGTH OF THE DIPOLES 

2. d = HORIZONTAL DISPLACEMENT OF DIPOLES 

CHOICE B: COLLINEAR [see Fig. 8.19(b)] 

••ARRAY INPUT PARAMETERS 

1.1 = LENGTH OF THE DIPOLES 

2. h = VERTICAL DISPLACEMENT OF DIPOLES 

CHOICE C: PARALLEL-IN-ECHELON [see Fig. 8.19(c)] 

••ARRAY INPUT PARAMETERS 

1. I m LENGTH OF THE DIPOLE 

2. h = VERTICAL DISPLACEMENT OF DIPOLES 

2. d « HORIZONTAL DISPLACEMENT OF DIPOLES 


••NOTE 

ALL THE INPUT DATA ARE IN WAVELENGTHS. 
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CHAPTER 


9 

BROADBAND DIPOLES AND 
MATCHING TECHNIQUES 


9.1 INTRODUCTION 

In Chapter 4 the radiation properties (pattern, directivity, input impedance, mutual 
impedance, etc.) of very thin wire antennas were investigated by assuming that the 
current distribution, which in most cases is sinusoidal, is known. In practice, infinitely 
thin (electrically) wires are not realizable but can be approximated. In addition, their 
radiation characteristics (such as pattern, impedance, gain, etc.) are very sensitive to 
frequency. The degree to which they change as a function of frequency depends on 
the antenna bandwidth. For applications that require coverage of a broad range of 
frequencies, such as television reception of all channels, wide-band antennas are 
needed. There are numerous antenna configurations, especially of arrays, that can be 
used to produce wide bandwidths. Some simple and inexpensive dipole configurations, 
including the conical and cylindrical dipoles, can be used to accomplish this to some 
degree. 

For a finite diameter wire (usually d > 0.05 A) the current distribution may not 
be sinusoidal and its effect on the radiation pattern of the antenna is usually negligible. 
However, it has been shown that the current distribution has a pronounced effect on 
the input impedance of the wire antenna, especially when its length is such that a near 
null in current occurs at its input terminals. The effects are much less severe when a 
near current maximum occurs at the input terminals. 

Historically there have been three methods that were used to take into account 
the finite conductor thickness. The first method treats the problem as boundary-value 
problem LI], the second as a tapered transmission line or electromagnetic horn |2], 
and the third finds the current distribution on the wire from an integral equation (3]. 
The boundary-value approach is well suited for idealistic symmetrical geometries 
(e.g., ellipsoids, prolate spheroids) which cannot be used effectively to approximate 
more practical geometries such as the cylinder. The method expresses the fields in 
terms of an infinite series of free oscillations or natural modes whose coefficients are 
ehosen to satisfy the conditions of the driving source. For the assumed idealized 
configurations, the method does lead to very reliable data, but it is very difficult to 
know how to approximate more practical geometries (such as a cylinder) by the more 
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idealized configurations (such as the prolate spheroid). For these reasons the boundary- 
value method is not very practical and will not be pursued any further in this text. 

In the second method Schelkunoff represents the antenna as a two-wire uniformly 
tapered transmission line, each wire of conical geometry, to form a biconical antenna. 
Its solution is obtained by applying transmission line theory (incident and reflected 
waves), so well known to the average engineer. The analysis begins by first finding 
the radiated fields which in tum are used, in conjunction with transmission line theory, 
to find the input impedance. 

For the third technique, the main objectives are to find the current distribution on 
the antenna and in turn the input impedance. These were accomplished by Hallen by 
deriving an integral equation for the current distribution whose approximate solution, 
of different orders, was obtained by iteration and application of boundary conditions. 
Once a solution for the current is formed, the input impedance is determined by 
knowing the applied voltage at the feed terminals. 

The details of the second method will follow in summary form. The integral 
equation technique of Hallen. along with that of Pocklington. form the basis of 
Moment Method techniques which were discussed in Chapter 8. 

9.2 BICONICAL ANTENNA 

One simple configuration that can be used to achieve broadband characteristics is the 
biconical antenna formed by placing two cones of infinite extent together, as shown 
in Figure 9.1(a). This can be thought to represent a uniformly tapered transmission 
line. The application of a voltage V, at the input terminals will produce outgoing 
spherical waves, as shown in Figure 9.1(b), which in tum produce at any point 
(r. $ = 0,,. d>) a current 1 along the surface of the cone and voltage V between the 
cones (Figure 9.2). These can then be used to find the characteristic impedance of the 
transmission line, which is also equal to the input impedance of an infinite geometry. 
Modifications to this expression, to take into account the finite lengths of the cones, 
will be made using transmission line analogy. 

9.2.1 Radiated Fields 

The analysis begins by first finding the radiated E- and H-lields between the cones, 
assuming dominant TEM mode excitation (E and H are transverse to the direction of 
propagation). Once these are determined for any point (r, 0, 0), the voltage V and 
current / at any point on the surface of the cone (t\ 0 = 0 ( , <f>) will be formed. From 
Faraday’s law we can write that 

V x E = -joifiH (9-1) 

which when expanded in spherical coordinates and assuming that the E-field has only 
an E a component independent of <j>. reduces to 

I f) 

V x E = a^-— (rE 0 ) = -j(ofiist r H r + a + a *//*) (9-2) 

Since H only has an H ^ component, necessary to form the TEM mode with E 0 , 
(9-2) can be written as 


I f) 

~ — (rE 0 ) ~ -jwfxH'f, 
r dr 


(9-2a) 
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Biconic^l geometry 1 



fb) Spherical waves 

Figure 9. 1 Biconieal antenna geometry anti radiated spherical waves. 


From Ampere's law we have that 

V x H - +ja)eE (9-3) 

which when expanded in spherical coordinates, and assuming only E n and //^com- 
ponents independent of </>, reduces to 


r sin 0 do 


— (r win BH^ - a 


— (r sin 8H$ I - +j<x)€(A(/E f) ) (9-4) 


which can also he written as 


— (r sin 9HJ = 0 


(9-4 a) 


1 ^ 

— — — (/• stn W*) = -jweEa 
r sin 6 dr 


(9-4b) 
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Fir I 


Figure 9.2 Electric and magnetic fields, and associated voltages mid cur- 
rents, for a bieonieal antenna. 


Rewriting ( 9-4b ) as 

I 3 

- T irH 6 ) = -jtaeE# 
r Br 

and substituting ir into (9-2a) we form a differential equation for ti# as 

1 B 

jojer Br 

or 

a 2 

— ~ -c u 2 fx,e(rH l/t ) = —k 2 {rH£ 


a 

— ( rff *) 
Br 


- -}iOfxH lh 


(9-5) 


(9-6) 


(9-6a) 


A solution for (9-6a) must be obtained to satisfy (9 -4a), To meet the condition of 
(9-4 a), Lite 8 variations of H# must be of the form 



fir) 
sin 0 


(9-7) 


A solution of (9-6a), which also meets the requirements of (9-7) and represents an 
outward traveling wave, is 




Hu e 


- jkr 


sin 0 r 


(9-8) 


where 


f(r) = H { i 



(9-Ka) 


An inward traveling wave is also a solution but does not apply to the infinitely long 
structure. 



9.2 Biconical Antenna 445 


Since the field is of TEM mode, the electric field is related to the magnetic field 
by the intrinsic impedance, and we can write it as 

H e^ r 

In Figure 9.2(a) we have sketched the electric and magnetic field lines in the space 
between the two conical structures. The voltage produced between two corresponding 
points on the cones, a distance r from the origin, is found by 


Hr) = 


rr— a/ 2 


r 

J a/2 


E • d\ 


Cl r— n/2 

J a/1 


(a«£<?) • (a H rdO) 


Ctt— a/2 
Jan 


E 6 nl0 


(9-10) 


or by using (9-9) 


Hr) 


CiT-an 


M 
sin 0 


Hr) = In 



r iHtf-ft' In 


cot(a/4) 

tan(a/4) 


(9-10a) 


The current on the surface of the cones, a distance r from the origin, is found by 
using (9-8) as 


C2n r2n 

I(r) = J o W^/ sin 6d<f> = H 0 e- Jkr ^ ti<f> = 2TrH {) e~ lkr (9-11) 

In Figure 9.2(b) we have sketched the voltage and current at a distance r from the 
origin. 


9.2.2 Input Impedance 


A. Infinite Cones 

Using the voltage of (9- 10a) and the current of (9-1 1), we can write the characteristic 
impedance as 


Zc 


Hr) 

/(r) 



(9-12) 


Since the characteristic impedance is not a function of the radial distance r, it also 
represents the input impedance at the antenna feed terminals of the infinite structure. 
For a free-space medium, (9-12) reduces to 



(9- 12a) 


which is a pure resistance. For small cone angles 


z,„ = ^ In 

7 T 


<1 


= — In 

TT 


1 


tan(or/4) 


it W 


(9- 1 2b) 


Variations of Z in as a function of the half-cone angle a/2 are shown plotted in 
Figure 9.3(a) for 0° < a/2 < 90° and in Figure 9.3(b) in an expanded scale for 
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(bj Input impedance in expanded scale 

Figure 9.3 input impedance of an inlinitely long biconical antenna radiating in free-space. 


0* < a/2 *£ 2°. Although the half-cone angle is not very critical in the design, it is 
usually chosen so that the characteristic impedance of the biconical configuration is 
nearly the same as that of the transmission line to which it will he attached. Small 
angle biconical antennas are not very practical but wide-angle configurations (30° < 
a/2 < 60°) are frequently used as broadband antennas. 

The radiation resistance of <9- 12) can also he obtained by first finding the total 
radiated power 


P 


I lit I 


§ 


W HV • ds 



— — r sin 6 d6 d<f) 
2 V 



sin 0 
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P cad = 27rTi|//o| 2 In 


cotl— I 


and by using (9-1 1) evaluated at r — 0 we form 


2grad v 

I /(0)] 2 t r 


coj? 


which is identical to (9-12). 


(9-13) 


(9-14) 


B. Finite Cones 

The input impedance of (9-12) or (9-14) is for an infinitely long structure. To take 
into account the finite dimensions in determining the input impedance, Schelkunoff 
[2] has devised an ingenious method where he assumes that for a finite length cone 
(r = 1/2) some of the energy along the surface of the cone is reflected while the 
remaining is radiated. Near the equator most of the energy is radiated. This can be 
viewed as a load impedance connected across the ends of the cones. The electrical 
equivalent is a transmission line of characteristic impedance Z c terminated in a load 
impedance Z L . Computed values [4] for the input resistance and reactance of small 
angle cones are shown in Figure 9.4. It is apparent that the antenna becomes more 
broadband (its resistance and reactance variations are less severe) as the cone angle 
increases. 

The biconical antenna represents one of the canonical problems in antenna theory, 
and its model is well suited for examining general characteristics of dipole-type 
antennas. 


C. Unipole 

Whenever one of the cones is mounted on an infinite plane conductor (i.e., the lower 
cone is replaced by a ground plane), it forms a unipole and its input impedance is 
one-half of the two-cone structure. Input impedances for unipoles of various cone 
angles as a function of the antenna length / have been measured [5J. Radiation patterns 
of biconical dipoles fed by coaxial lines have been computed by Papas and King (6). 


9.3 TRIANGULAR SHEET, BOW-TIE, 

AND WIRE SIMULATION 

Because of their broadband characteristics, biconical antennas have been employed 
for many years in the VHF and UHF frequency ranges. However, the solid or shell 
biconial structure is so massive for most frequencies of operation that it is impractical 
to use. Because of its attractive radiation characteristics, compared to those of other 
single antennas, realistic variations to its mechanical structure have been sought while 
retaining as much of the desired electrical features as possible. 

Geometrical approximations to the solid or shell conical unipole or biconical 
antenna are the triangular sheet and bow-tie antennas shown in Figures 9.5(a) and (b), 
respectively, each fabricated from sheet metal. The triangular sheet has been inves- 
tigated experimentally by Brown and Woodward f5]. Each of these antennas can also 
be simulated by a wire along the periphery of its surface which reduces significantly 
the weight and wind resistance of the structure. The computed input impedances and 
radiation patterns of wire bow-tie antennas, when mounted above a ground plane, 
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a/2 = 2“ * «/: = --£ 


a/2 = r 



{ci I Resistant fh| Reactance 

Figure 9.4 Input impedance Cat feed tcrminaJs) of finite length bieocicaJ antenna. 
(Source: H. Jitsik fed.'), Antenna Engineering Handbook, McGraw-Hill, New York, 
1961, Chapter 3 ) 


have been computed using the Moment Method [7|, The impedance is shown plotted 
in Figure 9.6. A comparison of the results of Figure 9.6 with those of reference [5] 
reveals that the how-tie antenna does not exhibit as broadband characteristics {i.e., 
nearly constant resistance and essentially zero reactance over a large frequency range) 
ns the corresponding solid hicouical antenna for 30° < a < 90°. Also for a given 
flare angle the resistance anti reactance of the bow-tie wire structure fluctuate more 
than for u triangular sheet antenna. Thus the wire bow-tie is very narrowband as 
compared to the biconical surface of revolution or triangular sheet antenna. 

In order to simulate better the attractive surface of revolution of a biconical 
antenna by low-mass structures, multielement intersecting wire bow-ties were em- 
ployed as shown in Figure 9.5(c). It has been shown that eight or more intersecting 
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fa.) Triangular shed 


<h) bow-tie 


Id Wire sirmikition 


Figure 9.5 Triangular sheet, bow-lie, and wire simulation of biconical antenna. 


wire-constructed bow-ties can approximate reasonably well the radiation character- 
istics of a conical body -of- re volution antenna. 


9.4 CYLINDRICAL DIPOLE 

Another simple and inexpensive antenna whose radiation characteristics are frequency 
dependent is a cylindrical dipole (i.e., a wire of finite diameter and length) of the form 
shown in Figure 9,7. Thick dipoles are considered broadband while thin dipoles are 
more narrowband. This geometry can be considered to be a special form of the 
biconical antenna when a = 0°. A thorough analysis of the current, impedance, 
pattern, and other radiation characteristics can be performed using the Moment 
Method. With that technique the antenna is analyzed in terms of integral formulations 
of the Hallen and Pocklington type which can be evaluated quite efficiently by the 
Moment Method. The analytical formulation of the Moment Method has been pre- 
sented in Chapter 8. [n this section we want to present, in summary form, some of its 
performs n ce character! sties. 


9.4.1 Bandwidth 

As has been pointed out previously, a very thin linear dipole has very narrowband 
input impedance characteristics. Any small perturbations in the operating frequency 
will result in large changes in its operational behavior. One method by which its 
acceptable operational bandwidth cm be enlarged will be to decrease the f/d ratio. 
For a given antenna, this can be accomplished by holding the length the same and 
increasing the diameter of the wire. For example, an antenna with a l/d — 5,000 has 
an acceptable bandwidth of about 3%, which Is a small fraction of the center fre- 
quency. An antenna of the same length but with a !/d — 260 has a bandwidth of about 
30%. 

9.4.2 Input Impedance 

The input impedance (resistance and reactance) of a very Lhin dipole of length l and 
diameter d can be computed using (8 -60a 1— (8-6 1 b), As the radius of the wire increases. 





9.4 Cylindrical Dipole 451 



y 


Figure 9.7 Corner- fed cylindrical antenna configuration. 


these equations become inaccurate. However, using integral equation analyses such 
as the Moment Method of Chapter 8, input impedances can be computed for wires 
with different I/d ratios. In general, it lias been observed that for a given length wire 
its impedance variations become less sensitive as u function of frequency as the l/d 
ratio decreases. Thus more broadband characteristics can be obtained by increasing 
the diameter of a given wire. To demonstrate this, in Figures 9.8(a) and (b) wc have 
plotted, as a function of length, the input resistance and reactance of dipoles with 
I/d = I (rid! = 19.81). 5 0<n = 9.21). and 25(11 = 6.44) where B = 2 ln(2 l/d). 
For l/d = I (ri the values were computed using ( 8 -60a) and (8-61 a) and then transferred 
to the input terminals by <8 -60b) and (8-6 lb), respectively. The others were computed 
using the Moment Method techniques of Chapter 8, It is noted that the variations of 
each are less pronounced as the i/d ratio decreases, thus providing greater bandwidth. 

Measured input resistances and reactances for a wide range of constant i/d ratios 
have been reported [8], These curves are for a cylindrical antenna driven by a coaxial 
cable mounted on a large ground plane on the earth's surface. Thus they represent 
half of the input impedance of a center-fed cylindrical dipole radiating in Iree-spaee. 
The variations of the antenna's electrical length were obtained by varying the fre- 
quency while the length-to-diameter {l/d) ratio was held constant. 

9.4.3. Resonance and Ground Plane Simulation 

The imaginary part of the input impedance of a linear dipole can be eliminated by 
making the total length, /. of the wire slightly less than an integral number of half- 
wavelengths (i.e.. / slight less than nA/2. rt = 1.2. 3. 4. . . .). The amount of reduction 
in length, is a function of the radius of the wire, and it can be determined for thin 
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Dipole length (wavelengths I 


(a) Input resistance 



Dipole length (wavelengths) 

(b) Input reactance 

Figure 9.8 (a) Input resistance and reactance of wire dipoles. 


wires iteratively using (8-60b) and (8-6 lb). At the resonance length, the resistance 
can then be determined using (8-60a) and (8-6 la). Empirical equations lor approxi- 
mating the length, impedance, and the order of resonance of the cylindrical dipoles 
are found in Table 9.1 [9]. R„ is called the natural resistance and represents the 
geometric mean resistance at an odd resonance and at the next higher even resonance. 
For a cylindrical stub above a ground plane, as shown in Figure 9.9, the corresponding 
values are listed in Table 9.2 (9]. 

To reduce the wind resistance, to simplify the design, and to minimize the costs, 
a ground plane is often simulated, especially at low frequencies, by crossed wires as 
shown in Figure 9.9(b). Usually only two crossed wires (four radials) are employed. 
A larger number of radials results in a better simulation of the ground plane. Ground 
planes are also simulated by wire mesh. The spacing between the wires is usually 
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Table 9.1 CYLINDRICAL DIPOLE RESONANCES 



First 

Second 

Third 

Fourth 


Resonance 

Resonance 

Resonance 

Resonance 

LENGTH 

0.48 A F 

0.96A F 

1.44AF 

1.92AF 

RESISTANCE 

(ohms) 

67 

R, l 
67 

95 

Rn 2 

95 


? = R n * 150 logiu(//2a) 

1 + l/2a 


selected to be equal or smaller than A/ 10. The flat or shaped reflecting surfaces for 
UHF educational TV are usually realized approximately by using wire mesh. 

9.4.4 Radiation Patterns 

The theory for the patterns of infinitesimally thin wires was developed in Chapter 4. 
Although accurate patterns for finite diameter wires can be computed using current 
distributions obtained by the Moment Method of Chapter 8. the patterns calculated 
using ideal sinusoidal current distributions, valid for infinitely small diameters, pro- 
vide a good first-order approximation even for relatively thick cylinders. To illus- 
trate this, in Figure 9.10 we have plotted the relative patterns for l = 3 A/2 with 
l/d = 10 4 (fi = 19.81), 50(H = 9.21), 25(0 = 6.44), and 8.7(0 = 5.71), where 
0 = 2 ln(2 l/d). For l/d = 10 4 the current distribution was assumed to be purely 
sinusoidal, as given by (4-56); for the others, the Moment Method techniques of 
Chapter 8 were used. The patterns were computed using the Moment Method for- 
mulations outlined in Section 8.4. It is noted that the pattern is essentially unaffected 
by the thickness of the wire in regions of intense radiation. However, as the radius of 
the wire increases, the minor lobes diminish in intensity and the nulls are replaced by 
low-level radiation. The same characteristics have been observed for other length 
dipoles such as / = A/2, A and 2A. The input impedance for the / = A/2 and / = 
3A/2 dipoles, with l/d = 10 4 , 50, and 25, is equal to 



/ = A/2 

/ = 3 A/2 



W/d = 10 4 ) 

= 73 + y'42.5 

ZJl/d = 10 4 ) = 105.49 

+ y45.54 


Z in Wd = 50) 
Zinil/d = 25) 

= 85.8 + 7 54.9 
= 88.4 + 727.5 

ZJl/d = 50) = 103.3 
ZJl/d = 25) = 106.8 

+ j 9.2 
+ y*4,9 

(9-15) 


Table 9.2 CYLINDRICAL STUB RESONANCES 


First 

Resonance 

Second 

Resonance 

Third 

Resonance 

Fourth 

Resonance 

LENGTH 

RESISTANCE 

(ohms) 

0.24Ar 

34 

0.48 AT 
(R„') 2 
34 

0.72AF 

48 

0.96AF 

(R„') z 

48 



* n ' — 75 irto 




F ~ i 

, ./ » "h — *°g 

+ la 
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(h) Wire simulation of ground plane 

Figure 9,9 Cylindrical monopole above circular solid and wire-simulated ground planes. 


9.4.5 Equivalent Radii 

Up to now, the formulations for the current distribution and the input impedance 
assume that the cross section of the wire is constant and of radius a. An electrical 
equivalent radius can be obtained for some uniform wires of noncircular cross section. 
This is demonstrated in Table 9.3 where the actual cross sections and their equivalent 
radii arc illustrated. 

The equivalent radius concept can be used to obtain the antenna or scattering 
characteristics of electrically small wires of arbitrary cross sections. It is accomplished 
by replacing the noncircular cross section wire with a circular wire whose radius is 
the “equivalent” radius of the noncircular cross section. In electrostatics, the equiv- 
alent radius represents the radius of a circular wire whose capacitance is equal to that 
of the noncircular geometry. This definition can be used at all frequencies provided 
the wire remains electrically small. The circle with equivalent radius lies between the 
circles which circumscribe and inscribe the geometry and which together bound the 
noncircular cross section. 


9.4.6 Dielectric Coating 

Up to now it has been assumed that the wire antennas are radiating into tree-space, 
The radiation characteristics of a wire antenna (current distribution, far-held pattern, 
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//</ = «. 


l/j = 50 

I/O = 2S 

W ~ 8.7 

Figure 9.10 Amplitude radiation patterns of a 3A/2 dipole of various thicknesses. 


input impedance, bandwidth, radiation efficiency, and effective length) coated with a 
layer of electrically and magnetically lossless [10] or lossy [11] medium, as shown 
in Figure 9.1 1, will be affected unless the layer is very thin compared to the radius 
and the wavelength. The problem was investigated analytically by the Moment 
Method and the effects on the radiation characteristics can be presented by defining 
the two parameters 
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Table 9.3 CONDUCTOR GEOMETRICAL SHAPES AND THEIR EQUIVALENT 
CIRCULAR CYLINDER RADII 

Geometrical Shape Electrical Equivalent Radius 









9.4 Cylindrical Dipole 457 


where 


e,. = relative (to the ambient medium) complex permittivity 
fi, = relative (to the ambient medium) complex permeability 
a = radius of the conducting wire 
b — a = thickness of coating 

In general: 

1. Increasing the real part of either P or Q 

a. increases the peak input admittance 

b. increases the electrical length (lowers the resonant frequency) 

c. narrows the bandwidth 

2. Increasing the imaginary part of P or Q 

a. decreases the peak input admittance 

b. decreases the electrical length (increases the resonant frequency) 

c. increases the bandwidth 

d. accentuates the power dissipated (decreases the radiation efficiency) 

e. accentuates the traveling wave component of the current distribution 

Thus the optimum bandwidth of the antenna can be achieved by choosing a lossy 
dielectric material with maximum imaginary parts of P and Q and minimum real 
parts. However, doing this decreases the radiation efficiency. In practice, a trade-off 
between bandwidth and efficiency is usually required. This is not a very efficient 
technique to broadband the antenna. 





Figure 9.11 Coated linear dipole. 
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9.5 FOLDED DIPOLE 


To achieve good directional pattern characteristics and at the same time provide good 
matching to practical coaxial lines with 50- or 75-ohm characteristic impedances, the 
length of a single wire element is usually chosen to be A/4 < / < A. The most widely 
used dipole is that whose overall length is / — A/2, and which has an input impedance 
of Zj„ — 73 + /42.5 and directivity of D (l — 1.643. In practice, there are other very 
common transmission lines whose characteristic impedance is much higher than 50 
or 75 ohms. For example, a “twin lead” transmission line (usually two parallel wires 
separated by about ^ in. and embedded in a low-loss plastic material used for support 
and spacing) is widely used for TV applications and has a characteristic impedance 
of about 300 ohms. 

In order to provide good matching characteristics, variations of the single dipole 
element must be used. One simple geometry that can achieve this is a folded wire 
which forms a very thin (.v A) rectangular loop as shown in Figure 9.12(a). This 
antenna, when the spacing between the two larger sides is very small (usually s < 
0.05A). is known as a folded dipole and it serves as a step-up impedance transformer 
(approximately by a factor of 4 when / = A/2) of the single element impedance. Thus 
when / = A/2 and the antenna is resonant, impedances on the order of about 300 
ohms can be achieved, and it would be ideal for connections to “twin-lead" trans- 
mission lines. 

A folded dipole operates basically as an unbalanced transmission line, and it can 
be analyzed by assuming that its current is decomposed into two distinct modes: a 
transmission line mode [Figure 9.12(b)] and an antenna mode [Figure 9.12(c)]. This 
type of an analytic model can be used to predict accurately the input impedance 
provided the longer parallel wires are close together electrically (.v <§c A). 

To derive an equation for the input impedance, let us refer to the modeling of 
Figure 9.12. For the transmission line mode of Figure 9.12(b), the input impedance 
at the terminals a - b or e — / looking toward the shorted ends, is obtained from 
the impedance transfer equation 


Z, ±JZotmm \ 

Zo + jZ L tan(A/')J^ 


= jZu tan 



(9-18) 


where Z 0 is the characteristic impedance of a two-wire transmission line 

4 = * cosh -./^-’>.-r i/2 + V(l/2)J - ni 


7 T 


■(?) - 


a 


which can be approximated for s/2 a by 
\v/2 + V(-v/2)‘ - a 2 


Zo ^ - In 


77 


a 


(9-19) 


= ~ ln (^) = °- 7337 ? l°g 10 ^) (9- 1 9a) 


Since the voltage between the points a and h is V/2, and it is applied to a transmission 
line of length //2, the transmission line current is given by 


I, = 


V/2 

Z, 


(9-20) 


For the antenna mode of Figure 9.12(c), the generator points c - d and g - h 
are each at the same potential and can be connected, without loss of generality, to 
form a dipole. Each leg of the dipole is formed by a pair of closely spaced wires 
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bH 



(a) Folded dipole (b) Transmission- (cl Anicnna mode 

line mode 

Figure 9.12 Folded dipole and Us equivalent transmission line and antenna mode models. 
(source: G. A. Thiele. E. P. Ekeimun, Jr., and L. W. Henderson, “On the Accuracy of the 
Transmission Line Model for Folded Dipole,*’ IEEE Trans. Antennas Propagat.. Vol. AP- 
28. No. 5. pp- 700-703. September 1980. © (1980) IEEE) 


(.v A) extending from the feed (c — d or g — h) to the shorted end. Thus the 
current for the antenna mode is given by 



(9-21) 


where Z tl is the input impedance of a linear dipole of length / and diameter d computed 
using (8-60a)-(8-6lb). For the configuration of Figure 9.12(c), the radius that is used 
to compute Zj for the dipole can be either the half-spacing between the wires (s/2) or 
an equivalent radius a t .. The equivalent radius a e is related to the actual wire radius a 
by (from Table 9.3) 


ln(n f ) 


4ln(u) + jln(.v) = ln(ct) + 4ln 




(9-22) 


or 


a c — ^/as (9-22a) 

It should be expected that the equivalent radius yields the most accurate results. 

The total current on the feed leg (left side) of the folded dipole of Figure 9.12(a) 
is given by 


, ,,4i = _V_L = V < 2Z </ ± z <) 

in ' 2 2 Z, 4 Z d 4 Z,Z (1 

and the input impedance at the feed by 

z = V = 2Z,(4ZJ = 4Z,Z,/ 

“ /in 2 Z, + 4Z rf 2 Z d + Z, 


(9-23) 


(9-24) 
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M 




(a) Two-clement 



A' -clement 


Figure 9.13 Equivalent circuits for fwo-eleineut and /V-element (with equal radii dements) 
folded dipoles. 


Based on (9-24), the folded dipole behaves as the equivalent of Figure 9.13(a) in 
which the antenna mode impedance is stepped up by a ratio of four. The transformed 
impedance is then placed in shunt with twice the impedance of the nonradiating 
(transmission line) mode to result in the input impedance. 

When / = A/2, it can be shown that (9-24) reduces to 

| Zjn - 43, [ < 9 - 2S > 

or that the impedance of the folded dipole is four times greater than that of an isolated 
dipole of the same length as one of its sides. This is left as an exercise for the reader 
(Prob. 9.9). 

The impedance relation of (9-25) for the / — A/2 can also be derived by referring 
to Figure 9.14. Since for a folded dipole the two vertical arms are closely spaced 
(.v «: A), the current distribution in each is identical as shown in Figure 9.14(a). The 
equivalent of the folded dipole of Figure 9.14(a) is the ordinary dipole of Figure 
9.14(b). Comparing the folded dipole to the ordinary dipole, it is apparent that the 
currents of the two closely spaced and identical arms of the folded dipole are equal 
to the one current of the ordinary dipole, or 

2 I f = Ij (9-26) 

where J f is the current of the folded dipoJe and J d is the current of the ordinary dipole. 
Also the input power of the two dipoles are identical, or 

P, = '-Ijz, = P t , . 


(9-27) 
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(a) Folded dipole 


(b) Regular dipole 


Figure 9.14 Folded dipole and equivalent regular dipole. 


Substituting (9-26) into (9-27) leads to 

Z { = 4 Za (9-28) 

where Z f is the impedance of the folded dipole while Z^ is the impedance of the 
ordinary dipole. Equation (9-28) is identical to (9-25). 

To better understand the impedance transformation of closely spaced conductors 
(of equal diameter) and forming a multielement folded dipole, let us refer to its 
equivalent circuit in Figure 9.13(b). For N elements, the equivalent voltage at the 
center of each conductor is V/N and the current in each is /,„ n = 1, 2, 3, . . . , N. 
Thus the voltage across the first conductor can be represented by 

V jX 

t: = 2 A,Z,„ (9-29) 

N »i= i 

where Z u , represents the self or mutual impedance between the first and nth element. 
Because the elements are closely spaced 

/„ = /, and Z tn — 2, , (9-30) 

for all values of n — 1, 2 N. Using (9-30), we can write (9-29) as 

y N N 

T. - 2 I A ” I, 2 z„ = Nl, Z„ (9-31) 

N | rt= I 


or 


Z; 


in 


r = w 2 z„ = n% 
*\ 


(9-3 la) 


since the self-impedance Z\ | of the first element is the same as its impedance Z r in 
the absence of the other elements. Additional impedance step-up of a single dipole 
can be obtained by introducing more elements. For a three-element folded dipole with 
elements of identical diameters and of / = A/2, the input impedance would be about 
nine times greater than that of an isolated element or about 650 ohms. Greater 
step-up transformations can be obtained by adding more elements; in practice, they 
are seldom needed. Many other geometrical configurations of a folded dipole can be 
obtained which would contribute different values of input impedances. Small varia- 
tions in impedance can be obtained by using elements of slightly different diameters 
and/or lengths. 
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To lest the validity of the transmission line model for the folded dipole, a number 
of computations were made [12] and compared with data obtained by the Moment 
Method, which is considered to be more accurate. In Figures 9.15(a) and (b) the input 
resistance and reactance for a two-eJement folded dipole is plotted as a function of 
//A when the diameter of each wire is d = 2 a = 0.001 A and the spacing between the 
elements is s = 0.006 13A. The characteristic impedance of such a transmission line 
is 300 ohms. The equivalent radius was used in the calculations of Zj. An excellent 
agreement is indicated between the results of the transmission line model and the 
Moment Method. Computations and comparisons for other spacings (.s = 0.02 13A, 
Zo = 450 ohms and s = 0.0742A. Z 0 = 600 ohms) but with elements of the same 
diameter (d = 0.001 A) have been made [12]. It has been shown that as the spacing 
between the wires increased, the results of the transmission line mode began to 
disagree with those of the Moment Method. For a given spacing, the accuracy for the 
characteristic impedance, and in turn for the input impedance, can be improved by 
increasing the diameter of the wires. The characteristic impedance of a transmission 
line, as given by (9-19) or (9- 19a), depends not on the spacing but on the spacing-to- 
diameter {s/d) ratio, which is more accurate for smaller s/d. Computations were also 
made whereby the equivalent radius was not used. The comparisons of these results 
indicated larger disagreements, thus concluding the necessity of the equivalent radius, 
especially for the larger wire-to-wire spacings. 

A two-element folded dipole is widely used as feed element of TV antennas such 
as Yagi-Uda antennas. Although the impedance of an isolated folded dipole may be 
around 300 ohms, its value will be somewhat different when it is used as an element 
in an array or with a reflector. The folded dipole has better bandwidth characteristics 
than a single dipole of the same size. Its geometrical arrangement tends to behave as 
a short parallel stub line which attempts to cancel the off resonance reactance of a 
single dipole. The folded dipole can be thought to have a bandwidth which is the 
same as that of a single dipole but with an equivalent radius {a < a e < s/2). 

Symmetrical and asymmetrical planar folded dipoles can also be designed and 
constructed using strips which can be fabricated using printed circuit technology [13]. 
The input impedance can be varied over a wide range of values by adjusting the width 
of the strips. In addition, the impedance can be adjusted to match the characteristic 
impedance of printed circuit transmission lines with four-to-one impedance ratios. 

9.6 DISCONE AND CONICAL SKIRT MONOPOLE 

There are innumerable variations to the basic geometrical configurations of cones and 
dipoles, some of which have already been discussed, to obtain broadband character- 
istics. Two other common radiators that meet this characteristic are the conical skirt 
monopole and the discone antenna 1 141 shown in Figures 9. 1 6(a) and (b), respectively. 

For each antenna, the overall pattern is essentially the same as that of a linear 
dipole of length / < A (i.e., a solid of revolution formed by the rotation of a figure- 
eight) whereas in the horizontal (azimuthal) plane it is nearly omnidirectional. The 
polarization of each is vertical. Each antenna because of its simple mechanical design, 
ease of installation, and attractive broadband characteristics has wide applications in 
the VHF (30-300 MHz) and UHF (300 MHz-3 GHz) spectrum for broadcast, tele- 
vision, and communication applications. 

The discone antenna is formed by a disk and a cone. The disk is attached to the 
center conductor of the coaxial feed line, and it is perpendicular to its axis. The cone 
is connected at its apex to the outer shield of the coaxial line. The geometrical 



9.6 Discone and Conical Skirt Monopole 463 



Dipole length t (wavelengths) 
tal Input resistance 



<b> Input reactance 

Figure 9.15 Input resistance and reactance of folded dipole, (source: G. A. Thiele. E. P. 
Ekelman. Jr., and L. W, Henderson. “On the Accuracy of the Transmission L.ine Model for 
Folded Dipole.” IEEE Trans. Antennas Propagat .. Vol. AP-28, No. 5, pp. 700-703, Septem- 
ber 19H0. © (1980) IEEE) 


464 Chapter 9 Broadband Dipoles and Matching Techniques 



mvmopole 

Figure 9.16 Conical skin mnnopolc. discone, and wire-simulated cone surface. 


dimensions and the frequency of operation of two designs 1 14| are shown in Table 
9.4. 

In general, the impedance and pattern variations of a discone as a function of 
frequency are much less severe than those of a dipole of lixed length /. The perform- 
ance of this antenna as a function of frequency is similar to a high-pass filter. Below 
an effective cutoff frequency it becomes inefficient, and it produces severe standing 
waves in the feed line. At cutoff, the slant height of the cone is approximately A/4. 

Measured elevation (vertical) plane radiation patterns from 250 to 650 MHz, at 
50-MHz intervals, have been published 1 14) for a discone with a cutoff frequency of 
200 MHz. No major changes in the “figure-eight” shape of the patterns were evident 
other than at the high-frequency range where the pattern began to turn downward 
somewhat. 

The conical skirt monopole is similar to the discone except that the disk is replaced 
by a monopole of length usually A/4, Its general behavior also resembles that of the 
discone. Another way to view the conical skirt monopole is with a A/4 monopole 
mounted above a finite ground plane. The plane has been tilted downward to allow 
more radiation toward and below the horizontal plane. 

To reduce the weight and wind resistance of the cone, its solid surface can be 
simulated by radial wires, as shown in Figure 9.16(c). This is a usual practice in the 
simulation of Unite size ground planes for monopole antennas. The lengths of the 
wires used to simulate the ground plane are on the order of about A/4 or greater. 

9.7 SLEEVE DIPOLE 

The radiation patterns of asymmetrically driven wire antennas, with overall length 
less than a half-wavelength (/ < A/2), will almost be independent of the point of feed 
along the wire. However for lengths greater than A/2 (/ > A/2) the current variation 
along the wire will undergo a phase reversal while maintaining almost sinusoidal 
amplitude current distribution forced by the boundary conditions at its ends. It would 
then seem that the input impedance would largely be influenced by the feed point. 
Even the patterns may be influenced by the point of excitation for antennas with 
lengths greater than A/2. 
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Table 9.4 FREQUENCY AND DIMENSIONS OF TWO 
DESIGNS 


Frequency (MHz) 

A (cm) 

5 (cm) 

C (cm) 

90 

45.72 

60.96 

50.80 

200 

22.86 

31.75 

35.56 


The input impedance Z us of an asymmetric (off-center) driven dipole is related 
approximately to the input impedance Z s at its center by 


7 — 


Z s 


cos 2 (kAl) 


(9-32) 


where A / represents the displacement of the feed from the center. Better accuracy can 
be obtained using more complicated formulas [15]. 

An antenna that closely resembles an asymmetric dipole and can be analyzed in 
a similar manner is a sleeve dipole, shown in Figure 9. 1 7(a). This radiator is essentially 
the same as that of a base-driven monopole above a ground plane. The outer shield 
of the coaxial line, which is also connected to the ground plane, has been extended a 
distance / along the axis of the wire to provide mechanical strength, impedance 
variations, and extended broadband characteristics. 

By introducing the outer sleeve, the excitation gap voltage maintained by the 
feeding transmission line has been moved upward from the conducting plate (z = 0) 
to z = //. The theory of images yields the equivalent symmetrical structure of Figure 
9.17(b) in which two generators maintain each equal voltage at z = ± h. 

Because of the linearity of Maxwell’s equations, the total current in the system 
will be equal to the sum of the currents maintained independently by each generator 
in each of the two asymmetric excited radiators [161 shown in Figure 9.17(c). Thus 
the antenna can be analyzed as the sum of two asymmetrically fed radiators, ignoring 
the diameter change in each as in Figure 9.17(d). Since the two structures in Figure 
9. 1 7(d) are identical at their feed, the input current is 

A„ - Uz = h) + Uz = -h) (9-33) 


where 


f m = input current at the feed of the sleeve dipole 
[Figure 9.17(a)) 

/,„.(- - /') = current of asymmetric structure at z = h 
[Figure 9.1 7(d) | 

Uz — —h) — current of asymmetric structure at? = — h 
[Figure 9.17(d)] 


and the input admittance is 

Y _ Uz = /*) + Uz = -h) 

• in . . ” 


/„,,(; h) 

Vi„ 



j + hJz = ~h) 
l„.sU = h) 
IjJz = -h) 
l„Az = h ) 


(9-34) 


where Y M = l/Z fU as given by (9-32). 

Through a number of computations [ 1 6], the frequency response of a sleeve dipole 
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(a) Sleeve dipole lb) Equivalent 



(e) Asymmetric (d) Asymmetric radiators 

radiators equivalent approximate equivalent 


Figure 9.17 Sleeve dipole and its equivalents, (source: W. L. Weeks. Antenna 
Engineering, McGraw-Hill. New York. 1968) 


i 


has been shown to be much superior than either that of a half-wavelength or full- 
wavelength dipole. Also the standing wave inside the feed line can be maintained 
reasonably constant by the use of a properly designed reactive matching network. 

9.8 MATCHING TECHNIQUES 

The operation of an antenna system over a frequency range is not completely de- 
pendent upon the frequency response of the antenna element itself but rather on the 
frequency characteristics of the transmission line-antenna element combination. In 
practice, the characteristic impedance of the transmission line is usually real whereas 
that of the antenna element is complex. Also the variation of each as a function of 
frequency is not the same. Thus efficient coupling- matching networks must be de- 
signed which attempt to couple-match the characteristics of the two elements over the 
desired frequency range. 

There are many coupling-matching networks that can be used to connect the 
transmission line to the antenna element and which can be designed to provide 
acceptable frequency characteristics. Only a limited number will be introduced here. 

9.8.1 Stub-Matching 

Ideal matching at a given frequency can be accomplished by placing a short- or open- , 
circuited shunt stub a distance s from the transmission line-antenna element connec- I 
tion, as shown in Figure 9. 1 8(a). Assuming a real characteristic impedance, the length 1 
s is controlled so as to make the real part of the antenna element impedance equal to 
the characteristic impedance. The length / of the shunt line is varied until the suscep- 
tance of the stub is equal in magnitude but opposite in phase to the line input 
susceptance at the point of the transmission line-shunt element connection. The match- 
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(0 Microstrip lend view) 


lv) M icrost np ( top view > 

Figure 9.18 Matching and microstrip techniques. 

ing procedure is illustrated best graphically with the use of a Smith chart. Analytical 
methods, on which the Smith chart graphical solution is based, can also be used. The 
short-circuited stub is more practical because an equivalent short can be created by a 
pin connection in a coaxial cable or a slider in a waveguide. This preserves the overall 
length of the stub line for matchings which may require longer length stubs. 

A single stub with a variable length / cannot always match all antenna (load) 
impedances. A double-stub arrangement positioned a fixed distance .v from the load, 
with the length of each stub variable and separated by a constant length d. will match 
a greater range of antenna impedances. However, a triple-stub configuration will 
always match all loads. 

An excellent treatment of the analytical and graphical methods for the single-, 
double-, triple-stub, and other matching techniques is presented by Collin [171. The 
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higher-order stub arrangements provide more broad and less sensitive matchings (to 
frequency variations) but are more complex to implement. Usually a compromise is 
chosen, such as the double-stub. 


9.8.2 Quarter-Wavelength Transformer 

A. Single Section 

Another technique that can be used to match the antenna to the transmission line is 
to use a A/4 transformer. If the impedance of the antenna is real, the transformer is 
attached directly to the load. However if the antenna impedance is complex, the 
transformer is placed a distance ,v 0 away from the antenna, as shown in Figure 9. 1 8(b). 
The distance .r 0 is chosen so that the input impedance toward the load at s ( > is real and 
designated as R,„. To pr ovide a match, the transformer characteristic impedance Z\ 
should be Z\ = \/7?inZ()< where Z,, is the characteristic impedance (real) of the input 
transmission line. The transformer is usually another transmission line with the desired 
characteristic impedance. 

Because the characteristic impedances of most off-the-shelf transmission lines are 
limited in range and values, the quarter-wavelength transformer technique is most 
suitable when used with microstrip transmission lines. In microstrips, the characteristic 
impedance can be changed by simply varying the width of the center conductor. 

B. Multiple Sections 

Matchings that are less sensitive to frequency variations and that provide broader 
bandwidths, require multiple A/4 sections. In fact the number and characteristic im- 
pedance of each section can be designed so that the reflection coefficient follows, 
within the desired frequency bandwidth, prescribed variations which are symmetrical 
about the center frequency. The antenna (load) impedance will again be assumed to 
be real; if not, the antenna element must be connected to the transformer at a point i 0 
along the transmission line where the input impedance is real. 

Referring to Figure 9.18(c), the total input reflection coefficient F jn for an N- 
section quarter-wavelength transformer with R t > Z,) can be written approximately 
as [17] 


where 


A 


= £ Pn e 

n = 0 


pnt) 


8 = 


Pn 

kU 


z„+. - Z„ 

2 , 1+1 + 2 „ 




(9-35a) 
(9- 35b) 


In (9-35), p„ represents the reflection coefficient at the junction of two infinite lines 
with characteristic impedances Z„ and Z„ + 1 . / (l represents the designed center fre- 
quency, and / the operating frequency. Equation (9-35) is valid provided the p „' s at 
each junction are small (R L — Zo). If /?/. < Zo, the p„'i s should be replaced by - p„’s. 
For a real load impedance, the p ,' s and Z „' s will also be real. 
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For a symmetrica] transformer (po = Pn, p\ = Pn- i , etc.), (9-35) reduces to 

r in (/) = 2e ~ jNf, [p() cos Nd + p x cos (A' -2)0 + p 2 cos (N - 4)6 + • • •] (9-36) 

The last term in (9-36) should be 

Pun- i>/2]COS0 for N = odd integer (9-36a) 

jP ( M 2 ) for N ~ even integer (9-36b) 


C. Binomial Design 

One technique, used to design an N - section A/4 transformer, requires that the input 
reflection coefficient of (9-35) have maximally flat passband characteristics. For this 
method, the junction reflection coefficients (p„’s) are derived using the binomial 
expansion. Doing this, we can equate (9-35) to 


N 


n= 0 A£ + /+) 

_ ,- N Rl ~ V r N -jflnO 
~ z n , 7 Zj '~n e 

K, + Zon = (l 


(9-37) 


where 


From (9-35) 


/-A/ 


AM 


(A/ - /»)!«!’ 


n — 0, 1, 2, .... N 


(9-3 7a) 


_ Zo rN 

R,. + Z,, C " 

For this type of design, the fractional bandwidth A/$, is given by 


4 f „ (/« - /,„) 


fl) 


f 1 


= 2|1 = 2 ( I - -0„ 


/o 


7T 


Since 


27t/Ao\ _ 7r//m\ 

w A m \ 4/ 2 \/o/ 


(9-39) reduces using (9-37) to 

4 / 

A) 


A/ 4 

— = 2 cos 


7T 


T l/.V 


.(/ft - Zo)/(/?t + Zo)j 


(9-38) 


(9-39) 


(9-40) 


(9-41) 


where p,„ is the maximum value of reflection coefficient which can be tolerated within 
the bandwidth. 

The usual design procedure is to specify the 


1. load impedance (/?/.) 

2. input characteristic impedance ( Z u) 

3. number of sections ( N ) 

4. maximum tolerable reflection coefficient ( p m ) [or fractional bandwidth (A/// n )] 


and to find the 
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1 . characteristic impedance of each section 

2. fractionaJ bandwidth |or maximum tolerable reflection coefficient (p„,)| 
To illustrate the principle, let us consider an example. 


Example 9.1 

A linear dipole with an input impedance of 70 + j37 is connected to a 50-ohm line. 
Design a two-section A/4 binomial transformer by specifying the characteristic im- 
pedance of each section to match the antenna to the line at / = f () . If the input 
impedance (at the point the transformer is connected) is assumed to remain constant 
as a function of frequency, determine the maximum reflection coefficient and VSWR 
within a fractional bandwidth of 0.375. 


SOLUTION 

Since the antenna impedance is not real, the antenna must be connected to the trans- 
former through a transmission line of length jr,,. Assuming a 50-ohm character- 
istic impedance for that section of the transmission line, the input impedance at 
s 0 = 0.062A is real and equal to KM) ohms. Using (9-37a) and (9-38) 


Pn 


_ ^N R i ~ z <> 

R,. + Z» 



n Rl - Zo A/! 

R l + Zq(N - «)!«! 


which for N = 2, R, = 1 00. 2 = 50 


" = U: A' = I - y' = 1.182 4 = 59.09 

t Z() \JL 

n ~ I: pi = ^ ~ f 1 = 7 ^ Z 2 = I.399Z, = 82.73 

t Z | O 


For a fractional bandwidth of 0.375 (0,„ = 1.276 rad = 73.12°) we can write, using 
(9-41) 

p ”i j/2 

— = 0.375 = 2 - -cos ' 1 — 

Jo w [_( Rl ~ ZoMl 4* Z 0 )J 

which for R /. = 100 and Z(> = 50 gives 

P„, = 0.028 

The maximum voltage standing wave ratio is 


VSWR,,, = 7 + — = 1.058 
1 - Pm 

The magnitude of the reflection coefficient is given by (9-37) as 



which is shown plotted in Figure 9.19, and it is compared with the response of a 
single section A/4 transformer. 
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Relative frequency iff fa ) 

Figure 9.19 Responses of single-section, and two-section binomial and Tschebyschcff 
quarter- wavelength transformers. 


Microstrip designs are ideally suited lor antenna arrays, as shown in Figure 
9.18(d). In general the characteristic impedance of a microstrip line, whose top and 
end views are shown in Figures 9.18(e) and (f ). respectively, is given by 1 18]. 


2 . = 


87 


In ' 


5.98/j 


\A, + 1-41 \0-8vr + t, 


for h < 0.8vv (9-42) 


where 

= dielectric constant of dielectric substrate (board material) 
h - height of substrate 
w = width of microslrip center conductor 
t = thickness of microstrip center conductor 

Thus for constant values of e n h. and r, the characteristic impedance can be 
changed by simply varying the width (w) of the center conductor. 

D. Tschehyschejf Design 

The reflection coefficient can be made to vary within the bandwidth in an oscillatory 
manner and have equal-ripple characteristics. This can be accomplished by making 
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r„, behave according to a Tschebyscheff polynomial. For the Tschebyscheff design, 
the equation that corresponds to (9-37) is 

(9-43) 

where T N (x) is the Tschebyscheff polynomial of order N. 

The maximum allowable reflection coeflicient occurs at the edges of the passband 
where 9 = 8 m and 7* v (sec 9 m cos 8)\ e ^ 0 = 1. Thus 

Z,, ~ 3> I 
Z, + Z) T n ( sec 0,„) 

The first few Tschebyscheff polynomials are given by (6-69). For z = sec 0,„ cos 8, 
the first three polynomials reduce to 

7i(sec 8,„ cos 8) = sec 8,„ cos 8 

Tj(se c 8,„ cos 8) = 2(sec 0„, cos &)' — 1 = sec 2 8„, cos 2 8 + (sec 2 0 m 
sec 6„, cos 8) = 4(sec 8 m cos 0) 3 - 3(sec 9,„ cos 8) 

— sec 3 0„, cos 36 -V 3(sec 3 8 m - sec 0,„)cos 6 

The remaining details of the analysis are found in [ 17). 

The design of Example 9.1 using a Tschebyscheff transformer is assigned as an 
exercise to the reader (Prob. 9.17). However its response is shown plotted in Figure 
9.19 for comparison. 

In general, the multiple sections (either binomial or Tschebyscheff) provide 
greater bandwidths than a single section. As the number of sections increases, the 
bandwidth also increases. The advantage of the binomial design is that the reflection 
coefficient values within the bandwidth monotonically decrease from both ends toward 
the center. Thus the values are always smaller than an acceptable and designed value 
that occurs at the “skirts” of the bandwidth. For the Tschebyscheff design, the 
reflection coefficient values within the designed bandwidth are equal or smaller than 
an acceptable and designed value. The number of times the reflection coefficient 
reaches the maximum ripple value within the bandwidth is determined by the number 
of sections. In fact, for an even number of sections the reflection coefficient at the 
designed center frequency is equal to the maximum allowable value, while for an odd 
number of sections it is zero. For a maximum tolerable reflection coefficient, the As- 
sertion Tschebyscheff transformer provides a larger bandwidth than a corresponding 
N-section binomial design, or for a given bandwidth the maximum tolerable reflection 
coefficient is smaller for a Tschebyscheff design. 

9.8.3 T-Match 

Another effective shunt-matching technique is the T-match connection shown in 
Figure 9.20(a). With this method the dipole of length / and radius a is connected to 
the transmission line by another dipole of length /' (/'</) and radius a*. The smaller 
dipole is “tapped” to the larger one at distances /72 from Lhe center and the two are 
separated by a small distance s. The transmission line is connected to the smaller 
dipole at its center. The T-match connection is a general form of a folded dipole since 
the two legs are usually not of the same length or diameter. Since the T-match is a 


- 1 ) 
(9-45) 



(9-44) 
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$ 


i 


<a> I -match 




{ b) Shorted transmission line 
equivalent 


la 

1 

T-0 


J 

1 

f 


s 

1 

1 


fl 


D 


<c> Two-wire transmission line 





t 1 -hOr> : I 



(d) Equivalent circuit for 
T-niatch 



(e) I -match resonant connection 



tO Equivalent of T -match 
resonant connection 


Figure 9.20 T-match and its associated equivalents. 


symmetrical and balanced system, it is well suited for use with parallel-conductor 
transmission lines such as the ’‘twin lead." Coaxial lines, which are unsymmetrical 
and unbalanced lines, should be connected to dipoles using the gamma match. 

The design procedure for the T-match is developed similarly to that of the folded 
dipole. The T-match is also modeled by transmission line and antenna modes, as 
shown in Figure 9.12 for the folded dipole. The total current at the input terminals is 
divided between the two conductors in a way that depends on the relative radii of the 
two conductors and the spacing between them. Since the two conductors are not in 
general of the same radius, the antenna mode current division is not unity. Instead, a 
current division factor is assigned which also applies to the voltage division of the 
transmission line mode. 

Instead of including all the details of the analysis, only the steps that are applicable 
to a T-match design will be included. 
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(9-46) 


(9-46a) 


v = — (9-46b) 

a 

2. From Table 9.3. the “equivalent'* radius of the two-wire arrangement can be 
written as 

1n(ci,,) — — j l«' 2 In a' + a 2 In a + la' a In .s| (9-47) 

(a + «)" 

since S j = 2tto\ S 2 = 2i ra. It can be shown that (9-47) reduces to 

ln(£/ ( ,) — In a' -I — - — - — - (u 2 In u -I- 2u In u) (9-47a) 

(1 + u ) 2 

3. Calculate the impedance at the input terminals for the transmission line mode 
[i.e., two-wire shorted transmission line of length l' 12 with radii «. a' and separation 
s shown in Figure 9.20(b)) 

Z, =jZ» tan^j (9-48) 

where 

2 ,, = 60 cosh - ■(* ) - 276 log,,, f^J (9-48a) 

Zo is the characteristic impedance of the two-wire transmission line with radii a, a' 
and separation s, as shown in Figure 9.20(c). 

4. The total input impedance, which is a combination of the antenna (radiating) 
and the transmission (nonradiating) modes, can be written as 

(9-49) 

and the input admittance as 

(9-50) 

Z„ — \IY„ is the center point free-space input impedance of the antenna in the absence 
of the T-match connection. 




B. Equivalent Circuit 

Based upon (9-49) or (9-50). the T-match behaves as the equivalent circuit of Figure 
9.20(d) in which the antenna impedance is stepped up by a ratio of 1 + a. 
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and it is placed in shunt with twice the impedance of the nonradiating mode (trans- 
mission line) to result in the input impedance. When the current division factor is 
unity (a = 1), the T-match equivalent of Figure 9.20(d) reduces to that of Figure 
9.14(a) for the folded dipole. 

For /' — A/2, the transmission line impedance Z, is much greater than ( 1 + a) 2 Z„ 
and the input impedance of (9-49) reduces to 

(9-51) 

For two equal radii conductors, the current division factor is unity and (9-5 1 ) becomes 


a relation obtained previously. 

The impedance of (9-49) is generally complex. Because each of the lengths 
(/'/ 2) of the T-match rods are usually selected to be very small (0.03 to 0.06A). Z in is 
inductive. To eliminate the reactance (resonate the antenna) at a given center frequency 
and keep a balanced system, two variable series capacitors are usually used, as shown 
in Figure 9.20(e). The value of each capacitor is selected so thatZ in of (9-49) is equal 
to R,„(Z m = R in ). To accomplish this 

(9-53) 

where / is the center frequency, and C,„ is the series combination of the two C 
capacitors. The resonant circuit equivalent is shown in Figure 9.20(f). 

The T-match connection of Figure 9.20(e) is used not only to resonate the circuit, 
but also to make the total input impedance equal to the characteristic impedance of 
the feed transmission line. This is accomplished by properly selecting the values of 
/ 72 and C (s is not usually varied because the impedance is not very sensitive to it). 
In most cases, a trial and error procedure is followed. An orderly graphical method 
using the Smith chart is usually more convenient, and it is demonstrated in the 
following section for the gamma match. 

9.8.4 Gamma Match 

Frequently dipole antennas are fed by coaxial cables which are unbalanced transmis- 
sion lines. A convenient method to connect the dipole or other antennas (Yagi-Uda. 
log-periodic, etc.) to 50- or 75-ohm “coaxs" and to obtain a match is to use the 
gamma match arrangement shown in Figure 9.21. 

A. Equivalent Circuit 

The gamma match is equivalent to half of the T-match, and it also requires a capacitor 
in series with the gamma rod. The equivalent is shown in Figure 9.21 (b). and its input 
impedance is equal to 

(9-54) 

where Z a is the center point free-space impedance of the antenna in the absence of 
the gamma match connection. The second term of (9-54) is similar in form to that of 
(9-49). 

The usual problem encountered is that the length of the wire antenna (/) and the 








476 Chapter 9 Broadband Dipoles and Matching Techniques 




(h) F.<|ui valent 

Figure 9.21 Gamma match and its equivalent. 


characteristic impedance of the feed coax (Z r ) are known. What is required are the 
values of the radii a and a\ the length l' 12, and the capacitance C which will achieve 
a match. Since the arrangement is similar to the T-malch or folded dipole, its analysis 
is based on the same theory. 

To accomplish the match, a graphical design technique, which is different from 
that reported in 1 19| and (201, will be demonstrated. This procedure utilizes the Smith 
chart, and it is based on the equivalent of Figure 9.21(b). A purely mathematical 
procedure is also available (21], but it will not be included here. 

Because the input impedance is not very sensitive to a. a', and .v, the usual 
procedure is to select their values and keep them fixed. The parameters that are usually 
varied are then l' 12 and C. In practice. l'/2 is varied by simply using a sliding clamp 
to perform the shorted connection at the end of the gamma rod. 

The graphical design method assumes that 112 is given, and C that resonates the 
circuit is found. If the input resistance is not equal to the characteristic impedance Z,. 
of the feed line, another value of 111 is selected, and the procedure is repeated until 
R xn — Z,.. The graphical method is suggestive as to how the length 111 should be 
changed (smaller or larger) to accomplish the match. 

B. Design Procedure 

1. Determine the current division factor a by using (9-46)-(9-46b). 

2. Find the free-space impedance (in the absence of the gamma match) of the 
driven element at the center point. Designate it as Z„. 





9.8 Matching Techniques 477 


3. 


4. 


5. 


6 . 


7. 


8 . 

9. 


10 . 


11 . 


12 . 


Divide Z„ by 2 and multiply it by the step-up ratio (l + a) 2 , Designate the 
result as Z?. 


2 4 


Z 2 = R 2 + jX 2 = (1 + 


(9-55) 


Detennine the characteristic impedance Z,> of the transmission line formed by 
the driven element and the gamma rod using (9-48a). 

Normalize of (9-55) by 2 <> and designate it as z 2 - 


Z-» R-) + jX't 

— - — = r 2 + JX-y 

Zo Zo 


(9-56) 


and enter on the Smith chart. 

Invert Z 2 of (9-56) and obtain its equivalent admittance y 2 = g 2 + jb 2 . On the 
Smith chart this is accomplished by moving z 2 diagonally across from its posi- 
tion. 

Tn shunt with the admittance y 2 from step 6 is an inductive reactance due to the 
short-circuited transmission line formed by the antenna element and the gamma 
rod. This is an inductive reactance because the length of the gamma rod is very 
small (usually 0.03 to 0.06A), but always much smaller than A/2. Obtain its 
normalized value using 

Zf. = j tan ( A' (9-57) 


and place on Smith chart. The impedance Zg of (9-57) can also be obtained by 
using exclusively the Smith chart. You begin by locating the short-circuited load 
at Z v = 0 + j 0. Then you move this point a distance Vt2 toward the generator, 
along the outside perimeter of the Smith chart. The new point represents the 
normalized impedance z K of (9-57). 

Invert the impedance from step 7 (z K ) to obtain its equivalent admittance y s = 
ftr + A- On the Smith chart this is accomplished by moving z% diagonally 
across from its position. 

Add the two parallel admittances (from steps 6 and 8) to obtain the total input 
admittance at the gamma feed. That is. 


yin = V’ + y„ = (g 2 + # g ) + j(b 2 + b g ) (9-58) 

and locale it on the Smith chart. 

Invert the normalized input admittance Vj n of (9-58) to obtain the equivalent 
normalized input impedance 

£jn = **in 3* in (9-59) 

Obtain the unnormalized input impedance by multiplying Cj n by Z(,. 

z m = /?in + jX I,, = ZfiZin (9-60) 

Select the capacitor C so that its reactance is equal in magnitude to Z m . 


1 


27rf () C 


= X it 


(9-61) 


If all the dimensions were chosen properly for a perfect match, the real part R w 
of (9-60) should be equal to Z ( .. If not. change one or more of the dimensions 
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(usually the length of the rod) and repeat the procedure until R in = Z,. Practically 
the capacitor C is chosen to be variable so adjustments can be made with ease 
to obtain the best possible match. 


Example 9.2 

The driven element impedance of a 20-m (/ — 15 MHz; see Appendix Vlll) Yagi- 
Uda antenna has a free-space impedance at its center point of 30.44(1 — j) ohms 
|20J. It is desired to connect it to a 50-ohm coaxial line using a gamma match. The 
driven element and the gamma rod are made of tubing with diameters of 0.95 x 
10“ 'A (0.75 in. = 1.905 cm) and 3.175 X lO^A (0.25 in. = 0.635 cm), respectively. 
The center-to-center separation between the driven element and the rod is 3.81 x 
10 ^A (3 in. = 7.62 cm). Determine the required capacitance to achieve a match. 
Begin with a gamma rod length of 0.036A (28.35 in. = 72.01 cm). 


SOLUTION 

1. Using (9-46)-(9-46b) 
« = - = 3 


.v 3.81 
V ~ o' ~ 0.15875 


= 24 


ln(24) 


a — 


- 1.528 


ln(24) — ln(3) 
and the step-up ratio 

(1 + a) 2 = (1 + 1.528) 2 = 6.39 

2. Z„ = 30.44(1 - j), as given. 

3. Using (9-55) 

,30.44(1 - j) 

Z 2 = (I -I- 1.528) 2 — = 97.25(1 - j ) 


4. Z i) = 276 log,,, 
97.25 


2(3.81) 


^0.95(03175) 

(I - j ) = 0.31(1 - j) 


= 315.25 

j 


25 - 315 


5- '- 2_ 315 

6. On the Smith chart in Figure 9.22 locate ~ 2 and invert it to ys. It leads to 

v 2 = - = 1.6(1 + j) 

Z2 

7. On the Smith chart locate ~ v ~ 0 + jO and advance it toward the generator a 
distance 0.036A to obtain 

= 0 + yo.23 

8. From the Smith chart 


v, = 7 = -7'4.35 
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Figure 9.22 Smith chart tor Example 9.2. Copyright renewal 1976 by P. H. Smith. 
Murray Hill. N.J. 


Add \s and y K 

y-m = >'2 + v„ = 1 . 6 - y' 2.75 

which is located on the Smith chart. 

Inverting v in on the Smith chart to z,„ gives 

Zi» = 0.16 + y' 0.28 

Unnormalizing ~. m by Z 0 = 315. reduces it to 
Z in = 50.4 + ./88.2 
The capacitance should be 

C = - 1 = U 

27 r/o ( 88 . 2 ) 2 tt (15 X I 0 ( ’)( 88 . 2 ) 

= 120.3 X 10' 12 = 120 pF 
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Since R m = 50.4 ohms is not exactly equal to Z,, = 50 ohms, one of the physical 
dimensions (usually the length of the rod) can be changed slightly and then the process 
can be repeated. However in this case they are so close that for practical purposes 
this is not required. 

9.8.5 Omega Match 

A slightly modified version of the gamma match is the omega match shown in Figure 
9.23. The only difference between the two is that in addition to the series capacitor 
C| there is one in shunt C : which can aid in achieving the match. Usually the presence 
of C 2 makes it possible to use a shorter rod or makes it easier to match a resonant 
driven element. The primary function of C 2 is to change Vj„ in step 9 of the design 
procedure so that when it is inverted its unnormalized real part is equal to the 
characteristic impedance of the input transmission line. This will possibly eliminate 
the need of changing the dimensions of the matching elements, if a match is not 
achieved. 

9.8.6 Baiuns and Transformers 

A twin-lead transmission line (two parallel-conductor line) is a symmetrical line 
whereas a coaxial cable is inherently unbalanced. Because the inner and outer (inside 
and outside parts of it) conductors of the coax are not coupled to the antenna in the 
same way. they provide the unbalance. The result is a net current How to ground on 
the outside part of the outer conductor. This is shown in Figure 9.24(a) where an 
electrical equivalent is also indicated. The amount of current flow on the outside 
surface of the outer conductor is determined by the impedance Z K from the outer 
shield to ground. If Z„ can be made very large, /, can be reduced significantly. Devices 
that can be used to balance inherently unbalanced systems, by canceling or choking 
the outside current, are known as baluns (balance to imbalance). 

One type of a balun is that shown in Figure 9.24(b), referred to usually as a 
bazooka balun. Mechanically it requires that a A/4 in length metal sleeve, and shorted 
at its one end, encapsulates the coaxial line. Electrically the input impedance at the 
open end of this A/4 shorted transmission line, which is equivalent to Z K , will be very 
large (ideally infinity). Thus the current /* will be choked, if not completely eliminated, 
and the system will be nearly balanced. 
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(a) Unbalanced coaxial line 



(h) Bazooka balun (1:1) 



<c> X/4 coaxial balun t I : 1 1 



(d I Coaxial balun (1:1) 

Figure 9.24 Balun configurations. 
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(a) \/2 cotixrdJ balun <4 : I or E ; 4| 




Another type of a balun is that shown in Figure 9.24(c). it requires that one end 
of a A/4 section of a transmission line be connected to the outside shield of the main 
coaxial line while the other is connected to the side of the dipole which is attached 
to the center conductor. This balun is used to cancel the flow of J ? . The operation of 
it can be explained as follows: In Figure 9.24(a) the voltages between each side of 
the dipole and the ground are equal in magnitude but 1 80° out of phase, thus producing 
a current flow on the outside of the coaxial line. If the two currents l\ and A are equal 
in magnitude, h would be zero. Since terminal #2 of the dipole is connected directly 
to the shield of the coax while terminal #1 is weakly coupled to it, it produces a 
much larger current / 3 . Thus there is relatively little cancellation in the two currents. 

The two currents. /, and A. can he made equal in magnitude if the center conductor 
of the coax is connected directly to the outer shield. If this connection is made directly 
at the antenna terminals, die transmission line and the antenna would be short-cir- 
cuited. thus eliminating any radiation. However, the indirect parallel conductor con- 
nection of Figure 9.24(c) provides the desired current cancelation without eliminating 
the radiation. The current How on the outer shield of the main line is canceled at the 
bottom end of the A/4 section (where the two join together) by the equal in magnitude, 
hut opposite in phase, current in the A/4 section of the auxiliary line. Ideally then 
there is no current How in die outer surface of the outer shield of the remaining part 
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of the main coaxial line. It should be staled that the parallel auxiliary line need not 
he made A/4 in length to achieve the balance. It is made A/4 to prevent the upsetting 
of the normal operation of the antenna. 

A compact construction of the balun in Figure 9.24(c) is that in Figure 9.24(d). 
The outside metal sleeve is split and a portion of it is removed on opposite sides. The 
remaining opposite parts of the outer sleeve represent electrically the two shorted 
A/4 parallel transmission lines of Figure 9.24(c). Ail of the baluns shown in Figure 
9.24 are narrowband devices. 

Devices can be constructed which provide not only balancing but also step-up 
impedance transformations. One such device is the A/4 coaxial balun, with a 4:1 
impedance transformation, of Figure 9.25(a). The U-shaped section of the coaxial line 
must be A/2 long |22|. 

Because all the baluns-impedance transformers that were discussed so far are 
narrowband devices, the bandwidth can be increased by employing ferrite cores in 
their construction [23 1. Two such designs, one a 4: 1 or 1 :4 transformer and the other 
a 1:1 balun. are shown in Figures 9.25(b) and (c). The ferrite core has a tendency to 
maintain high impedance levels over a wide frequency range [24]. A good design and 
construction can provide bandwidths of 8 or even 10 to 1. Coil coaxial baluns, 
constructed by coiling the coaxial line itself to form a balun [24J. can provide band- 
widths of 2 or 3 to 1 . 


References 

1 . M. Abraham. ' ‘Die elcetrischen Schwingungcn um einen stabformingen Lciter. behandelt 
nach tier Maxwelleschen Theoric." Ann, Physik, 66. pp. 435-472. 1898. 

2. S. A. Schelkunoff. Electromagnetic Waves, Van Nostrand. New York, 1943, Chapter 1 1 . 

3. H. Hall£n, “Theoretical Investigations into the Transmitting and Receiving Qualities of 
Antennae," Nova Acta Regiae Soc. Sci. Upsuliensis, Ser. IV, 1 1, No. 4, pp. 1-44, 1938. 

4. R. C. Johnson and H. Jasik (eds.). Antenna Engineering Handbook, McGraw-Hill, New 
York. 1984. Chapter 4. 

5. G. H. Brown and O. M. Woodward, Jr., “Experimentally Determined Radiation Char- 
acteristics of Conical and Triangular Antennas," RCA Rev., Vol. 13, No. 4, p. 425, 
December 1952. 

6. C. H. Papas and R. King. "Radiation from Wide-Angle Conical Antennas Fed by a 
Coaxial Line." Pwc. IRE, Vol. 39, p. 1269, November 1949. 

7. C. E. Smith, C. M. Butler, and K. R. Uniashankar, "Characteristics of a Wire Biconical 
Antenna," Microwave Journal, pp. 37-40, September 1979. 

8. G. H. Brown and O. M. Woodward, Jr.. "Experimentally Determined Impedance Char- 
acteristics of Cylindrical Antennas,” Proc. IRE, Vol. 33, pp. 257-262. 1945. 

9. J. D. Kraus, Antennas, McGraw-Hill. New York, 1950, pp. 276-278. 

10. J. H. Richmond and E. H. Newman, "Dielectric Coated Wire Antennas," Radio Science, 
Vol. 1 1, No. I, pp. 13-20. January 1976. 

11. J. Y. P. Lee and K. G. Balmain, "Wire Antennas Coated with Magnetically and Electri- 
cally Lossy Material." Radio Science, Vol. 14. No. 3, pp. 437-445, May-June 1979. 

12. G. A. Thiele, E. P. Ekclman. Jr., and L. W. Henderson. "On the Accuracy of the 
Transmission Line Model for Folded Dipole,” IEEE Trans . Antennas Propagat., Vol. 
AP-28, No. 5, pp. 700-703. September 1980. 

13. R. W. Lampc. “Design Formulas for an Asymmetric Coplanar Strip Folded Dipole," 
IEEE Trans. Antennas Propagat.. Vol. AP-33. No. 9. pp. 1028-1031, September 1985. 

14. A. G. Kandoian, "Three New Antenna Types and Their Applications.” Proc. IRE, Vol. 
34, pp. 70W-75W, February 1946. 



484 Chapter 9 Broadband Dipoles and Matching Techniques 


15. R. W. King and T. T. Wu. “The Cylindrical Antenna with Arbitrary Driving Point,” 
IEEE Trans. Antennas Propagat.y ol. AP-13, No. 5, pp. 710-718, September 1965. 

16. R. W. P. King. “Asymmetric Driven Antennas and the Sleeve Dipole,” Proc. IRE, Vol. 
38. pp. 1154-11 64, October 1 950. 

17. R. E. Collin. Foundations for Microwave Engineering, McGraw-Hill. New York, 1992. 
Chapter 5. pp. 303-386. 

18. S. Y. Liuo. Microwave Devices and Circuits. Prentice-Hall, Englewood Cliffs, New 
Jersey, 1980, pp. 418-422. 

19. D. J. Healey, 111, “An Examination of the Gamma Match.” QST, pp. 1 1-15, April 1969. 

20. The A RRL Antenna Book, American Radio Relay League, Inc., Newington, Conn., 1974, 

pp. 118-121. 

21. H. T. Tolies, “How To Design Gamma-Matching Networks.” Ham Radio, pp. 46-55, 
May 1973. 

22. O. M. Woodward, Jr., “Balance Measurements on Baiun Transformers,” Electronics, 
Vol. 26, No. 9. September 1953. pp. 188-191. 

23. C. L. Rmhroff. “Some Broad-Band Transformers." Proc. IRE. Vol. 47. August 1959, 
pp. 1337-1342. 

24. W. L. Weeks. Antenna Engineering, McGraw-Hill, New York. 1968, pp. 161-180. 


PROBLEMS 


9.1. A 300-ohni “twin-lead” transmission line is attached to a biconical antenna. 

(a) Determine the cone angle that will match the line to an infinite length biconical 
antenna. 

(b) For the cone angle of part (a), determine the two smallest cone lengths that will 
resonate the antenna. 

(c) For the cone angle and cone lengths from part (b), what is die input VSWR? 

9.2. Determine the first two resonant lengths, and the corresponding diameters and input 
resistances, for dipoles with Ud = 25. 50. and 10 4 using 

(a) die data in Figures 9.8(a) and 9.8(b) 

(b) Table 9.1 

9.3. Design a resonant cylindrical stub monopole of length /, diameter d , and ltd of 50. Find 
the length (in A), diameter (in A), and the input resistance (in ohms) at the first four 
resonances. 

9.4. A linear dipole of Ud — 25, 50, and l() 4 is attached to a 50-ohm line. Determine the 
VSWR of each Ud when 

(a) I = A/2 
(h) / = A 

(c) / = 3 A/2 

9.5. Find the equivalent circular radius a r for a 

(a) very thin flat plate of width A/ 10 

(b) square wire with sides of A/ 10 

(c) rectangular wire with sides of A/10 and A/ 100 

(d) elliptical wire with major and minor axes of A/10 and A/20 

(e) twin-lead transmission line with wire radii of 1.466 X 10 : cm and separation of 
0.8 cm 

9.6. Compute the characteristic impedance of a two-wire transmission line with wire di- 
ameter of d = 10 “ ? A and center-to-center spacings of 

(a) 6.13 x 10 'A 

(b) 2.13 x I0 _2 A 

(c) 7.42 X 1()- 2 A 

9.7. Verify (9-47) from the expressions listed in Table 9.3. 

9.8. To increase its bandwidth, a A/4 monopole antenna operating at 1 GHz is made of two 
side-by-side copper wires (cr = 5.7 x 10 7 S/m) of circular cross section. The wires at 
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each end of the arm are connected (shorted) electrically together. The radius of each 
wire is A/200 and the separation between them is A/50. 

(a) What is the effective radius (in meters ) of the two wires? Compare with the physical 
radius of each wire (in meters). 

(b) What is the high-frequency loss resistance of each wire? What is the total loss 
resistance of the two together in a side-by-side shorted at the ends arrangement? 
What is the loss rcsisince based on the effective radius? 

(C) What is the radiation efficiency of one wire by itself? Compare with that of the 
two together in a side-by-side arrangement. What is the radiation efficiency based 
on the loss resistance of the effective radius? 

9.9. Show that the input impedance of a two-element folded dipole of / = A/2 is four times 
greater than that of an isolated element of the same length. 

9.10. Design a two-element folded dipole with wire diameter of 10 ■’A and ccntcr-to-center 
spacing of 6. 1 3 x 10 3 A. 

(a) Determine its shortest length for resonance. 

(b) Compute the VSWR at the first resonance when it is attached to a 300-ohm line. 

9.1 1. A two-element folded dipole of identical wires has an l/d = 500 and a center-to-center 
spacing of 6. 13 x 10" 3 A between the wires. Compute the 

(a) approximate length of a single wire at its first resonance 

(b) diameter of the wire at the first resonance 

(c) characteristic impedance of the folded dipole transmission line 

(d) input impedance of the transmission line mode model 

(e) input impedance of the folded dipole using as the radius of the antenna mode (1) 
the radius of the wire a, (2) the equivalent radius a, of the wires. (3) half of the 
eenler-to-cenier spacing (s/2). Compare the results. 

9.12. The input impedance of a 0.47A folded dipole operating at 10 MHz is 

Z (n = 306 + >75.3 


Input 

terminals 



To resonate the element, it is proposed to place a lumped clement in shunt (parallel) at 
the input terminals where the impedance is measured. 

(a) What kind of an element (capacitor or inductor) should be used to accomplish the 
requirement? 

(h) Whut is the value of the element (in farads or henries)? 

(c) What is the new value of the input impedance? 

(d) What is the VSWR when die resonant antenna is connected to a 300-ohm line? 

9.13. A half-wavelength, two-clement symmetrical folded dipole is connected to a 300-ohm 

‘ Twin-lead" transmission line. In order for the input impedance of the dipole to be 
real, an energy storage lumped element is placed across its input terminals. Determine, 
assuming/ = 100 MHz. the 

(a) capacitance or inductance of the element that must be placed across the terminals. 

(b) VSWR at the terminals of the transmission line taking into account the dipole and 
the energy storage clement. 
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9.14. A half-wavelength, two-element symmetrical folded dipole whose each wire has a 
radius of l() -3 A is connected to a 300-ohm “twin-lead" transmission line. The center- 
to-center spacing of the two wires is 4 X 10 3 A. In order for the input impedance of 
the dipole to be real, determine, assuming/ = 100 MHz. the 

(a) total capacitance C that must he placed in series at the input terminals. 

(b) capacitance C L (two of them) that must be placed in scries at each of the input 
terminals of the dipole in order to keep the antenna symmetrical. 

(c) VSWR at the terminals of the transmission line connected to the dipole through 
the two capacitances. 

9.15. An / = 0.47A folded dipole, whose wire radius is 5 X 10' 3 A, is fed by a “twin lead" 
transmission line with a 300-ohm characteristic impedance. The center-to-ccntcr spacing 
of the two side-by-side wires of the dipole is ,v = 0.025A. The dipole is operating at 
/ = 10 MHz. The input impedance of the “regular" dipole of / = 0.47A is Z, t = 
79 +713. 

(a) Determine the 

i. Input impedance of the folded dipole. 

ii. Amplification factors of the real and imaginary parts of the input impedance of 
the folded dipole, compared to the corresponding values of the regular dipole. 

iii. Input reflection coefficient. 

iv. Input VSWR. 

(b) To resonate the folded dipole and keep the system balanced, two capacitors (each 
C) are connected each symmetrically in series at the input terminals of the folded 
dipole. 

i. What should C be to resonate the dipole? 

ii. What is the new reflection coefficient at the input terminals of the “twin lead" 
line? 

iii. What is the new VSWR? 

9. 16. A A/2 dipole is fed asymmetrically at a distance of A/8 from one of its ends. Determine 
its input impedance using (9-32). Compare its value with that obtained using the 
impedance transfer method of Section 4.5.5. 

9. 17. Repeat the design of Example 9. 1 using a Tschebyscheff transformer. 

9. 1 8. Repeat the design of Example 9. 1 for a three-section 

(a) binomial transformer 

(b) Tschebyscheff transformer 

9.19. A self-resonant ( first resonance) half-wavelength dipole of radius a = 1 0 3 A is con- 
nected to a 300-ohm “twin-lead” line through a three-section binomial impedance 
transformer. Determine the impedances of the threc-section binomial transformer re- 
quired to match the resonant dipole to the “twin-lead” line. 

9.20. Consider a center-fed thin-wire dipole with wire radius a = 0.005A. 

(a) Determine the resonant length / (in wavelengths) and corresponding input resistance 
R in of the antenna using assumed sinusoidal current distribution. 

(b) Design a two-section Tschebyscheff quarter-wavelength transformer to match the 
antenna to a 75-ohm transmission line. Design the transformer to achieve an equal 
ripple response to R,„ over a fractional bandwidth of 0.25. 

(c) Compare the performance of the matching network in part (b) to an ideal trans- 
former by plotting the input reflection coefficient magnitude versus normalized 
frequency for 0 £/// 0 ^ 2 for both cases. 

9.2 1 . The free-spacc impedance at the center point of the driven element of a 1 5-MHz Yagi- 
Uda array is 25 - j25. Assuming the diameters of the wires of a T-match are 1.9 x 
10' 3 A(3.8 cm) and 6.35 x 10 J A(1.27 cm), the center-to-center spacing between the 
wires is 7.62 X 10 'A( 15.24 cm), and the length I' 12 of each T-match rod is 0.0285A 
(57 cm), find the 

(a) input impedance of the T-match 

(b) input capacitance C jlt that will resonate the antenna 

(c) capacitance C that must be used in each leg to resonate the antenna 
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9.22. The input impedance of a 145.4 MHz Yagi-Uda antenna is 14 4- j 3. Design a gamma 
match using diameters of 0.9525 cm (lor the antenna) and 0.2052 cm (for the rod), and 
center-to-center spacing between the wires of 1.5316 cm. The match is for a 50-ohm 
input coaxial line. Find the shortest gamma rod length and the required capacitance. 
First, do the problem analytically. The design must be such that the real part of the 
designed input impedance is within I ohm of the required 50 ohms. Second, check your 
answers with the Smith chart. 

9.23. Repeat Problem 9.22 for an input impedance of 14 - j 3. 

9.24. A A/4 monopole is mounted on a ground plane and has an input impedance of 
34 + j 17 at / = 145.4 MHz. Design a gamma match to match the monopole to a 
50-ohm coaxial line. The wire diameters are identical (0.9525 cm) and the center-to- 
center spacing is 3. 1496 cm. Find the required capacitance and the shortest gamma rod 
length. First, do the problem analytically. The design must be such that die real part of 
the designed input impedance is within I ohm of the required 50 ohms. Second, check 
your answers with the Smith chart. 

9.25. Using a gamma match, a A/2 dipole is connected to an amateur 425 MHz radio receiver 
using a 78-ohm coaxial line. The length of the gamma match is A/4 and its wire radius 
is identical to that of the dipole. 

(a) What is the input impedance of the antenna-gamma match arrangement at the input 
terminals in die absence of a matching capacitor? 

(b) To resonate the antenna, a capacitor is placed in series to the arm that is connected 
to the center conductor of the coaxial line. What is the value of the capacitor? 

(c) When the resonant antenna is connected to a 78-ohni coaxial line, what is the 
magnitude of the reflection coefficient? What is the VSWR? 

9.26. A 300 MHz resonant A/2 dipole with an input impedance of 67 ohms is connected to 
a coaxial line through a gamma match. The radii of the wires for the dipole and gamma 
match, and the spacing between them, are such that the turns ratio of the transformer 
is 3:1. The characteristic impedance of the transmission line that the dipole and gamma 
match part form is 250 ohms. The overall length of the gamma match is 0. 1 A. 

(a) What is the total input impedance at the input terminals of the gamma match? 

(b) What value of capacitor placed in scries shall be selected so that the new input 
impedance is real {resonate the load)? 

9.27. A T-match is connected to the antennus of Problems 9.22 and 9.23. Assuming that the 
wire diameters and lengths for each leg of the T-match are those derived for each 
gamma match, find the 

(a) input impedance of the T-match 

(b) capacitance C that must be connected in each leg to make the antenna system 
resonant 

9.28. Repeat Problem 9.27 but select the lengths I'll of the T-match rods so that the input 
resistance is 300 ohms. Use diameters of 0.1026 cm (for the rod), 0.9525 cm (for the 
antenna), and center-to-center spacing of 0.7658 cm. This connection is ideal for use 
widi a 300-ohm “twin-lead” line. 
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TRAVELING WAVE AND 
BROADBAND ANTENNAS 


10.1 INTRODUCTION 

In the previous chapters we have presented the details of classical methods that are 
used to analyze the radiation characteristics of some of the simplest and most common 
forms of antennas (i.e., inlinitely thin linear and circular wires, broadband dipoles and 
arrays). In practice there is a myriad of antenna configurations, and it would be almost 
impossible to consider all of them in this book. In addition, many of these antennas 
have bizzare types of geometries and it would be almost impractical, if not even 
impossible, to investigate each in detail. However, the general performance behavior 
of some of them will be presented in this chapter with a minimum of analytical 
formulations. Today, comprehensive analytical formulations are available for most of 
them, but they would require so much space that it would be impractical to include 
them in this book. 

10.2 TRAVELING WAVE ANTENNAS 

In Chapter 4, center-fed linear wire antennas were discussed whose amplitude current 
distribution was 

1. constant for infinitesimal dipoles (/ ^ A/50) 

2. linear (triangular) for short dipoles (A/50 < / ^ A/ 10) 

3. sinusoidal for long dipoles (/ > A/ 10) 

In all cases the phase distribution was assumed to be constant. The sinusoidal current 
distribution of long open-ended linear antennas is a standing wave constructed by two 
waves of equal amplitude and 180° phase difference at the open-end traveling in 
opposite directions along its length. The voltage distribution has also a standing wave 
pattern except that it has maxima (loops) at the end of the line instead of nulls (nodes) 
as the current. In each pattern, the maxima and minima repeat every integral number 
of half-wavelengths. There is also a A/4 spacing between a null and a maximum in 
each of the wave patterns. The current and voltage distributions on open-ended wire 
antennas are similar to the standing wave patterns on open-ended transmission lines. 
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Reflected (forward) 
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(a) Long wire above ground and radiation pattern 


(b) Equivalent; Source and image 



(cl Wave lilt 

Figure 10. 1 Beverage (long-wire) antenna above ground. 


Linear antennas that exhibit current and voltage standing wave patterns formed by 
reflections from the open end of the wire are referred to as standing wave or resonant 
antennas. 

Antennas can be designed which have traveling wave (uniform) patterns in current 
and voltage. This can be achieved by properly terminating the antenna wire so that 
the reflections are minimized if not completely eliminated. An example of such an 
antenna is a long wire that runs horizontal to the earth, as shown in Figure 10.1. The 
input terminals consist of the ground and one end of the wire. This configuration is 
known as Beverage or wave antenna. There are many other configurations of traveling 
wave antennas. In general, all antennas whose current and voltage distributions can 
be represented by one or more traveling waves, usually in the same direction, are 
referred to as traveling wave or nonresonant antennas. A progressive phase pattern is 
usually associated with the current and voltage distributions. 

Standing wave antennas, such as the dipole, can be analyzed as traveling wave 
antennas with waves propagating in opposite directions (forward and backward) and 
represented by traveling wave currents ! f and l h in Figure 10.1(a). Besides the long 
wire antenna there are many examples of traveling wave antennas such as dielectric 
rod (polyrod), helix, and various surface wave antennas. Aperture antennas, such as 
reflectors and horns, can also be treated as traveling wave antennas. In addition, arrays 
of closely spaced radiators (usually less than A/2 apart) can also be analyzed as 
traveling wave antennas by approximating their current or field distribution by a 
continuous traveling wave. Yagi-Uda. log-periodic, and slots and holes in a waveguide 
are some examples of discrete-element traveling wave antennas. In general, a traveling 
wave antenna is usually one that is associated with radiation from a continuous source. 
An excellent book on traveling wave antennas is one by C. H. Walter ( 1|. 
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A traveling wave may he classified as a slow wave if its phase velocity v p (v p - 
c o/k , <o = wave angular frequency, k ~ wave phase constant) is equal or smaller than 
the velocity of light c in free-space (v /t /c ^ 1). A fast wave is one whose phase 
velocity is greater than the speed of light [vrfc > 1). 

In general, there are two types of traveling wave antennas. One is the surface 
wave antenna defined as “an antenna which radiates power flow from discontinuities 
in the structure that interrupt a bound wave on the antenna surface.”* A surface wave 
antenna is. in general, a slow wave structure whose phase velocity of the traveling 
wave is equal to or less than the speed of light in free-space ( vrfc ^ 1). 

For slow wave structures radiation takes place only at nonuniformities, curvatures, 
and discontinuities. Discontinuities can be either discrete or distributed. One type of 
discrete discontinuity on a surface wave antenna is a transmission line terminated in 
an unmatched load, as shown in Figure 10.1(a). A distributed surface wave antenna 
can be analyzed in terms of the variation of the amplitude and phase of the current 
along its structure. In general, power flows parallel to the structure, except when losses 
are present, and for plane structures the fields decay exponentially away from the 
antenna. Most of the surface-wave antennas are endfire or near-endfire radiators. 
Practical configurations include line, planar surface, curved, and modulated structures. 

Another traveling wave antenna is a /eakv-wave antenna defined as “an antenna 
that couples power in small increments per unit length, either continuously or dis- 
cretely, from a traveling wave structure to J’ree-spacc” + Leaky-wave antennas contin- 
uously lose energy due to radiation, as shown in Figure 10.2 by a slotted rectangular 
waveguide. The fields decay along the structure in the direction of wave travel and 
increase in others. Most of them are fast wave structures. 

10.2.1 Long Wire 

An example of a slow wave traveling antenna is a long wire, as shown in Figure 1 0.1. 
An antenna is usually classified as a long wire antenna if it is a straight conductor 
with a length from one to many wavelengths. A long wire antenna has the distinction 
of being the first traveling wave antenna. 

The long wire of Figure 10.1(a), in the presence of the ground, can be analyzed 
approximately using the equivalent of Figure 1 0.1(b) where an image is introduced 
to take into account the presence of the ground. The magnitude and phase of the 
image are determined using the reflection coefficient for horizontal polarization as 
given by (4-129). The height /? of the antenna above the ground must be chosen so 
that the reflected wave (or wave from the image), which includes the phase due to 
reflection is in phase with the direct wave at the angles of desired maximum radiation. 
However, for typical electrical constitutive parameters of the earth, and especially for 
observation angles near grazing, the reflection coefficient for horizontal polarization 
is approximately - 1. Therefore the total field radiated by the wire in the presence of 
the ground can be found by multiplying the field radiated by the wire in free space 
by the array factor of a two-element array, as was done in Section 4.8.2 and represented 
by (4-130). 

The objective now is to find the field radiated by the long wire in free space. This 
is accomplished by referring to Figure 10.3. As the wave travels along the wire from 
the source toward the load, it continuously leaks energy. This can be represented by 


’•’■‘IEEE Standard Definitions of Terms for Antennas” (IEEE Std 145-1983). IEEE Trans. Antennas and 
Hropagal.. Vol. AP-31. No. 6. Part II, Nov. 1983. 

tlbid. 
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(hi Sii'k wall — inclined 

Figure 10.2 Leaky-wave waveguide sluLs; upper (broad) and side (narrow) walls. 


an attenuation coefficient. Therefore the current distribution of the forward traveling 
wave along the structure can be represented by 

1/ — U&’)e-^' u ' = a (10-1) 

where y{z’) is the propagation coefficient [yii 1 ) — «(:.') + jk~{z') where at~'} is the 
attenuation constant (nepers/meler) while k,{z') is the phase constant (radians/meter) 
associated with the traveling wave]. In addition to the losses due to leakage, there are 
wire and ground losses. The attenuation factor a(z') can also be used to take into 
account the ohmic losses of the wire as well as ground losses. However, these, 
especially the ohmic losses, are usually very small and fur simplicity are neglected. 
In addition, when the radiating medium is air, the loss of energy in a long wire 
(/ > A) due to leakage is also usually very small, and it can also be neglected. 
Therefore the current distribution of ( 10-1 ) can be approximated by 

1 = = a, l$e ,ktS ’ (10- la) 

where Hz’ ) — is assumed to be constant. Using techniques outlined and used in 
Chapter 4, it can be easily shown that in the far- field 

( 10 - 2:0 
H0-2b) 



(10- 2c) 
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Figure 10.3 Long wire antenna. 


where K is used to represent the ratio of the phase constant of the wave along the 
transmission line ( k, ) to that of free-space ( k ), or 


k = a 

k A, 

A s = wavelength of the wave along the transmission line 


(10-3) 


Assuming a perfect electric conductor for the ground, the total field for Figure 
10.1(a) is obtained by multiplying each of 1 1 0-2a>— ( 1 0-2c> by the array factor sin ( kh 
sin 0). 

For k. = k (K = 1) the time-average power density can be written as 


w = _Ssi* 

W av ” rail Mg n, „ a _ 


^ T-^sin 2 -(cos 0 - 1) 

87r 2 r(cos e - l) 2 2 


(10-4) 


which reduces to 


W av = W rad = krTi-^j^cat 2 sin 2 |j^(cos Q - l)j (10-5) 

From (10-5) it is evident that the power distribution of a wire antenna of length / is a 
multilobe pattern whose number of lobes depend upon its length. Assuming that / is 
very large such that the variations in the sine function of (10-5) are more rapid than 
those of the cotangent, the peaks of the lobes occur approximately when 


sin 2 —(cos 6 


- 1 ) 

_ 0 = 9 * 


( 10 - 6 ) 


— (cos e m - i) = ± 


2m + 1 


7 r, m — 0, 1, 2, 3. . . . 


(10-6a) 
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The angles where the peaks occur are given by 

0„, = cos" 1 I ± ^(2/n + l)j, m = 0, 1 . 2, 3. . . . (10-7) 

The angle where the maximum of the major lobe occurs is given by m = 0 (or 2 m + 


1 = 1). As / becomes very large (/ A) the angle of the maximum of the major 
lobe approaches zero degrees and the structure becomes a near endfire array. 

In finding the values of the maxima, the variations of the cotangent term in 
(10-5) were assumed to be negligible (as compared to those of the sine term). If the 
effects of the cotangent term were to be included, then the values of the 2m + I term 
in (10-7) should be 

2m + 1 = 0.742, 2.93. 4.96, 6.97. 8.99. 1 1, 13. . , . (10-8) 

(instead of 1. 3, 5, 7, 9, . . .) for the first, second, third, and so forth maxima. The 
approximate values approach those of the exact for the higher order lobes. 

In a similar manner, the nulls of the pattern can be found and occur when 

sin 2 ^(cos 0 - I ) =0 (10-9) 

L- S»K 

or 

ki 

— (cos 0 n — l) = ±m r, n = L 2, 3, 4, . . . (l0-9a) 

The angles where the nulls occur are given by 

0„ = cos ' 1 1 1 ± n yj, n = 1 , 2, 3. 4. . . . (10-10) 

for the first, second, third, and so forth nulls. 

The total radiated power can be found by integrating ( 10-5) over a closed sphere 
of radius r and reduces to 

= = 1.415 + ln^| - C'(2W) + (10-11) 

where C,(j x) is the cosine integral of (4-68a). The radiation resistance is then found 
to be 

( 10 - 12 ) 

Using (10-5) and (10-11) the directivity can be written as 


(10-13) 
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Figure 10.4 Three-dimensional Tree-space amplitude pattern Tor traveling and standing 
wave wire antennas of / - 5A. 


A. Amplitude Patterns. Maxima, and Nulls 

To verify some of the derivations and illustrate some of the principles, a number of 
computations were made. Shown in Figure 10.4(a) is the three-dimensional pattern of 
a traveling wire antenna with length / = 5A while in Figure 10.4(h) is the three- 
dimensional pattern for a standing wave wire antenna with length / = 5A. The 
corresponding two- dimensional patterns are shown in Figure 10.5. The pattern of 
Figure 10.4(a) is formed by the forward traveling wave current l t = l\e ~ jkz of Figure 
10.1(a) while that of Figure 10.4(b) is formed by the forward l f plus backward l b 
traveling wave currents of Figure 10.1(a). The two currents l, and l b together form a 
standing wave: that is, /, — l f + /,, = 1 — l 2 e +ikr = — 2/7, , sin(fcz) when 

/ : = /| = /,). As expected, for the traveling wave antenna of Figure 10.4(a) there is 
maximum radiation in the forward direction while for the standing wave antenna of 
Figure 10.4(b) there is maximum radiation in the forward and backward directions. 
The lobe near the axis of the wire in the directions of travel is the largest. The 
magnitudes of the other lobes from the main decrease progressively, with an envelope 
proportional it) cot 2 (0/2). toward the other direction. The traveling wave antenna is 
used when it is desired to radiate or receive predominantly from one direction. As the 
length of the wire increases, the maximum of the main lobe shifts closer toward the 
axis and the number of lobes increase. This is illustrated in Figure 10.6 for a traveling 
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90 " 



Figure 10.5 Two-dimensional free-space amplitude pattern for traveling and standing wave 
wire antennas of I = 5A. 


wave wire antenna with l — 5A and 10A. The angles of the maxima of the first four 
lobes, computed using (10-8), are plotted in Figure 10.7(a) for 0.5A < / < 10A. The 
corresponding angles of the first four nulls, computed using (10-10), are shown in 
Figure 10.7(b) for 0.5A s / ^ 10A. These curves can be used effectively to design 
long wires when the direction of the maximum or null is desired. 


B. Input Impedance 

For traveling wave wire antennas the radiation in the opposite direction from the 
maximum is suppressed by reducing, if not completely eliminating, the current re- 
flected from the end of the wire. This is accomplished by increasing the diameter of 
the wire or more successfully by properly terminating it to the ground, as shown in 
Figure 1 0. 1 . Ideally a complete elimination of the reflections (perfect match) can only 
be accomplished if the antenna is elevated only at small heights (compared to the 
wavelength) above the ground, and it is terminated by a resistive load. The value of 
the load resistor, to achieve the impedance match, is equal to the characteristic im- 
pedance of the wire near the ground (which is found using image theory). For a wire 
with diameter d and height h above the ground, an approximate value of the termi- 
nation resistance is obtained from 


R, = 138 log io 



(10-14) 


To achieve a reflection-free termination, the load resistor can be adjusted about this 
value (usually about 200-300 ohms) until there is no standing wave on the antenna 
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4<r 



Figure 10.6 Two-dimensional Tree-space amplitude pattern for trav- 
eling wave wire antenna of / = 5A and I0A. 


wire. Therefore the input impedance is the same as the load impedance or the char- 
acteristic impedance of the line, as given by ( 10-14). 

If the antenna is not properly terminated, waves reflected from the load traveling 
in the opposite direction from the incident waves create a standing wave pattern. 
Therefore the input impedance of the line is not equal to the load impedance. To find 
the input impedance, the transmission line impedance transfer equation of (9-18) can 
be used. Doing this we can write that the impedance at the input terminals of Figure 
1 0. 1 (a) is 


ZJI) = 


Rl + jZc tan(/3 /) 
Z r + jR, tan (73/) 


(10-15) 


C. Polarization 

A long wire antenna is linearly polarized, and it is always parallel to the plane formed 
by the wire and radial vector from the center of the wire to the observation point. The 
direction of the linear polarization is not the same in all parts of the pattern, but it is 
perpendicular to the radial vector (and parallel to the plane formed by it and the wire). 
Thus the wire antenna of Figure 10. 1, when its height above the ground is small 
compared to the wavelength and its main beam is near the ground, is not an effective 
element for horizontal polarization. Instead it is usually used to transmit or receive 
waves that have an appreciable vector component in the vertical plane. This is what 
is known as a Beverage antenna which is used more as a receiving rather than a 
transmitting element because of its poor radiation efficiency due to power absorbed 
in the load resistor. 
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(b) Nulls 

Figure 10.7 Angles versus length of wire antenna where maxima and nulls occur. 


When a TEM wave travels parallel to an air-conductor interface, it creates a 
forward wave till [21 which is determined by applying the boundary conditions on 
the tangential fields along the interface. The amount of tilt is a function of the 
constitutive parameters of the ground. If the conductor is a perfect electric conductor 
(PEC), then the wave tilt is zero because the tangential electric field vanishes along 
the PEC. The wave tilt increases with frequency and with ground resistivity. Therefore, 
for a Beverage wire antenna, shown in Figure 10.1(c ) in the receiving mode, reception 
is influenced by the lilt angle of the incident vertically polarized wavefront, which is 
formed by the losses of the local ground. The electric field vector of the incident 
wavefront produces an electric force that is parallel to the wire, which in turn induces 
a current in the wire. The current flows in the wire toward the receiver, and it is 
reinforced up to a certain point along the wire by the advancing wavefront. The wave 
along the wire is transverse magnetic. 
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D. Resonant Wires 

Resonant wire antennas are formed when the load impedance of Figure 10.1(a) is not 
matched to the characteristic impedance of the line. This causes reflections which 
with the incident wave form a standing wave. Resonant antennas, including the dipole, 
were examined in detail in Chapter 4, and the electric and magnetic field components 
of a center fed wire of total length / are given, respectively, by (4-62a) and (4-62b). 
Other radiation characteristics (including directivity, radiation resistance, maximum 
effective area, etc.) are found in Chapter 4. 

Resonant antennas can also be formed using long wires. It can be shown that for 
resonant long wires with lengths odd multiple of half wavelength (l = «A/2, n = 1. 

3. 5 ). the radiation resistance is given approximately (within 0.5 ohms) by 

13], !4] 


/?, = 73 + 69 log l0 (/i) 


(10-16) 


This expression gives a very good answer even for n — 1. For the same elements, 
the angle of maximum radiation is given by 



(10-17) 


This formula is more accurate for small values of /», although it gives good results 
even for large values of It can also be shown that the maximum directivity is related 
to the radiation resistance by 


£>u 


120 


R r sin 2 6„ 


(10-18) 


The values based on (10-18) are within 0.5 dB from those based on (4-75). It is 
apparent that all three expressions, (10-16 )— ( 10-18), lead to very good results for the 
half-wavelength dipole (/? = 1 ). 

Long wire antennas (both resonant and nonresonant) are very simple, economical, 
and effective directional antennas with many uses for transmitting and receiving waves 
in the MF (300 KHz-3 MHz) and HF (3-30 MHz) ranges. Their properties can be 
enhanced when used in arrays. 


10.2.2 V Antenna 

For some applications a single long wire antenna is not very practical because ( 1 > its 
directivity may be low. (2) its side lobes may be high, and (3) its main beam is 
inclined at an angle, which is controlled by its length. These and other drawbacks of 
single long wire antennas can be overcome by utilizing an array of wires. 

One very practical array of long wires is the V antenna formed by using two 
wires each with one of its ends connected to a feed line as shown in Figure 10.8(a). 
In most applications, the plane formed by the legs of the V is parallel to the ground 
leading to a horizontal V array whose principal polarization is parallel to the ground 
and the plane of the V. Because of increased sidelobes, the directivity of ordinary 
linear dipoles begins to diminish for lengths greater than about 1.25A. as shown in 
Figure 4.8. However by adjusting the included angle of a V dipole, its directivity can 
be made greater and its side lobes smaller than those of a corresponding linear dipole. 
Designs for maximum directivity usually require smaller included angles for longer 
V\s. 

Most V antennas are symmetrical (0| = 6 2 = 0q and /, = / 2 = /). Also V 
antennas can be designed to have unidirectional or bidirectional radiation patterns, as 
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Figure 10.8 Unidirectional and bidirectional V antennas. 


shown in Figures 10.8(b) and (c), respectively. To achieve the unidirectional charac- 
teristics. the wires of the V antenna must be nonresonant which can he accomplished 
by minimizing if not completely eliminating reflections from the ends of the wire. 
The reflected waves can he reduced by making the inclined wires of the V relatively 
thick. In theory, [he reflections can even be eliminated by properly terminating the 
open ends of the V leading to a purely traveling wave antenna. One way of terminating 
the V antenna will be lo attach a load, usually a resistor equal in value to the open- 
end characteristic impedance of the V-wire transmission line, as shown in Figure 
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Figure 10.9 Terminated V antennas. 



10.9(a). The terminating resistance can also be divided in half and each half connected 
to the ground leading to the termination of Figure 10.9(b). If the length of each leg 
of the V is very long (typically / > 5 A ), there will be sufficient leakage of the field 
along each leg that when the wave reaches the end of the V it will be sufficiently 
reduced that there will not necessarily be a need for a termination. Of course, termi- 
nation with a load is not possible without a ground plane. 

The patterns of the individual wires of the V antenna are conical in form and are 
inclined at an angle from their corresponding axes. The angle of inclination is deter- 
mined by the length of each wire. For the patterns of each leg of a symmetrical V 
antenna to add in the direction of the line bisecting the angle of the V and to form 
one major lobe, the total included angle 2 0<, of the V should be equal to 26 , which 
is twice the angle that the cone of maximum radiation of each wire makes with its 
axis. When this is done, beams 2 and 3 of Figure 10.8(b) are aligned and add 
constructively. Similarly for Figure 10.8(c), beams 2 and 3 are aligned and add 
constructively in the forward direction, while beams 5 and 6 arc aligned and add 
constructively in the backward direction. If the total included angle of the V is greater 
than 26, „ {26 0 > 26 m ) the main (obe is split into two distinct beams. However, if 
20 t , < 2 0„„ then the maximum of the single major lobe is still along the plane that 
bisects the V but it is tilted upward from the plane of the V. This may be a desired 
designed characteristic when the antenna is required to transmit waves upward toward 
the ionosphere for optimum reflection or to receive signals reflected downward by the 
ionosphere. For optimum operation, typically the included angle is chosen to be 
approximately 6 {) - 0.8 6,„. When this is done, the reinforcement of the fields from 
the two legs of the V lead to a total directivity for the V of approximately twice the 
directivity of one leg of the V. 

For a symmetrical V antenna with legs each of length /, there is an optimum 
included angle which leads to the largest directivity. Design data for optimum included 
angles of V dipoles were computed [5] using Moment Method techniques and are 
shown in Figure 10.10(a). The corresponding directivities are shown in Figure 
10.10(b). In each figure the dots (•) represent values computed using the Moment 
Method while the solid curves represent second- or third-order polynomials fitted 
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Arm length / (wavelengths) 
(a) Optimum included angle 



Arm length I (wavelengths) 

(b) Maximum directivity 

Figure 10.10 Optimum included angle for maximum directivity as a function of arm 
length for V dipoles, (source: G. A. Thiele and E. P. Ekelman, Jr., “Design Formulas for 
Vee Dipoles.” IEEE Trans. Antennas Propagat ., Vol. AP-28, pp. 588-590. July 1980. © 
(1980) IEEE) 
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through the computed data. The polynomials lor optimum included angles and max- 
imum directivities are given by 


(KM 9a) 


(10- 19b) 


( 10 - 20 ) 


The dashed curves represent data obtained from empirical formulas J6J. The corre- 
sponding input impedances of the V’s are slightly smaller than those of straight 
dipoles. 

Another form of a V antenna is shown in the insert of Figure 10.1 1(a). The V is 
formed by a monopole wire, bent at an angle over a ground plane, and by its image 
shown dashed. The included angle of the V as well as the length can be used to tune 
the antenna. For included angles greater than 120° (2 Bo > J 20°). the antenna exhibits 
primarily vertical polarization with radiation patterns almost identical to those of 
straight dipoles. As the included angle becomes smaller than about 1 20°, a horizontally 
polarized field component is excited which lends to fill the pattern toward the hori- 
zontal direction, making it a very attractive communication antenna for aircraft. The 
computed impedance of the ground plane and free-space V configurations obtained 
by the Moment Method (71 is shown plotted in Figure 10. 1 1(a). 

Another practical form of a dipole antenna, particularly useful for airplane or 
ground-plane applications, is the 90° bent wire configuration of Figure 10.11(b). The 
computed impedance of the antenna, obtained also by the Moment Method [7], is 
shown plotted in Figure 10.1 1(b). This antenna can be tuned by adjusting its perpen- 
dicular and parallel lengths h, and h 2 . The radiation pattern in the plane of the antenna 
is nearly omnidirectional for h\ < 0. 1 A. For h\ > 0. 1 A the pattern approaches that of 
vertical A/2 dipole. 

10.2.3 Rhombic Antenna 

A. Geometry and Radiation Characteristics 

Two V antennas can be connected at their open ends to form a diamond or rhombic 
antenna, as shown in Figure 10.12(a). The antenna is usually terminated at one end 
in a resistor, usually about 600-800 ohms, in order to reduce if not eliminate reflec- 
tions. However, if each leg is long enough (typically greater than 5 A) sufficient leakage 
occurs along each leg that the wave that reaches the far end of the rhombus is 
sufficiently reduced that il may not be necessary lo terminate the rhombus. To achieve 
the single main lobe, beams 2, 3, 6, and 7 are aligned and add constructively. The 
other end is used to feed the antenna. Another configuration of a rhombus is that of 
Figure 9.12(b) which is formed by an inverted V and its image (shown dashed). The 
inverted V is connected to the ground through a resistor. As with the V antennas, the 
pattern of rhombic antennas can be controlled by varying the element lengths, angles 
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Figure 10.11 Computed impedance (R + jX) of V and bent wire antennas above ground. 
(SOURCE: D. G. Fink (ed.), Electronics Engineer's Handbook, Chapter 18 (by W. F. 
Croswell), McGraw-Hill, New York. 1975) 
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m) Rhombus formed by 2 V's 




(hi Rhombus formed by inverted V over ground 

Figure 10.12 Rhombic antenna canfiguralicMis. 


between elements, and the plane oF the rhombus. Rhombic antennas are usually 
preferred over V's for nonresonant and unidirectional pattern applications because 
they are less difficult to terminate. Additional directivity and reduction in side lobes 
can be obtained by stacking, vertically or horizontally, a number of rhombic and/or 
V antennas to form arrays. 

The lield radiated by a rhombus can be found by adding the fields- radiated by its 
four legs. For a symmetrical rhombus with equal legs, this can be accomplished using 
array theory and pattern multiplication. When this is done, a number of design equa- 
tions can be derived [8)-| 1 1 1. For this design, the plane formed by the rhombus is 
placed parallel and a height h above a perfect electric conductor. 


E. Design Equations 

Let us assume that it is desired Lo design a rhombus such that the maximum of the 
main lobe of the pattern, in a plane which bisects the V of the rhombus, is directed at 
an angle t/ifo above the ground plane. The design can be optimized if the height /; is 
selected according to 


Kn _ * 

An 4 cos(90° - 


//}=}. 3. 5, , . . 


( 10 - 21 ) 


with m = 1 representing the minimum height. 
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The minimum optimum length of each leg of a symmetrica] rhombus must be 
selected according to 


0.371 


( 10 - 22 ) 


A„ 1 — sin(90° - i//,))cos 0 {) 

The best choice for the included angle of the rhombus is selected to satisfy 

V 0 = cos ' 'fsin(90° - i// 0 )J (10-23) 


10.3 BROADBAND ANTENNAS 

In Chapter 9 broadband dipole antennas were discussed. There are numerous other 
antenna designs that exhibit greater broadband characteristics than those of the dipoles. 
Some of these antenna can also provide circular polarization, a desired extra feature 
for many applications. In this section we want to discuss briefly some of the most 
popular broadband antennas. 


10.3.1 Helical Antenna 

Another basic, simple, and practical configuration of an electromagnetic radiator is 
that of a conducting wire wound in the form of a screw thread forming a helix, as 
shown in Figure 10.13. In most cases the helix is used with a ground plane. The 
ground plane can take different forms. One is for the ground to be flat, as shown in 
Figure 10.13. Typically the diameter of the ground plane should be at least 3A/4. 
However, the ground plane can also be cupped in the form of a cylindrical cavity or 
in the form of a frustrum cavity |8J. In addition, the helix is usually connected to the 
center conductor of a coaxial transmission line at the feed point with the outer 
conductor of the line attached to the ground plane. 

The geometrical configuration of a helix consists usually of N turns, diameter D 
and spacing S between each turn. The total len gth of the antenna is L = NS whi le 
the total length of the wire is L„ = NL 0 = N\/S~ + C 1 where L,, = y/S 2 + C~ is 
the length of the wire between each turn and C = ttD is the circumference of the 
helix. Another important parameter is the pitch angle a which is the angle formed by 
a line tangent to the helix wire and a plane perpendicular to the helix axis. The pitch 
angle is defined by 

(10-24) 

When a = 0°, then the winding is flattened and the helix reduces to a loop 
antenna of N turns. On the other hand, when a — 90 p then the helix reduces to a 
linear wire. When 0° < a < 90°. then a true helix is formed with a circumference 
greater than zero but less than the circumference when the helix is reduced to a loop 
(or = 0°). 

The radiation characteristics of the antenna can be varied by controlling the size 
of its geometrical properties compared to the wavelength. The input impedance is 
critically dependent upon the pitch angle and the size of the conducting wire, espe- 
cially near the feed point, and it can be adjusted by controlling their values. The 
genera] polarization of the antenna is elliptical. However circular and linear polari- 
zations can be achieved over different frequency ranges. 
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Figure 10.13 Helical antenna with ground plane. 


The helical antenna can operate in many modes; however the two principal ones 
are the normal (broadside) and the axial (endlire) modes. The axial (endlire) mode is 
usually the most practical because it can achieve circular polarization over a wider 
bandwidth (usually 2:1 ) and it is more efficient. 

Because an elliptic-ally polarized antenna can be represented as the sum of two 
orthogonal linear components in time-phase quadrature, a helix can always receive a 
signal transmitted from a rotating linearly polarized antenna. Therefore helices are 
usually positioned on the ground for space telemetry applications of satellites, space 
probes, and ballistic missiles to transmit or receive signals that have undergone 
Faraday rotation by traveling through the ionosphere. 

A. Nnnrntl Mode 

In the normal mode of operation the field radiated by the antenna is maximum in a 
plane normal to the helix axis and minimum along its axis, as shown sketched in 
Figure 10.14(a), which is a figure-eight rotated about its axis similar to that of a linear 
dipole of / < A or a small loop (a <s: A). To achieve the normal mode of operation, 
the dimensions of the helix are usually small compared to the wavelength (i.e.. 
NLq « A). 

The geometry of the helix reduces to a loop of diameter D when the pitch angle 
approaches zero and to a linear wire of length S when it approaches 90°. Since the 
limiting geometries of the helix are a loop and a dipole, the far-field radiated by a 
small helix in the normal mode can be described in terms of E„ and E 6 components 
of the dipole and loop, respectively. In the normal mode, it can be thought that the 
helix consists of N small loops and N short dipoles connected together in series as 
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la \ N^rmaJ mode (b) Equivalent 

Figure 10.14 Normal (broadside) inode for helical antenna and its equivalent, 


shown in Figure 10.14(b). The Helds we obtained by superposition of the Helds from 
these elemental radiators. The planes of the loops are parallel to each other and 
perpendicular to the axes of the vertical dipoles. The axes of the loops and dipoles 
coincide with the axis of the helix. 

Since in the normal mode the helix dimensions are small, the current throughout 
its length can be assumed to be constant and its relative far-ficld pattern to he 
independent of the number of loops and short dipoles. Thus its operation can be 
described accurately by the sum of the Helds radiated by a small loop of radius D and 
a short dipole of length 5, with its axis perpendicular to the plane of the loop, and 
each with the same constant current distribution. 

The far-zone electric Held radiated by a short dipole of length S and constant 
current / i( is E, h and it is given by (4-26a) as 

kl ,Se~ >kr 

E tj = j- n — sin 0 (1 0-25) 

where / is being replaced by S. In addition the electric field radiated by a loop is E^, 
and it is given by (5-27b) as 
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k 2 (D/2)-I ( # ikr . n 
T) — sin 6 


(10-26) 


where D/2 is substituted for a. A comparison of (10-25) and (10-26) indicates that 
the two components are in time-phase quadrature, a necessary but not sufficient 
condition lor circular or elliptical polarization. 

The ratio of the magnitudes of the E # and E^ components is defined as the axial 
ratio (AR). and it is given by 

(10-27) 


By varying the D and/or S the axial ratio attains values of 0 ^ AR s The value 
of AR = 0 is a special case and occurs when £„ = 0 leading to a linearly polarized 
wave of horizontal polarization (the helix is a loop). When AR = oc , Ej, = 0 
and the radiated wave is linearly polarized with vertical polarization (the helix is a 
vertical dipole). Another special case is the one when AR is unity (AR = I) and 
occurs when 



2AS 
( 7tD)“ 


(10-28) 


or 

(10-28a) 

for which 

(J0-29) 

When the dimensional parameters of the helix satisfy the above relation, the radiated 
field is circularly polarized in all directions other than 0=0° where the fields vanish. 

When the dimensions of the helix do not satisfy any of the above special cases, 
the field radiated by the antenna is not circularly polarized. The progression of polar- 
ization change can be described geometrically by beginning with the pitch angle of 
zero degrees (a = 0°). which reduces the helix to a loop with linear horizontal 
polarization. As a increases, the polarization becomes ellipiti cal w ith the major axis 
being horizontally polarized. When a. is such that C/A = y/2Sf A, AR = 1 and we 
have circular polarization. For greater values of a, the polarization again becomes 
elliptical but with the major axis vertically polarized. Finally when a — 90° the helix 
reduces to a linearly polarized vertical dipole. 

To achieve the normal mode of operation, it has been assumed that the current 
throughout the length of the helix is of constant magnitude and phase. This is satisfied 
to a large extent provided the total length of the helix wire NL {) is very small compared 
to the wavelength (L n A) and its end is terminated properly to reduce multiple 
reflections. Because of the critical dependence of its radiation characteristics on its 
geometrical dimensions, which must be very small compared to the wavelength, this 
mode of operation is very narrow in bandwidth and its radiation efficiency is very 
small. Practically this mode of operation is limited, and it is seldom utilized. 
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Figure 10.15 Axial (endfire) mode of helix. 


B. Axial Mode 

A more practical mode of operation, which can be generated with great ease, is the 
axial or endfire mode. In this mode of operation, there is only one major lobe and its 
maximum radiation intensity is along the axis of the helix, as shown in Figure 10.15. 
The minor lobes are at oblique angles to the axis. 

To excite this mode, the diameter D and spacing S must be large fractions of the 
wavelength. To achieve circular polarization, primarily in the major lobe, the circum- 
ference of the helix must be in the | < C/A < \ range (with C/A = 1 near optimum), 
and the spacing about S — A/4. The pitch angle is usually 12° ^ a ^ 14°. Most often 
the antenna is used in conjunction with a ground plane, whose diameter is at least A / 
2, and it is fed by a coaxial line. However other types of feeds (such as waveguides 
and dielectric rods) are possible, especially at microwave frequencies. The dimensions 
of the helix for this mode of operation are not as critical, thus resulting in a greater 
bandwidth. 


C. Design Procedure 

The terminal impedance of a helix radiating in the axial mode is nearly resistive with 
values between 1 00 and 200 ohms. Smaller values, even near 50 ohms, can be obtained 
by properly designing the feed. Empirical expressions, based on a large number of 
measurements, have been derived [8] and they are used to determine a number of 
parameters. The input impedance (purely resistive) is obtained by 
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which is accurate to about ±20%, the half-power beamwidth by 



52A 3 ' 2 

HPBW (degrees) = 

the beamwidth between nulls by 


1 1 5A 3/2 

FNBW (degrees) = 

the directivity by 



c 2 s 

D 0 (dimensionless) = 1 5N — — 

A 


the axial ratio (for the condition of increased directivity) by 



(10-30) 


(10-31) 


(10-32) 


(10-33) 


(10-34) 


(10-35) 


( 1 0-35a) 
(10-35b) 


(10-35c) 


All these relations are approximately valid provided 12° < a < 14°, | < C/A < j, 
and N > 3. 

The far-field pattern of the helix, as given by (10-35). has been developed by 
assuming that the helix consists of an array of N identical turns (each of nonuniform 
current and identical to that of the others), a uniform spacing S between them, and 
the elements are placed along the z-axis. The cos 8 tenn in (10-35) represents the 
field pattern of a single turn, and the last term in (10-35) is the array factor of a 
uniform array of N elements. The total field is obtained by multiplying the field from 
one turn with the array factor (pattern multiplication). 


and the normalized far-field pattern by 


where 
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The value of /> in ( IO-35a) is the ratio of the wave velocity along the helix wire 
to that in free space, and it is selected according to (10-35b) for ordinary end-fire 
radiation or (IO-35c) for Hansen-Woodyard end-fire radiation. These are derived as 
follows. 

For ordinary end-lire the relative phase *// among the various turns of the helix 
(elements of the array) is given by (6-7a). or 


ip - k {) S cos 0+1 3 


(10-36) 


where d = S is the spacing between the turns of the helix. For an end-lire design, die 
radiation from each one of the turns along 0=0° must be in-phase. Since the wave 
along the helix wire between turns travels a distance L<, with a wave velocity v = 
pv o ( p > 1 where is the wave velocity in free space) and the desired maximum 
radiation is along 0 = 0°, then (10-36) for ordinary end-fire radiation is equal to 


ip — (ki)S cos 0 A'Lo)^-_. (l c — ko\S 

Solving ( 10-37) for /> leads to 



-27 mu m = 0. I, 2, . . . (10-37) 


S/ A,) + in 


(10-38) 


For m = 0 and p - I, L,, = S. This corresponds to a straight wire ( a = 90°), and 
not a helix. Therefore the next value is m = I, and it corresponds to the first 
transmission mode for a helix. Substituting m = 1 in (10-38) leads to 


^■q/Aq 

Sf A 0 + I 


( 10-38a) 


which is that of (10-35b). 

In a similar manner, it can be shown that for Hansen-Woodyard end-lire radiation 
(10-37) is equal to 


ip — (k^S cos 0 kL{dn=w — — j — 


-\ 2m " + z 


which when solved for p leads to 
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ImN + I 
t 2 N , 


For m = I, ( 10-40) reduces to 


P = 




5/A 0 + 


(IN + V 
t 2 N i 


in = 0, 1.2,... 

(10-39) 

(10-40) 


(l0-40a) 


which is identical to (10-35c). 


D, Feed Design 

The nominal impedance of a helical antenna operating in the axial mode, computed 
using (10-30), is 100-200 ohms. However, many practical transmission lines (such 
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as a coax) have characteristic impedance of about 50 ohms. In order to provide a 
better match, the input impedance of the helix must be reduced to near that value. 
There may be a number of ways by which this can be accomplished. One way to 
effectively control the input impedance of the helix is to properly design the first 1/4 
turn of the helix which is next to the feed [8 J, [12]. To bring the input impedance of 
the helix from nearly 150 ohms down to 50 ohms, the wire of the first 1/4 turn should 
be flat in the form of a strip and the transition into a helix should be very gradual. 
This is accomplished by making the wire from the feed, at the beginning of the 
formation of the helix, in the form of a strip of width it' by battening it and nearly 
touching the ground plane which is covered with a dielectric slab of height [2] 

h = —rrf (10-41) 

- 2 

where 

w = width of strip conductor of the helix starting at the feed 

e r = dielectric constant of the dielectric slab covering the ground plane 

Zii = characteristic impedance of the input transmission line 

Typically the strip configuration of the helix transitions from the strip to the 
regular circular wire and the designed pitch angle of the helix very gradually within 
the first 1/4- 1/2 turn. 

This modification decreases the characteristic impedance of the conductor-ground 
plane effective transmission line, and it provides a lower impedance over a substantial 
but reduced bandwidth. For example, a 50-ohm helix has a VSWR of less than 2:1 
over a 40% bandwidth compared Lo a 70% bandwidth for a 140-ohm helix. In addition, 
the 50-ohm helix has a VSWR of less than 1 .2: 1 over a 12% bandwidth as contrasted 
to a 20% bandwidth for one of 140 ohms. 

A simple and effective way of increasing the thickness of the conductor near the 
feed point will he to bond a thin metal strip to the helix conductor [ 12]. For example, 
a metal strip 70-mm wide was used to provide a 50-ohm impedance in a helix whose 
conducting wire was 13-mm in diameter and it was operating at 230.77 MHz. 

10.3.2 Electric-Magnetic Dipole 

It has been shown in the previous section that the circular polarization of a helical 
antenna operating in the normal mode was achieved by assuming that the geometry 
of the helix is represented by a number of horizontal small loops and vertical infini- 
tesimal dipoles. It would then seem reasonable that an antenna with only one loop 
and a single vertical dipole would, in theory, represent a radiator with an elliptical 
polarization. Ideally circular polarization, in all space, can be achieved if the current 
in each element can be controlled, by dividing the available power equally between 
the dipole and the loop, so that the magnitude of the field intensity radiated by each 
is equal. 

Experimental models of such an antenna were designed and built 1 13| one oper- 
ating around 350 MHz and the other near 1.2 GHz. A sketch of one of them is shown 
in Figure 10.16. The measured VSWR in the 1.15-1.32 GHz frequency range was 
less than 2: 1 . 

This type of an antenna is very useful in UHF communication networks where 
considerable amount of fading may exist. In such cases the fading of the horizontal 
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Figure 10.16 Electric-magnetic dipole configuration, (source: A. G. Kariduian, “Three 
New Antenna Types and Their Applications,” Pmc. IRE, Vol. 34 pp, 70W-75W, February 
1946. © (1946) IEEE) 


and vertical components are affected differently and will not vary in the same manner. 
Hopefully, even in severe cases, there will always be one component all the time 
which is being affected less than the other, thus providing continuous communication. 
The same results would apply in VHF and/or UHF broadcasting. In addition, a 
transmitting antenna of this type would also provide the versatility to receive with 
horizontally or vertically polarized elements, providing a convenience in the architec- 
tural design of the receiving station. 

10.3.3 Yagi-Uda Array of Linear Elements 

Another very practical radiator in the HF (3-30 MHz). VHF (30-300 MHz), and UHF 
(300-3.000 MHz) ranges is die Yagi-Uda antenna. This antenna consists of a number 
of linear dipole elements, as shown in Figure 10. 1 7. one of whieh is energized directly 
by a feed transmission line while the others act as parasitic radiators whose currents 
are induced by mutual coupling. The most common feed element lor a Yagi-Uda 
antenna is a folded dipole. This radiator is exclusively designed to operate as an 
endtire array, and this is accomplished by having the parasitic elements in the forward 
beam act as directors while those in the real - act as reflectors. Yagi designated the row 
of directors as a ’’wave canal,” The Yagi-Uda array is widely used as a home TV 
antenna; so it should be familiar to most of the readers, if not to the general public. 

The original design and operating principles of this radiator were first described 
in Japanese in articles published in the Journal of l.E.E. of Japan by S. Uda of the 
Tohoku Imperial University in Japan [I4J, In a later, but more widely circulated and 
read article [15], one of Professor Uda’s colleagues H. Yagi described the operation 
of the same radiator in English, This paper has been considered a classic, and it was 
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Figure 10.17 Yagi-Uda antenna configuration. 
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reprinted in 1984 in its original form in the Proceedings of the IEEE 1 15] as part of 
IEEE's centennial celebration. Despite the fact that Yagi in his English written paper 
acknowledged the work of Professor Uda on beam radiators at a wavelength of 
4.4 m. it became customary throughout the world to refer to this radiator as a Yagi 
antenna, a generic term in the antenna dictionary. However, in order for the name to 
reflect more appropriately the contributions of both inventors, it should be called a 
Yagi-Uda antenna, a name that will be adopted in this book. Although the work of 
Uda and Yagi was done in the early 1920s and published in the middle 1920s, lull 
acclaim in the United Stales was not received until 1928 when Yagi visited the United 
States and presented papers at meetings of the Institute of Radio Engineers (IRE) in 
New York. Washington, and Hartford. In addition, his work was published in the 
Proceedings of IRE, June 1928, where J. H. Dellinger, Chief of Radio Division, 
Bureau of Standards, Washington. D.C., and himself a pioneer of radio waves, char- 
acterized as “exceptionally fundamental* ’ and wrote “1 have never listened to a paper 
that I fell so sure was destined to be a classic.” So true!! 

The Yagi-Uda antenna has received exhaustive analytical and experimental in- 
vestigations in the open literature and elsewhere. It would be impractical to list all 
the contributors, many of whom we may not be aware. However, we will attempt to 
summarize the salient point of the analysis, describe the general operation of the 
radiator, and present some design data. 

To achieve the endfire beam formation, the parasitic elements in the direction of 
the beam are somewhat smaller in length than the feed element. Typically the driven 
element is resonant with its length slightly less than A/2 (usually 0.45-0.49A) whereas 
the lengths of die directors will be about 0,4 to 0.45A. However, the directors are not 
necessarily of the same length and/or diameter. The separation between the directors 
is typically 0.3 to 0.4A, and it is not necessarily uniform for optimum designs. It has 
been shown experimentally that for a Yagi-Uda array of 6A total length the overall 
gain was independent of director spacing up to about OJA. A significant drop (5-7 dB) 
in gain was noted for director spacings greater than OJA. For that antenna, the gain 
was also independent of the radii of the directors up to about 0.024A. The length of 
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the reflector is somewhat greater than that of the feed. In addition, the separation 
between the driven element and the reflector is somewhat smaller than the spacing 
between the driven element and the nearest director, and it is found to be near optimum 
at 0.25A. 

Since the length of each director is smaller than its corresponding resonant length, 
the impedance of each is capacitive and its current leads the induced emf. Similarly 
the impedances of the reflectors is inductive and the phases of the currents lag those 
of the induced emfs. The total phase of the currents in the directors and reflectors is 
not determined solely by their lengths but also by their spacing to the adjacent 
elements. Thus, properly spaced elements with lengths slightly less than their corre- 
sponding resonant lengths (less than A/2) act as directors because they form an array 
with currents approximately equal in magnitude and with equal progressive phase 
shifts which will reinforce the field of the energized element toward the directors. 
Similarly, a properly spaced element with a length of A/2 or slightly greater will act 
as a reflector. Thus a Yagi-Uda array may be regarded as a structure supporting a 
traveling wave whose performance is determined by the current distribution in each 
element and the phase velocity of the traveling wave. It should be noted that the 
previous discussion on the lengths of the directors, reflectors, and driven elements is 
based on the first resonance. Higher resonances are available near lengths of A, 3A/2, 
and so forth, but are seldom used. 

In practice, the major role of the reflector is played by the first element next 
to the one energized, and very little in the performance of a Yagi-Uda antenna is 
gained if more than one (at the most two) elements are used as reflectors. However, 
considerable improvements can be achieved if more directors are added to the array. 
Practically there is a limit beyond which very little is gained by the addition of 
more directors because of the progressive reduction in magnitude of the induced 
currents on the more extreme elements. Usually most antennas have about 6 to 12 
directors. However, many arrays have been designed and built with 30 to 40 el- 
ements. Array lengths on the order of 6A have been mentioned 1 16] as typical. A 
gain (relative to isotropic) of about 5 to 9 per wavelength is typical for such arrays, 
which would make the overall gain on the order of about 30 to 54 (14.8-17.3 dB) 
typical. 

The radiation characteristics that are usually of interest in a Yagi-Uda antenna 
are the forward and backward gains, input impedance, bandwidth, front-to-back ratio, 
and magnitude of minor lobes. The lengths and diameters of the directors and reflec- 
tors. as well as their respective spacings, determine the optimum characteritics. For a 
number of years optimum designs were accomplished experimentally. However, with 
the advent of high-speed computers many different numerical techniques, based on 
analytical formulations, have been utilized to derive the geometrical dimensions of 
the array for optimum operational performance. Usually Yagi-Uda arrays have low 
input impedance and relatively narrow bandwidth (on the order of about 2%). Im- 
provements in both can be achieved at the expense of others (such as gain, magnitude 
of minor lobes, etc.). Usually a compromise is made, and it depends on the particular 
design. One way to increase the input impedance without affecting the performance 
of other parameters is to use an impedance step-up element as a feed (such as a two- 
element folded dipole with a step-up ratio of about 4). Front-to-back ratios of about 
30 (=15 dB) can be achieved at wider than optimum element spacings, but they 
usually are compromised somewhat to improve other desirable characteristics. For 
optimum designs, the minor lobes are about 30% or less (-5.23 dB or smaller) of 
the maximum. 
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The Yagi-Uda array can be summarized by saying that its performance can be 
considered in three parts: 

1. the reflector-feeder arrangement 

2. the feeder 

3. the rows of directors 

It has been concluded, numerically and experimentally, that the reflector spacing and 
size have (1) negligible effects on the forward gain and (2) large effects on the 
backward gain (front-to-back ratio) and input impedance, and they can be used to 
control or optimize antenna parameters without affecting the gain significantly. The 
feeder length and radius has a small effect on the forward gain but a large effect on 
the backward gain and input impedance. Its geometry is usually chosen to control the 
input impedance that most commonly is made real (resonant element). The size and 
spacing of the directors have a large effect on the forward gain, backward gain, and 
input impedance, and they are considered to be the most critical elements of the array. 

Yagi-Uda arrays are quite common in practice because they are lightweight, 
simple to build, low cost, and provide moderately desirable characteristics (including 
a unidirectional beam) for many applications. The design for a small number of 
elements (typically five or six) is simple but the design becomes quite critical if a 
large number of elements are used to achieve a high directivity. To increase the 
directivity of a Yagi-Uda array or to reduce the beamwidth in the E-plane, several 
rows of Yagi-Uda arrays can be used 1 17) to form a curtain antenna. To neutralize 
the effects of the feed transmission line, an odd number of rows is usually used. 


A. Theory: Integral Equation-Moment Method 

There have been many experimental (18], (19] investigations and analytical 120]— (29] 
formulations of the Yagi-Uda array. A method (24] based on rigorous integral equa- 
tions for the electric field radiated by the elements in the array will be presented and 
it will be used to describe the complex current distributions on all the elements, the 
phase velocity, and the corresponding radiation patterns. The method is similar to that 
of [24], which is based on Pocklington's integral equation of (8-24) while the one 
presented here follows that of [241 but is based on Pocklington's integral equation of 
(8-22) and formulated by Tirkas [25]. Mutual interactions are also included and, in 
principle, there are no restrictions on the number of elements. However, for compu- 
tational purposes, point-matching numerical methods, based on the techniques of 
Section 8.4. are used to evaluate and satisfy the integral equation at discrete points 
on the axis of each element rather than everywhere on the surface of every element. 
The number of discrete points where boundary conditions are matched must be 
sufficient in number to allow the computed data to compare well with experimental 
results. 

The theory is based on Pocklington's integral equation of (8-22) for the total field 
generated by an electric current source radiating in an unbounded free space, or 
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We will now concentrate in the integration of the first term of (10-44). Integrating 
the first term of ( 1 0-44) by parts where 
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Since we require that the current at the ends of each wire vanish [i.e., / ; (-' = +1/2) 
= I.(z' = —1/2) = 0J, (10-47) reduces to 
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Integrating (10-48) by parts where 
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When (10-51) is substituted for the first term of (10-44) reduces (10-44) to 


<//(.-') c 
dz' R 


* 1/1 


\n 



+ 


d'-l(z') ] »-** , 


= j4TT(i)€ { )E'. 


(10-52) 


For small diameter wires the current on each element can be approximated by a 
finite series of odd-ordered even modes. Thus, the current on the nth element can be 
written as a Fourier series expansion of the form [26] 
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where f„„, represents the complex current coefficient of mode m on element n and l„ 
represents the corresponding length of the n element. Taking the first and second 
derivatives of (10-53) and substituting them, along with (10-53). into (10-52) reduces 
it to 
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Since the cosine is an even function. (10-54) can be reduced by integrating over only 
0 < < U2 to 
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n = 1.2,3 N 

N = total number of elements 


where 

R ± is the distance from the center of each wire radius to the center of any other 
wire, as shown in Figure 10.18(a). 

The integral equation of (10-55) is valid for each element, and it assumes that the 
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Figure 10. J 8 Geometry of Yagi-Uda array for Moment Method formulation (.source: 
G. A. Thiele. “Yagi-Uda Type Antennas," IEEE Trans. Antennas Propagat. . Veil. AP- 
17. No. I. pp. 24—31. January 1969. © ( 1969) IEEE) 


number M of current modes, is the same for each element. To apply the Moment 
Method solution to the integral equation of ( 10-55'), each wire element is subdivided 
in M segments. On each element, other than the driven element, the matching is done 
at the center of the wire, and it is required that £? of (10-55) vanishes at each matching 
point of each segment li.e., E'(“ = *,■) = 0], as shown in Figure 10.1 8(b). On the 
driven element the matching is done on the surface of the wire, and it is required that 
El of (10-55) vanishes at M — l points, even though there are m modes, and it 
excludes the segment at the feed as shown in Figure 10.18(c), This generates M - I 
equations. The M th equation on the feed element is generated by the constraint that 
the normalized current for all M modes at the feed point (r f = 0) of the driven element 
is equal to unity [24J. [26], or 
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Based on the above procedure, a system of linear equations is generated by taking 
into account the interaction of 

a. each mode in each wire segment with each segment on the same wire. 

b. each mode in each wire segment with each segment on the other wires. 

This system of linear equations is then solved to find the complex amplitude coeffi- 
cients of the current distribution in each wire as represented by (10-53). This is 
demonstrated in |24J for a three-element array (one director, one re Hector and the 
driven element) with two modes in each wire. 


B. Far-Field Pattern 

Once the current distribution is found, the lar-zone field generated by each element 
can be found using the techniques outlined in Chapter 3. The total field of the entire 
Yagi-Uda array is obtained by summing the contributions from each. 

Using the procedure outlined in Chapter 3, the far-zone electric field generated 
by the M modes of the nth element oriented parallel to the z axis is given by 
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where x„, y„ represent the position of the nth element. The total field is then obtained 
by summing the contributions from each of the N elements, and it can be written as 
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£« = S Eon — —jo* A 

n= I 


(10-58) 
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(10-58a) 


For each wire, the current is represented by (10-53). Therefore the last integral 
in (IO-58a) can be written as 


r+V2 » r^tf/2 ( 2 m - 

I l„e Jk ' :c '*" tlz'„ = 2 f » n , I ..cos - 

J-tnA m — I J - hA l l„ 


- 1 )ttz„ 


e jkZ«*0 d s 


(10-59) 


Since the cosine is an even function. ( 10-59) can also be expressed as 

r'-* r<2«-i)irii 
cl:'„ = 2, Km I 2 cos 

J m — | l n 


m— | 

e jkl \< costf _j_ e -ikl«W&0 


cb* 


{Equation continues on top of page 521.) 
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X cos (Icz!, cos 0 ) dz’„ 

Using (he trigonometric identity 

2 cos(tt) cos(/3) = cos(a + (3) + cos(a - (3) 
(10-60) can be rewritten as 


( 10 - 60 ) 

(10-61) 


f + 1,/2 

J - 1,/2 


dz\, 



Since 



cos \(b ± c)z\ 


elz 


a sin K b ± c) 4] 
2 (b ± c) f 


(10-63) 


(10-62) can be reduced to 


r ' i,/2 

J-1,/1 
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(2m - I )7 t 

l 
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-I- k cos 6 
— k cos 6 



(10-64) 


( l0-64a) 
( 1 0-64b) 


Thus, the total Held represented by ( 10-58) and (IO-58a) can be written as 
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bfi — 2 — j°)A. 


(10-65) 
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( 10-65a) 


There have been other analyses [27], [281 based on the integral equation formu- 
lation that allows the conversion to algebraic equations. In order not to belabor further 
the analytical formulations, which in call cases are complicated because of the antenna 
structure, it is appropriate at this time to present some results and indicate design 
procedures. 


C. Computer Program and Results 

Based on the preceding formulation, a computer program has been developed [25] 
that computes the E- and H - plane patterns, their corresponding half-power beam- 
widths, and the directivity of the Yagi-Uda array. The program is included at the end 
of this chapter. The input parameters include the total number of elements ( N ), the 
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number of current modes in each element (M), the length of each element, and the 
spacing between the elements. The program assumes one reflector, one driven element, 
and N — 2 directors. For the development of the formulation and computer program, 

the numbering system (n = 1.2 N) for the elements begins with the first director 

(/» = 1 ). second director (n = 2), etc. The reflector is represented by the next to the 
last element (n = N — 1 ), while the driven element is designated as the last element 
(n = A/), as shown in Figure 10.17. 

One Yagi-Uda array design is considered here, which is the same as one of the 
two included in [24]; the other one is assigned as an end of the chapter problem. The 
patterns, beamwidths, and directivities were computed based on the computer program 
developed here. 


Example 10.1 

Design a Yagi-Uda array of 15 elements (13 directors, one reflector and the exciter). 
Compute and plot the E- and //-plane patterns, normalized current at the center of 
each element, and directivity and front-to-back ratio as a function of reflector spacing 
and director spacing. Use the computer program at the end of the chapter. The 
dimensions of the array are as follows. 

N = total number of elements = 1 5 
number of directors = 1 3 
number of reflectors = I 
number of exciters = 1 
total length of reflector = 0.5A 
total length of feeder = 0.47A 
total length of each director = 0.406A 
spacing between reflector and feeder = 0.25A 
spacing between adjacent directors = 0.34A 
a ~ radius of wires = 0.003A 


SOLUTION 

Using the computer program at the end of the chapter, the computed E- and //-plane 
patterns of this design are shown in Figure 10. 19. The corresponding beamwidths are: 
£’-plane (@,. = 26.98°). //-plane (©/, = 27.96°) while the directivity is 14.64 dB. A 
plot of the current at the center of each element versus position of the element is 
shown in Figure 1 0.20; the current of the feed element at its center is unity, as required 
by (10-56). One important figure -of-merit in Yagi-Uda array is the front-to-back ratio 
of the pattern [20 log, 0 E(& = 90°. <j) - 9O°)/£(0 = 90°. 4> = 270°)| as a function 
of the spacing of the reflector with respect to the feeder. This, along with the direc- 
tivity, is shown in Figure 10.21 for spacing from 0.1A-0.5A. For this design, the 
maximum front-to-back ratio occurs for a reflector spacing of about 0.23A while the 
directivity is monotonically decreasing very gradually, from about 1 5.2 dB at a spacing 
of 0.1 A down to about 10.4 dB at a spacing of 0.5A. 

Another important parametric investigation is the variation of the front-to-back 
ratio and directivity as a function of director spacing. This is shown in Figure 10.22 
for spacings from 0.1 A to 0.5A. It is apparent that the directivity exhibits a slight 
increase from about 12 dB at a spacing of about 0.1 A to about 15.3 dB at a spacing 
of about 0.45A. A steep drop in directivity occurs for spacings greater than about 
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W-plane 180 ° 

Figure 10.19 E - and H-plane amplitude patterns of 15-element Yagi-Uda array. 



Figure 10.20 Normalized current at the center of each element of a 1 5-element Yagi-Uda 


array. 
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Reflector spacing (A) 

Figure 10.21 Directivity and froni-lo-back ratio, as a function of reflector spacing, of a 15- 
elemeni Yagi-Uda array. 


0.45A. This agrees with the conclusion arrived at in 1 18) and 1 27) that large reductions 
in directivity occur in Yagi-Uda array designs lor spacings greater than about 0.4A, 
For this design, the variations of the front-to-back ratio arc much more sensitive as a 
function of director spacing, as shown in Figure 10.22: excursions on the order of 
20-25 dB are evident for changes in spacing of about 0.05A. Such variations in front- 
to-back ratio as shown in Figure 10.22, as a function of director spacing, are not 
evident in Yagi-Uda array designs with a smaller number of elements. However, they 
are even more pronounced for designs with a larger number of elements. Both of 
these are demonstrated in design problems assigned at the end of the chapter. 



Figure 10.22 Directivity and front-to-back ratio, as a function of director spacing, for 15- 
ctemeni Yagi-Uda array. 
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Table 10.1 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 
ARRAY (PERTURBATION OF DIRECTOR SPACINGS). /, = 0.51 A. 
l 2 = 0.50A, /, = /., = / 5 = / 6 = 0.43A, a = 0.003369A 



s 2 ,/ A 

Sul A 

S 43 /A 

s 54 /A 

WA 

Directivity 

(dB) 

INITIAL ARRAY 



B89 

■SI 

0.310 

11.21 

OPTIMIZED ARRAY 

■Bl 


wsm 

ran 

0.407 

12.87 


SOURCE: D. K. Cheng and C. A. Chen. “Optimum Spacings for Yagi-Uda Arrays.” IEEE Trans. 
Antennas Pro/iag.. Vol, AP-21. pp. 615-623. September 1973. © (1973) IEEE. 


D. Optimization 

The radiation characteristics of the array can be adjusted by controlling the geometrical 
parameters of the array. This was demonstrated in Figures 10.21 and 10.22 for the 
15-elcmcnt array using uniform lengths and making uniform variations in spacings. 
However, these and other array characteristics can be optimized by using nonuniform 
director lengths and spacings between the directors. For example, the spacing between 
the directors can be varied while holding the reflector-exciter spacing and the lengths 
of all elements constant. Such a procedure was used by Cheng and Chen |27] to 
optimize the directivity of a six-element (four-director, reflector, exciter) array using 
a perturbational technique. The results of the initial and the optimized (perturbed) 
array are shown in Table 10.1. For the same array, they allowed all the spacings to 
vary while maintaining constant all other parameters. The results are shown in Table 
10 . 2 . 

Another optimization procedure is to maintain the spacings between all the ele- 
ments constant and vary the lengths so as to optimize the directivity. The results of a 
six-element array [28] are shown in Table 10.3. The ultimate optimization is to vary 
both the spacings and lengths. This was accomplished by Chen and Cheng [28] 
whereby they first optimized the array by varying the spacing, while maintaining the 
lengths constant. This was followed, on the same array, with perturbations in the 
lengths while maintaining the optimized spacings constant. The results of this pro- 
cedure are shown in Table 10.4 with the corresponding //-plane (61 = tt! 2. (f>) far- 
field patterns shown in Figure 10.23. In all, improvements in directivity and front-to- 
back ratio are noted. The ideal optimization will be to allow the lengths and spacings 
to vary simultaneously. Such an optimization was not performed in [27] or [28], 
although it could have been done iteratively by repealing the procedure. 


Table 10.2 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA 
ARRAY (PERTURBATION OF ALL ELEMENT SPACINGS). 


/, = 0.51 A. /; 

= 0.50A. / 

3 ~ U 

= /, = /<. 

= 0.43A. a 

= 0.003369A 


$2j/A 

s, 2 /A 

S4 j/ A 

S54/A 

^6.S/A 

Directivity 

(dB) 

INITIAL ARRAY 


m 

0.310 

0.310 

0.310 

10.92 

OPTIMIZED ARRAY 


Egg 


0.354 

0.373 

12.89 


SOURCE: D. K. Cheng and C. A. Chen. “Optimum Spacings for Yagi-Uda Arrays.” IEEE Trans. 
Antennas Pmpag.. Vol. AP-2 1 . pp. 6 1 5-623. Scptemher 1 973. © (1973) IEEE. 
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Table 10.3 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YACI-UDA 

ARRAY (PERTURBATION OF ALL ELEMENT LENGTHS), s 2 , = 0.250A. 
Sji = S 43 = Sjij 1 0.3 10A, a ~ 0.003 369 A 



/,/A 

t 2 l A 

/ 3 /A 

/ */A 

l 5 l A 

VA 

Directivity 

(dB) 

INITIAL ARRAY 
LENGTH-PERTURBED 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

10.93 

ARRAY 

0.472 

0.456 

0.438 

0.444 

0.432 

0.404 

12.16 


SOURCE: C. A. Chen and D. K. Cheng. •‘Opiimum Element Lengths for Yagi-Uda Arrays." IEEE Tram. 
Antennas Propag., Vol. AP-23. pp. 8-15. January 1975. © (1975) IEEE. 


Another parameter that was investigated for the directivity-optimized Yagi-Uda 
antenna was the frequency bandwidth |29|. The results of such a procedure are shown 
in Figure 10.24. The antenna was a six-element array optimized at a center frequency 
/ 0 . The array was designed, using space perturbations on all the elements, to yield an 
optimum directivity at f {) . The geometrical parameters are listed in Table 10.2. The 
3-dB bandwidth seems to be almost the same for the initial and the optimized arrays. 
The rapid decrease in the directivity of the initial and optimized arrays at frequencies 
higher than and nearly constant values below f {) may be attributed to the structure 
of the antenna which can support a “traveling wave” at / < /<> but not at / > It 
has thus been suggested that an increase in the bandwidth can be achieved if the 
geometrical dimensions of the antenna are chosen slightly smaller than the optimum. 



Figure 10.23 Normalized amplitude antenna patterns of initial, perturbed, and optimum 
six-element Yagi-Uda arrays (Table 10.4). (source: C. A. Chen and D. K. Cheng. "Opti- 
mum Element Lengths for Yagi-Uda Arrays,” IEEE Tram. Antennas Propagat., Vol. AP-23, 
pp. 8-15, January 1975. €> ( 1975) IEEE) 





Table 10.4 DIRECTIVITY OPTIMIZATION FOR SIX-ELEMENT YAGI-UDA ARRAY 


(PERTURBATION OF DIRECTOR S PACINGS AND ALL ELEMENT LENGTHS), a = 0.003369A 




/,/A 

/ 2 /a 

U A 

V A 

Is! A 

U A 

Sj,/A 


S 43 /A 

5 54 /A 

Sfis/A 

Directivity 
(dB) “ 


INITIAL ARRAY 
ARRAY AFTER 
SPACING 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

0.250 

0.310 

0.310 

0.310 

0.310 

10.93 

to 

PERTURBATION 
OPTIMUM ARRAY 
AFTER SPACING 
AND LENGTH 

0.510 

0.490 

0.430 

0.430 

0.430 

0.430 

0.250 

0.289 

0.406 

0.323 

0.422 

12.83 


PERTURBATION 

0.472 

0.452 

0.436 

0.430 

0.434 

0.430 

0.250 

0.289 

0.406 

0.323 

0.422 

13.41 


SOURCE: C. A. Chen and D. K. Cheng. “Optimum Element Lengths for Yagi-Uda Arrays.” IEEE Trans. Antennas Prnpag.. Vol. AP-23. pp. 
8-15. January 1975. © 1 1975) IEEE. 
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Normalized frequency (///o ) 

Figure 10.24 Bandwidth of initial and optimum six-clemcnt Yagi-Uda array with 
perturbation of ail element spacings {Table 10.2). (soimcn: N. K. Takla and L.-C. 
Shen. “Bandwidth of a Yagi Array with Optimum Directivity/* IEEE Trans. An- 
tennas Propagate Vol. AP-25, pp. 913-914, November 1977. © (1977) IEEE) 


E. Input Impedance and Matching Techiques 

The input impedance of a Yagi-Uda array, measured at the center of the driven 
element, is usually small and it is strongly influenced by the spacing between the 
reflector and feed element. For a 13-element array using a resonant driven element, 
the measured input impedances are listed in Tabic 10.5 [20|. Some of these values 
are low for matching to a 50-. 78-. or 300-ohm transmission lines. 

There are many techniques that can be used to match a Yagi-Uda array to a 
transmission line and eventually to the receiver, which in many cases is a television 
set which has a large impedance (on the order of 300 ohms). Two common matching 
techniques are the use of the folded dipole, of Section 9.5, as a driven element and 
simultaneously as an impedance transformer, and the Gamma-match of Section 9.8.4. 
Which one of the two is used depends primarily on the transmission line from the 
antenna to the receiver. 

The coaxial cable is now widely used as the primary transmission line for tele- 
vision, especially with the wide spread and use of cable TV: in fact, most television 
sets are already prewired with coaxial cable connections. Therefore, if the coax with 
a characteristic impedance of about 78 ohms is the transmission line used from the 
Yagi-Uda antenna to the receiver and since the input impedance of the antenna is 
typically 30-70 ohms (as illustrated in Table 10.5), the Gamma-match is the most 
prudent matching technique to use. This has been widely used in commercial designs 
where a clamp is usually employed to vary the position of the short to achieve a best 
match. 

If, however, a “twin-lead” line with a characteristic impedance of about -300 
ohms is used as the transmission line from the antenna to the receiver, as was used 
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Tabic 10.5 INPUT IMPEDANCE OF A 15-ELEMENT YAGI- 


UDA ARRAY (REFLECTOR LENGTH = 0.5A; 
DIRECTOR SPACING « 0.34A; DIRECTOR 
LENGTH = 0.406 A) 


Reflector Spacing 
0>2|/A) 

Input Impedance 
(ohms) 

0.25 

62 

0.18 

50 

0.15 

32 

0.13 

22 


12 


widely some years ago. then it would be most prudent to use a folded dipole as the 
driven element which acts as a step-up impedance transformer of about 4: l (4: 1 when 
the length of the element is exactly A/2. This technique is also widely used in com- 
mercial designs. 

Another way to explain the endfire beam formation and whether the parameters 
of the Yagi-Uda array are properly adjusted for optimum directivity is by drawing a 
vector diagram of the progressive phase delay from element-to-element. If the current 
amplitudes throughout the array are equal, the total phase delay for maximum direc- 
tivity should be about 180°, as is required by the Hansen-Woodyard criteria for 
improved endfire radiation. Since the currents in a Yagi-Uda array are not equal in 
all the elements, the phase velocity of the traveling wave along the antenna structure 
is not the same from element-to-element but it is always slower than the velocity of 
light and faster than the corresponding velocity for a Hansen-Woodyard design. For 
a Yagi-Uda array, the decrease in the phase velocity is a function of the increase in 
total array length. 

In general then, the phase velocity, and in turn the phase shift, of a traveling wave 
in a Yagi-Uda array structure is controlled by the geometrical dimensions of the array 
and its elements, and it is not uniform from element-to-element. 

F. Design Procedure 

A government document [30] has been published which provides extensive data of 
experimental investigations carried out by the National Bureau of Standards to deter- 
mine how parasitic element diameter, element length, spacings between elements, 
supporting booms of different cross-sectional areas, various reflectors, and overall 
length affect the measured gain. Numerous graphical data is included to facilitate the 
design of different length antennas to yield maximum gain. In addition, design criteria 
are presented for stacking Yagi-Uda arrays either one above the other or side-by-side. 
A step-by-step design procedure has been established in determining the geometrical 
parameters of a Yagi-Uda array for a desired directivity (over that of a A/2 dipole 
mounted at the same height above ground). The included graphs can only be used to 
design arrays with overall lengths (from reflector element to last director) of 0.4, 0.8, 
1.2, 2.2, 3.2, and 4.2A with corresponding directivities of 7.1. 9.2, 10.2, 12.25, 13.4, 
and 14.2 dB, respectively, and with a diameter-to-wavelength ratio of 0,001 < d / A 
^ 0.04. Although the graphs do not cover all possible designs, they do accommodate 
most practical requests. The driven element used to derive the data was a A/2 folded 
dipole, and the measurements were carried out at / = 400 MHz. To make the reader 
aware of the procedure, it will be outlined by the use of an example. The procedure 
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Table 10.6 OPTIMIZED UNCOMPENSATED LENGTHS OF PARASITIC ELEMENTS 
FOR YAG1-UDA ANTENNAS OF SIX DIFFERENT LENGTHS 


d/\ = 0.0085 
s | » = 0.2A 

LENGTH OF YAGI-UDA (IN WAVELENGTHS) 

0.4 

0.8 

1.20 

2.2 

3.2 

4.2 

LENGTH OF 
REFLECTOR (/,/A) 

0.482 

0.482 

0.482 


0.482 

0.475 

LENGTH OF DIRECTORS, A 

/, 

0.442 

0.428 

0.428 


0.428 

0.424 

<4 


0.424 

0.420 

0.415 

0.420 

0.424 

Is 


0.428 

0.420 

0.407 

0.407 

0.420 

/ft 



0.428 

0.398 

0.398 

0.407 

h 




0.390 

0.394 

0.403 

u 




0.390 

0.390 

0.398 

/., 




0.390 

0.386 

0.394 

/|<> 




0.390 

0.386 

0.390 

in 




0.398 

0.386 

0.390 

1 13 




0.407 

0.386 

0.390 

/|3 





0.386 

0.390 

l\A 





0.386 

0.390 

/ 15 





0.386 

0.390 

/ift 





0.386 


/| 7 





0.386 


SPACING BETWEEN 
DIRECTORS (sJA) 

0.20 


0.25 

0.20 

0.20 

0.308 

DIRECTIVITY RELATIVE 
TO HALF-WAVE 
DIPOLE (dB) 

7.1 

9.2 

10.2 

12.25 

13.4 

14.2 

DESIGN CURVE 
(SEE FIGURE 10.25) 

(A) 

(B) 

(B) 

(C) 

(B) 

(D) 


sourck: Peter P. Viezbicke. Yngi Antenna Design. NBS Technical Note 688. December 1976. 


is identical for all other designs at freqencies where included data can accommodate 
the specifications. 

The heart of the design is the data included in 

1. Table 10.6 which represents optimized antenna parameters for six different 
lengths and for a <7/A = 0.0085 

2. Figure 10.25 which represents uncompensated director and reflector lengths for 
0.001 < d ! A < 0.04 

3. Figure 10.26 which provides compensation length increase for all the parasitic 
elements (directors and reflectors) as a function of boom-to-wavelength ratio 
0.001 < D/A < 0.04 

The specified information is usually the center frequency, antenna directivity. d/\ and 
D/A ratios, and it is required to find the optimum parasitic element lengths (directors 
and reflectors). The spacing between the directors is uniform but not the same for all 
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i.-lcmcm diameter </ (wavelengths) 

Figure 10.25 Design curves to determine element lengths of Yagi-Uda arrays. 
(source: P. P. Viezbickc, “Yagi Antenna Design.” NBS Technical Note 688, 
U.S. Department of Commerce/National Bureau of Standards. December 1976) 


designs. However, there is only one reflector and its spacing is s = 0.2A for all 
designs. 


Example 10.2 

Design a Yagi-Uda array with a directivity (relative to a A/2 dipole at the same height 
above ground) of 9.2 dB at / 0 = 50. 1 MHz. The desired diameter of the parasitic 
elements is 2.54 cm and of the metal supporting boom 5.1 cm. Find the element 
spacings, lengths, and total array length. 


SOLUTION 

(a) At /i) = 50.1 MHz the wavelength is A = 5.988 m = 598.8 cm. Thus 
dIX = 2.54/598.8 = 4.24 X 10" 3 and D/A = 5.1/598.8 = 8.52 X I0“\ 

(b) From Table 1 0.6, the desired array would have a total of live elements (three 
directors, one reflector, one feeder). For a dt A = 0.0085 ratio the optimum 
uncompensated lengths would be those shown in the second column of 
Table 10.6 (/ 3 = / 5 = 0.428A, l 4 = 0.424A, and /, = 0.482A). The overall 
antenna length would be L = (0.6 -I- 0.2)A = 0.8A. the spacing between 
directors 0.2A, and the reflector spacing 0.2A. It is now desired to find the 
optimum lengths of the parasitic elements for a d/ A = 0.00424. 

(c) Plot the optimized lengths from Table 10.6 {!" = l 5 " = 0.428A. // = 
0.424A, and //' = 0.482A) on Figure 10.25 and murk them by a dot (■). 

(d) In Figure 10.25 draw a vertical line through dl A = 0.00424 intersecting 
curves ( B .) at director uncompensated lengths h' = / 5 ' = 0.442A and 
reflector length /,' = 0.485A. Mark these points by an x. 
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OidiiuMcr ol’ supporting boom D (wavelengths) 

Figure 10.26 Increase in optimum length of parasitic elements as a function of metal 
boom diameter. (SOURCE: P. P. Viezbicke," Yagi Antenna Design." NBS Technical Note 
688. U.S. Department of Commerce/National Bureau of Standards, December 1976) 


(e) With a divider, measure the distance (Al) along director curve (B) between 
points I " = l" = 0.428A and U" = 0.424A. Transpose this distance from 
the point// = // = 0.442A on curve (/?), established in step (d) and marked 
by an x, downward along the curve and determine the uncompensated length 
// = 0.438A. Thus the boom uncompensated lengths of the array at^ ( = 
50.1 MHz are 

// = / 5 ' = 0.442A 
W = 0.43 8 A 
/,' = 0.485A 

(f) Correct the element lengths to compensate for the boom diameter. From 
Figure 10.26, a boom diameter-to-wavelength ratio of 0.00852 requires a 
fractional length increase in each element of about 0.005A. Thus the final 
lengths of the elements should be 

/, = / s = (0.442 + 0.005)A = 0.447A 
U = (0.438 + 0.005) A = 0.443A 
/, = (0.485 + 0.005)A = 0.490A 


The design data were derived from measurements carried out on a nonconducting 
Plexiglas boom mounted 3A above the ground. The driven element was a A/2 folded 
dipole matched to a 50-ohm line by a double-stub tuner. All parasitic elements were 
constructed from aluminum tubing. Using Plexiglas booms, the data were repeatable 
and represented the same values as air-dielectric booms. However that was not the 
case for wooden booms because of differences in the moisture, which had a direct 
affect on the gain. Data on metal booms was also repeatable provided the element 
lengths were increased to compensate for the metal boom structure. 




10.3 Broadband Antennas 533 


V 

4 



Figure 10.27 Yagi-Uda array of circular loops. 


10.3.4 Yagi-Uda Array of Loops 

Aside from the dipole, the loop antenna is one of the most basic antenna elements. 
The pattern of a very small loop is similar to that of a very small dipole and in the 
far-field region it has a null along its axis. As the circumference of the loop increases, 
the radiation along its axis increases and reaches near maximum at about one wave- 
length |311. Thus loops can be used as the basic elements, instead of the linear dipoles, 
to form a Yagi-Uda array as shown in Figure 10.27. By properly choosing the 
dimensions of the loops and their spacing, they can form a unidirectional beam along 
the axis of the loops and the array. 

It has been shown that the radiation characteristics of a two-element loop array, 
one driven element and a parasitic reflector, resulted in the elimination of corona 
problems at high altitudes [321. In addition, the radiation characteristics of loop arrays 
mounted above ground are less affected by the electrical properties of the soil, as 
compared with those of dipoles 1 33 ). A two-element loop array also resulted in a 1.8 
dB higher gain than a corresponding array of two dipoles |32(. A two-element array 
of square loops (a feeder and a reflector) in a boxlike construction is called a “cubical 
quad” or simply a “quad” antenna, and it is very popular in amateur radio applica- 
tions [34). The sides of each square loop are A/4 (perimeter of A), and the loops are 
usually supported by a fiberglass or bamboo cross-arm assembly. 

The general performance of a loop Yagi-Uda array is controlled by the same 
geometrical parameters (reflector, feeder, and director sizes, and spacing between 
elements), and it is influenced in the same manner as an array of dipoles [35 j. 

In a numerical parametric study of coaxial Yagi-Uda arrays of circular loops [36] 
of 2 to 10 directors, it has been found that the optimum parameters for maximum 
forward gain were 

1. circumference of feeder lirbi — 1.1 A. where b 2 is its radius. This radius was 
chosen so that the input impedance for an isolated element is purely resistive. 

2. circumference of the reflector 2 tt/>i — 1.05A, where b { is its radius. The size of 
the reflector does not strongly influence the forward gain but has a major effect 
on the backward gain and input impedance. 

3. feeder-reflector spacing of about 0.1 A. Because it has negligible effect on the 
forward gain, it can be used to control the backward gain and/or the input 
impedance. 

4. circumference of directors 2irb — OTA, where b is the radius of any director and 


534 Chapter 10 Traveling Wave and Broadband Antennas 


it was chosen to be the same for all. When the circumference approached a value 
of one wavelength, the array exhibited its cutoff properties. 

5. spacing of directors of about 0.25A, and it was uniform for all. 

The radius a of all the elements was retained constant and was chosen to satisfy 
11 = 2 \n(lirb 2 /a) = 1 1 where b 2 is the radius of the feeder. 
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PROBLEMS 


10.1. Given the current distribution of (10-la), show that the 

(a) far-z.one electric field intensity is given by ( 10-2a) and ( 10-2b) 

(b) average power density is given by (10-4) and (10-5) 

(c) radiated power is given by ( 10-1 1) 

10.2. Determine the phase velocity (compared to free-space) of the wave on a Beverage 
antenna (terminated long wire) of length / = 50A so that the maximum occurs at 
angles of 

(a) 10° 

(b) 20° 

from the axis of the wire. 

10.3. The current distribution on a terminated and matched long linear (traveling wave) 
antenna of length /. positioned along the .(-axis and fed at its one end. is given by 

I = a,V 0 < x' < / 


10.4. 


Find the far field electric and magnetic field components in standard spherical coor- 
dinates. 

A long linear (traveling wave) antenna of length /, positioned along the z-axis and fed 
at the ; = 0 end, is terminated in a load at the z = / end. There is a nonzero reflection 
at the load such that the current distribution on the wire is given by 



M- + R e lt: 

I + R 


0S;</ 


Determine as a function of R and / the 

(a) far-zone spherical electric field components 

(b) radiation intensity in the 6 - tt/2 direction 

10.5. Design a Beverage antenna so that the first maximum occurs at 10° from its axis. 
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Assuming the phase velocity of the wave on the line is the same as that of free-space, 
find the 

(a) lengths (exact and approximate) to accomplish that 

(b) angles (exact and approximate) where the next six maxima occur 

(e) angles (exact and approximate) where the nulls, between the maxima found in 
parts (a) and (b), occur 

(d) radiation resistance using the exact and approximate lengths 

(e) directivity using the exact and approximate lengths 

10.6. It is desired to place the first maximum of a long wire traveling wave antenna at an 
angle of 25° from the axis of the wire. For the wire antenna, find the 

(a) exact required length 

(b) radiation resistance 

(c) directivity (/>/ dB) 

The wire is radiating into free space. 

10.7. Compute the directivity of a long wire with lengths of / = 2A and 3A. 

10.8. A long wire of diameter d is placed (in the air) at a height h above the ground. 

(a) Find its characteristic impedance assuming h > d. 

(b) Compare this value with ( 10-14). 

10.9. Beverage (long wire) antennas arc used for over-the-horizon communication where 
the maximum of the main beam is pointed few degrees above the horizon. Assuming 
the wire antenna of length / and radius A/200 is placed horizontally parallel to the z- 
axis u height h - A/20 above a flat, perfect electric conducting plane of infinite extent 
(x-axis is perpendicular to the ground plane). 

(a) Derive the array factor for the equivalent two-element array. 

(b) What is the normalized total electric field of the wire in the presence of the 
conducting plane? 

(c) What value of load resistance should be placed at the terminating end to eliminate 
any reflections and not create a standing wave? 

10.10. Compute the optimum directivities of a V antenna with leg lengths of / = 2A and 
/ - 3A. Compare these values with those of Problem 10.7. 

10. 11. Design a symmetrical V antenna so that its optimum directivity is 8 dB. Find the 
lengths of each leg (in A) and the total included angle of the V (in degrees). 

1 0. 1 2. Repeat the design of Problem 1 0. 1 1 for an optimum directivity of 5 dB. 

10.13. It is desired to design a V-dipole with a maximized directivity. The length of each 
ami is 0.5A (overall length of the entire V-dipole is A). To meet the requirements of 
the design, what is the 

(a) total included angle of the V-dipole (in degrees)? 

(b) directivity (in dB)? 

(c) gain (in dB) if the overall antenna efficiency is 35%? 

10.14. Ten identical elements of V antennas are placed along the c-axis to form a unifarm 
broadside array. Each element is designed to have a maximum directivity of 9 dB. 
Assuming each element is placed so that its maximum is also broadside (0 = 90°) 
and the elements are spaced A/4 apart, find the 

(a) arm length of each V (in A) 

(b) included angle (in degrees) of each V 

(c) approximate total directivity of the array (in dB) 

10.15. Design a resonant 90° bent, A/4 long. 0.25 X 10 *A radius wire antenna placed above 
a ground plane. Find the 

(a) height where the bent must be made 

(b) input resistance of the antenna 

(c) VSWR when the antenna is connected to a 50-ohm line 

10.16. Design a five-turn helical antenna which at 400 MHz operates in the normal mode. 
The spacing between turns is A/50. It is desired that the antenna possesses circular 
polarization. Determine the 
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(a) circumference of the helix (in A and in meters) 

(b) length of a single turn (in A and in meters) 

(c) overall length of the entire helix (in A and in meters) 

(d) pitch angle (in degrees) 

10.17. Design a five-rum helical antenna which at 300 MHz operates in the axial mode and 
possesses circular polarization in the major lobe. Determine the 

(a) near optimum circumference (in A and in meters) 

(b) spacing (in A and in meters) for near optimum pitch angle design 

(c) input impedance 

(d) half-power beamwidth (in degrees), first null beamwidth (in degrees), directivity 
(dimensionless and in dB), and axial ratio 

(e) VSWR when the antenna is connected to 50- and 75-ohm coaxial lines 

10.18. For Problem 10.17, plot, using the 2-D ANTENNA PATTERN PLOTTER: REC- 
TANGULAR-POLAR computer program at the end of Chapter 2, the normalized 
polar amplitude pattern (in dB) assuming phasing for 

(a) ordinary end-fire 

(b) Hansen-Woodyard end-fire 

(c) p = 1 

10.19. For Problem 10.17, compute the directivity (in dB) using the computer program 
DIRECTIVITY at the end of Chapter 2 assuming phasing for 

(a) ordinary end-fire 

(b) Hansen-Woodyard end-lire 

(c) p = I 

Compare with the value obtained using (10-33). 

10.20. Repeat the design of Problem 10. 17 at a frequency of 500 MHz. 

10.21. Design an end-lire right-hand circularly polarized helix having a half-power beam- 
width of 45°, pitch angle of 13°. and a circumference of 60 cm at a frequency of 500 
MHz. Determine the 

(a) turns needed 

(b) directivity (in dB) 

(c) axial ratio 

(d) lower and upper frequencies of the bandwidth over which the required parameters 
remain relatively constant 

(e) input impedance at the center frequency and the edges of the band from part (d). 

10.22. Design a helical antenna with a directivity of 15 dB that is operating in the axial mode 
and whose polarization is nearly circular. The spacing between the turns is A/10. 
Determine the 

(a) Number of turns. 

(b) Axial ratio, both as an dimensionless quantity and in dB. 

(c) Directivity (in dB) based on Kraus* formula and Tai & Pereira's formula. How 
do they compare with the desired value? 

(d) Progressive phase shifts (in degrees) between the turns to achieve the axial mode 
radiation. 

10.23. Design a JQ-lurn helical antenna so that at the center frequency of 10 GHz. the 
circumference of each turn is 0.95A. Assuming a pitch angle of 14°, determine the 

(a) mode in which the antenna operates 

(b) half-power beamwidth (in degrees) 

(c) directivity (in dB). Compare this answer with what you get using Kraus' 
formula. 

10.24. A lossless 10-tum helical antenna with a circumference of one-wavelength is con- 
nected to a 78-ohm coaxial line, and it is used as a transmitting antenna in a 500- 
MHz spacecraft communication system. The spacing between turns is A/ 10. The 
power in the coaxial line from the transmitter is 5 watts. Assuming the antenna 
is lossless: 
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(a) What is radiated power? 

(Li) If the antenna were isotropic, what would the power density (watt s/m") be at a 
distance of 10 kilometers? 

(c) What is the power density (in watts/nr ) at the same distance when the transmitting 
antenna is the 10-turn helix and the observations arc made along die maximum 
of the major lobe? 

(d) If at 10 kilometers along the maximum of the major lobe an identical 10-tum 
helix was placed as a receiving antenna, which was polarization-matched to the 
incoming wave, what is the maximum power (in watts) that can be received? 

10.25. A 20-turn helical antenna operating in the axial mode is used as a transmitting antenna 
in a 500- MHz long distance communication system. The receiving antenna is a linearly 
polarized element. Because the transmitting and receiving elements are not matched 
in polarization, approximately how many dB of losses are introduced because of 
polarization mismatch? 

10.26. A Yagi-Uda array of linear elements is used as a TV antenna receiving primarily 
channel 8 whose center frequency is 183 MHz. With a regular resonant A/2 dipole as 
the feed clement in the array, the input impedance is approximately 68 ohms. The 
antenna is to be connected to the TV using a “twin-lead” line with a characteristic 
impedance of nearly 300 ohms. At the center frequency of 1 83 MHz 

(a) what should the smallest input impedance of the array be if it is desired to maintain 
a VSWR equal or less than 1. 1? 

(b) what is the best way to modify the present feed to meet the desired VSWR 
specilications? Be very specific in explaining why your recommendation will 
accomplish this. 

10.27. Evaluate approximately the effect of the spacing between the director and driven 
element in the three-element Yagi-Uda array shown in the accompanying figure. 
Assume that the far-zone (radiated) field of the antenna is given by 

—j iriK jkx , , xiii 0 sin </> _ e jTri 8^ + jks » i sin 0 sin 

where ,v I2 is the spacing between the reflector and the driven element, and .v 2 , is the 
spacing between the director and the driven element. For this problem, set .V| 2 = 0.2A 
and let = 0. 1 5A. 0.20A. 0.25A. 

(a) Generate polar plots of the radiation power patterns in both E- and //-planes. 
Normalize die power pattern to its value for 0 = tt/2 and < f) = tt/ 2. Generate two 
plots, one for £-plane and one for //-plane. 

(b) Compute the front-to-back ratio (FBR) in the £-plane given by 

e ‘ ( s - T * - 2 } 

fbr\ l _ ~ 


Reflector Driven dement Director 



Leave your answers for both parts in terms of numbers* not dB. 
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10.28. Analyze a 27-clement Yagi-Uda array, using the computer program YAGI-UDA 
ARRAY at the end of this chapter, having the following specifications: 


N = total number of elements = 27 

Number of directors = 25 

Number of reflectors = l 

Total length of reflector = 0.5A 

Total length of feeder = 0.47 A 

Total length of each director = 0.406A 

Spacing between reflector and feeder = 0. 1 25 A 

Spacing between adjacent directors = 0.34A 

a ~ radius of wires = 0.003A 


Use 8 modes for each element. Compute the 

(a) far-field E- and //-plane amplitude patterns (in dB). 

(b) directivity of the array (in dB). 

(c) £-plane half-power beamwidlh (in degrees). 

(d) //-plane half-power beamwidth (in degrees), 
le) E-plane from-to-back ratio (in dB). 

(f) //-plane front to back ratio (in dB). 

10.29. Repeal the analysis of Problem 10.28 for a three-element array having the following 


specifications: 

N = total number of elements — 3 

Number of directors = I 

Number of reflectors - 1 

Total length of reflector = 0.5A 

Total length of feeder = 0.475A 

Total length of director = 0.45A 

Spacing between reflector and feeder = 0.2A 
Spacing between feeder and director = 0.1 6A 
a = radius of wires = 0.005A 

Use 8 modes for each element. 


10.30. Design a Yagi-Uda array of linear dipoles to cover all the VHP TV channels (starting 
with 54 MHz for channel 2 and ending with 216 MHz for channel 13. See Appendix 
IX). Perform the design at/, = 216 MHz. Since the gain is not affected appreciably 
at/ < as Figure 10.24 indicates, this design should accommodate all frequencies 
below 216 MHz. The gain of the antenna should be 14.4 dB (above isotropic). The 
elements and the supporting boom should be made of aluminum tubing with outside 
diameters of | in. (— 0.95 cm) and 5 in. (= 1.90 cm), respectively. Find the number 
of elements, their lengths and spacings. and the total length of the array (in A, meters, 
and feet). 

10.3 1 . Repeat the design of Problem 10.30 for each of the following: 

(a) VHF-TV channels 2-6 (54—88 MHz. See Appendix IX) 

<b) VHF-TV channels 7-13 (174-216 MHz. See Appendix IX) 

10.32. Design a Yagi-Uda antenna to cover the entire FM band of 88-108 MHz (100 channels 
spaced at 200 KHz apart. See Appendix IX), The desired gain is 12.35 dB (above 
isotropic). Perform the design at To = 108 MHz. The elements and the supporting 
boom should be made of aluminum tubing with outside diameters of g in. (— 0.95 
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cm) and 3 in. (— 1.90 cm), respectively. Find the number of elements, their lengths 
and spacings. and the total length of the array (in A, meters, and feet). 

10.33. Design a Yagi-Uda antenna to cover the UHF TV channels (512-806 MHz. See 
Appendix IX). The desired gain is 12.35 dB (above isotropic). Perform the design at 
75, = 806 MHz. The elements and the supporting boom should be made of wire with 
outside diameters of j* in. (= 0.2375 cm) and ^ in. (= 0.475 cm), respectively. Find 
the number of elements, their lengths and spacings. and the total length of the array 
(in A. meters, and feet). 



COMPUTER PROGRAM - YAGI-UDA ARRAY 


C THIS IS A FORTRAN PROGRAM THAT COMPUTES, FOR THE YAGI-UDA 
C ANTENNA ARRAY, THE: 

C 

C I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS (in dB) 
C II. DIRECTIVITY OF THE ARRAY (in dB) 

C III. E-PLANE HALF-POWER BEAMWIDTH (in degrees) 

C IV. H-PLANE HALF-POWER BEAMWIDTH (in degrees) 

C V. E-PLANE FRONT-TO-BACK RATIO (in dB) 

C VI. H-PLANE FRONT-TO-BACK RATIO (in dB) 

C 

C THE PROGRAM IS BASED ON POCKLINGTON'S INTEGRAL 
C EQUATION FORMULATION OF SECTION 10.3.3, EQUATIONS 
C (10-42) - (10-65a). M ENTIRE DOMAIN COSINUSOIDAL (FOURIER) 

C BASIS MODES ARE USED FOR EACH OF THE ANTENNA 
C ELEMENTS. 

C 

C 

C **INPUT PARAMETERS 

C 1 . M = NUMBER OF ENTIRE DOMAIN BASIS MODES 

C 2. N = NUMBER OF ANTENNA ELEMENTS 

C 3. L = LENGTH OF EACH ELEMENT l n (in X) 

C 4. ALPHA = RADIUS OF EACH ELEMENT a (in X) 

C 5. S = SEPARATION BETWEEN THE ELEMENTS s n (inX) 

C 

C **NOTES 

C 1 . REFER TO FIGURE 10.17 FOR THE GEOMETRY. 

C 2 . DRIVEN ELEMENT IS AT THE ORIGIN. 

C 3. FIRST ELEMENT (N = 1) IS THE FIRST DIRECTOR. 

C 4. REFLECTOR IS THE N- 1 ELEMENT; ONLY ONE REFLECTOR. 

C 5. DRIVEN ELEMENT IS N. 

C 6. THE RADIUS OF ALL THE ELEMENTS IS THE SAME. 

C 

C MmM**MM***MMM*M*MMm*M*MMM*MM*M*MM****. 
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CHAPTER 


11 

FREQUENCY INDEPENDENT 
ANTENNAS AND ANTENNA 
MINIATURIZATION 


U.l INTRODUCTION 

The numerous applications of electromagnetics to the advances of technology have 
necessitated the exploration and utilization of most of the electromagnetic spectrum. 
In addition, the advent of broadband systems have demanded the design of broadband 
radiators. The use of simple, small, lightweight, and economical antennas, designed 
to operate over the entire frequency band of a given system, would be most desirable. 
Although in practice all the desired features and benefits cannot usually be derived 
from a single radiator, most can effectively be accommodated. Previous to the 1950s, 
antennas with broadband pattern and impedance characteristics had bandwidths not 
greater than 2:1. In the 1950s, a breakthrough in antenna evolution was made which 
extended the bandwidth to as great as 40: 1 or more. The antennas introduced by the 
breakthrough were referred it) as frequency independent, and they had geometries that 
were specified by angles. These antennas are primarily used in the 10-10,000 MHz 
region in a variety of practical applications such as TV, point-to-point communication, 
feeds for reflectors and lenses, and so forth. 

In antenna scale modeling, characteristics such as impedance, pattern, polariza- 
tion, and so forth, are invariant to a change of the physical size if a similar change is 
also made in the operating frequency or wavelength. For example, if all the physical 
dimensions are reduced by a factor of two, the performance of the antenna will remain 
unchanged if the operating frequency is increased by a factor of two. In other words, 
the performance is invariant if the electrical dimensions remain unchanged. This is 
the principle on which antenna scale model measurements are made. For a complete 
and thorough discussion of scaling, the reader is referred to Section 16.10 entitled 
“Scale Model Measurements." 

The scaling characteristics of antenna model measurements also indicate that if 
the shape of the antenna were completely specified by angles, its performance would 
have to be independent of frequency 1 1 1. The infinite biconical dipole of Figure 9.1 
is one such structure. To make infinite structures more practical, the designs usually 
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require that the current on the structure decrease with distance away from the input 
terminals. After a certain point the current is negligible, and the structure beyond that 
point to infinity can be truncated and removed. Practically then the truncated antenna 
has a lower cutoff frequency above which its radiation characteristics are the same as 
those of the infinite structure. The lower cutoff frequency is that for which the current 
at the point of truncation becomes negligible. The upper cutoff is limited to frequencies 
for which the dimensions of the feed transmission line cease to look, like a “point” 
(usually about A 2 /8 where A 2 is the wavelength at the highest desirable frequency). 
Practical bandwidths are on the order of about 40:1. Even higher ratios (i.e., 1,000:1) 
can be achieved in antenna design but they are not necessary, since they would far 
exceed the bandwidths of receivers and transmitters. 

Even though the shape of the biconical antenna can be completely specified by 
angles, the current on its structure does not diminish with distance away from the 
input terminals, and its pattern does not have a limiting form with frequency. This 
can be seen by examining the current distribution as given by (9- 1 1 ). It is evident that 
there are phase but no amplitude variations with the radial distance r. Thus the 
biconical structure cannot be truncated to form a frequency independent antenna. In 
practice, however, antenna shapes exist which satisfy the general shape equation, as 
proposed by Rumsey [1], to have frequency independent characteristics in pattern, 
impedance, polarization, and so forth, and with current distribution which diminishes 
rapidly. 

Rumsey’s general equation will first be developed, and it will be used as the 
unifying concept to link the major forms of frequency independent antennas. Classical 
shapes of such antennas include the equiangular geometries of planar and conical 
spiral structures investigated thoroughly by Dyson 121, 131, and the logarithmically 
periodic structures proposed and developed by DuHamel and Isbell (4), [5]. 

Fundamental limitations in electrically small antennas will be discussed in Section 
11.5. These will be derived using spherical mode theory, with the antenna enclosed 
in a virtual sphere. Minimum Q curves, which place limits on the achievable band' 
width, will be included. 

11.2 THEORY 

The analytical treatment of frequency independent antennas presented here parallels 
that introduced by Rumsey fl] and simplified by Elliott [61 for three-dimensional 
configurations. 

We begin by assuming that an antenna, whose geometry is best described by the 
spherical coordinates (r, 0, 0), has both terminals infinitely close to the origin and 
each is symmetrically disposed along the 0 = 0, -rr-axes. It is assumed that the antenna 
is perfectly conducting, it is surrounded by an infinite homogeneous and isotropic 
medium, and its surface or an edge on its surface is described by a curve 

r = F( d, <£) (11-1) 

where r represents the distance along the surface or edge. If the antenna is to be scaled 
to a frequency that is K times lower than the original frequency, the antenna's physical 
surface must be made K limes greater to maintain the same electrical dimensions. 
Thus the new surface is described by 

r'=KF{d,<t>) (1 1-2) 

The new and old surfaces are identical; that is, not only are they similar but they are 
also congruent (if both surfaces are infinite). Congruence can be established only by 
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rotation in 0. Translation is not allowed because the terminals of both surfaces are at 
the origin. Rotation in 0 is prohibited because both terminals are symmetrically 
disposed along the 0 = 0. 7r-axes. 

For the second antenna to achieve congruence with the first, it must be rotated 
by an angle C so that 


KF(0, 0) = F(0, <!> + C) (11-3) 

The angle of rotation C depends on K but neither depends on 0 or 0. Physical 
congruence implies that the original antenna electrically would behave the same at 
both frequencies. However the radiation pattern will be rotated azimuthally through 
an angle C. For unrestricted values of K (0 ^ K ^ <*), the pattern will rotate by C in 
0 with frequency, because C depends on K . but its shape will be unaltered. Thus the 
impedance and pattern will be frequency independent. 

To obtain the functional representation of F(0, 0). both sides of (1 1-3) are dif- 
ferentiated with respect to C to yield 


d_ 

cIC 


[KF{0, 0)1 = 


/ r j 

C —F(0< 0) = {-[ F(0. 0 + C ) 1 
aC c)C 


i)_ 

fl( 0+C) 


I F{6. 0 + O] 


and with respect to 0 to give 


tt [KF(0, 0)1 = K <lb(e ' - = ~ | F(0, 0 + C)] 

r)(p r)0 0(f) 


0(0 + C) 


\F{ 0, 0 + C)| 


Equating ( 1 1 -5) to ( 1 1 -4) yields 


(IK , <1F(8, 0) 

- W4>) = K —J» 


Using ( 1 1 - 1 ) we can write ( 1 1-6) as 


\_dK _ ^ dr 
K dC ~ r 0<f> 


(11-4) 


(11-5) 


( 11 - 6 ) 


(11-7) 


Since the left side of (11-7) is independent of 0 and 0, a general solution for the 
surface r = F(.0, <f>) of the antenna is 

( 11 - 8 ) 
(U-8a) 

and /(d) is a completely arbitrary function. 

Thus for any antenna to have frequency independent characteristics, its surface 
must be described by (1 1-8). This can be accomplished by specifying the function 
/(d) or its derivatives. Subsequently, interesting, practical, and extremely useful an- 
tenna configurations will be introduced whose surfaces are described by (1 1-8). 
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11.3 EQUIANGULAR SPIRAL ANTENNAS 

The equiangular spiral is one geometrical configuration whose surface can be de- 
scribed by angles. It thus fulfills all the requirements for shapes that can be used to 
design frequency independent antennas. Since a curve along its surface extends to 
infinity, it is necessary to designate the length of the arm to specify a finite size 
antenna. The lowest frequency of operation occurs when the total arm length is 
comparable to the wavelength [2J. For all frequencies above this, the pattern and 
impedance characteristics are frequency independent. 

11.3.1 Planar Spiral 

The shape of an equiangular plane spiral curve can be derived by letting the derivative 
of/{0) in (11-8) be 

f e = rw = M \E-e) ui-9) 

where A is a constant and 8 is the Dirac delta function. Using (11-9) reduces 
(1 1-8) to 


(Ae a</> = 

to 


6 = tt/2 
elsewhere 


( 11 - 10 ) 


where 


A = poe-"*" (11-1 0a) 

In wavelengths. (11-10) can be written as 

p A = - = -e 0 * = = Ae 1 **-*'' (11-11) 

A A 

where 

<f>\ = -ln(A) (1 1-1 la) 

a 

Another form of (T 1-10) is 

(j) - -In (4) = tan t// In = tan (//(In p — In A) (11-12) 

a \Af \AJ 

where 1/a is the rate of expansion of the spiral and <// is the angle between the radial 
distance p and the tangent to the spiral, as shown in Figure 1 1.1(a). 

It is evident from (11-11) that changing the wavelength is equivalent to varying 
<&, which results in nothing more than a pure rotation of the infinite structure pattern. 
Within limitations imposed by the arm length, similar characteristics have been ob- 
served for finite structures. The same result can be concluded by examining (11-12). 
Increasing the logarithm of the frequency (In /) by C (1 is equivalent to rotating the 
structure by C<> tan •//. As a result, the pattern is merely rotated but otherwise unaltered. 
Thus we have frequency independent antennas. 
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(c) Multiple spiral 

(0 o = 0, tt/ 2. 7T. 3fl72) 

Figure 11.1 


(d) Multiple spiral 

(0o - 0, tr/2, v s 3tt/2) 

Spiral wire antennas. 


The total length L of the spiral can be calculated by 


L = 



which reduces, using (1 1-10), to 


L 


= (P) “ Po) 



(11-13) 


(11-14) 


where p () and p ( represent the inner and outer radii of the spiral. 

Various geometrical arrangements of the spiral have been used to form different 
antenna systems. If <f> 0 in (11-10) is 0 and ir, the spiral wire antenna takes the form 
of Figure 11.1 (b). The arrangements of Figures 1 1 . 1 (c) and 11.1 (d) are each obtained 
when 0) = 0. rrl2 , tt. and 3tt/2. Numerous other combinations are possible. 

An equiangular metallic solid surface, designated as P, can be created by defining 
the curves of its edges, using (1 1-10), as 


Pi — Pi^ 
Pi = pye a * 


tie*** 8 ' 


(11- 15a) 
( 1 1 - 1 5b) 
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where 

p/ = pie~ ag (I I- 15c) 

such that 

K = — = e < I (11-16) 

Pi 

The two curves, which specify the edges of the conducting surface, are of identical 
relative shape with one magnified relative to the other or rotated by an angle <5 with 
respect to the other. The magnification or rotation allows the arm of conductor P to 
have u finite width, as shown in Figure 1 1.2(a). 

The metallic arm of a second conductor, designated as Q, can he defined by 


where 


where 


P4 = P4'e“* = 02 V*-" 


(11-17) 


p 4 ' = Pi'e'"* (1 1 -1 7a) 

p 5 = p 5 V" </ ' = p 4 'e ,,irf ’- s ' = tfe**-*-*' (1 1-18) 

= P*'e “* = (l 1-I8a) 


The system composed of the two conducting arms, P and {?, constitutes a balanced 
system, and it is shown in Figure 1 1.2(a). The finite size of the structure is specilied 
by the fixed spiraling length L <, along the centerline of the arm. The entire structure 
can be completely specified by the rotation angle 5. the ami length the rate of 
spiral l/«, and the terminal size p 2 . However, it has been found that most character- 
istics can be described adequately by only three: that is, Lq, and K — as 
given by (1 1-16). In addition each arm is usually tapered at its end, shown by dashed 
lines in Figure 1 1.2(a). to provide a better matching termination. 

The previous analytical formulations can he used to describe two different anten- 
nas. One antenna would consist of two metallic arms suspended in free-space. as 
shown in Figure 1 1.2(a). and the other of a spiraling slot on a large conducting plane, 
as shown in Figure 1 1 .2(b). The second is also usually tapered to provide better 
matching termination. The slot antenna is the most practical, because it can be con- 
veniently fed by a balanced coaxial arrangement [2) to maintain its overall balancing. 
The antenna in Figure 1 1.2(a) with S = tt/2 is self-complementary, as defined by 
Babinet's principle [7], and its input impedance for an inlinile structure should be 
Z s = Z c = 188.5 — 60 7r ohms (for discussion of Babinet's Principle see Section 
12.8). Experimentally, measured mean input impedances were found to be only about 
164 ohms. The difference between theory and experiment is attributed to the finite 
arm length, finite thickness of the plate, and nonideal feeding conditions. 

Spiral slot antennas, with good radiation characteristics, can be built with one- 
half to three turns. The most optimum design seems to be that with 1.25 to 1.5 turns 
with an overall length equal to or greater than one wavelength. The rate of expansion 
should not exceed about 10 per turn. The patterns arc bidirectional. single-Iobed, 
broadside (maximum normal to the plane), and must vanish along the directions 
occupied by the infinite structure. The wave is circularly polarized near the axis of 
the main lobe over the usable part of the bandwidth. For a fixed cut, the beam width 
will vary with frequency since the pattern rotates. Typical variations are on the order 
of 10°. In general, however, slot antennas with more broad arms and/or more lightly 
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I 




Figure 11.2 Spiral plate and slot antennas. 


wound spirals exhibit smoother and more uniform patterns with smaller variations in 
beamwidth with frequency. For symmetrical structures, the pattern is also symmetrical 
with no till to the lobe structure. 

To maintain the symmetrical characteristics, the antenna must be fed by an 
electrically and geometrically balanced line. One method that achieves geometrical 
balancing requires (hat the coax is embedded into one of the arms of the spiral. To 
maintain symmetry, a dummy cable is usually placed into the other arm. No appre* 
ciable currents flow on the feed cables because of the rapid attenuation of the fields 
along the spiral. If the feed line is electrically unbalanced, a balun must be used. This 
limits the bandwidth of the system. 

The polarization of the radiated wave is controlled by the length of the arms. For 
very low frequencies, such that the total arm length is small compared to the wave- 
length. the radiated field is linearly polarized. As the frequency increases, the wave 
becomes elfiplically polarized and eventually achieves circular polarization. Since the 
pattern is essentially unaltered through this frequency range, the polarization changes 
with frequency can be used as a convenient criterion to select the lower cutoff 
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Frequency (GHz) 

Figure 11.3 On-axis polarization as a function of frequency for onc-turn spiral slot. 
(source: J. D. Dyson, “The Equiangular Spiral Antenna." IRE Trans. Antennas Prnpagat., 
Vol. AP-7, pp. 181-187, April 1959. © (1959) IEEE) 


frequency of the usable bandwidth. In many practical cases, this is chosen to be the 
point where the axial ratio is equal or less than 2 to I, and it occurs typically when 
the overall armlength is about one wavelength. A typical variation in axial ratio of 
the on-axis field as a function of frequency for a one-turn slot antenna is shown in 
Figure 1 1.3. The off-axis radiated field has nearly circular polarization over a smaller 
pan of the bandwidth. In addition to the limitation imposed on the bandwidth by the 
overall length of the arms, another critical factor that can extend or reduce the 
bandwidth is the construction precision of the feed. 

The input impedance of a balanced equiangular slot antenna converges rapidly 
as the frequency is increased, and it remains reasonably constant for frequencies for 
which the arm length is greater than about one wavelength. Measured values for a 
700-2,500 MHz antenna [2] were about 75-100 ohms with VSWR’s of less than 2 
to 1 for 50-ohm lines. 

For slot antennas radiating in free-space, without dielectric material or cavity 
backing, typical measured efficiencies are about 98% for arm lengths equal to or 
greater than one wavelength. Rapid decreases are observed for shorter arms. 

11.3.2 Conical Spiral 

The shape of a nonplanar spiral can be described by defining the derivative of f(0) 
to be 


=/'(#) = AS(P - 6 ) (11-19) 

aft 

in which (3 is allowed to take any value in the range 0 s |3 s it. For a given value 
of (3, (11-19) in conjunction with (11-8) describes a spiral wrapped on a conical 
surface. The edges of one conical spiral surface are defined by 

^ _ r J e Ui*inUM — r '(tW 
^ _ r i g il sin #>(<£-<$) 


(II -20a) 
( I l-20b) 
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where 

,y = r ,V t« (| | .20c) 

and is hail' of the total included cone angle. Larger values of in Os ()< j t!2 
represent Jess tightly wound spirals. These equations correspond to f I I - ! 5a)-( 1 1 -15c) 
for the planar surface, The second arm of a balanced system can be defined by shifting 
each of ( I l-2lJu)-(. 1 1 -20c) by 180 c . as was done for the planar surface by {I 1-17)- 
( tl-18a). A conical spiral metal strip antenna of elliptical polarization is shown in 
Figure 1 1.4 j 8]. 

The conducting conical spiral surface can be constructed conveniently by forming, 
using printed circuit techniques, the conical arms on the dielectric cone which is also 
used as a support. The feed cable can he bonded to rhe metal arms which are wrapped 
around the cone. Symmetry can be preserved by observing the same precautions, like 
the use of a dummy cable, as was done for the planar surface. 

A distinct difference between the planar and conical spirals is that the latter 
provides unidirectional radiation (single lobe) toward the apex of the cone with the 
maximum along the axis. Circular polarization and relatively constant impedances are 
preserved over large hand widths. Smoother patterns have been observed Ibr unidirec- 
tional designs. Conical spirals can be used in conjunction with a ground plane, with 
a reduction in bandwidth when they arc flush-mounted on the plane. 



Figure 1 1.4 Conical spiral metal strip antenna. (SOURCE: Antennas, Antenna Masts and 
Mounting Adaptors, American Electronic Laboratories, Inc., Lonsdale. Pa.. Catalog 7.5M- 
7-79. Courtesy of American Electronic Laboratories, Inc.. Mimlgomeryvilk. PA 18936 USA) 
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U> Metal strip log-periodic configuration 




Figure 11.5 Typical metal strip log-periodic configuration and antenna structure. 


11.4 LOG-PERIODIC ANTENNAS 

Another type of an antenna configuration, which closely parallels the frequency in- 
dependent concept, is the log-periodic structure introduced by DuHamel and Isbell 
14]. Because the entire shape of it cannot be solely specified by angles, it is not truly 
frequency independent. 


11.4.1 Planar and Wire Surfaces 


A planar log-periodic structure is shown in Figure 1 1 .5(a). It consists of a metal strip 
whose edges are specified by the angle a/2. However, in order to specify the length 
from the origin to any point on the structure, a distance characteristic must be included. 
In spherical coordinates (r, 0, t p) the shape of the structure can be written as 


0 = periodic function of [b ln(r)] 


An example of it would be 


0 = 


0 O sin 



( 1 1 - 21 ) 
( 11 - 22 ) 


It is evident from (1 1-22) that the values of 0 are repeated whenever the logarithm of 
the radial frequency ln(o>) — \n{lTT f) differs by 277 ib. The performance of the system 
is then periodic as a function of the logarithm of the frequency; thus the name 
logarithmic-periodic or log-periodic. 

A typical log-periodic antenna configuration is shown in Figure 1 1.5(b). It consists 
of two coplanar arms of the Figure 11. 5(a) geometry. The pattern is unidirectional 
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(a) Planar (b) Wire 

Figure 11.6 Planar and wire logarithmically periodic antennas. 


toward the apex of the cone formed by the two arms, and it is linearly polarized. 
Although the patterns of this and other log-periodic structures are not completely 
frequency independent, the amplitude variations of certain designs are very slight. 
Thus practically they are frequency independent. 

Log-periodic wire antennas were introduced by DuHamel (4], While investigating 
the current distribution on log-periodic surface structures of the form shown in Figure 
1 1.6(a). he discovered that the fields on the conductors attenuated very sharply with 
distance. This suggested that perhaps there was a strong current concentration at or 
near the edges of the conductors. Thus removing part of the inner surface to form a 
wire antenna as shown in Figure 1 1.6(b) should not seriously degrade the performance 
of the antenna. To verify this, a wire antenna, with geometrical shape identical to the 
pattern formed by the edges of the conducting surface, was built and it was investigated 
experimentally. As predicted, it was found that the performance of this antenna was 
almost identical to that of Figure 1 1 .6(a); thus the discovery of a much simpler, lighter 
in weight, cheaper, and less wind resistant antenna. Nonplanar geometries in the form 
of a V, formed by bending one arm relative to the other, are also widely used. 

If the wires or the edges of the plates are linear (instead of curved), the geometries 
of Figure 1 1 .6 reduce, respectively, to the trapezoidal tooth log-periodic structures of 
Figure 11.7. These simplifications result in more convenient fabrication geometries 
with no loss in operational performance. There are numerous other bizarre but practical 
configurations of log-periodic structures, including log-periodic arrays. 

If the geometries of Figure 1 1 .6 use uniform periodic teeth, we define the geo- 
metric ratio of the log-periodic structure by 



( 11 - 23 ) 
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Figure 11.7 Planar and wire trapezoidal toothed log-pcriodic antennas. 


and the width of the antenna slot by 


X = 


r„ 

R>< \ i 


(11-24) 


The geometric ratio r of ( 1 1-23) defines the period of operation. For example, if two 
frequencies/, and/, are one period apart, they are related to the geometric ratio Thy 



fi > ,f i 


01-25) 


Extensive studies on the performance of the antenna of Figure 11.6(b) as a 
function of a , /3, r, and have been performed [9|. In gene rid. these structures 
performed almost as well as the planar and conical structures. The only major differ- 
ence is that the log-periodic configurations are linearly polarized instead of circular. 

A commercial lightweight, cavity-backed, linearly polarized. Hush-mounted log- 
periodic slot antenna and its associated gain characteristics are shown in Figures 
1 1.8(a) and (b) |8|. Typical electrical characteristics are: VSWR — 2: 1 ; £-plane beam- 
width — 70°; //-plane beamwidth — 70°. The maximum diameter of the cavity is about 
2.4 in. (6. 1 cm), the depth is 1 .75 in. (4.445 cm), and the weight is near 5 oz (0. 14 kg). 


11.4.2 Dipole Array 

To the layman, the most recognized log-periodic antenna structure is the configuration 
introduced by Isbell f5| which is shown in Figure 1 1.9(a). It consists of a sequence 
of side-by-side parallel linear dipoles forming a coplanar array. Although this antenna 
has similar directivities as the Yagi-Uda array (7-12 dB), they are achievable and 
maintained over much wider bandwidths. There are. however, major differences be- 
tween them. 

While the geometrical dimensions of the Yagi-Uda array elements do not follow 
any set pattern, the lengths (/,/ s). spacings (/?„’ s). diameters (d„' s). and even gap 
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Frequency (Glitt) 

(iL| Antenna (3b) Gain 

Figure ll.fi Linearly polarized Hush-mounted cavity -hacked log-periodic slot an* 
Lenna and typical gain characteristics, (source: Antennas, Antnwa Masts and 
Moaniin# Adaptors. American Electronic [ .aboraiories. Inc., Lansdale. Pa,. Catalog 
7.5M-7-79. Courtesy uf American Electronic Laboratories, Inc.. Montgomcryvillc. 
PA 18956 USA) 


spacings at dipole centers <,v„'s) of the lug- per iodic array increase logarithmically as 
defined hv the inverse of the geometric ratio r. That is, 


Another parameter that is usually associated with a dipole array is (lie s 
(t de lined hy 


Straight lines through the dipole ends meet to form an angle 2 a which is u character- 
istic of frequency independent structures. 

Because it is usually very difficult to obtain wires or tubing of many different 
diameters and to maintain tolerances of very small gap spacings. constant dimensions 
in these can be used. These relatively minor factors will not sufficiently degrade the 
overall performance. 

While only one element of the Yagi-Uda array is directly energized by the feed 
line, while the others operate in a parasitic mode, all the elements of ihe log-periodic 
array are connected. There are two basic methods, as shown in Figures 1 1.9(b) and 
I 1 ,9(c ). which could be used to connect and feed the elements of a log-periodic dipole 
array. In both cases the antenna is fed at the small end of the structure. 

The currents in the elements of Figure 1 1.9(b) have the same phase relationship 
as the terminal phases. If in addition the elements are closely spaced, the phase 
progression of the currents Is lo the right. This produces an endlirc beam in the 
direction of the longer elements and interference effects to the pattern result. 

It was recognized that hy mechanically crisscrossing nr transposing the feed 
between adjacent elements, as shown in Figure 1 1.9(c), a 180° phase is added to the 
terminal of each element. Since the phase between the adjacent closely spaced short 
elements is almost in opposition, very little energy is radiated by them and their 






t u t u y 

<b) Straight connection 

c 

a 

a 

(c) Crisscross connection 



<<J> Coaxial connection 

Figure 11.9 Log-periodic dipole array and associated connections. 


556 Chapter 11 Frequency Independent Antennas and Antenna Miniaturization 


interference effects are negligible. However, at the same lime, the longer and larger 
spaced elements radiate. The mechanical phase reversal between these elements pro- 
duces a phase progression so that the energy is beamed endlire in the direction of the 
shorter elements. The most active elements for this feed arrangement are those that 
are near resonant with a combined radiation pattern toward the vertex of the array. 

The feed arrangement of Figure 1 1 .9(c) is convenient provided the input feed line 
is a balanced line like the two-conductor transmission line. Using a coaxial cable as 
a feed line, a practical method to achieve the 1 80° phase reversal between adjacent 
elements is shown in Figure 1 1.9(d). This feed arrangement provides a built-in broad- 
band balun resulting in a balanced overall system. The elements and the feeder line 
of this array are usually made of piping. The coaxial cable is brought to the feed 
through the hollow part of one of the feeder line pipes. While the outside conductor 
of the coax is connected to that conductor at the feed, its inner conductor is extended 
and it is connected to the other pipe of the feeder line. 

If the geometrical pattern of the log-periodic array, as defined by (1 1-26). is to 
be maintained to achieve a truly log-periodic configuration, an infinite structure would 
result. However, to be useful as a practical broadband radiator, the structure is trun- 
cated at both ends. This limits the frequency of operation to a given bandwidth. 

The cutoff frequencies of the truncated structure can be determined by the elec- 
trical lengths of the longest and shortest elements of the structure. The lower cutoff 
frequency occurs approximately when the longest element is A/2: however, the high 
cutoff frequency occurs when the shortest element is nearly A/2 only when the active 
region is very narrow. Usually it extends beyond that element. The active region of 
the log-periodic dipole array is near the elements whose lengths are nearly or slightly 
smaller than A/2. The role of active elements is passed from the longer to the shorter 
elements as the frequency increases. Also the energy from the shorter active elements 
traveling toward the longer inactive elements decreases very rapidly so that a negli- 
gible amount is reflected from the truncated end. The movement of the active region 
of the antenna, and its associated phase center, is an undesirable characteristic in the 
design of feeds for reflector and lens antennas. 

The decrease of energy toward the longer inactive elements is demonstrated in 
Figure 11.10(a). The curves represent typical computed and measured transmission 
line voltages (amplitude and phase) on a log-periodic dipole array 1 10) as a function 
of distance from its apex. These are feeder-line voltages at the base of the elements 
of an array with r = 0.95, <r = 0.0564, N — 13. and l„/d n = 177. The frequency of 
operation is such that element No. 10 is A/2. The amplitude voltage is nearly constant 
from the first (the feed) to the eighth clement while the corresponding phase is 
uniformly progressive. Very rapid decreases in amplitude and nonlinear phase varia- 
tions are noted beyond the eighth element. 

The region of constant voltage along the structure is referred to as the transmission 
region, because it resembles that of a matched transmission line. Along the structure, 
there is about 150° phase change for every A/4 free-space length of transmission line. 
This indicates that the phase velocity of the wave traveling along the structure is 
v r = 0.6ut), where q, is the free-space velocity. The smaller velocity results from the 
shunt capacitive loading of the line by the smaller elements. The loading is almost 
constant per unit length because there are larger spacings between the longer elements. 

The corresponding current distribution is shown in Figure 1 1.10(b). It is noted 
that the rapid decrease in voltage is associated with strong current excitation of 
elements 7-10 followed by a rapid decline. The region of high current excitation is 



Phase of transmission line voltage ( degrees) 



Distance from apex. r/X 


Distance from apex. r/X 


1 2 3 4 5 6 7 8 9 10 1 1 12 13 

Element number and position 


3 4 5 6 7 8 9 IQ II 

Element number and position 


(a) Voltage distribution ( b) Current distribution 

Figure 1 1. 10 Measured and computed voltage and current distributions on a log-periodic dipole array of 13 elements with 
frequency such that /,<> = A/2. (source: R. L. Carrel, “Analysis and Design of the Log-Periodic Dipole Antenna," Ph.D. 
Dissertation. Elec. Eng. Dept.. University of Illinois. 1961, University Microfilms, Inc., Ann Arbor, Michigan) 
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Figure 11.11 Typical inpul impedance variation of a log-periodic antenna 
as a function of the logarithm of the frequency. 


designated as the active region , and it encompasses 4 to 5 elements for this design. 
The voltage and current excitations of the longer elements (beyond the ninth) are 
relatively small, reassuring that the truncated larger end of the structure is not affecting 
the performance. The smaller elements, because of their length, are not excited effec- 
tively. As the frequency changes, the relative voltage and current patterns remain 
essentially the same, but they move toward die direction of the active region. 

There is a linear increase in current phase, especially in the active region, from 
the shorter to the longer elements. This phase shift progression is opposite in direction 
to that of an unloaded line. It suggests that on the log-periodic antenna structure there 
is a wave that travels toward the feed forming a unidirectional endfire pattern toward 
the vertex. 

The radiated wave of a single log-periodic dipole array is linearly polarized, and 
it has horizontal polarization when the plane of the antenna is parallel to the ground. 
Bidirectional patterns and circular polarization can be obtained by phasing multiple 
log-periodic dipole arrays. For these, the overall effective phase center can be main- 
tained at the feed. 

If the input impedance of a log-periodic antenna is plotted as a function of 
frequency, it will be repetitive. However, if it is plotted as a function of the logarithm 
of the frequency, it will be periodic (not necessarily sinusoidal) with each cycle being 
exactly identical to the preceding one. Hence the name log-periodic, because the 
variations are periodic with respect to the logarithm of the frequency. A typical 
variation of the impedance as a function of frequency is shown in Figure 11.11. Other 
parameters that undergo similar variations are the pattern, directivity, beamwidth, and 
side lobe level. 

The periodicity of the structure does not ensure broadband operation. However, 
if the variations of the impedance, pattern, directivity, and so forth within one cycle 
are made sufficiently small and acceptable for the corresponding bandwidth of the 
cycle, broadband characteristics are ensured within acceptable limits of variation. The 
total bandwidth is determined by the number of repetitive cycles for the given trun- 
cated structure. 

The relative frequency span A of each cycle is determined by the geometric ratio 
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TABLE 1 1.1 INPUT RESISTANCES (R,„ IN OHMS) AND DIRECTIVITIES 

(dB ABOVE ISOTROPIC) FOR LOG-PERIODIC DIPOLE ARRAYS 


a 

t = 0.81 

t = 0.89 

t = 0.95 


/Jj„(ohms) 

D„(dB) 

R jn (ohms) 

D„(dB> 

/? in (ohms) 

/2o( dB) 

10 

98 



82 

9.8 

77.5 

10.7 

12.5 

— 

— 

77 

— 

— 

— 

15 

— 

7.2 

— 

— 

— 

— 

17.5 

— 

— 

76 

7.7 

62 

8.8 

20 

— 



74 

— 

— 

— 

25 

— 

• 

63 

mm 

— 

8.0 

30 

, 80 



64 

— 

, 54 

— 

35 

— 

— 

56 

6.5 

— 

— 

45 

65 

5.2 

59 

6.2 

— 

— 


souro:: D. E. Isbell. "Log Periodic Dipole Arrays." IRE Trims. Antennas Prnpagat., Vol. AP- 8 . pp. 
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as defined by (11-25) and (l 1-26).* Taking the logarithm of both sides in (11-25) 
reduces to 


A 


ln(/ 2 ) - ln(/|) = 



(11-27) 


The variations that occur within a given cycle (J\ ^ / < / 2 = /,/r) will repeat 
identically at other cycles of the bandwidth defined by /|/r" _l s/s /‘,/r". n = I. 
2. 3 

Typical designs of log-periodic dipole arrays have apex half angles of 10° s a 
^ 45° and 0.95 > t S: 0.7. There is a relation between the values of a and r. As a 
increases, the corresponding r values decrease, and vice versa. Larger values of a or 
smaller values of r result in more compact designs which require smaller number of 
elements separated by larger distances. In contrast, smaller values of a or larger values 
of t require a larger number of elements that are closer together. For this type of a 
design, there are more elements in the active region which are nearly A/2. Therefore 
the variations of the impedance and other characteristics as a function of frequency 
are smaller, because of the smoother transition between the elements, and the gains 
are larger. 

Experimental models of log-periodic dipole arrays have been built and measure- 
ments were made [5|. The input impedances (purely resistive) and corresponding 
directivities (above isotropic) for three different designs are listed in Table 11,1. 
Larger directivities can be achieved by arraying multiple log-periodic dipole arrays. 
There are other configurations of log-periodic dipole array designs, including those 
with V instead of linear elements [II], This array provides moderate bandwidths with 
good directivities at the higher frequencies, and it is widely used as a single TV 
antenna covering the entire frequency spectrum from the lowest VHF channel (54 
MHz) to the highest UHF (806 MHz). Typical gain, VSWR. and E- and //-plane half- 


*In some cases, the impedance (but not the pattern) may vary with a period which is one-half of ( 1 1-27). 
That is, A = 3 ln< Mr). 
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(c> Half-power beamwidth 

Figure 11.12 Typical gain, VSWR, and half-power beamwidth of commercial 
log-periodic dipole arrays. (Sot'Rcn: Antennas, Antenna Masts and Mounting 
Adaptors, American Electronic Laboratories. Inc., Lansdale, Pa.. Catalog 7.5M-7- 
79. Courtesy of American Electronic Laboratories, Inc., Montgomeryville, PA 
18936 USA) 


power beamwidths of commercial log-periodic dipole arrays are shown in Figures 
1 1.12(a). (b). (c). respectively [8], The overall length of each of these antennas i$< 
about 105 in. (266.70 cm) while the largest element in each has an overall length of; 
about 122 in. (309.88 cm). The weight of each antenna is about 31 lb (—14 kg). 
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11.4.3 Design of Dipole Array 

The ultimate goal of any antenna configuration is the design that meets certain spec- 
ifications. Probably the most introductory, complete, and practical design procedure 
for a log-periodic dipole array is that by Carrel [10]. To aid in the design, he has a 
set of curves and nomographs. The general configuration of a log-periodic array is 
described in terms of the design parameters t, a, and ar related by 


(11-28) 


Once two of them are specified, the other can be found. Directivity (in dB) contour 
curves as a function of t for various values of a are shown in Figure 11.13. 

The original directivity contour curves in [10] are in error because the expression 
for the £-plane field pattern in [JO] is in error. To correct the error, the leading sin(0) 
function in front of the summation sign of equation 47 in [10J should be in the 
denominator and not in the numerator [i.e., replace sin 6 by l/sin(d)] [12]. The 
influence of this error in the contours of Figure 11.13 is variable and leads to 1-2 dB 
higher directivities. However it has been suggested that, as an average, the directivity 
of each original contour curve be reduced by about 1 dB. This has been implemented 
already, and the curves in Figure 11.13 are more accurate as they now appear. 


a — tan 


- 1 


1 - T 
40- 



Figure 1 1.13 Computed contours of constant directivity versus a and r 
for log periodic dipole arrays, (source: R. L. Carrel, “Analysis and Design 
of the Log-Periodic Dipole Antenna.” Ph.D. Dissertation, Elec. Eng. Dept.. 
University of Illinois, 1961. University Microfilms, Inc., Ann Arbor 
Michigan) 

Nuie: The initial curves led to designs whose directivities are 1-2 dB too 
high. They have been reduced by an average of IdB (see P. C. Butson and 
G. T. Thompson, ’“A Note on the Calculation of the Gain of Log-Periodic 
Dipole Antennas," IEEE Trans. Antennas Propagat.. AP-24, pp. 105-106, 
January 1976). 





562 Chapter 1 1 Frequency Independent Antennas and Antenna Miniaturization 


A. Design Equations 

In this section a number of equations will be introduced that can be used to design a 
log-periodic dipole array. 

While the bandwidth of the system determines the lengths of the shortest and 
longest elements of the structure, the width of the active region depends on the specific 
design. Carrel [101 has introduced a semiempirical equation to calculate the bandwidth 
of the active region B ar related to a and r by 

(11-29) 

In practice a slightly larger bandwidth (Z? v ) is usually designed than that which is 
required (B). The two are related by 

B x — BB tir = 19(1.1 + 7.7(1 — r)‘ cot «] (11-30) 

where 

B, = designed bandwidth 
B = desired bandwidth 
B iir = active region bandwidth 

The total length of the structure L, from the shortest (/ n)in ) to the longest (1^) 
element, is given by 

(11-31) 


(II -31a) 

From the geometry of the system, the number of elements are determined by 

(11-32) 

The cenler-to-center spacing s of the feeder line conductors can be determined 
by specifying the required input impedance (assumed to be real), and the diameter of 
the dipole elements and the feeder line conductors. To accomplish this, we first define 
an average characteristic impedance of the elements given by 

(11-33) 

where l„/d„ is the length-to-diameter ratio of the nth element of the array. For an ideal 
log-periodic design, this ratio should be the same for all the elements of the array. 
Practically, however, the elements are usually divided into one, two, three or more 
groups with all the elements in each group having the same diameter but not the same 
length. The number of groups is determined by the total number of elements of the: 
array. Usually three groups (for the small, middle, and large elements) should be 
sufficient. 
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Relative characteristic Impedance of dipole clement ( ZJR m ) 

Figure 11.14 Relative characteristic impedance of a feeder line as a function of 
relative characteristic impedance of dipole element, (source: R. L. Carrel, 
“Analysis and Design of the Log-Periodic Dipole Antenna." Ph.D. Dissertation. 
Elec. Eng. Dept.. University of Illinois. 1961, University Microfilms. Inc., Ann 
Arbor, Michigan) 


The effective loading of the dipole elements on the input line is characterized by 
the graphs shown in Figure 1 1.14 where 

a' = tr/\/r = relative mean spacing 

Z„ = average characteristic impedance of the elements 

R w = input impedance (real) 

Zo = characteristic impedance of the feeder line 

The center-to-center spacing s between the two rods of the feeder line, each of 
identical diameter d, is determined by 

(H-34) 


B. Design Procedure 

A design procedure is outlined here, based on the equations introduced above and in 
the previous page, and assumes that the directivity (in dB), input impedance R w (real), 
diameter of elements of feeder line (d), and the lower and upper frequencies (B = 
/ma X //m in) of the bandwidth are specified. It then proceeds as follows: 

1. Given D () (dB), determine <r and r from Figure 11.13. 

2. Determine a using (1 1-28). 

3. Determine B„ r using ( 1 1 -29) and B s using ( 1 1-30). 

4. Find L using (11-31) and N using (11-32). 

5. Determine Z„ using (11-33) and cr' — crl\fr. 

6. Determine ZJR\ n using Figure 11.14. 

7. Find ,v using ( 1 1-34). 
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Example 11.1 

Design a log-periodic dipole antenna, of the form shown in Figure 1 1.9(d), to cover 
all the VHF TV channels (starting with 54 MHz for channel 2 and ending with 216 
MHz for channel 13. See Appendix IX.) The desired directivity is 8 dB and the input 
impedance is 50 ohms (ideal for a match to 50-ohm coaxial cable). The elements 
should be made of aluminum tubing with | in. ( 1 .9 cm) outside diameter for the largest 
element and the feeder line and in. (0.48 cm) for the smallest element. These 
diameters yield identical Ud ratios for the smallest and largest elements. 


SOLUTION 

1. From Figure 11.13, for = 8 dB the optimum cr is cr — 0.157 and the 
corresponding r is r = 0.865. 

2. Using (11-28) 



3. Using (11-29) 

Bar = 1.1 + 7.7(1 - 0.865) 2 cot(12.13°) = 1.753 
and from ( 1 1 -30) 

B, = BB ar = ^|(1.753) = 4(1.753) = 7.01 


4. Using (1 1-3 la) 

v 3 X 10 8 

A "“ = = 54 X 10 6 = 5 556 m 08,227 ft) 

From (11-31) 

L = (l - -5-1 cot(12.13°) = 5.541 m (18.178 ft) 
4 \ 7.01/ 

and from ( 1 1 -32) 


N = 1 + . ln(7 ; 01 I = 14.43 (14 or 15 elements) 


5. & = 


ln( 1/0.865) 
0.157 


\/7 V^865 

At the lowest frequency 


= 0.169 




'max 


18.227 


An ax 
^max 


9.1135(12) 

0.75 


= 9.1135 ft 


= 145.816 


Using (11-33) 

Z a = 120[ln( 145.8 16) - 2.25J = 327.88 ohms 
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Thus 


_ 327.88 
Kin " 50 


6.558 


6. From Figure 11.14 * 


Zi „ = l.2/f in = 1.2(50) - 60 ohms 


7. Using ( 1 1-34). assuming the feeder line conductor is made of the same size tubing 
as the largest clement of the array, the center-to-center spacing of the feeder 
conductors is 

3 / 60 \ 

s = - cosh -— = 0.846 — 0.85 in. 

4 \ 1 20/ 


which allows for a 0.1 -in. separation between their conducting surfaces. 


For such a high-gain antenna, this is obviously a good practical design. If a lower 
gain is specified and designed for, a smaller length will result. 

C. Design and Analysis Computer Program 

A computer program entitled LOG-PERIODIC DIPOLE ARRAY has been developed 
based on the design equations of (1 1 -28)— ( 1 1-34), and Figures 11.13 and 11.14, to 
design a log-periodic dipole array whose geometry is shown in Figure 1 1.9(a). Al- 
though most of the program is based on the same design equations as outlined in the 
design subsection, this program takes into account more design specifications than 
those included in the previous design procedure, and it is more elaborate. Once the 
design is completed, the computer program can be used to analyze the design of the 
antenna. It is included at the end of this chapter, and the listing is found in the 
computer disc available with this book. The program has been developed based on 
input specifications, which are listed in the program at the end of the chapter. It can 
be used as a design tool to determine the geometry of the array (including the number 
of elements and their corresponding lengths, diameters, and positions) along with the 
radiation characteristics of the array (including input impedance, VSWR. directivity, 
front-to-back ratio, E- and //-plane patterns, etc.) based on desired specifications. The 
input data includes the desired directivity, lower and upper frequency of the operating 
band, length-to-diameter ratio of the elements, characteristic impedance of the input 
transmission line, desired input impedance, termination (load) impedance, etc. These 
and others are listed in the program at the end of the chapter. 

The program assumes that the current distribution on each antenna element is 
sinusoidal. This approximation would be very accurate if the elements were very far 
from each other. However, in the active region the elements are usually separated by 
a distance of about 0.1 A when a = 15° and r = 0.9. Referring to Figure 8.21. one 
can see that two A/2 dipoles separated by 0.1 A have a mutual impedance (almost real) 
of about 70 ohms. If this mutual impedance is high compared to the resistance of the 
transmission line (not the characteristic impedance), then the primary method of 
coupling energy to each antenna will be through the transmission line. If the mutual 
impedance is high compared to the self-impedance of each element, then the effect 
on the radiation pattern should be small. In practice, this is usually the case, and the 
approximation is relatively good. However, an integral equation formulation with a 
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Moment Method numerical solution would he more accurate. The program uses (8- 
60a) for the self-resistance and (8-60H) for the self-reactance. It uses (8-68) for the 
mutual impedance, which for the side-by-side configuration reduces to the sine and 
cosine integrals in [13J. similar in form to ( 8-7 1 a)— (8-7 1 e) for the / = A/2 dipole. 

The geometry of the designed log-periodic dipole array is that of Figure 1 1 .9, 
except that the program also allows for an input transmission line (connected to the 
first/shortest element), a termination transmission line (extending beyond the last/ 
longest element), and a termination (load) impedance. The length of the input trans- 
mission line changes the phase of computed data (such as voltage, current, reflection 
coefficient, etc.) while its characteristic impedance is used to calculate the VSWR, 
which in turn affects the input impedance measured at the source. The voltages and 
currents are found based on the admittance method of Kyle [141. The termination 
transmission line and the termination (load) impedance allow for the insertion of a 
matching section whose primary purpose is to absorb any energy which manages to 
continue past the active region. Without the termination (load) impedance, this energy 
would be reflected along the transmission line back into the active region where it 
would affect the radiation characteristics of the array design and performance. 

In designing the array, the user has the choice to select a and r (but not the 
directivity) or to select the directivity (but not cr and r). In the latter case, the program 
finds <t and r by assuming an optimum design as defined by the dashed line of Figure 
11.13. For the geometry of the array, the program assumes that the elements are placed 
along the z-axis (with the shortest at z = 0 and the longest along the positive z-axis). 
Each linear element of the array is directed along the y-axis (i.e., the array lies on the 
yz- plane). The angle 8 is measured from the z axis toward the xy-plane while angle 
<£ is measured from the x-axis (which is normal to the plane of the array) toward the 
y-axis along the jry-plane. The E-plane of the array is the yz-plane (</> = 90°, 270°; 
0° < 0 < 180°) while the //-plane is the .vz-plane (< f> — 0°, 180°; 0° < 6 < 180°). 


11.5 FUNDAMENTAL LIMITS OF ELECTRICALLY 
SMALL ANTENNAS 

In all areas of electrical engineering, especially in electronic devices and computers, 
the attention has been shifted toward miniaturization. Electromagnetics, and antennas 
in particular, are of no exception. A large emphasis in the last few years has been 
placed toward electrically small antennas, including printed board designs. However, 
there are fundamental limits as to how small the antenna elements can be made. The 
basic limitations are imposed by the free-space wavelength to which the antenna 
element must couple to, which has not been or is expected to be miniaturized [15]. 

An excellent paper on the fundamental limits in antennas has been published [ 15], 
and most of the material in this section is drawn from it. It reviews the limits of 
electrically small, superdirective, super-resolution, and high-gain antennas. The limits 
on electrically small antennas are derived by assuming that the entire antenna structure 
(with a largest linear dimension of 2r), and its transmission line and oscillator are all 
enclosed within a sphere of radius r as shown in Figure 1 1.15(a). Because of the 
arbitrary current or source distribution of the antenna inside the sphere, its radiated 
field outside the sphere is expressed as a complete set of orthogonal spherical vector 
waves or modes. For vertically polarized omnidirectional antennas, only TM m0 cir- 
cularly symmetric (no azimuthal variations) modes are required. Each mode is used 
to represent a spherical wave which propagates in the outward radial direction. This 
approach was introduced first by Chu [16], and it was followed by Harrington [17], 
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TfctuW'dlent nevwoik of » vcrtkaiVy-pcrtameU 
omnidirectional antenna (after C. J. Chu 1 13] ) 


* 





Rfsf 


(c) Equivalent circuit for.V spherical modes 

Figure 11.15 Antenna within a sphere of radius r, and its equivalent circuit modeling. 
(SOURCt: C. J. Chu, “Physical Limitations of Omnidirectional Antennas,” J. Appl. Phys., 
Vol. 19, pp. 1 163-1 175. December 1948) 


Earlier papers on the fundamental limitations and performance of small antennas were 
published by Wheeler [ 1 8]— ( 20). He derived the limits of a small dipole and a small 
loop (used as a magnetic dipole) from the limitations of a capacitor and an inductor, 
respectively. The capacitor and inductor were chosen to occupy, respectively, volumes 
equal to those of the dipole and the loop. 

Using the mathematical formulation introduced by Chu 1 16], the source or current 
distribution of the antenna system inside the sphere is not uniquely determined by the 
field distribution outside the sphere. Since it is possible to determine an infinite number 
of different source or current distributions inside the sphere, for a given field config- 
uration outside the sphere. Chu 116] confined his interest to the most favorable source 
distribution and its corresponding antenna structure that could exist within the sphere. 
This approach was taken to minimize the details and to simplify the task of identifying 
the antenna structure. It was also assumed that the desired current or source distribution 
minimizes the amount of energy stored inside the sphere so that the input impedance 
at a given frequency is resistive. 

Because the spherical wave modes outside the sphere are orthogonal, the total 
energy (electric or magnetic) outside the sphere and the complex power transmitted 
across the closed spherical surface are equal, respectively, to the sum of the energies 
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and complex powers associated with each corresponding spherical mode. Therefore 
there is no coupling, in energy or power, between any Iwo modes outside the sphere. 
As a result, the space outside the sphere can be replaced by a number of independent 
equivalent circuits as shown in Figure 1 1.15(b). The number of equivalent circuits is 
equal to the number of spherical wave modes outside the sphere, plus one. The 
terminals of each equivalent circuit are connected to a box which represents the inside 
of the sphere, and from inside the box a pair of terminals are drawn to represent the 
input terminals. Using this procedure, the antenna space problem has been reduced to 
one of equivalent circuits. 

The radiated power of the antenna is calculated from the propagating modes while 
all modes contribute to the reactive power. When the sphere (which encloses the 
antenna element) becomes very small, there exist no propagating modes. Therefore 
the Q of the system becomes very large since all modes are evanescent (below 
cutoff) and contribute very little power. However, unlike closed waveguides, each 
evanescent mode here has a real part (even though it is very small ). 

For a lossless antenna (radiation efficiency e,.,j — I0()%), the equivalent circuit 
of each spherical mode is a single network section with a series C and a shunt L. The 
total circuit is a ladder network of L — C sections (one for each mode) with a final 
shunt resistive load, as shown in Figure 11.1 5(c). The resistive load is used to represent 
the normalized antenna radiation resistance. 

From this circuit structure, the input impedance is found. The Q of each mode is 
formed by the ratio of its stored to its radiated energy. When several modes are 
supported, the Q is formed from the contributions of all the modes. 

It has been shown that the higher order modes within a sphere of radius r become 
evanescent when kr < I . Therefore the Q of the system, for the lowest order TM 
mode, reduces to 1 15| 


1 + 2{kr)~ i 1 

(kr? 11 + (At) 2 | “ (^? 


(11-35) 


When two modes are excited, one TE and the other TM. the values of Q are halved. 
Equation ( 1 1 -35), which relates the lowest achievable Q to the largest linear dimension 
of an electrically small antenna, is independent of the geometrical configuration of 
the antenna within the sphere of radius r. The shape of the radiating element within 
the bounds of the sphere only determines whether TE, TM, or TE and TM modes are 
excited. Therefore (1 1-35) represents the fundamental limit on the electrical size of 
an antenna. In practice, this limit is only approached but is never exceeded or even 
equaled. 

The losses of an antenna can be taken into account by including a loss resistance 
in series with the radiation resistance, as shown by the equivalent circuits of Figures 
2.21(b) and 2.22(b). This influences the Q of the system and the antenna radiation 
efficiency as given by (2-90). 

Computed values of Q versus kr for idealized antennas enclosed within a sphere 
of radius r, and with radiation efficiences of e cJ = 100, 50, 10, and 5, are shown 
plotted in Figure 11.16. These curves represent the minimum values of Q that can be 
obtained from an antenna whose structure can be enclosed within a sphere of radius 
r and whose radiated field, outside the sphere, can be represented by a single spherical 
wave mode. 
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Sphere size, kr 

Figure 1 1.16 Fundamental limits of Q versus antenna size (enclosed within a sphere of 
radius r) for single-mode antennas of various radiation efficiencies, (source: R. C. Hansen, 
“Fundamental Limitations in Anlennus," Proc. IEEE , Vol. 69, No. 2, February 1981. © 
(1981) IEEE) 


For antennas with equivalent circuits of fixed values, the fractional bandwidth is 
related to the Q of the system by 


A/ 1 

fractional bandwidth = FBW = — = — 

fo Q 


(11-36) 


where 

/o = center frequency 
A/' = bandwidth 

The relationship of ( 1 1-36) is valid for Q » 1 since the equivalent resonant circuit 
with fixed values is a good approximation for an antenna. For values of Q < 2, 
(11-36) is not accurate. 

To compare the results of the minimum Q curves of Figure 11.16 with values of 
practical antenna structures, data points for a small linear dipole and a Goubau [21 1 
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antenna are included in the same figure. For a small linear dipole of length / and wire 
radius a. its impedance is given by 1 15] 



and its corresponding Q by 



( 11 - 37 ) 


(11-38) 


The real part in (1 1-37) is identical to (4-37). The computed Q values of the small 
dipole were for kl/2 — kr — 0.62 and 1 .04 with l/2a = lid ~ 50. and of the Goubau 
antenna were for kr — 1 .04. 

It is apparent that the (7s of the dipole are much higher titan the corresponding 
values of the minimum Q curves even for the 100% efficient antennas. However the 
Goubau antenna, of the same radius sphere, demonstrates a lower value of Q and 
approaches the values of the 100% minimum Q curve. This indicates that the fractional 
bandwidth of the Goubau antenna, which is inversely proportional to its Q as defined 
by (1 1-36). is higher than that of a dipole enclosed within the same radius sphere. In 
turn, the bandwidth of an idealized antenna, enclosed within the same sphere, is even 
larger. 

From the above, it is concluded that the bandwidth of an antenna (which can be 
dosed within a sphere of radius r) can be improved only if the antenna utilizes 
efficiently, with its geometrical configuration, the available volume within the sphere. 
The dipole, being a one-dimensional structure, is a poor utilizer of the available 
volume within the sphere. However a Goubau antenna, being a clover leaf dipole with 
coupling loops over a ground plane (or a double cover leaf dipole without a ground 
plane), is a more effective design for utilizing the available three-dimensional space 
within the sphere. A design that utilizes the space even more efficiently than the 
Goubau antenna would possess a lower Q and a higher fractional bandwidth. Ulti- 
mately, the values would approach the minimum Q curves. In practice, these curves 
are only approached but are never exceeded or even equaled. 
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PROBLEMS 

11.1. Design a symmetrical two-wire plane spiral = 0, ir) at/ = 10 MHz with total 
feed terminal separation of 10 *A. The total length of each spiral should be one 
wavelength and each wire should be of one turn. 

(a) Determine the rate of spiral of each wire. 

(b) Find the radius (in A and in meters) of each spiral at its terminal point. 

(c) Plot the geometric shape of one wire. Use meters for its length. 

11.2. Verify (11-28). 

11.3. Design log-periodic dipole arrays, of the form shown in Figure 11.9(d). each with 
directivities of 9 dB. input impedance of 75 ohms, and each with the following addi- 
tional specifications: Cover the (see Appendix IX) 

(a) VHF TV channels 2-13 (54—216 MHz). Use aluminum tubing with outside diam- 
eters of | in. < 1.905 cm) and in. (0.476 cm) for the largest and smallest elements, 
respectively. 

(b) VHF TV channels 2-6 (54-88 MHz). Use diameters of 1.905 and 1.1 169 cm for 
the largest and smallest elements, respectively. 

(c) VHF TV channels 7-13 (174—216 MHz). Use diameters of 0.6 and 0.476 cm for 
the largest and smallest elements, respectively. 
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(d) Ul-IF TV channels (5 1 2-806 MHz). The largest and smallest elements should have 
diameters of 0.2 and 0.128 cm. respectively. 

(c) FM band of 88-108 MHz (100 channels at 200 KHz apart). The largest and 
smallest elements should have diameters of 1.169 and 0.9525 cm. respectively. 
In each design, the feeder line should have the same diameter as the largest element. 

1 1.4. For each design in Problem 1 1.3. determine the 

(a) span of each period over which the radiation characteristics will vary slightly 

(b) number of periods (cycles) within the desired bandwidth 

1 1.5. Using the LOG-PERIODIC DIPOLE ARRAY computer program and Appendix IX, 
design an array which covers the VHF television band. Design the antenna for 7 dfli 
gain optimized in terms of cr-r. The antenna should he matched to a 75-ohm coaxial 
input cable. For this problem, set the input line length to 0 meters, the source resistance 
to 0 ohms, the termination line length to 0 meters, the termination impedance to 100 
Kohms, the length-to-diameter ratio to 40, and the boom diameter to 10 cm. To make 
the actual input impedance 75 ohms, one must iteratively find the optimal desired 
input impedance. 

(a) Plot the gain, magnitude of the input impedance, and VSWR versus frequency 
from 30 MHz to 400 MHz. 

(b) Based on the ripples in the plot of gain versus frequency, what is t? Compare this 
value to the value calculated by the computer program. 

(c) Why does the gain decrease rapidly for frequencies less than the lower design 
frequency yet decrease very slowly for frequencies higher than the upper design 
frequency? 

1 1 .6. For the antenna of Problem 1 1 .5, replace the 100-Kohm load with a 75-ohm resistor, 

(a) Plot the gain, magnitude of the input impedance, and VSWR versus frequency 

from 30 MHz to 400 MHz. 

<b) What does the termination resistor do which makes this antenna an improvement 
over the antenna of Problem 1 1 .5? 

1 1 .7. For the antenna of Problem 1 1.5. replace the 100-Kohm termination (load) with a 75- 
ohm resistor and make the source resistance 10 ohms. This resistance represents the 
internal resistance of the power supply as well as losses in the input line. 

(a) Plot the gain versus frequency from 30 MHz to 400 MHz. 

(b) What is the antenna efficiency of this antenna? 

(c) Based on your result from parts (a) and (b), what should the gain versus frequency 
plot look like for Problem 1 1 .6? 

1 1.8. Design a log-periodic dipole array which operates from 470 MHz to 806 MHz (UHF 
band) with 8 dBi gain. This antenna should be matched to a 50-ohm cable of length 
2 meters with no source resistance. The termination should be left open. Select the 
lenglh-to-diamctcr ratio to be 25. At 600 MHz, do the following. Use the computer 
program at the end of this chapter. 

(a) Plot the E- and H- plane patterns. 

(b) Calculate the E- and H-plane half-power bcamwidlhs. 

(c) Find the fronl-to-back ratio. 

(d) Why does the E-plane pattern have deep nulls while the H-plane pattern does not? 

1 1.9. The overall length of a small linear dipole antenna (like a biconical antenna, or cylin- 
drical dipole, or any other) is \hr. Assuming the antenna is 100% efficient, what is: 

(a) The smallest possible value of Q for an antenna of such a length? Practically it 

will be larger than that value. 

(h) The largest fractional bandwidth ( A///,', where./,', is the center frequency) 

11.10. It is desired to design a 100% efficient biconical dipole antenna whose overall length 
is A/20. The design guidelines specify a need to optimize the frequency response 
(bandwidth). To accomplish this, the quality factor Q of the antenna should be mini- 
mized. In order to get some indications as to the fundamental limits of the design: 

(a) What is the lowest possible limit of the Q for this size antenna? 

(b) In order to approach this lower fundamental limit, should the included angle of 
the biconical antenna be made larger or smaller, and why? 
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COMPUTER PROGRAM - LOG-PERIODIC DIPOLE ARRAY 


THIS IS A FORTRAN PROGRAM, AND IT DESIGNS AND ANALYZES A 
LOG-PERIODIC DIPOLE ARRAY BASED ON THE GEOMETRY OF FIGURE 
1 1.9(a), THE DATA IN FIGURES 11.13 AND 1 1.14, AND THE DESIGN 
EQUATIONS OF (11-28) - (1 1-34). 

THE USER CAN TAILOR THE DESIGN AND ANALYSIS BY FOLLOWING 
THE LISTED STEPS AND SELECTING THE APPROPRIATE OPTIONS. 

FOR MORE DETAILS, SEE THE LPDA.DOC FILE IN THE COMPUTER DISC. 

•♦DESIGN PROCEDURE 

STEP I: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• SPECIFY a AND x. THIS SETS THE DIRECTIVITY. 

• SPECIFY THE DIRECTIVITY. THIS SETS a AND t FOR 
OPTIMUM DIRECTIVITY DESIGN. 

STEP D: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• CHOOSE THE BOOM SPACING AND BOOM DIAMETER. THIS 
SETS THE CHARACTERISTIC IMPEDANCE OF THE 
TRANSMISSION LINE. 

• CHOOSE THE DESIRED INPUT IMPEDANCE AND BOOM 
DIAMETER. THIS SETS THE BOOM SPACING. 

STEP HI: CHOOSE ONE OF THE FOLLOWING OPTIONS 

• ROUND THE CALCULATED ELEMENT DIAMETERS TO THE 
NEAREST AVAILABLE WIRE DIAMETERS. 

• DO NOT ROUND THE CALCULATED ELEMENT DIAMETERS. 

AFTER CHOOSING THE DESIGN OPTIONS, PROCEED TO THE 
ANALYSIS. THE OUTPUT DEPENDS ON ANALYSIS OPTIONS CHOSEN. 

••ANALYSIS PROCEDURE 

STEP IV: SELECT ANY COMBINATION OF THE FOLLOWING OPTIONS 
(DO ONE ; TWO, THREE OR ALL OF THE FOLLOWING ) 

• NO ANALYSIS 

OUTPUT: +DESIGN SUMMARY (lists physical parameters and geometry) 

• ANALYZE DESIGN AT A SINGLE FREQUENCY 

OUTPUT. •DESIGN SUMMARY (lists physical parameters and geometry) 
*E- AND H-PLANE PATTERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANALYZE DESIGN AT A SINGLE FREQUENCY 

OUTPUT ^DESIGN SUMMARY (lists physical parameters and geometry) 
•CUSTOM-PLANE PATTERN ANALYSIS 
•CRITICAL PARAMETERS AT ANALYSIS FREQUENCY 

• ANALYZE DESIGN OVER A FREQUENCY BAND 

OUTPUT. : *DESIGN SUMMARY (lists physical parameters and geometry) 
•CRITICAL PARAMETERS AS A FUNCTION OF 
FREQUENCY, INCLUDING GAIN AT BORESIGHT 


(continued on next page) 
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(continued) 


C 
C 

C TO COMPLETE THE DESIGN AND ANALYSIS OF ANY OPTION, THE 

C FOLLOWING INPUT AND OUTPUT PARAMETERS WILL GENERALLY BE 
C EITHER SPECIFIED OR CALCULATED. NOT ALL THE PARAMETERS ARE 

C REQUIRED FOR ALL DESIGN AND DESIGN OPTIONS. 

C 

C **INPUT PARAMETERS FOR ARRAY DESIGN 
C l. Title = NAME OF DESIGN 

C 2. DO = DESIRED DIRECTIVITY (dBi) 

C 3. Fhigh * UPPER DESIGN FREQUENCY (MHz) 

C 4. Flow = LOWER DESIGN FREQUENCY (MHz) 

C 5. Rs = SOURCE RESISTANCE (ohms) 

C 6. ZCin = CHARACTERISTIC IMPEDANCE OF INPUT LINE (ohms) 

C 7. Rin = DESIRED INPUT IMPEDANCE (REAL); TYPICALLY 

C EQUAL TO CHARACTERISTIC IMPEDANCE ZCin 

C 8. LLin = LENGTH OF THE INPUT TRANSMISSION LINE; FROM 

C THE SOURCE TO FIRST/SHORTEST ELEMENT (m) 

C 9. Zout = TERMINATION IMPEDANCE (ohms); TYPICALLY EQUAL 

C TO CHARACTERISTIC IMPEDANCE ZCin 

C 10. LLout = LENGTH OF THE TERMINATION TRANSMISSION LINE; 

C FROM THE LAST-LONGEST ELEMENT TO THE LOAD (m) 

C 11. LD = DESIRED LENGTH-TO-DIAMETER RATIO OF ELEMENTS 

C 1 2. Navail = NO. OF AVAILABLE ELEMENT DIAMETERS (dimensionless) 

C 13. Davail = DIAMETERS OF AVAILABLE WIRES OR TUBES (cm) 

C 14. SB = CENTER-TO-CENTER BOOM SPACING (cm) 

C 15. DB = DIAMETER OF BOOM TUBES OR WIRES (cm) 

C 16. AFSEH = ANALYSIS FREQ. FOR E- AND H-PATTERNS (MHz) 

C 17. AFSC = ANALYSIS FREQ. FOR CUSTOM PLANE PATTERN (MHz) 

C 18. AFhigh = HIGHEST FREQ. FOR SWEPT FREQUENCY DATA (MHz) 

C 19. AFlow = LOWEST FREQ. FOR SWEPT FREQUENCY DATA (MHz) 

C 20. Phi = ANGLE OF PLANE [(E-, H-) AND/OR CUSTOM] (degrees) 

C 

C ♦♦PROGRAM OUTPUT OF ARRAY DESIGN 
C 1. N = NUMBER OF ANTENNA ELEMENTS (integer) 

C 2. L = LENGTHS OF ANTENNA ELEMENTS (m) 

C 3. ZL = STATION (POSITION) OF EACH ARRAY ELEMENT (m) 

C 4. D = DIAMETER OF EACH ARRAY ELEMENT (cm) 

C 5. VSWR = VSWR IN INPUT TRANSMISSION LINE 

C 6. ZinA = ACTUAL INPUT IMPEDANCE OF DESIGN (ohms) 

C 7. DOA = ACTUAL DIRECTIVITY OF DESIGN ALONG (dBi) 

C 8. PDO = PEAK DIRECTIVITY ALONG ANY AXIS (dBi) 

C 9. FTBR = FRONT-TO-BACK RATIO OF AMPLITUDE PATTERN (dB) 

C 10. FSLL = FRONT-TO-MAXIMUM SIDE LOBE LEVEL (dB) 

C 11. fin = CURRENT IN INPUT TRANSMISSION LINE (A) 

C 12. Iel = CURRENTS IN ARRAY ELEMENTS (A) 

C 13. lout = CURRENT IN TERMINATION TRANSMISSION LINE (A) 

C 14. Vm = VOLTAGE AT THE SOURCE (V) 

C 15. Vel = VOLTAGES OF ARRAY ELEMENTS (V) 

C 16. Vout = VOLTAGE AT THE LOAD (V) 

C 17. Epat = E-PLANE PATTERN (dBi) 

C 18. Hpat = H-PLANE PATTERN (dBi) 

C 19. Cpat = ANY DESIRED CUSTOM PLANE PATTERN (dBi) 

£***************«**********•************«««**••*******«*,**** 
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CHAPTER 


12 

APERTURE ANTENNAS 


12.1 INTRODUCTION 

Aperture antennas are most common at microwave frequencies. There are many 
different geometrical configurations of an aperture antenna with some of the most 
popular shown in Figure 1.4. They may take the form of a waveguide or a horn whose 
aperture may be square, rectangular, circular, elliptical, or any other configuration. 
Aperture antennas are very practical for space applications, because they can be flush- 
mounted on the surface of the spacecraft or aircraft. Their opening can be covered 
with a dielectric material to protect them from environmental conditions. This type 
of mounting does not disturb the aerodynamic profile of the craft, which in high- 
speed applications is critical. 

In this chapter, the mathematical tools will be developed to analyze the radiation 
characteristics of aperture antennas. The concepts will be demonstrated by examples 
and illustrations. Because they are the most practical, emphasis will be given to the 
rectangular and circular configurations. Due to mathematical complexities, the obser- 
vations will be restricted to the far-fleld region. The edge effects, due to the finite size 
of the ground plane to which the aperture is mounted, can be taken into account by 
using diffraction methods such as the Geometrical Theory of Diffraction, better known 
as GTD. This is discussed briefly and only qualitatively in Section 12.10. 

The radiation characteristics of wire antennas can be determined once the current 
distribution on the wire is known. For many configurations, however, the current 
distribution is not known exactly and only physical intuition or experimental mea- 
surements can provide a reasonable approximation to it. This is even more evident in 
aperture antennas (slits, slots, waveguides, horns, reflectors, lenses). It is therefore 
expedient to have alternate methods to compute the radiation characteristics of anten- 
nas. Emphasis will be placed on techniques that for their solution rely primarily not 
on the current distribution but on reasonable approximations of the fields on or in 
the vicinity of the antenna structure. One such technique is the Field Equivalence 
Principle. 

12.2 FIELD EQUIVALENCE PRINCIPLE: 
HUYGENS’ PRINCIPLE 

The field equivalence is a principle by which actual sources, such as an antenna and 
transmitter, are replaced by equivalent sources. The fictitious sources are said to be 
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equivalent within a region because they produce the same fields within that region. 
The formulations of scattering and diffraction problems by the equivalence principle 
are more suggestive to approximations. 

The field equivalence was introduced in 1936 by S. A. Schelkunoff f 1], [2], and 
it is a more rigorous formulation of Huygens' principle [3] which states that “ each 
point on a primaiy wavefront can he considered to he a new source of a secondary 
spherical wave and that a secondary wavefront can he constructed as the envelope 
of these secondary spherical waves [4]." The equivalence principle is based on the 
uniqueness theorem which states that “ a field in a lossy region is uniquely specified 
by the sources within the region plus the tangential components of the electric field 
over the boundary, or the tangential components of the magnetic field over the 
boundary , or the former over part of the boundary and the latter over the rest of the 
boundary [2), [5].” The field in a lossless medium is considered to be the limit, as 
the losses go to zero, of the corresponding field in a lossy medium. Thus if the 
tangential electric and magnetic fields are completely known over a closed surface, 
the fields in the source-free region can be determined. 

By the equivalence principle, the fields outside an imaginary closed surface are 
obtained by placing over the closed surface suitable electric- and magnetic-current 
densities which satisfy the boundary conditions. The current densities are selected so 
that the fields inside the closed surface are zero and outside they are equal to the 
radiation produced by the actual sources. Thus the technique can be used to obtain 
the fields radiated outside a closed surface by sources enclosed within it. The for- 
mulation is exact but requires integration over the closed surface. The degree of 
accuracy depends on the knowledge of the tangential components of the fields over 
the closed surface. 

In most applications, the closed surface is selected so that most of it coincides 
with the conducting parts of the physical structure. This is preferred because the 
vanishing of the tangential electric field components over the conducting parts of the 
surface reduces the physical limits of integration. 

The equivalence principle is developed by considering an actual radiating source, 
which electrically is represented by current densities J| and M|, as shown in Figure 
12.1(a). The source radiates fields E| and H| everywhere. However, it is desired to 
develop a method that will yield the fields outside a closed surface. To accomplish 
this, a closed surface 5 is chosen, shown dashed in Figure 12.1(a). which encloses the 
current densities J| and M|. The volume within S is denoted by V\ and outside S by 
V 2 . The primary task will he to replace the original problem, shown in Figure 12.1(a), 
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<a) Actual problem 

Figure 12.1 


<b) Equivalent problem 

Actual and equivalent problem models. 
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by an equivalent one which yields the same fields Ei and H| outside S (within V 2 ). 

The formulation of the problem can be aided eminently if the closed surface is 

judiciously chosen so that Helds over most, if not the entire surface, are known a 
priori. 

An equivalent problem of Figure 12.1(a) is shown in Figure 12.1(b). The original 
sources J| and Mi are removed, and we assume that there exist fields E and H inside 
S and fields E| and H| outside of S. For these fields to exist within and outside S, 
they must satisfy the boundary conditions on the tangential electric and magnetic field 
components. Thus on the imaginary surface S there must exist the equivalent sources 

J, = ft x [H, - H] (12-1) 

M v = — n x [E, - E) (12-2) 

and they radiate into an unbounded space (same medium everywhere). The current 
densities of (12-1) and ( 12-2) are said to be equivalent only within V 2 . because they 
produce the original fields (E t , H ( ) only outside S. Fields E, H, different from the 
originals (E|. H|), result within V,. Since the currents of ( 12-1) and (12-2) radiate in 
an unbounded space, the fields can be determined using (3-27 )— (3-30a) and the ge- 
ometry of Figure 12.2(a). In Figure 12.2(a), R is the distance from any point on the 
surface S . where J, v and M iV exist, to the observation point. 

So far, the tangential components of both E and H have been used in setting up 
the equivalent problem. From electromagnetic uniqueness concepts, it is known that 
the tangential components of only E or H are needed to determine the fields. It will 
be demonstrated that equivalent problems can be found which require only the mag- 
netic current densities (tangential E) or only electric current densities (tangential H). 
This requires modifications to the equivalent problem of Figure 12.1(b). 

Since the fields E. H within S can be anything (this is not the region of interest), 
it can be assumed that they are zero. In that case the equivalent problem of Figure 
12.1(b) reduces to that of Figure 12.3(a) with the equivalent current densities being 
equal to 

J, = n x (H, - H)|„ =0 = n x H, (12-3) 

M, = — n x (E, - E)| K _„ = -n x E, (12-4) 

This form of the field equivalence principle is known as Love's Equivalence Principle 
[2], [6|. Since the current densities of (12-3) and (12-4) radiate in an unbounded 
medium (same /x, e everywhere), they can be used in conjunction with (3-27)-(3-30a) 
to find the fields everywhere. 

Love’s Equivalence Principle of Figure 1 2.3(a) produces a null field within the 
imaginary surface S. Since the value of the E = H = 0 within S cannot be disturbed 
if the properties of the medium within it are changed, let us assume that it is replaced 
by a perfect electric conductor (a = <»). The introduction of the perfect conductor 
will have an effect on the equivalent source J v , and it will prohibit the use of (3-27)- 
(3-30a) since the current densities no longer radiate into an unbounded medium. 
Imagine that the geometrical configuration of the electric conductor is identical to the 
profile of the imaginary surface 5‘, over which J, and M, exist. As the electric 
conductor takes its place, as shown in Figure 12.3(b), the electric current density J„ 
which is tangent to the surface S, is short-circuited by the electric conductor. Thus 
the equivalent problem of Figure 12.3(a) reduces to that of Figure 12.3(b). There 
exists only a magnetic current density M, v over 5. and it radiates in the presence of 
the electric conductor producing outside S the original fields Ej, H|. Within S the 
fields are zero but, as before, this is not a region of interest. The difficulty in trying 
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Figure 12.2 Coordinate system for aperture antenna analysis. 


to use Lhe equivalent problem of Figure 12.3(b) is that (3-27)— (3-30a) cannot be used, 
because the current densities do not radiate into an unbounded medium. The problem 
of a magnetic current density radiating in the presence of an electric conducting 
surface must be solved. So it seems that the equivalent problem is just as difficult as 
the original problem itself. 

Before some special simple geometries are considered and some suggestions are 
made for approximating complex geometries, let us introduce another equivalent 
problem. Referring to Figure 12.3(a), let us assume that instead of placing a perfect 
electric conductor within S we introduce a perfect magnetic conductor which will 
short out the magnetic current density and reduce the equivalent problem to that 
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<e) Magnetic conductor equivalent 

Figure 12.3 Equivalence principle models. 


shown in Figure 12.3(e). As was with the equivalent problem of Figure 12.3(b), 
(3-27)— (3-30a) cannot be used with Figure 12.3(c) and the problem is just as difficult 
as that of Figure 12.3(b) or the original of Figure 12.1(a). 

To begin to see the utility of the field equivalence principle, especially that of 
Figure 12.3(b), let us assume that the surface of the electric conductor is flat and 
extends to infinity as shown in Figure 12.4(a). For this geometry, the problem is to 
determine how a magnetic source radiates in the presence of a flat electric conductor. 
From image theory, this problem reduces to that of Figure 1 2.4(b) where an imaginary 
magnetic source is introduced on the side of the conductor and takes its place (remove 
conductor). Since the imaginary source is in the same direction as the equivalent 
source, the equivalent problem of Figure 12.4(b) reduces to that of Figure 12.4(c). 
The magnetic current density is doubled, it radiates in an unbounded medium, and 
(3-27)-(3-30a) can be used. The equivalent problem of Figure 12.4(c) yields the 
correct E. H fields to the right side of the interface. If the surface of the obstacle is 
not flat and infinite, but its curvature is large compared to the wavelength, a good 
approximation is the equivalent problem of Figure 12.3(c). 

SUMMARY 

In the analysis of electromagnetic problems, many times it is easier to form equivalent 
problems that yield the same solution within a region of interest. This is the case for 
scattering, diffraction, and aperture antenna problems. In this chapter, the main interest 
is in aperture antennas. The concepts will be demonstrated with examples. 

The steps that must be used to form an equivalent and solve an aperture problem 
are as follows: 
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1. Select an imaginary surface that encloses the actual sources (the aperture). The 
surface must be judiciously chosen so that the tangential components of the 
electric and/or the magnetic field are known, exactly or approximately, over its 
entire span. In many cases this surface is a flat plane extending to infinity. 

2. Over the imaginary surface form equivalent current densities J s . M, which take 
one of the following forms: 

a. J, and M, over S assuming that the E- and H-fields within S are not zero. 

b. or and M v over S assuming that the E- and H-fields within S are zero 
(Love's theorem) 

c. or M, over S (J, = 0) assuming that within S the medium is a perfect electric 
conductor 

d. or J, over S (M v = 0) assuming that within S the medium is a perfect 
magnetic conductor 

3. Solve the equivalent problem. For forms (a) and (b). (3-27H3-30a) can be used. 
For form (c), the problem of a magnetic current source next to a perfect electric 
conductor must be solved [(3-27)-(3-30a) cannot be used directly, because the 
current density does not radiate into an unbounded medium]. If the electric 
conductor is an infinite flat plane the problem can be solved exactly by image 
theory. For form (d), the problem of an electric current source next to a perfect 
magnetic conductor must be solved. Again (3-27)-(3-30a) cannot be used directly. 
If the magnetic conductor is an infinite flat plane, the problem can be solved 
exactly by image theory. 

To demonstrate the usefulness and application of the field equivalence theorem 
to aperture antenna theory, an example is considered. 


Example 12.1 

A waveguide aperture is mounted on an infinite ground plane, as shown in Figure 
1 2.5(a). Assuming that the tangential components of the electric field over the aperture 
are known, and are given by E„, find an equivalent problem that will yield the same 
fields E, H radiated by the aperture to the right side of the interlace. 
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Figure 12.5 Equivalent models for waveguide aperture mounted on an infinite flat electric 
ground plane. 


SOLUTION 

First an imaginary closed surface is chosen. For this problem it is appropriate to select 
a flat plane extending from minus infinity to plus infinity, as shown in Figure 12.5(b). 
Over the infinite plane, the equivalent current densities J, and M, are formed. Since 
the tangential components of E do not exist outside the aperture, because of vanishing 
boundary conditions, the magnetic current density M v is only nonzero over the aper- 
ture. The electric current density J, is nonzero everywhere and is yet unknown. Now 
let us assume that an imaginary flat electric conductor approaches the surface S , and 
it shorts out the current density J* everywhere. M, exists only over the space occupied 
originally by the aperture, and it radiates in the presence of the conductor |see Figure 
12.5(c)]. By image theory, the conductor can be removed and replaced by an imaginary 
(equivalent) source M* as shown in Figure 12.5(d), which is analogous to Figure 
12.4(b). Finally, the equivalent problem of Figure 12.5(d) reduces to that of Figure 
12.5(e), which is analogous to that of Figure 12.4(c). The original problem has been 
reduced to a very simple equivalent and (3-27)-(3-30a) can be utilized for its solution. 


In this chapter the theory will be developed to compute the fields radiated by an 
aperture, like that shown in Figure 12.5(a), making use of its equivalent of Figure 
12.5(e). For other problems, their equivalent forms will not necessarily be the same 
as that shown in Figure 12.5(e). 
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12.3 RADIATION EQUATIONS 

In Chapter 3 and in the previous section it was stated that the fields radiated by sources 
J y and M. v in an unbounded medium can be computed by using (3-27)-(3-30a) where 
the integration must be performed over the entire surface occupied by J. v and M s . 
These equations yield valid solutions for all observation points [2], [7]. For most 
problems, the main difficulty is the inability to perform the integrations in (3*27) and 
(3-28). However for far-field observations, the complexity of the formulation can be 
reduced. 

As was shown in Section 4.4.1, for far-field observations R can most commonly 
be approximated by 


R — t — r* cos ijj for phase variations 

( 1 2-5a) 

R — r for amplitude variations 

( l2-5b) 

where if/ is the angle between the vectors r and r', as shown in Figure 12.2(b). The 
primed coordinates ( x y\ z\ or / ', 8\ <f>') indicate the space occupied by the sources 
J v and M. v , over which integration must be performed. The unprimed coordinates 
(a\ v, z or r. 6. <f>) represent the observation point. Geometrically the approximation 
of (12-5a) assumes that the vectors R and r are parallel, as shown in Figure 12.2(b). 

Using (12-5a) and ( 12-5b), (3-27) and (3-28) can be written as 

ix ff e > kR fie Jkr 

A 4irJJ Jv R d 4t rr N 

(12-6) 

N = J| J S e jkr w ^ds‘ 
$ 

(12-6a) 

e ff e~ JkR ee~ jkr 

F = — - L 

47 t Jj R 47 rr 

(12-7) 

L = JJ M se^vH+ds' 

(12-7a) 


5 


In Section 3.6 it was shown that in the far-field only the 0 and <f> components of 
the E- and H-fields are dominant. Although the radial components are not necessarily 
zero, they are negligible compared to the 0 and components. Using (3-58a)-(3- 


59b), the E /t of (3-29) and H/r of (3-30) can be written as 

(£<)« = ~j<oA f) (12-8a) 

( Ea )*— jojA £ (12-8b) 

(Hp)#— —jtoF/i ( 12-8c) 

(H F )t = -jcjFt (12-8d) 

and the E F of (3-29) and of (3-30), with the aid of (12-8a)-(l2-8d), as 

(Ef)o~ +ri(H,.)+ = —jcorjF^ ( 12-9a) 

(F[.)j, — — t ]{Hp)ft= +ju)T)F i) (12-9b) 



12.3 Radiation Equations 583 


(«/,),=■ -^= +jo>^ (12-90 

i? 17 

<«„>* = + —= 02-9d) 

V V 

Combining (12-8a)-(12-8d) with (12-9a)-(12-9d), and making use of (12-6)- 
(12-7a) the total E- and H-fields can be written as 

(12- 10 a) 
(12- 10b) 

(12- 10c) 
(12-I0d) 
(12-10e) 

(12-1 Of) 

The N„, N, h , L 0 , and can be obtained from (12-6a) and (12-7a). That is. 

N = JJ = JJ (a A ./ v + a x J y + a ds' (12-1 la) 

s s 

L = II M,e + ^ r ' cm ' // r/.v' = II (a x M x + a v M, + a r A 4.)e i ' kr ' co *' f 'ds' 

s s ( 1 2- 1 lb) 



Using the rectangular-to-spherical component transformation, obtained by taking the 
inverse (in this case also the transpose) of (4-5), ( 1 2- 1 1 a) and ( 1 2- 1 1 b) reduce for the 
8 and (f> components to 

(1 2- 12a) 

( 12- 12b) 
(I2-I2c) 
( 12- 1 2d) 


N„ = 
N d> = 
L ti = 
Lj, = 


JJ [J x cos 8 cos <f> + J v cos 8 sin </> — J. sin 8]e +Jkr cm,/ ' ds' 
s 

JJ [~J X sin (f) + J Y cos 

JJ [My cos 0cos d> + My cos Osin cf> - M z sin 6>]^ 

JJ [~M X sin d) + A/ v cos 


SUMMARY 

To summarize the results, the procedure that must be followed to solve a problem 
using the radiation integrals will be outlined. Figures 12.2(a) and 12.2(b) are used to 
indicate the geometry. 
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1. Select a closed surface over which the total electric and magnetic fields E fl and 
H„ are known. 

2. Form the equivalent current densities J, and M, over S using (12-3) and (12-4) 
with H| = H„ and E| = E„. 

3. Determine the A and F potentials using (12-6)-(12-7a) where the integration is 
over the closed surface S. 

4. Determine the radiated E- and H-fields using (3-29) and (3-30). 

The above steps are valid for all regions (near-field and far-field) outside the 
surface S. If. however, the observation point is in the far-field. steps 3 and 4 can be 
replaced by 3' and 4'. That is, 

3'. Determine N „ , N^. L„ and L <f , using (12-1 2a )-( 1 2- 1 2d). 

4'. Determine the radiated E- and H-fields using (I2-l0a)-( I2-I0f). 

Some of the steps outlined above can be reduced by a judicious choice of the 
equivalent model. In the remaining sections of this chapter, the techniques will be 
applied and demonstrated with examples of rectangular and circular apertures. 


12.4 DIRECTIVITY 


The directivity of an aperture can be found in a manner similar to that of other 
antennas. The primary task is to formulate the radiation intensity U(6, 0), using the 
far-zone electric and magnetic field components, as given by (2-1 2a) or 


£/(#, <l» = jRc|(a,,£„ + x (a „H„ + a *«*)•] = ^-(|£S| 3 + |£$p) 


(12-13) 


which in normalized form reduces to 


U„(9, 0) = (|E2(ft 0)| 2 + |£j(fc 0)| 2 ) = B () F(0. 0) 


(12-1 3a) 


The directive properties can then be found using (2- 1 9)— (2-22). 

Because the radiation intensity U(0, 0) for each aperture antenna will be of a 
different form, a general equation for the directivity cannot be formed. However, a 
general FORTRAN computer program, designated as DIRECTIVITY, has been writ- 
ten to compute the directivity of any antenna, including an aperture, once the radiation 
intensity is specified. The program is based on the formulations of (12- 13a), (2-19)- 
(2-20), and (2-22), and it is shown at the end of Chapter 2. In die main program, it 
requires the lower and upper limits on 0 and 0. The radiation intensity for the antenna 
in question must be specified in the subroutine U(6. 0. F) of the program. 

Expressions for the directivity of some simple aperture antennas, rectangular and 
circular, will be derived in later sections of this chapter. 


12.5 RECTANGULAR APERTURES 

In practice, the rectangular aperture is probably the most common microwave antenna. 
Because of its configuration, the rectangular coordinate system is the most convenient 
system to express the fields at the aperture and to perform the integration. Shown in 
Figure 12.6 are the three most common and convenient coordinate positions used for 
the solution of an aperture antenna. In Figure 1 2.6(a) the aperture lies on the y-z plane, 
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X 

(e) 

Figure 12.6 Rectangular aperture positions for antenna system analysis. 


in Figure 12.6(b) on the x-z plane, and in Figure 12.6(c) on the .r-y plane. For a given 
field distribution, the analytical forms for the fields for each of the arrangements are 
not the same. However the computed values will be the same, since the physical 
problem is identical in ail cases. 

For each of the geometries shown in Figure 12,6. the only difference in the 
analysis is in the Formulation of 

1. the components of the equivalent current densities (./ t . J v , J-, M M y , M.) 

2. the difference in paths from the source to the observation point fr' cos if/) 

3. the differential area ds' 

In general, the nonzero components of J, and M,. are 

J y . J- , M,. . M- j Figure 1 2.6( a)] {12-1 4a) 

J x , J t , M,. M : [Figure 12.6(b)) (12- 14b) 

V, . J \ , M,. M y | Figure 1 2.6(c)] ( J 2- 14c) 
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The differentia] paths take die form of 

r' cos i// = r' ■ a, = (a v / + a -z') ‘ (S A sin (3 cos tl> + a,, sin 8 sin </> + a. cos 8) 

= y 1 sin 61 sin </j + z' cos 0 [Figure 1 2.6(a)] ( 1 2- 1 5a) 

r'cos i// = r' ’a, = (a T .r + S ; s')’(a T sin tfcost£ + 3 v sin 0 sin </> H- a.costi) 

-- x' sin ft cos </> + z' cos 8 [Figure 1 2.6(b)] (1 2- ) 5b) 

r' cos (// = r' ■ a, = (a y .T + a y y'} ■ {&,. sin Wcos tjt» + a y sin dsin r/> + a ; cos 0) 

— x* sin cos < p + y' sin (?sin (f> [ Figure 1 2.6(c)] ( 1 2-1 5c) 

and the differentia] areas are represented by 

<12-J6a) 
(12-1 6b) 
( 12-160 


ds' = dv ' dz' 

[Figure 12.6(a)] 

ds' = dx* dz! 

ITigure 12.6(b)] 

ds ' = dx' dy' 

[Figure 12.6(e)] 


12.5.1 Uniform Distribution on an Infinite Ground Plane 

The first aperture examined is a rectangular aperture mounted on an infinite ground 
plane, as shown in Figure 12.7. To reduce the mathematical complexities, iniliatlv 
the field over the opening is assumed lu be constant and given by 

E h = a v £ u -a/2 < .0 < a/2, -b/2 <v' <= bi 2 (12-17) 

where £„ is a constant. The task is to find the fields radiated by it, the pattern 
beamwidths, the side lobe levels of die pattern, and the directivity. To accomplish 
these, the equivalent will be formed first. 



Figure 12.7 Rectangular apenure on an infinite electric ground plane. 
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A. Equivalent 

To form the equivalent, a closed surface is chosen which extends from — <* to +=° 
on the x-y plane. Since the physical problem of Figure 12.7 is identical to that of 
Figure 12.5(a), its equivalents are those of Figures 12.5(a)-(e). Using the equivalent 
of Figure 12.5(e) 


-1 


M, 

J.r = 0 


— 2n x E„ - -2a. x a v £ 0 — +a t 2£ 0 
0 


— a/2 < x' < a/2 

- b(2 < y' < b/2 

elsewhere (12-18) 

everywhere 


B. Radiation Fields: Element and Space Factors 

The far-zone fields radiated by the aperture of Figure 1 2.7 can be found by using ( 1 2- 
I0a)-(I2-I0f), (12-1 2aM 12-1 2d), (12- 14c), (12- 15c), ( 12- 16c), and (12-18). Thus, 

No = N& = 0 (12-19) 

r + ht. 2 /• + «/ 2 

L 0 = [M, cos 0 cos d>] + dx ' dV 

J-bl 2 J -a/2 ^ 



(l 2- 1 9 a) 


In (1 2- 19a), the integral within the brackets represents the space factor for a two- 
dimensional distribution. It is analogous to the space factor of (4-58a) for a line source 
(one-dimensional distribution). For the L 0 component of the vector potential F, the 
element factor is equal to the product of the factor outside the brackets in ( 12- 19a) 
and the factor outside the brackets in ( 12- 10c). The total field is equal to the product 
of the element and space factors, as delined by (4-59). and expressed in (12- 1 Ob) and 
(12-1 Oc). 

Using the integral 



e jaz dz = 



( 12 - 20 ) 


(12- 19a) reduces to 


L u — 2 abE {) 


cos 6 cos <f) 


/sin X 
\~ 



( 12 - 21 ) 


where 


X = y sin 0 cos <f> 

Y = sin 6 sin <£ 
2 


Similarly it can be shown that 

Lj, - — 2abEo 



(12-2 la) 
(12-2 lb) 


( 12 - 22 ) 
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Substituting (12-19), (12-21), and (12-22) into (12-10a)-{12-10f), the fields radiated 
by the aperture can be written as 


E, 

E n 


0 

. abkE 0 e~ Jkr 
J Ittk 
. abkE () e ~ Jkr 
J 2irr 



H r = 0 


Ho 

H r . 



( 1 2-23a) 
( 1 2- 23b) 

(12-23c) 
(12-23d) 
( 1 2-23e) 

( 1 2-23f) 


Equations ( 12-23a)-( 12-231) represent the three-dimensional distributions of the 
far-zone fields radiated by the aperture. Experimentally only two-dimensional plots 
can be measured. To reconstruct experimentally a three-dimensional plot, a series of 
two-dimensional plots must be made. In many applications, however, only a pair of 
two-dimensional plots are usually sufficient. These are the principal E- and //-plane 
patterns whose definition was stated in Section 2.2.2 and illustrated in Figure 2.3. 

For the problem in Figure 12.7, the £-plane pattern is on the y-z plane ((f) = irll) 
and the //-plane is on the x-z plane (< f> = 0). Thus 


£-Plane (<f> = tt/2) 

Er = E„, = 0 


. abkE () e~' kr 

Eo — J — 

lirr 




( 1 2-24a) 
( I 2-24b) 


//-Plane (0 = 0) 

E, = E„ = 0 


= j 


. cibkE^e jkr 


lirr 



(12-25a) 


( 1 2-25b) 


To demonstrate the techniques, three-dimensional patterns have been plotted in 
Figures 12.8 and 12.9. The dimensions of the aperture are indicated in each figure. 
Multiple lobes appear, because the dimensions of the aperture are greater than one 
wavelength. The number of lobes increases as the dimensions increase. For the ap- 
erture whose dimensions are a = 3A and b = 2A (Figure 12.8), there are a total of 
five lobes in the principal //-plane and three lobes in the principal £-plane. The pattern 
in the //-plane is only a function of the dimension a whereas that in the E-plane is 
only influenced by b. In the E-plane, the side lobe formed on each side of the major 
lobe is a result of A < h ^ 2A. In the //-plane, the first minor lobe on each side of 
the major lobe is formed when A < a ^ 2A and the second side lobe when 2A < a 
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Relative 

magnitude 


1.0 



//-plane I v-r. 0 = 0°) i'-plune ( >-j. 0 = 90°) 

Figure 12.8 Three-dimensional field pattern of a constant field rectangular aperture 
mounted on an infinite ground plane ( a = 3A. b = 2A). 


s 3A. Additional lobes are Formed when one or both of the aperture dimensions 
increase. This is illustrated in Figure 12.9 lor an aperture with a = b = 3A. 

The two-dimensional principal plane patterns for the aperture with a - 3A, b = 
2A are shown in Figure 12.10. For this and for all other size apertures mounted on an 
infinite ground plane, the //-plane patterns along the ground plane vanish. This is 
dictated by the boundary conditions. The E-plane patterns, in general, do not have to 
vanish along the ground plane, unless the dimension of the aperture in that plane (in 
this case b) is a multiple of a wavelength. 

The patterns computed above assumed that the aperture was mounted on an 
infinite ground plane. In practice, infinite ground planes are not realizable, but they 
can be approximated by large structures. Edge effects, on the patterns of apertures 
mounted on finite size ground planes, can be accounted for by diffraction techniques. 
They will be introduced and illustrated in Section 12.9. Computed results, which 
include diffractions, agree extremely well with measurements 18 H 10J. 


C. Bwmwidths 

For the E-plane pattern given by (12-24b). the maximum radiation is directed along 
the ’-axis {ft = 0). The nulls (zeroes) occur when 



o = o. — 


n = I, 2. 3. . . . 


(12-26) 
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//-plant* 0 = 0°) /'-plane (.v-z, <j> - 90°) 

Figure 12.9 Three-dimensional field pattern of a constant field square aperture 
mounted on an infinite ground plane (a = b = 3A). 



It'/? n\, (12-26a) reduces approximately to 

B„ - ^ rad = 57.3 degrees, n 
The total beamwidth between nulls is given by 



or approximately (for large apertures, b n\) by 



(J2-26b) 


( 1 2-27] 


(12-27a) 
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o- — — - o 


0 ° 



/.-plane 


— //-plane 

Figure 12.10 E- and //-plane amplitude patterns for uniform distribution aper- 
ture mounted on an infinite ground plane (a = 3A. b = 2A). 


The first null beam width (FNBW) is obtained by letting n = 1. 
The half-power point occurs when (see Appendix I) 


kb . 

y sin 6 \ 0 ^ = 1.391 


or at an angle of 


0/, = sin' 


L782\ . _./0. 

ir) = sm - 


443A\ 


cn , . ,/0.443A\ 

= 57.3 sin 11 1 


b 

I degrees 


T 


rad 


h I 

I fb ^ > 0.443 A, (12-28a) reduces approximately to 


=-(0.443 1 


rad = 25.38 I— I degrees 


(12-28) 


( 1 2-28a) 


(12-28b) 
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Thus the total half-power beamwidth (HPBW) is given by 

_,/().443A\ _,/0.443A\ 

0,, = 26 h — 2 sin I — - — I rad = 1 14.6 sin I — ~ — 1 degrees 


or approximately (when b » 0.443 A) by 


/ A\ /A\ 

0 /, — 0.886 -j rad = 50.8 -I degrees 


(12-29) 


( 1 2- 29a) 


The maximum of the first side lobe occurs when (see Appendix I) 

kb . . 

-sin = 4.494 


(12-30) 


or at an angle of 

/8. 988*1 


0 * — sin 


kb 


■ -i /l.43A\ 

■“ bn 


rad = 57.3 sin ‘( — 7 - -) degrees (12-30a) 


If b ;» 1.43A, (!2-30a) reduces to 


0 , — 1 .43|^j rad = 8 1 degrees 
The total beamwidth between first side lobes (FSLBW) is given by 


(12-30b) 


„ . /l.43A\ . _,/1.43A\ 

0 V = 20 , = 2 sin [ — - — ) rad = 1 14.6 sin I — 7 — I degrees 


b 


or approximately (when b 1.43 A) by 


0 , — 2.86 rad = 163.8(^ degrees 


(12-30c) 


( 1 2-30d) 


D. Side Lobe Level 

The maximum of (12-24b) at the first side lobe is given by (see Appendix 1) 


\E,0 = «v)l = 


sin(4.494) 

4.494 


0.217 = - 13.26 dB 


(12-31) 


which is 13.26 dB down from the maximum of the main lobe. 

An approximate value of the maximum of the first side lobe can be obtained by 
assuming that the maximum of ( I2-24b) occurs when its numerator is maximum. That 
is, when 
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Thus, 


| E o (0 = $ s )\ = — = 0.212 = - 13.47 dB 


(12-33) 


These values are very close to the exact ones given by (12-31 ). 

A similar procedure can be followed to find the nulls, 3-dB points, beamwidth 
between nulls and 3-dB points, angle where the maximum of lirst side lobe occurs, 
and its magnitude at that point for the //-plane pattern of (12-25b). A comparison 
between the E- and //-plane patterns of ( l2-24b) and (12-25b) shows that they are 
similar in form except for the additional cos 0 term that appears in ( l2-25b). An 
examination of the terms in (12-25t>) reveals that the cos 0 term is a much slower 
varying function than the sin(fo/ sin f)/2)/(ka sin 0 / 2 ) term, especially when a is large. 

As a first approximation, ( 1 2-26)— ( 12-33). with b replaced by a, can also be used 
for the //-plane. More accurate expressions can be obtained by also including the cos 
0 term. In regions well removed from the major lobe, the inclusion of the cos 0 term 
becomes more essential for accurate results. 


E. Directivity 

The directivity for the aperture can be found using (12-23a)-(l2-23c), (12-1 3)— ( 1 2- 
13a), and (2- 1 9>— (2-22). The analytical details using this procedure, especially the 
integration to compute the radiated power (/\ ltd ). are more cumbersome. 

Because the aperture is mounted on an infinite ground plane, an alternate and 
much simpler method can be used to compute the radiated power. The average power 
density is first formed using the fields at the aperture, and it is then integrated over 
the physical bounds of the opening. The integration is confined to the physical bounds 
of the opening. Using Figure 12.7 and assuming that the magnetic field at the aperture 
is given by 


H — A 

a 8v 

tl 

where 77 is the intrinsic impedance, the radiated power reduces to 

fep 


rad 


= f w *»“ /s = 1 l fJJ*- 


ab 


(12-34) 


(12-35) 


The maximum radiation intensity (U max ), using the fields of (12-23a)-(12-23b), 
occurs toward 0 - 0 ° and it is equal to 


U max 


= M 2 !M 

\ A / 217 


(12-36) 


Thus the directivity is equal to 


A, = 


47 rt/ m:il 


md 




where 


(12-37) 


A,, — physical area of the aperture 
A cm = maximum effective area of the aperture 





594 Chapter 12 Aperture Antennas 


Using the definition of (2-110), it is shown that the physical and maximum 
effective areas of a constant distribution aperture are equal. 

The beamwidths, side lobe levels, and directivity of this and other apertures are 
summarized in Table 12.1. 


Example 12.2 

A rectangular aperture with a constant field distribution, with a — 3A and b = 2A, 
is mounted on an infinite ground plane. Compute the 

(a) FNBW in the £-plane 

(b) HPBW in the £-plane 

(c) FSLBW in the £- plane 

(d) FSLMM in the £-plane 

(e) directivity using ( 1 2-37) 

(f) directivity using the DLRECTTVITY computer program at the end of Chapter 
2, the fields of ( 1 2-23a)-( 1 2-23f), and the formulation of Section 12.4 


SOLUTION 

(a) Using (12-27) 

0, = 114.6 sin-'(i) = 114.6(0.524) = 60° 

(b) Using (12-29) 

( 0 443\ 

—pH = 1 14.6(0.223) = 25.6° 

(c) Using (12-30c) 

0, = 20, = 1 14.6 sin - 1 = 114.6(0.796) = 91.3° 

(d) Using (12-31) 

|£„l„ = „, = 0.217 = - 13.26 dB 

(e) Using (12-37) 

D„ = 4tt( 3)(2) = 75.4 = 18.77 dB 

(f) Using the computer program at the end of Chapter 2 
£>,, = 80.4 = 19.05 dB 

The difference in directivity values using (12-37) and the computer program is not 
attributed to the accuracy of the numerical method. The main contributor is the 
aperture tangential magnetic field of (12-34), which was assumed to be related to the 
aperture tangential electric field by the intrinsic impedance. Although this is a good 
assumption for large size apertures, it is not exact. Therefore the directivity value 
computed using the computer program should be considered to be the more accurate. 
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12,5.2 Uniform Distribution in Space 

The second aperture examined is that of Figure 12.7 when it is not mounted on an 
infinite ground plane. The field distribution is given by 


E« = Mo 

h„= -a,- 

V 


-a/2<.x'<a/2 


- h/2 < / < b/2 


(12-38) 


where E<> is a constant. The geometry of the opening for this problem is identical to 
the previous one. However the equivalents and radiated fields are different, because 
this time the aperture is not mounted on an infinite ground plane. 


A. Equivalent 

To form the equivalent, a closed surface is chosen which again extends from - 30 to 
+ * on the A-v plane. Over the entire surface J v and M v are formed. The difficulty 
encountered in this problem is that both J, and M v are not zero outside the opening, 
and expressions for them are not known there. The replacement of the semi-infinite 
medium to the left of the boundary (negative z) by an imaginary electric or magnetic 
conductor only eliminates one or the other current densities (J v or M,) but not both. 
Thus, even though an exact equivalent for this problem exists in principle, it cannot 
be used practically because the fields outside the opening are not known a priori. We 
are therefore forced to adopt an approximate equivalent. 

The usual and most accurate relaxation is to assume that both E„ and H„ (and in 
turn M v and JJ exist over the opening but are zero outside it. It has been shown, by 
comparison with measurements and other available data, that this approximate equiv- 
alent yields the best results. 


B. Radiated Fields 

Using a procedure similar to that of the previous section, the radiation characteristics 
of this aperture can be derived. A summary of them is shown in Table 12.1. 

The field components of this aperture are identical in form to those of the aperture 
when it is mounted on an infinite ground plane if the (I -I- cos 0) term in each 
component is replaced by 2. Thus for small values of 6 (in the main lobe and especially 
near its maximum), the patterns of the two apertures are almost identical. This pro- 
cedure can be used, in general, to relate the fields of an aperture when it is and it is 
not mounted on an infinite ground plane. However, the coordinate system chosen 
must have the z-axis perpendicular to the aperture. 

A three-dimensional pattern for an aperture with a = 3A, b — 2\ was computed, 
and it is shown in Figure 12. 1 1 . The dimensions of this aperture are the same as those 
of Figure 12 . 8 . However the angular limits over which the radiated fields now exist 
have been extended to 0 ° < 0 < 180 °. Although the general structures of the two 
patterns are similar, they are not identical. Becuse of the enlarged space over which 
fields now exist, additional minor lobes are formed. 


C. Beantwidths and Side Lobe Levels 

To find the beamwidths and the angle at which the maximum of the side lobe occurs, 
it is usually assumed that the (I + cos 6) term is a much slower varying function 
than the sin(fo; sin 8/2)/(ka sin 8/2) or the sin(A7> sin 8/2)/ (kb sin 8/2) terms. This is 
an approximation, and it is more valid for large apertures (large a and/or h ) and for 
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Table 12.1 EQUIVALENTS. FIELDS, BEAMWIDTHS. SIDE LOBE LEVELS. AND DIRECTIVITIES OF RECTANGULAR APERTURES 




Table 12.1 (Continued) 


Half-power 

heamwidlh 

(degrees) 

£- plane 
b » A 

50.6 
hi A 

50.6 
b! A 

50.6 
bt A 

//-plunc 
a » A 

50.6 
al A 

50.6 
a ! A 

68.8 

«/A 

First null 

beamwidth 

(degrees) 

£-plane 
b » A 

114.6 

b/\ 

1 14.6 
bt A 

114.6 
bt A 

//-plane 
a » A 

114.6 

o/A 

114-6 

aJk 

171.9 

«/A 

First side 
lobe max. 
(to main 
max.) (dB) 

£-plane 

- 13.26 

- 13.26 

- 13.26 

//-plane 

- 13.26 
a » A 

-13-26 
a A 

-23 
o » A 

Directivity D a 
(dimensionless) 

— ~ 
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Relative 

magnitude 



//-plane I .v-r. = 0°) f-plane < y-z. Q = W*) 

Figure 12.11 Three-dimensional held pattern of a constant field rectangular aper- 
ture (a — 3 A, b = 2A). 


angles near the main maximum. More accurate results can be obtained by considering 
the (1 + cos tf) term. Thus (. 1 2-26)— ( 1 2-33 ) can be used, to a good approximation, 
to compute the beamwidths and side lobe level. A summary is included in Table 12.1. 

D. Directivity 

Although the physical geometry of the opening of this problem is identical to that of 
Section 12.5.1, their directivities are not identical. This is evident by examining their 
far-zone field expressions or by realizing that the fields outside the aperture along the 
x-y plane are not exactly the same. 

To derive an exact expression for the directivity of this aperture would be a very 
difficult task. Since the patterns of the apertures are nearly the same, especially at the 
main lobe, their directivities are almost the same. To verify this, an example is taken, 


Example 12.3 

Repeat the problem of Example 12.2 for an aperture that is not mounted on an infinite 
ground plane. 


SOLUTION 

Since the E-plane patterns of the two apertures are identical, the FNBW, HPBW, 
FSLBW, and FSLMM are the same. The directivities as computed by (12-37), ate 
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also the same. Since the fields radiated by the two apertures are not identical, their 
directivities computed using the far- zone fields will not be exactly the same. Therefore 
for this problem 

D 0 — 81.16 (dimensionless) = 19.09 dB 

As with Example 12.2, the directivities computed using (12-37) and the computer 
program do not agree exactly. For this problem, however, neither one is exact. For 
(12-37), it has been assumed that the aperture tangential magnetic field is related to 
the aperture tangential electric field by the intrinsic impedance 17 . This relationship is 
good but not exact. For the computer program, the formulation is based on the 
equivalent of this section where the fields outside the aperture were assumed to be 
negligible. Again this is a good assumption for some problems, but it is not exact. 


A summary of the radiation characteristics of this aperture is included in Table 
12.1 where it is compared with that of other apertures. 


12.5.3 TEio-Mode Distribution on an Infinite Ground Plane 


in practice, a commonly used aperture antenna is that of a rectangular waveguide 
mounted on an infinite ground plane. At the opening, the field is usually approximated 
by the dominant TE| 0 -mode. Thus 


E rt = a v £ 0 cos 



— a/2 ^ x' ^ 
-b/2 < y r s 


+ a/2 
+ b/2 


(12-39) 


A. Equivalent, Radiated Fields, Beamwidths, and Side Lobe Levels 
Because the physical geometry of this antenna is identical to that of Figure 12.7. their 
equivalents and the procedure to analyze each one are identical. They differ only in 
the field distribution over the aperture. 

The details of the analytical formulation are not included. However, a summary 
of its radiation characteristics is included in Table 12. 1 . The E-plane pattern of this 
aperture is identical in form (with the exception of a normalization factor) to the 
E-plane of the aperture of Section 12.5.1. This is expected, since the TE|, ,-mode field 
distribution along the E-plane (y-z plane) is also a constant. That is not the case for 
the //-plane or at all other points removed from the principal planes. To demonstrate 
that, a three-dimensional pattern for the TE l0 -mode aperture with a — 3A, h = 2A 
was computed and it is shown in Figure 12.12. This pattern should be compared with 
that of Figure 12.8. 

The expressions for the beamwidths and side lobe level in the E-plane are identical 
to those given by ( 12-26M 12-33). However those for the //-plane are more complex, 
and a simple procedure is not available. Computations for the HPBW. FNBW. 
FSLBW, FSLMM in the E- and //-planes were made, and they are shown graphically 
in Figures 12.13 and 12.14. 


B. Directivity and Aperture Efficiency 

The directivity of this aperture is found in the same manner as that of the uniform 
distribution aperture of Section 12.5.1. Using the aperture electric field of (12-39), 
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Relative 

magnitude 


1.0 



//-plane t.v-r, <j> = O c i t-planc t y-z. 0 = 90°) 

Figure 12.12 Three-dimensional lield pattern of a TE t »-modc rectangular wave- 
guide mounted on an infinite ground plane (a ~ 3A, b = 2A). 


and assuming that the aperture magnetic field is related to the electric field by the 
intrinsic impedance rj, the radiated power can be written as 

= § w„ • ds = (l 2-39a) 

s T ' 


The maximum radiation intensity occurs at 0 — 0°. and it is given by 


U 


max 


M 2 M 

7T~ \ A / 4tj 


( 1 2-39b) 


Thus the directivity is equal to 



(12-3%) 

In general, the maximum effective area A 01 „ is related to the physical area A p by 

A cn , - fupV 0 < e ap < 1 (12-40) 

where e ;ip is the aperture efficiency. For this problem e ap = 8 / 7 r — 0.81. The apertt® 
efficiency is a figure-of-merit which indicates how efficiently the physical area of fife 
antenna is utilized. Typically, aperture antennas have aperture efficiencies from about 


12.5 Rectangular Apertures 601 



C 

if 


sa 

"O 


tl 

JO 

o 



Figure 12.13 /-’-plane bcamwidths and first side lobe relative maximum magnitude for 
TE 1 ,,-modc rectangular waveguide mounted on an infinite ground plane. 


30% to 90%, horns from 35% to 80%' (optimum gain horns have e ;tp — 50%), and 
circular reflectors from 50%' to 80%. 

For reflectors, the aperture efficiency is a function of many factors. The most 
prominent are the spillover, amplitude taper, phase distribution, polarization unifor- 
mity. blockage, and surface random errors. These arc discussed in detail in Section 
15.4.1 of Chapter 15. 

12.5.4 Beam Efficiency 

The beam efficiency for an antenna was introduced in Section 2.10 and was defined 
by (2-53). When the aperture is mounted on the x-y plane, the beam efficiency can 
be calculated using (2-54). The beam efficiency can be used to judge the ability of 
the antenna to discriminate between signals received through its main lobe and those 
through the minor lobes. Beam efficiencies for rectangular apertures with different 
aperture field distributions are plotted, versus the half-cone angle H u in Figure 12.15 
[11]. The uniform field distribution aperture has the least ahility to discriminate 
between main lobe and minor lobe signals. The aperture radiates in an unbounded 
medium, and it is not mounted on an infinite ground plane. The lower abscissa scale 
is in terms of (?, (in degrees), and it should be used only when a = b = 20A. The 
upper abscissa scale is in terms of u\n - (Ac//2)sin0| = (A/?/2)sin 0||, and it should 
be used for any square aperture. 
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Figure 12.14 //-plane beamwidths and firsl side lobe relative maxi- 
mum magnitude for TE l(1 -mode rectangular waveguide mounted on an 
infinite ground plane. 


Example 12.4 

Determine the beam efficiency, within a cone of half-angle 0| = 10°. for a square 
aperture with uniform field distribution and with 

(a) a = b = 20A 

(b) a = /> = 3 A 

SOLUTION 

The solution is carried out using the curves of Figure 12.15. 

(a) When a = b = 20A. the lower abscissa scale can be used. For 0, = 10*) 
the efficiency for the uniform aperture is about 94%. 

(b) Fort/ — b - 3 A and 0 1 = 10° 

u = -^sin 0i = 3 tt sin( 10°) = 1.64 
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Beam angle 0|(dcgree&) (a - b = 20M 

Figure 12.15 Beam efficiency versus half-cone angle 0,. for a square aperture with differ- 
ent field distributions. The aperture is not mounted on an infinite ground plane, (sourcb: 

D. G. Fink (ed.), Electronics Engineers' Handbook , Section 18 (by W. F. Croswell), 
McGraw-Hill, New York, 1975) 


Using the upper abscissa scale, the efficiency for the uniform aperture at 
u = 1.64 is about 58%. 


12.6 CIRCULAR APERTURES 

A widely used microwave antenna is the circular aperture. One of the attractive 
features of this configuration is its simplicity in construction. In addition, closed form 
expressions for the fields of all the modes that can exist over the aperture can be 
obtained. 

The procedure followed to determine the fields radiated by a circular aperture is 
identical to that of the rectangular, as summarized in Section 12.3. The primary 
differences lie in the formulation of the equivalent current densities (J x , J y , J ., Af t , 
&i y , M-), the differential paths from the source to the observation point (/•' cos <//), and 
the differential area {ds f ). Before an example is considered, these differences will be 
reformulated for the circular aperture. 

Because of the circular profile of the aperture, it is often convenient and desirable 
to adopt cylindrical coordinates for the solution of the fields. In most cases, therefore, 
the electric and magnetic field components over the circular opening will be known 
in cylindrical form; that is, E p , E^„ £,, H p , Hj,, and H : . Thus the components of the 
equivalent current densities M v and J iV would also be conveniently expressed in cylin- 
drical form (M p . M,},, M ; , J p , J^, J : ). In addition, the required integration over the 
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aperture to find N, h N ljt . L and of (12-1 2a)— ( 1 2- 1 2d) should also be done in 
cylindrical coordinates. It is then desirable to reformulate r' cos ifr and ds'. as given 
by (12- 15aH 12-16c). 

The most convenient position for placing the aperture is that shown in Figure 
12.16 (aperture on x-y plane). The transformation between the rectangular and cylin- 
drical components of J v is given by (see Appendix VII) 

~J x ~i rcos </>' — sin <£' 0~i J~ 

J y = sin 4>' cos <£' 0 Jj, (l2-41a) 

_J.J 0 0 

A similar transformation exists for the components of M A . The rectangular and cylin- 
drical coordinates are related by (see Appendix VII) 

x' = p' cos </y 

v' = p' sin <f)' (12-41b) 

Using ( 1 2-4 la). (12-1 2a)— ( 1 2- 1 2d) can be written as 


(12-42a) 

(1242b) 


(1242c) 
( 1 2-42d) 

where r' cos and ds' can be written, using (12- 15c) and (1241b). as 

(1243a) 
(1243b) 

In summary, for a circular aperture antenna the fields radiated can be obtained by 
either of the following: 

1. If the fields over the aperture are known in rectangular components, use the sam$ 
procedure as for the rectangular aperture with ( 1 2-43a) and ( 12-43b) substituted 
in (12-1 2aH 12-1 2d). 

2. If the fields over the aperture are known in cylindrical components, use the same 
procedure as for the rectangular aperture with ( 1 2-42aM 1 2-42d), along with (12* 
43 a) and (12-43b), taking the place of (12-I2a)-(12-I2d). 


r cos t j/ = .v' sin 0 cos <f) + y' sin 6 sin <h = p' sin 6 cos (<£ — <\>') 
ds' = dx' dy' = p'dp’d<J>' 
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Figure 12.16 Circular aperture mounted on an infinite ground plane. 


12.6.1 Uniform Distribution on an Infinite Ground Plane 

To demonstrate the methods, the field radiated by a circular aperture mounted on an 
infinite ground plane will be formulated. To simplify the mathematical details, the 
Held over Lhe aperture is assumed to be constant and given by 

E„ - & y E u p ' s a (12-44) 

where is a constant. 


A. Equivalent and Radiation Fields 

The equivalent problem of this is identical to that of Figure 12.7. That is. 


r — 2n x E„ = a A 2£ () 

" io 

J, = o 


p' ^ a 
elsewhere 1 
everywhere. 


(12-45) 


Thus, 


N„ - N+ = 0 

L,) = 2 £,) cos i) cos rbj^ p' J ( ^'dtf) 


(12-40) 
dp' (12-47) 
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Because 

e +M 4 $ = 2irJ {) (kp' sin 0) (1248) 

(1247) can be written as 

L (t - 4ttE 0 cos 0 cos <j>^ Jdkp' sin 0)p' dp (1249) 

where / 0 (r) is the Bessel function of the first kind of order zero. Making the substitution 

r = kp' sin 8 
dr = k sin 0 dp’ 


reduces ( 1 249) to 


I*# — 


4ttE() cos 6 cos (f) f* 
(k sin 8) 2 Jo 


kii sin 0 


tJoU) dt 


(1249a) 


(1249b) 


Since 


f zJ 0 (z) dz = 
Jo 


zJ\(z) 


0 


= MU 3 ) 


(12-50) 


where Ji(j3) is the Bessel function of order one, ( 1249b) takes the form of 

J\(ka sin 0) 


La = 4mrE {) 


cos 6 cos 


ka sin 8 


Similarly 


, , ’«r • , \j\(ku sin 8) 

Lj, = — 4 w£() sin <p — 


ka sin 6 


( 12-5J) 


(12-52) 


Using (12-46), (12-51), and (12-52), the electric field components of (12-1 0a>— 
(12- 10c) can be written as 


E r = 0 
E 


,ka 1 E X )e " lkr f . [j ; (ka sin 0)11 
M%*~ jkr \ n ,\Hka sin 0)11 

h + = ' — t cos 0 cos * L^TT J | 


(l2-53a) 

(12-53b) 


r | I ka sin 6 

In the principal E- and H- planes, the electric field components simplify to 

E-Plane (<f> = nil) 

Er = E t/) = 0 


(12-53c) 


E h = J 


ka l E () e jkr 


Ji(ka sin 0) 
ka sin 0 


( 1 2-54a) 
(12-54b) 


//-Plane (<£ = 0) 

E r = Eg = 0 


(12-55a) 
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J\(ka sin 0) 
ka sin 6 


} 


(12-55b) 


A three-dimensional pattern has been computed for the constant field circular 
aperture of a = 1.5 A. and it is shown in Figure 12.17. The pattern of Figure 12.17 
seems to be symmetrical. However closer observation, especially through the two- 
dimensional E- and //-plane patterns, will reveal that not to be the case. It does, 
however, possess characteristics that are almost symmetrical. 


B. Beannvidth, Side Lobe Level, and Directivity 

Exact expressions for the beamwidths and side lobe levels cannot be obtained easily. 
However approximate expressions arc available, and they are shown tabulated in 
Table 1 2.2. More exact data can be obtained by numerical methods. 

Since the field distribution over the aperture is constant, the directivity is given 
by 



since the maximum effective area A t . m is equal to the physical area A /t of the aperture 
las shown lor the rectangular aperture in (I2-37)|. 

A summary of the radiation parameters of this aperture is included in Table 12.2. 



//-plane Ij»-z. 0 = (f > i-plane ( v-r, <1 = 90" > 

Figure 12.17 Three-dimensional held pattern of a constant held circular aperture 
mounted on an infinite ground plane (a = I.5A). 





Table 12.2 EQUIVALENTS, FIELDS, BEAM WIDTHS, SIDE LOBE LEVELS. AND DIRECTIVITIES OE CIRCULAR 
APERTURES 



Uniform Distribution Aperture 
on Ground Plane 

TEj|-Mode Distribution Aperture 
on Ground Plane 

Aperture distribution 
of tangential component* 
1 (analytical) 

ii 

pi 

x 

IA 

i ”F HfiEfi 

E p - E^J |(^1 ip’/fl)sin 07// 
= £(,./ 1 '( x\ i p'M cos <i> 

tT 

QC ^ 1 V 

i ta — | nt 

VI If il 

Aperuire distribution 
of Langential components 
(graphical i 

/ i / 

* 

. « i " 1 

Equivalent 

r - 2fi x E„ (>' s a 

M v - 

M) elsewhere 

J, — 0 everywhere 

/ — 2n x Ej a ^ a 

M, = | 

Q) elsewhere 

J, = t) everywhere 

Far -zone fields 
Z = ka sin B 

c i = r 

r 

.kuEtJdX jjle - * 
c ? ~ J 

r 

Am = J.S4I 

E r - H t - (1 

E u = jC t sin rf>— — 

r « J' {2) 

E, {l — jC i cos 0 cos f/j ^ 

= - EJn 

= EJy\ 

E r — H r = 0 

p _ - .A<z> 

% - C 2 sm 0 

7 *{/) 

H, = - £,/»( 

^ - E„h\ 

J i ' (Z) = J r ,iZl - j\(Z)/Z 




Table 12.2 (Continued) 


Half-power 

beamwidth 

(degrees) 

f-planc 
a » A 

29.2 
at A 

29.2 
a! A 

//-plane 
a » A 

29.2 
a! A 

37.0 
«/ A 

First null 

beamwidth 

(degrees) 

£-plane 
a » A 

69.9 
aJ A 

69.9 
a! A 

//-plane 
n » A 

69.9 
a/ A 

98.0 
«/ A 

First side 
lobe max. 
(to main 
max.) (dB) 

E- plane 

- 17.6 

-17.6 

//-plane 

- 17.6 

-26.2 

Directivity D () 
(dimensionless) 


«-fr) ■ 
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12.6.2 TEu-Mode Distribution on an Infinite Ground Plane 

A very practical antenna is a circular waveguide of radius a mounted on an infinite 
ground plane, as shown in Figure 12.16, However, the field distribution over the 
aperture is usually that of the dominant TE, r mode for a circular waveguide given by 



E. = 0 
Xl I = 1.841 


The analysis of this problem is assigned, at the end of this chapter, as an exercise 
to the reader (Problem 12.33). However, a three-dimensional pattern for a - I.5A 
was calculated, and it is shown in Figure 12. 18. This pattern should be compared with 
that of Figure 12.17 for the constant aperture field distribution. 

The beamwidths and the side lobe levels in the E- and //-planes are different, and 
exact closed form expressions cannot be obtained. However, they can be calculated 
using iterative methods, and the data are shown in Figures 12.19 and 12.20 for the E - 
and //-planes, respectively. 

A summary of all the radiation characteristics is included in Table 12.2. 


Relative 

magnitude 


1.0 



//-plane (.v-z, 6 = 0°) E-plane ( y-z „ <1 = 90*) 

Figure 12.18 Three-dimensional field pattern of a TE, ,-mode circular waveguide 
mounted on an infinite ground plane (a ~ 1.5A). 
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Figure 12.19 £-plane beamwidths and first side lobe relative maxi- 
mum magnitude for TEn-modc circular aperture mounted on an infi- 
nite ground plane. 


12.6.3 Beam Efficiency 

Beam efficiency, as defined by (2-53) and calculated by (2-54), for circular apertures 
not mounted on infinite ground planes is shown in Figure 12.21 (I1J. The lower 
abscissa scale (in degrees) is in terms of the half-cone angle (in degrees), and it 
should be used only when the radius of the aperture is 20A ( a = 20A). The upper 
abscissa scale is in terms of u (u — ka sin 0\), and it should be used for any radius 
circular aperture. 

The procedure for finding die beam efficiency of a circular aperture is similar to 
that of a rectangular aperture as discussed in Section 12.5.4, illustrated in Figure 
12.15, and demonstrated by Example 12.4. 

12.7 DESIGN CONSIDERATIONS 

As is the case for arrays, aperture antennas can be designed to control their radiation 
characteristics. Typically the level of the minor lobes can be controlled by tapering 
the distribution across the aperture: the smoother the taper from the center of the 
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Aperture radius a (wavelengths) 

Figure 12.20 //-plane beamwidths and first side lobe relative maxi- 
mum magnitude for TEn-mode circular waveguide mounted on an infi- 
nite ground plane. 


aperture toward the edge, the lower the side lobe level and the larger the half-power 
beamwidth. and conversely. Therefore a very smooth taper, such as that represented 
by a binomial distribution or others, would result in very low sidelobes but larger 
half-power beamwidths. In contrast, an abrupt distribution, such as that of uniform 
illumination, exhibits the smaller half-power beamwidth but the highest side lobe 
level (about - 1 3.5 dB). Therefore if it is desired to achieve simultaneously both a very 
low sidelobe level, as well as a small half-power beamwidth, a compromise has to be 
made. Typically an intermediate taper, such as that of a Tschebyscheff distribution or 
any other similar one, will have to be selected. This has been discussed in detail both 
in Chapter 6 for arrays and in Chapter 7 for continuous sources. These can be used 
to design continuous distributions for apertures. 

Aperture antennas, both rectangular and circular, can also be designed for satellite 
applications where the beamwidth can be used to determine the “footprint” area of 
the coverage. In such designs, it is important to relate the beamwidth to the size of 
the aperture. In addition, it is also important to maximize the directivity of the antennas 
within a desired angular sector defined by the beamwidth, especially at the edge-oft 
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Figure 12.21 Bearn efficiency versus half-cone angle 0 ( . for a cir- 
cular aperture with different field distributions. The aperture is not 
mounted on an infinite ground plane, (source: D. G. Fink (cd.), 
Electronics Engineers' Handbook. Section IS (by W. F. CrosweU), 
McGraw-Hill. New York, 1975) 


coverage (EOC) ( 1 2 j. This can be accomplished, using approximate closed-form 
expressions, as outlined in 1 12). This procedure was used in Section 6.1 1 of Chapter 
6 for arrays, and it is applicable for apertures, both rectangular and circular. 

12.7.1 Rectangular Aperture 

For a rectangular aperture, of dimensions a and b, with a uniform distribution the 
procedure to determine the optimum aperture dimensions a.b to maximize the direc- 
tivity at an edge angle ft, of a given angular sector (0 < ft < ft,.) is identical to that 
outlined in Section 6.1 1. Thus to determine the optimum dimension b of the aperture 
so that the directivity is maximum at an edge-of-coverage angle ft.,, of an angular 
sector 0 ^ ft ^ ft,, in the £-plane is given by (6- 105a), or 

£-Plane: b = — ^ — ( 1 2-58a) 

2 stn ft,.,. 

Similarly for the //-plane, the optimum dimension b is determined by 

//-Plane: « = (12-58b) 

2 sin ft.,, 

where 0 th is the angle, in the //-plane, at the edge-of-coverage (EOC) angular sector 
where the directivity needs to be maximized. 
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Since the aperture antenna is uniformly illuminated, the directivity of (6-103) 
based on the optimum dimensions of ( 1 2-58a) and ( 1 2-58b) is 


A, 


— 47T a 
= ^2 


47 r 

= Y A p 


_ 4rr / 

~~ \2l 


sin 0„J \2 sin d ch j 


(12-59) 


12*7.2 Circular Aperture 

A procedure similar to that for the rectangular aperture can be used for the circular 
aperture. In fact, it can be used for circular apertures with uniform distributions as 
well as tapered (parabolic or parabolic with a pedestal) [12], 

For a circular aperture with uniform distribution, the normalized power pattern 
multiplied by the maximum directivity can be written as 

„ , f 27, Ota sin 0)1 2 

P(6) = (2t tci) 2 \ ** ‘ . \ (12-60) 

[ ka sin 0 J 

The maximum value of (12-60) occurs when 0 = 0. However, for any other angle 
0 = 0 O the maximum of the pattern occurs when 


ka sin 0,. = 1 .84 1 

(12-61) 

1.841 A A 

(12-6 la) 

27rsin0 f 3.413 sin 0 C 


Therefore to maximize the directivity at the edge 0 - 9 C of a given angular sector 
Q< 9^ 0 O the optimum radius of the uniformly illuminated circular aperture must be 
chosen according to (12-6 1 a). 

The maximum value of (12-60), which occurs at 0 = 0, is equal to 

P(6 = 0)U = (W (12-62) 

while at the edge of the angular sector (0 = 9 C ) is equal to 

P(0 = 0 f ) = (27m) 2 = (2 tto) 2 (0.3995) (12-63) 

Therefore the value of the directivity at the edge of the desired coverage (0 = 0 f ), 
relative to its maximum value at 0 = 0. is 


— ^ = 0.3995 = -3.985 dB (12-64) 

P(8 = 0) ’ 


Since the aperture is uniformly illuminated, the directivity based on the optimum : 
radius of (12-6 la) is 


_ 477 r _ 4t t / 1.841 \ 2 _ 3.4129 _ 1.086tt 
\ 2 Ap A 2 n \2 tt sin dj sin 2 0 C sin 2 0 C 


(12-65) 


A similar procedure can be followed for circular apertures with radial taper 
(parabolic) and radial taper squared of Table 7.2, as well as radial taper (parabolic) 
with pedestal. The characteristics of these, along with those of the uniform, are listed 
in Table 12.3. 
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Table 12.3 EDGE-OF-COVERAGE (EOC) DESIGNS FOR SQUARE AND CIRCULAR 
APERTURES 


Aperture 

Distribution 

Size 

Square: Side 
Circular: Radius 

Directivity 

EOC Directivity 
(relative to peak) 

Square 

Uniform 

A 

IT 

- 3.920 dB 

2 sin (0, ) 

sin 2 <0,) 

Circular 

Uniform 

A 

I.0867T 

-3.985 dB 

3.413 sin (0, ) 

sin 2 (0,) 

Circular 

Parabolic 

taper 

A 

1.263 7r 

-4.069 dB 

2.732 sin (tt r ) 

sin 2 (0,) 

Circular 

Parabolic 
taper with 
- 10 dB 
pedestal 

A 

1.227tt 

-4.034 dB 

3.064 sin ((),.) 

sin 2 (0 t ) 


(SOURCE: K. Praba. "Optimal Aperture for Maximum Edge-of-Coverage (EOC) Directivity," IEEE 
Antennas & Propagation Magazine. Vol. 36. No. 3, pp. 72-74, June 1994. © (1994) IEEE) 


Example 12,5: 

It is desired to design an aperture antenna, with uniform illumination, so that the 
directivity is maximized at an angle 30° from the normal to the aperture. Determine 
the optimum dimension and its associated directivity when the aperture is 

(a) Square 

(b) Circular 


SOLUTION 

For a square aperture 0 r , = 61,/,. Therefore the optimum dimension, according to (12- 
58a) or (12-58b). is 


a = b = 


2 sin(30°) 


= A 


while the directivity, according to (12-59), is 


D 0 = 


7T 


7T 


sin~ 0, sin~(30°) 


= 12.5664 = 10.992 dB 


The directivity at 0 = 30° is - 3.920 dB from the maximum at 6) = 0°. or 7.072 dB. 
For a circular aperture the optimum radius, according to (12-6 la), is 


a = 


3.413 sin(30°) 3.413(0.5) 


= 0.586A 
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while the directivity, according to ( 12-65), is 


D t) = 


1.0867T 1.0867T 


= 13.647 11.35 dB 


sin 2 0,. sin 2 (30°) 

The directivity at 0 = 30° is -3.985 dB from the maximum at 0 — 0°, or 7.365 dB. 


12.8 BABINET’S PRINCIPLE 

Now that wire and aperture antennas have been analyzed, one may inquire as to 
whether there is any relationship between them. This can be answered better by first 
introducing Bahinet’s principle which in optics states that when the field behind a 
screen with an opening is added to the field of a complementary structure, the sum is 
equal to the field when there is no screen. Babinet’s principle in optics does not 
consider polarization, which is so vital in antenna theory; it deals primarily with 
absorbing screens. An extension of Babinet’s principle, which includes polarization 
and the more practical conducting screens, was introduced by Booker [131, [14]. 
Referring to Figure 1 2.22(a), let us assume that an electric source J radiates into an 
unbounded medium of intrinsic impedance 17 = ( pJe ) u 2 and produces at point P the 
fields E 0 . H 0 . The same fields can be obtained by combining the fields when the 
electric source radiates in a medium with intrinsic impedance 17 = (pJe)' n in the 
presence of 

1. an infinite, planar, very thin, perfect electric conductor with an opening S a , which 
produces at P the fields E f . H, [Figure 1 2.22(b)! 

2. a flat, very thin, perfect magnetic conductor S,„ which produces at P the fields 
E,„, H„, [Figure 12.22(c)[. 

That is, 

Eo = E, + E,„ (12-66a) 

H () = H, + H,„ 

The field produced by the source in Figure 12.22(a) can also be obtained by 
combining the fields of 

1. an electric source J radiating in u medium with intrinsic impedance 77 = (pJ€) ]a 
in the presence of an infinite, planar, very thin, perfect electric conductor 5 a , 
which produces at P the fields E,., H,. [Figure 12.22(b)| 

2. a magnetic source M radiating in a medium with intrinsic impedance = 
(eJp) U2 in the presence of a flat, very thin, perfect electric conductor S el , which 
produces at P the fields E d , [Figure 12.22(d)] 

That is. 


E 0 = E,. + H„ ( 1 2-66b) 

H> = H, - Ej 

The dual of Figure 12.22(d) is more easily realized in practice than that of Figure 
12.22(c). 

To obtain Figure 12.22(d) from Figure 12.22(c), J is replaced by M. E m by Hj, 
H m by — E ,i, e by fx, and fx by e. This is a form of duality so often used in electro- 
magnetics (see Section 3.7, Table 3.2). The electric screen with the opening in Figure 
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Figure 12.22 Electric source in an unbounded medium and Babinei's principle equivalents. 


12.22(b) and the electric conductor of Figure 12.22(d) are also dual. They are usually 
referred to as complementary si rue lures, because when combined they form a single 
solid screen with no overlaps. A proof of Babinet’s principle and its extension can be 
found in the literature [5]. 

Using Booker’s extension it can be shown | I3j. f 14] by referring to Figure 12.23* 
that if a screen and its complement are immersed in a medium with an intrinsic 
impedance tj and have terminal impedances of Z, and Z n respectively* the impedances 
are related by 



( 1 2-67 ) 
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Perfect electric 
conductor 


Transmission 

feed lint Porleet 



ib) Complementary dipole? 


(a) Screen with opening 

Figure 12.23 Opening on a screen and ils complementary dipole. 


To obtain the impedance Z r of the complement (dipole) in a practical arrangement, a 
gap must be introduced to represent the feed points. In addition, the far- zone field* 
radiated by the opening on the screen ( E< h , E^., H ih ., H^,) are related to the far- zone 
fields of the complement H er > H h < ir ) by 


E* 


u Efc 

** fl.V 1 t 

'V - 



Va 




Infinite, Hat, very thin conductors are not realizable in practice but can be closely 
approximated. If a slot is cut into a plane conductor that is large compared to the 
wavelength and the dimensions of the slot, the behavior predicted by Babinet’s prin- 
ciple can be realized to a high degree. The impedance properties of the slot may not 
be affected as much by the finite dimensions of the plane as would be its pattern. The 
slot of Figure 12.23(a) will also radiate on both sides of the screen. Unidirectional 
radiation can be obtained by placing a hacking (box or cavity) behind the slot, forming 
a so-called cavity-backed slot whose radiation properties (impedance and pattern) are 
determined by the dimensions of the cavity. 

To demonstrate the application of Babinet's principle, an example is considered. 


Example 12.6 

A very thin half-wavelength slot is cut on an infinite, planar, very thin, perfectly 
conducting electric screen as shown in Figure 12.24(a), Find its input impedance. 
Assume it is radiating into free- space. 


SOLUTION 

From Babinet’s principle and its extension wc know that a very thin hall -wavelength 
dipole, shown in Figure 12.24(b). is the complementary structure to the slot. From 
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Figure 12.24 Half-wavelength Lhin slot on an electric screen and its complement. 


Chapter 4, the terminal (input) impedance of the dipole is Z £ . = 73 + ;42.5. Thus 
the terminal {input) impedance of the slot, using ( 12-67), is given by 

_ rtf ^ (376.7) 2 35.475.72 

* " 4Z r 4(73 + J42.5) 73 + j42.5 

Z s = 362.95 - j'211.31 


The slot of Figure 12.24(a) can be made to resonate by choosing the dimensions 
of its complement (dipole) so that it is also resonant. The pattern of the slot is identical 
in shape to that of the dipole except that the E- and H-fieJds are interchanged. When 
a vertical slot is mounted on a vertical screen, as shown in Figure 12.25(a), its electric 
field is horizontally polarized while that of the dipole is vertically polarized [Fig. 
12.25(b)]. Changing the angular orientation of the slot or screen will change the 
polarization. 

The slot antenna, as a cavity-backed design, has been utilized in a variety of law 
enforcement applications, Its main advantage is that it can be fabricated and concealed 
within metallic objects, and with a small transmitter it can provide covert communi- 
cations. There are various methods of feeding a sl ot antenna [15]. For proper operation. 
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Figure 12.25 Radiation lields of a A/2 slot on a screen and ol a A/2 flat dipole. (source: 
J. D. Kraus, Antennas* McGraw-Hill. New York. 1988. Chapter 13) 


the cavity depth must be equal to odd multiples ol' A^/4. where is the guide 
wavelength. 


12.9 FOURIER TRANSFORMS IN APERTURE 
ANTENNA THEORY 

Previously the spatial domain analysis of aperture antennas was introduced, and it 
was applied to rectangular and circular apertures radiating in an infinite, homogeneous, 
lossless medium. The analysis of aperture antennas mounted on infinite ground planes, 
covered with lossless and/or lossy dielectric media, becomes too complex when it is 
attempted in rhe spatial domain. Considerable simplification can result with the utility 
of the frequency (spectral) domain. 
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12.9.1 Fourier Transforms-Spectral Domain 


From Fourier series analysis, any periodic function fix) with a period T can be 
represented by a Fourier series of cosine and sine terms. If the function/(.v) is aperiodic 
and exists only in the interval of 0 < .t < T. a Fourier series can be formed by 
constructing, in a number of ways, a periodic function. The Fourier series for the 
constructed periodic function represents the actual aperiodic function /(.v) only in the 
interval 0 < ,v < T. Outside this space, the aperiodic function fix) is zero and the 
series representation is not needed. A Fourier series for /(a) converges to the values 
of f(x) at each point of continuity and to the midpoint of its values at each disconti- 
nuity. 

In addition, fix) can also be represented as a superposition of discrete complex 
exponentials of the form 

fix) = 2 c„e~ JMnx (12-69) 

c„ = ^ f(x)e +Ji2n * rl )x dx (!2-69a) 


or of continuous complex exponentials of the form 

I f 

fix) = — tyiw)e Jxw do - » < a) < +oc 
2tt J -* 


whose inverse is given by 

®ito) = f ^ f(x)e hM 


dx - oc < x < + oc 


( 1 2-70a) 


(!2-70b) 


The integral operation in (12-70a) is referred to as the direct transformation and that 
of (l2-70b) as the inverse transformation and both form a transform pair. 

Another useful identity is ParsevaVs theorem, which for the transform pair, can 
be written as 

J x f(x)g * (a) dx = ^j x ^(«) (<*>) da> (12-71) 


where * indicates complex conjugate. 

From the definitions of (!2-70a), (12-70b) and (12-71), the Fourier transforms 
can be expanded to two dimensions and can be written as 

fix.y) = -L f f s ~'( (l)i .ah)e-i' t * x '+"> y) d(Oiduh (12-72a) 

4 7T“ J - * J - x 

frio^o,) = ^ fix. y)e + > {w ' x M "I'') dx dy (!2-72b) 



fix, y) g*(x, y) dx dy 



^(&i|, a>i) (£U|, uv>) do ) | doh 


(12-72c) 


The process can be continued to n dimensions. 

The definitions, theorems, and principles introduced will be utilized in the sections 
that follow to analyze the radiation characteristics of aperture antennas mounted on 
infinite ground planes. 
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Figure 12.26 Rectangular apertures mounted on iniimie ground planes. 


12.9*2 Radiated Fields 

To apply Fourier transforms t \peaml techniques) to the analysis of aperture antennas, 
lei us consider a rectangular aperture of dimensions a and b mounted on an infinite 
ground plane, as shown in Figure 12.26, In the source-free region U > 0), the field 
E(.v, y, z) of a monochromatic wave radiated by the aperture can be written as a 
superposition of plane waves (all of the same frequency, different amplitudes, and 
traveling in different directions) of the form kpe ~ lk r [ 16], [171. The function 
f{fc v , k y ) is the vector amplitude of the wave, and k x and k Y are the spectral frequencies 
which extend over the entire frequency spectrum ( — < ft t , k y ^ Thus the Held 

E(.r, y, z) can be written as 

EU y, z) = -U f f IU fs h)e-*- r clkytlk, (12-73! 

4 rr~ J J 


according to the definition of (I2-72a). The object of a plane wave expansion k Lr> 
determine Lhe unknown amplitudes k v i and the direction of propagation of the 
plane waves. Since 

r - M + a v y + a,; (12-74) 

and the propagation factor k (often referred to as the vector wavenumber) can be 
defined as 


k — T fl v fc v + a -k. 


12-75) 


( 1 2-73) can he written as 

EM 


, r + * r + ■= 

X. V, z) = —T \ [f(^ dK dK M2- 

477*" J J “* 


76) 


The part of the integrand within the brackets can be regarded as the transform of 
E(.v, v, z)- This allows us to write lhe transform pair as 



( 1 2-77a) 
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( 1 2-77b) 


where 


%(k x , k v , z ) = f (&.,, k y )e jk ' : 


(12-770 


In principle then, according to (l2-77a) and (I2-77b) the fields radiated by an 
aperture E(.v, y. <-) can be found provided its transform %(k x , k v , z) is known. To this 
point the transform field %(k x , k v , z) can only be found provided the actual field 
EU. y, z) is known a priori. In other words, the answer must be known beforehand! 
However, as it will be seen from what follows, if the transform field at z = 0 


%(k x , Z = 0) - f \k x ,k y ) (12-78) 

is formed, it will be sufficient to determine E(x y, z)- To form the transform %(k xt k y , 
z = 0) = f \k x , k Y ), it will be necessary and sufficient to know only the tangential 
components of the E-field at z — 0. For the problem of Figure 12.26(a), the tangential 
components of the E-field at s = 0 exist only over the bounds of the aperture (they 
vanish outside it because of the presence of the infinite ground plane). 

In general 


f ky) = a J 

l ‘ x (ky, ky) + a,./,U'v, ky) + a J.(k„ k y ) 

(12-79) 

which can also be written as 



t(k x , k 

y) = tyk*, ky) + &J z (k x , ky) 

( 1 2-79a) 

f,(*,. ky 

) = a J x (k x , ky) + a y J\.(k x , k y ) 

(12-79b) 


For aperture antennas positioned along the ay- plane, the only components of 
I \k x , k y ) that need to be found are f x and f Y . As will be shown in what follows,/, can 
be found once/, and/,, are known. This is a further simplification of the problem. 
The functions/, and/,, are found, using (12-77a) and (12-77b), provided the tangential 
components of the E-field over the aperture (E M , and E ya ) are specified. The solution 
of (12-77c) is valid provided the z variations of E (k x , k y , z) are separable. In addition, 
in the source-free region the field EU. y, z) of ( 12-77a) must satisfy the homogeneous 
vector wave equation. These allow us to relate the propagation constant k. to k x , k v 
and k = (co Vjui), by 

kr = lc - (kj + k;) (12-80) 

or 

k f + [Jr - (k: + *;)] l/2 when k 2 > k* + k 2 (12-80a) 

1 —j[(k% + ky) - ^l l/2 when k 2 <k; + kj. (l2-80b) 

This is left as an exercise to the reader. The form of k. as given by ( 1 2-80a) contributes 
to the propagating waves (radiation field) of (12-76) and (l2-77a) whereas that of 
(l2-80b) contributes to the evanescent waves. Since the field in the far-zone of the 
antenna is of the radiation type, its contribution comes from the part of the k x . k y , 
spectrum which satisfies (l2-80a). The values of k x and k x in (l2-80)-(l2-80b) are 
analogous to the eigenvalues for the fields inside a rectangular waveguide [12]. In 
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addition, k z is analogous to the propagation constant for waveguides which is used to 
define cutoff. 

To find the relation between /. and /„ f y , we proceed as follows. In the source- 
free region (z > 0) the field E(*, y, z), in addition to satisfying the vector wave 
equation, must also be solenoidal so that 

V • E(x, y. z) = V • | ^ | | _ f(k x , k y )e^ kr dk x d/t v | = 0 (12-81) 
Interchanging differentiation with integration and using the vector identity 


V • (aA) = crV • A + A • Va 


reduces (12-81 ) to 


1 f + * 

— If- V(e-' k ' r )]dk K dk Y = 0 

t r~ J - * J “ 


(12-82) 

(12-83) 


since V • f(k x , ky) = 0. Equation (12-83) is satisfied provided that 

f . = -jf • ke Jk ‘ r = 0 (l 2-84) 


or 


f • k = ff, + a ./.) • k = 0 


(12-84a) 


or 


f/‘k _ (fX + fyky) 

kr k. 


(12-84b) 


From (l2-84b) it is evident that/, can be formed once/, and / v are known. 

All three components of f (/„/ v and /.) can be found, using ( 1 2-77b) and (12-78), 
provided the two components of E (E x , E y ) at z = 0, which is the plane of the aperture 
and ground plane of Figure 12.26(a), are known. Because E x and £ v along the z = 0 
plane are zero outside the bounds of the aperture (|*| > a/2, |y| > b/2), (12-77b) and 
(12-78) reduce for/ v and/ v to 


r 4 - b/2 C + a/2 

=11 e„( jt’.y.i' = oyw*'.*-* 

J - bn J - a/2 


(12-85a) 



(12-85b) 


where primes indicate source points. E w (x r , y\ z! = 0) and Eyjx’, y\ z' — 0), which 
represent the tangential components of the electric field over the aperture, are the only 
fields that need to be known. Once f x and f y are found by using (12-85a) and 
(l2-85b),/. and %(k x , k y . z) can be formed using (12-84a) and (12-77c), respectively. 
Thus, the solution for E(jc, y, z) for the aperture in Figure 12.26(a) is given by 


E<* % 2) = {J1 . *»• dk - dk - 


(Equation continues on fop of page 6251) 
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♦J 

f «<*„*,. z)e 

+ *‘ V) dky 

J , 

1 k. = -j\Ut;+k;.)-k 2 \ w: 

J 


( 12 * 86 ) 


%(k x . k y , z ) = 


a.Jx + a.v/v - a. 




lf.X + fyky\ 

p - fc ’J 

\ k, j 

c 

3 f J 



( 1 2-86a) 


where /, and f s are given by ( 12-85a) and (12-85b). 

In summary, the field radiated by the aperture of Figure 12.26(a) can be found 
by the following procedure: 


1. Specify the tangential components of the E-field (E m and £ v „) over the bounds 
of the aperture. 

2. Find f x and f y using (12-85a) and ( l2-85b), respectively. 

3. Find /. using (12-85b). 

4. Find %(k x , k y , z) using (12-86a). 

5. Formulate E(jc. v, z) using (12-86). 

This completes the solution for E(jc, y, z). However, as is evident from (12-86), 
the integration is quite difficult even for the simplest of problems. However, if the 
observations are restricted in the far-field region, many simplifications in performing 
the integrations can result. This was apparent in Chapters 4. 5 and in others. In many 
practical problems, the far-zone is usually the region of greatest importance. Since it 
is also known that for all antennas the fields in the far-zone are primarily of the 
radiated type ( propagating waves), then only the first integral in ( 1 2-86) contributes 
in that region. 

In the next section, our attention is directed toward the evaluation of ( !2-86a) or 
(12-73) in the far-zone region (large values of kr). This is accomplished by evaluating 
(12-73) asymptotically for large values of kr by the method of Stationary Phase [18], 

[19]. 

To complete the formulation of the radiated fields in all regions, let us outline the 
procedure to find H(.x, y. z). From Maxwell’s equations 


H(,v. y, z) = - 7 — V x E(x. y, z) 

JUtfl 

1 _ 

j(OfX 

Interchanging integration with differentiation and using the vector identity 

V x (aA) = a V x A + (Var) x A 


-Urf f + f(k x ,k v )e~^ r dk x dk v 
4 7T~ J * J - * 


(12-87) 


( 12 - 88 ) 


reduces (12-87) to 

1 f + r ' f 

H(.v, y. c) = - , , (f x k)e~ Jk ' r c/k, dk y (12-89) 

4 rr kr) J - * J - * 

since V x f (k K , k s ) = 0 and T(e~ )k ’ r ) = -jke from (12-84). 


12.9.3 Asymptotic Evaluation of Radiated Field 

The main objective in this section is the evaluation of (12-73) or (l2-86a) for obser- 
vations made in the far-field. For most practical antennas, the field distribution on the 
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aperture is such that an exact evaluation of (12-73) in closed form is not possible. 
However, if the observations are restricted to the far-field region (large kr), the integral 
evaluation becomes less complex. This was apparent in Chapters 4, 5, and others. 
The integral of (12-73) will be evaluated asymptotically for large values of kr using 
the method of Stationary Phase (Appendix VIII) 1 18), 1 19]. 

The stationary phase method assumes that the main contribution to the integral 
of (12-73) comes from values of k x and k y where k • r does not change for first order 
changes in k x and k y . That is to say k • r remains stationary at those points. For the 
other values of k x and k y , k * r changes very rapidly and the function oscillates 
very rapidly between the values of + 1 and — 1. Assuming that f (k K , k y ) is a slowly 
varying function of k x and ky, the integrand of (12-73) oscillates very rapidly outside 
the stationary points so that the contribution to the integral from that region is negli- 
gible. As the observation point approaches infinity, the contributions to the integral 
from the region outside the stationary points is zero. For practical applications, the 
observation point cannot be at infinity. However, it will be assumed to be far enough 
such that the major contributions come from the stationary points. 

The first task in the asymptotic evaluation of (12-73) is to find the stationary 
points of k • r. For that k • r is written as 

k • r = (a x k x + a v k v + a ; k.) • a ,r (12-90) 

Using the inverse transformation of (4-5), (12-90) can be written as 

k • r = r(k x sin 9 cos 0 4- k y sin 9 sin (f> 4- k T cos 9) (12-91) 

which reduces, using (12-80a) to 


k • r = r[k x sin 9 cos <f> 4- k y sin 9 sin 0 + \A 2 — k x - k y cos 9] (12-92) 

The stationary points can be found by 

r)(k • r ) 


9k x 

d(k • r) 

<)k v 


= 0 


= 0 


Using ( 1 2-92) and ( 1 2-80), ( 1 2-93a) and ( 1 2-93b) reduce to 

= r|s in 9 cos </> - ^ cos flj = 0 

^ ^ = / (sin 9 sin (f) — cos = 0 

Sk y \ k. ) 

whose solutions are given, respectively, by 

sin 6 cos </> 


k x = k. 


L = kr 


cos 9 

sin 9 sin 
cos 9 


Using (12-95a) and (12-95b), (12-80) can be written as 


** = *J + *5 + *? = *’(i +^4) 

\ cos' 9/ 


(12-93a) 
( 1 2-93b) 

(12-94a) 
( 1 2-94b) 

(!2-95a) 
( 1 2-95b) 

(12-96) 
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which reduces for k. to 


k. = k cos 6 


(12-97) 


With the aid of (12-97), the stationary point of (12-95a) and (12-95b) simplify to 

k x = k sin 0cos <t> = k t (12-98a) 

k y = k sin 6 sin (f) = k 2 (12-98b) 

The function k • r can be expanded into a Taylor series, about the stationary point 
k u k 2 , and it can be approximated by the zero, first, and second order terms. That is. 


k • r ~ k • r + 


«9(k • r) 
dk x 


(k x — k\) + (k v — k 2 ) 

(, ky A ,. t . 


, 1 „ , .2 . 1 d 2 (k*r) 

+ 7 — T72 — (** “ *0 + T — T3 — (k y ~ k 2 ) 

— rlk x k { ,k : 2 nky k-,,k, 

d 2 (k • r) ,, , 

+ "77 77 ~ *,)<*» - k 2 ) 

akydky 


(12-99) 


Since the second and third terms vanish at the stationary point k x = /c, and k y = k 2 , 
(12-99) can be expressed as 


where 


k • r = k • r - A£ - Brf 

k u k z 


A _ 1 d 2 (k • r) 

2 <)ky k * 


r = I <> 2 (fc • r) 

2 fikj. Mj 


C = - 


f) 2 (k • r) 


cikydky | M , 
£ = (** - *,) 
rj = (k y - k 2 ) 

Using (12-97)-(12-98b), (12-90) reduces to 


( 12 - 100 ) 


(12- 100c) 

(12-1 OOd) 
(12-I00e) 


kr = kr (12-101) 

kf.k; 

Similarly, with the aid of (12-92), A, B, and C can be written, after a few manipula- 
tions, as 

1 rt 2 (k • r) r ( sin 2 0cos 2 . lf _ 

2 <>ki 2k \ COS" 6 ) 

1 r> 2 (k • r) r ( sin 2 6 sin 2 d>\ . , M . 

B = -- ' ^2 = 77 ( 1 + 2-7— (12- 1 02b.) 

2 <>k;, 2k \ cos- 6 f 


C = - 


r) 2 (k • r) _ r sin 2 6 
dkydky k,.k : k cos 2 6 


cos <f> sin 0 
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Thus (12-73) can be approximated around the stationary point k x = k { and k v = jt 2 , 
which contributes mostly to the integral, by 


E(* y,z) - ;r4 f f f(A = k h ky = k 2 )e d ^drj (12- 

47T" J J *».? 


103) 


or 


E(.r, y. z) — 


~ k 2 )e 

4w~ 



e \ Mf + B V : + C4v) 


d^dt) 


(12- 103a) 


where S| >2 is the surface near the stationary point. 

The integral of (12- 103a) can be evaluated with the method of Stationary Phase. 
That is, (see Appendix VIII) 



e )iAt-+bT r+cftfi d j: dr) 


2tt8 

j \/\4AB - C 2 


(12-104) 


5 = 


+ I if 4 AB > C 2 and AX) 
-1 if 4AB > C 2 and A < 0 
if 4 AB<C 2 


With the aid of (12-102a)-(12-!02c), the factor 4AJ3 - C 2 is 


4 AB - C 2 


\k cos til 


Since 4AB > C 2 and A > 0, (12-103) reduces to 


(12-1 04a) 


(12-105) 



gjiAf + Btf+Cfifi dgrf-q = jhLJi cos fj 

r 


(12-106) 


and (12- 103a) to 

ke ~' kr 

E(r, 6, <{>) — j — [cos H f(/c| = k sin 0 cos </>. h — k sin 0 sin <^»)| (12-107) 

27 rr 


In the far-field region, only the 0 and 4> components of the electric and magnetic 
fields are dominant. Therefore, the E ( , and E $ components of (12-107) can be written 
in terms of /,. and f y . With the aid of ( 1 2-84b), f can be expressed as 


f = a J x + ajv + Afz 

At the stationary point (k x = &| 
k z =* k cos 0), (12-108) reduces to 


Jx + a,./; - a, 
k sin 0 cos c/>, k v 


( [X ± fyk y ) 

A 

= k 2 = k 


■| 

(12-108) 
sin 0 sin <(>, 


({k\, k 2 ) 


Kfx + a yfy ~ 


. sin 0 , , „ . 

a . -Af x cos </> + f v s>n <f>) 

cos 0 


(12-109) 


Using the inverse transformation of (4-5), the 0 and (f> components of f can be written 
as 



cos 0 


(12- 110a) 






12.9 Fourier Transforms in Aperture Antenna Theory 629 


(12-1 1 Ob) 

The E-field of (12-1 07) reduces, for the 6 and components, to 

ke~ jkr 

E(r. ft 4>) — j~ MM/ r cos <f> + f y sin <J>) + cos 0( — sin 0 + f\. cos <£)] 

2tt>' 

( 12 - 111 ) 

and the H-field to 



H(r, 0 , 0) = 


' — [a r x E(r, ft d>)J 


( 12 - 112 ) 


where from (12-85a) and (12-85b) 


(12-1 13a) 


(12-1 13b) 


To illustrate the frequency domain ( spectral ) techniques, the problem of a uniform 
illuminated aperture, which was previously analyzed in Section 12.5.1 using spatial 
methods, will be solved again using transform methods. 



Example 12.7 

A rectangular aperture of dimensions a and b is mounted on an infinite ground plane, 
as shown in Figure 12.26(a). Find the field radiated by it assuming that over the 
opening the electric field is given by 

it _ - r -all ^ x’ ^ all 
* yti) ' - b/2 < y' < b/1 

where E 0 is a constant. 


SOLUTION 

From ( 1 2- 1 1 3a) and (12-11 3b) 


f, = o 

/, = E„ 


I 


■+■ b/2 
-hi 1 


gjky' sin flsin 4> rfy 


f + «/ 2 

J -a/l 


gjkx f sin 0cos 
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The 0 and 0 components of (12-111) can be written as 



which are identical to those of (12-23b) and (!2-23c), respectively. 


12.9.4 Dielectric Covered Apertures 

The transform (. spectral ) technique can easily be extended to determine the field 
radiated by dielectric-covcred apertures [20J, (21 J. For the sake of brevity, the details 
will not be included here. However, it can be shown that for a single lossless dielectric 
sheet cover of thickness h, dielectric constant e n unity relative permeability, and free- 
space phase constant k Q , the far-zone radiated field E 0 , E# of the covered aperture of 
Figure 12.26(b) are related to E”, E'j, of the uncovered aperture of Figure 12.26(a) 
by 

E„(r, 0, (f>) = f{0) E%r, 0 , 4>) (12-1 14a) 

E+(r, 0, <f>) = g(0) E ( >. 0, <f>) (12-1 14b) 

where 

E lh Ej, = field components of dielectric covered aperture [Fig. 12.26(b)] 

Eff, E$ = field components of uncovered aperture (Fig. 12.26(a)] 

(12-1 14c) 

(12-1 14d> 
(12-1 14e); 

(12-1140 
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(12-1 14g) 


The above relations do not include surface wave contributions which can be taken 
into account but are beyond the scope of this section [20]. 

To investigate the effect of the dielectric sheet, far-zone principal £- and //-plane 
patterns were computed for a rectangular waveguide shown in Figure 12.26(b). The 
waveguide was covered with a single dielectric sheet, was operating in the dominant 
TE W mode, and was mounted on an infinite ground plane. The £- and //-plane patterns 
are shown in Figure 12.27(a) and 12.27(b), respectively. In the £-plane patterns, it is 
evident that the surface impedance of the modified ground plane forces the normal 
electric field component to vanish along the surface ( 8 = tt/2). This is similar to the 
effects experienced by the patterns of the vertical dipole above ground shown in 
Figure 4.28. Since the //-plane patterns have vanishing characteristics when the ap- 
erture is radiating in free-space, the presence of the dielectric sheet has a very small 
overall effect. This is similar to the effects experienced by the patterns of a horizontal 
dipole above ground shown in Figure 4.30. However, both the £- and //-plane patterns 
become more broad near the surface, and more narrow elsewhere, as the thickness 
increases. 


12.9.5 Aperture Admittance 


Another parameter of interest, especially when the antenna is used as a diagnostic 
tool, is its terminating impedance or admittance. In this section, using Fourier trans- 
form ( spectral ) techniques, the admittance of an aperture antenna mounted on an 
infinite ground plane and radiating into free-space will be formulated. Computations 
will be presented for a parallel-plate waveguide. The techniques can best be presented 
by considering a specific antenna configuration and field distribution. Similar steps 
can be used for any other geometry and field distribution. 

The geometrical arrangement of the aperture antenna under consideration is shown 
in Figure 12.26(a). It consists of a rectangular waveguide mounted on an infinite 
ground plane. It is assumed that the field distribution, above cutoff, is that given by 
the 7£,„ mode, or 


E„ = a v £ 0 cos 



-a/2 =£ x' < a/2 
-b/2 ^ y' < b/2 


where £ ( , is a constant. The aperture admittance is defined as 


(12-115) 


2P* 

K = ( 12 - 116 ) 

where 


P* = conjugate of complex power transmitted by the aperture 
V = aperture reference voltage. 

The complex power transmitted by the aperture can be written as 

P = i ( . ( [E(.v\ y\ z' = 0) x H*(.v\ /, = ())] • a, dx' dy' (12-117) 

A J ‘Vv * 
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£-pkme Frec-spucc 

C r = 2.1 A = 0.125A„ 

/> = 0.42Ao /i = ().250A„ 

h = U.500A„ 

(a) £-planc 


0 D 



//-plane 1 Frcc-space 

= 2. 1 /i = O.IMA,, 

« = ().<MSA 0 A = 0.250A,) 

Ii = O.SOOAq 


(h) //-plane 

Figure 12.27 Amplitude radiation patterns of a dielectric covered waveguide mounted on 
an infinite ground plane and with a TE I0 mode aperture field distribution. 


where S„ is the aperture of the antenna. E(,v\ y\ z' = 0} and H(jc\ z' = 0) 
represent the total electric and magnetic fields at the aperture including those of the 
modes which operate below cutoff and contribute to the imaginary power. For the 
field distribution given by (12-1 15), (12-1 17) reduces to 

P = [ f [£v(jc\ .v\ s' = 0)H%x\ y\ ^ = 0)] dx' dy' (12-1 17a) 

2 J Sf t J 

The amplitude coefficients of all modes that can exist within the waveguide, 
propagating and nonpropagating, can be evaluated provided the total tangential E- 
and/or H-field at any point within the waveguide is known. Assuming that (12-115) 
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represents the total tangential E-field, it allows the determination of all mode coeffi- 
cients. Even though this can be accomplished, the formulation of (12-11 7a) in the 
spatial domain becomes rather complex [22]. 

An alternate and simpler method in the formulation of the aperture admittance is 
to use Fourier transforms. By Parse val’s theorem of ( 1 2-72c), ( 1 2- 1 1 7a) can be written 
as 

p = £vU\ v\ z' = 0) H*(x\ /, z' = 0) dx' dy' 



%y(k X , ky) M*(k„ ky ) dk x dky 


(12-118) 


where the limits of the first integral have been extended to infinity since 
E v (x', /, z' = 0) vanishes outside the physical bounds of the aperture. % y (k x , & v ) and 
Wxikt, k y ) are the Fourier transforms of the aperture E- and //-fields, respectively. 

The transform %(k x , k y , z = 0) is obtained from (12-78) while 3£(£,, k v , z = 0) 
can be written, by referring to (12-89), as 


*(*,, * v . z = 0) = -p(fxk) 

k Tj 


For the problem at hand, the transforms and M x are given by 

%(k X , ky) = fy{k x , ky) 

Using (l2-77b) and (12-115), (12-120) reduces to 

r-Eb/1 r-Eti/l I \ 

f y (k x , k v ) = Eq I I cos I— x , \e iikxX ’ + * vV ’ dx' dy' 

J ~b /2 J -a /2 J 

H 


fy(k x , ky) = 


'nab] 


where 


Substituting (12-1 20)— ( 1 2- 122b) into (12-118) leads to 
(irabEn, 


(12-119) 

( 12 - 120 ) 

( 12 - 121 ) 


cos X 1 I" sirt k] 

(tt/2) 2 - (X) 2 J [ Y J 

(12-122) 

-V 1 

II 

* 

(12- 122a) 

II 

(12- 122b) 


P = 


(nabE ( ,) 2 f + * f**[(k 2 - k 2 x ) f cos X ~| 2 r sin Y T \ 

32P^J-« J-» { ** [(w/2) 2 - (X)»J [~\ J dk - dk > 


If the reference aperture voltage is given by 


(12-123) 


(12-124) 


the aperture admittance can be written as 
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Figure 12.28 Visible and invisible regions in A-space 


where k is given by { 1 2- 80a) and ( 12-80b). As stated before, the values of k~ as given 
by ( 1 2-S0a) contribute to the radiated (real) power and those of ( 1 2-H0b) contribute 
to the reactive (imaginary) power. Referring to Figure 12.28. values of k r and k y within 
the circle contribute to the aperture conductance, and the space is referred to as the 
visible region. Values of k, and k ? outside the circle contribute to the aperture suscep- 
tance and constitute the invisible region. Thus (12-125) can be separated into its real 
and imaginary parts, and it can be written as 
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(12- 126b) 


The first term in (12- 126b) takes into account the contributions from the strip outside 
the circle for which k y < k, and the second term includes the remaining space outside 
the circle. 

The numerical evaluation of ( 12- 126a) and (12- 126b) is complex and will not be 
attempted here. Computations lor the admittance of rectangular apertures radiating 
into lossless and lossy half-spaces have been carried out and appear in the literature 
[23]— [27]. Various ingenious techniques have been used to evaluate these integrals. 

Because of the complicated nature of ( 1 2- 1 26a) and (12-1 26b) to obtain numerical 
data, a simpler configuration will be considered as an example. 

Example 12.8 

A parallel plate waveguide is mounted on an infinite ground plane, as shown in Figure 
12.29. Assuming the total electric field at the aperture is given by 

E„ = a v E 0 — b/2 < y' < 6/2 

where E () is a constant, find the aperture admittance assuming the aperture voltage is 
given by V = bE {) . 


SOLUTION 

This problem bears a very close similarity to that of Figure 12.26(a), and most of the 
results of this example can be obtained almost directly from the previous formulation. 
Since the problem is two-dimensional, (12-1 20)— ( 1 2- 1 22 ) reduce to 
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Figure 12.29 Parallel plate waveguide geometry and aperture field distribution. 


sin -H 


=/v(*v) = bEo 


kyb 

T 


= -r = 


. Ikyb\ 
sin -r- 
k f y kbE {) \ 2 ) 


17 k z r}k : kyb 

T 


and (12-123) to 
(bE 0 fk 


P = 


A Try) 


PM 

J - » 




kyb 

1 


dky 


Since the aperture voltage is given by V = h£ () . the aperture slot admittance (per unit 
length along the x direction) of (12-125) can be written as 


. = _L Hi 

Ith] !-■* k z 


sin 


2 


kyb 

L 2 J 


ctt v 


and the aperture slot conductance and susceptance of (12- 126a) and (1 2- 126b) as 
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the expressions for the slot conductance and susceptance reduce to 



The admittance will always be capacitive since B u is positive. 

The expressions for the slot conductance and susceptance (per unit length along 
the x direction) reduce for small values of kb to [5J 


q _ »r 

. (^) 2 1 1 


c " ~ * [ 

24 J 

b I 

- < — 

7 r 


A 10 

B u =* — 1 1 

- 0.636 In (kb)] 


17 A 

* 



and for large values of kb to 
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Normalized values of A G tl and AS,, as a function of btk for an aperture radiating into 
free space are shown plotted in Figure 12.30. 



Figure 12.30 Normalized values of conductance and susceptance of narrow slot. 


12.10 GROUND PLANE EDGE EFFECTS: THE 
GEOMETRICAL THEORY OF DIFFRACTION 

Infinite size (physically and/or electrically) ground planes are not realizable in practice, 
but they can be approximated closely by very large structures. The radiation charac- 
teristics of antennas (current distribution, pattern, impedance, etc. ) mounted on finite 
size ground planes can be modified considerably, especially in regions of very low 
intensity, by the effects of the edges. The ground plane edge diffractions for an 
aperture antenna are illustrated graphically in Figure 12.31. For these problems, 
rigorous solutions do not exist unless the object's surface can be described by curvi- 
linear coordinates. Presently there are two methods that can be used conveniently to 
account for the edge effects. One technique is the Moment Method (MM) |28] dis- 
cussed in Chapter 8 and the other is the Geometrical Theory of Diffraction (GTD) 
129J. 

The Moment Method describes the solution in the form of an integral, and it can 
be used to handle arbitrary shapes. Tt mostly requires the use of a digital computer 
for numerical computations and, because of capacity limitations of computers, it is 
most computationally efficient for objects that are small electrically. Therefore, it i$ 
usually referred to as a low-frequency asymptotic method. 

When the dimensions of the radiating object are large compared to the wavelength, 
high-frequency asymptotic techniques can be used to analyze many otherwise not 
mathematically tractable problems. One such technique, which has received consid- 
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[a) Upper-lower 


2d 



[h\ Lett-right 


Figure 12.31 Dil.Traut.iim mechanisms for an aperture mourned on a Unite size 
ground plane (diffract Loris at upper-lower and lefl-righL edges of the ground 
plane l. 


erable attention in the past few year's, is the Geometrical 7'heary of Diffraction (GTD) 
which was originally developed by Keller [29]. The GTD is an extension of the 
classical Geometrical Optics (GO: direct, reflected, and refracted rays), and it over- 
comes some of the limitations of GO by introducing a diffraction mechanism [2j. 

The diffracted field, which is determined by a generalization of Fermat’s principle 
12), \ 30], is initiated at points on the surface of the object where there is a discontinuity 
in the incident GO held (incident and reflected shadow boundaries), The phase of die 
Held on a diffracted ray is assumed to be equal to the product of the optical length of 
the ray (from some reference point) and the phase constant of the medium. Appropriate 
phase jumps must be added as a ray passes through caustics.* The amplitude is 
assumed to vary in accordance with the principle of conservation of energy in a 
narrow tube of rays. The initial value of the field on a diffracted ray is determined 
from the incident field with the aid of an appropriate diffraction coefficient (which, 
in general, is a dyadic for electromagnetic Helds). The diffraction coefficient is usually 
determined from the asymptotic solutions of the simplest boundary- value problems 
which have the same local geometry at the points of diffraction as the objecl(s) of 
investigation. Geometries of this type are referred to as canonical problems. One of 
the simplest geometries is a conducting wedge [3 1 ], [32], Another is that of a con- 
ducting. smooth and convex, surface [331-135], 

The primary objective in using the GTD to solve complicated geometries is to 
resolve each such problem into smaller components |8J-[I0], [35]. The partitioning 
is made so that each smaller component represents a canonical geometry of a known 
solution. These techniques have also been applied for the modeling and analysis of 
antennas on airplanes J36], and l hey have combined both wedge and smooth eon- 


*A uuhsiii: is a point or a tine through which ail l lie rays of a wave pass. Examples of il are the focal 
point of a paraboloid (parabola of revolution) and (he local line of a parabolic cylinder. The field at the 
caustic is iiiliniie because, in principle, an infinite number of rays pass through it. 




640 Chapter 12 Aperture Antennas 


Diffracted 


Geometric optics 
( Incident and 
reflected) jr 


Diffracted 


Figure 12.32 Aperture geometry in principal E-plane (d> ~ tt / 2 ) 
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Figure 12.33 Principal £-plfine amplitude patterns of an aperture antenna mounted on a 
tinite size ground plane. 
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Figure 12.34 Measured and computed principal elevation plane amplitude pat- 
terns of a A/4 monopole above infinite and finite square ground planes. 


ducting surface diffractions [331. 1351. The ultimate solution is a superposition of the 
contributions from each canonical problem. 

Some of the advantages of GTD are 

1. It is simple to use. 

2. It can be used to solve complicated problems that do not have exact solutions. 

3. It provides physical insight into the radiation and scattering mechanisms from Lhe 
various parts of the structure. 

4. It yields accurate results which compare extremely well with experiments and 
other methods. 

5. It can be combined with other techniques such as the Moment Method [37). 

The derivation of the diffraction coefficients for a conducting wedge and their 
application are lengthy, and will not he repeated here. An extensive and detailed 
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monopole (blade) above a circular ground plane. 

treatment of over 100 pages, for both antennas and scattering, can be found in |2|. 
However, to demonstrate the versatility and potential of the GTD, three examples are 
considered. The first is the E-plane pattern oT a rectangular aperture of dimensions 
a t b mounted on a finite size ground plane, as shown in Figure 12.31. The GTD 
formulation along the E-plane includes the direct radiation and the fields diffracted 
by the two edges of the ground plane, as shown in Figure 12.32. The computed E- 
plane pattern along with the measured one are shown in Figure 12.33: an excellent 
agreement is indicated. 

The two other examples considered here are the elevation pattern of a A/4 mnno- 
pole mounted on square and circular ground planes. The diffraction mechanism on 
the principal planes for these is die same as that of the aperture, which is shown in 
Figure 1 2.32. The corresponding principal elevation plane pattern of the monopole 
on the square ground plane is displayed in Figure 12.34 while that on Lhe circular one 
is exhibited in Figure 12.35. For each case an excellent agreement is indicated with 
the measurements. It should be noted that the minor lobes near the symmetry axis 
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(6 = 0° and f) = 1 80°) for the circular ground plane of Figure 12.35 are more intense 

than the corresponding ones for the square ground plane of Figure 12.34. These effects 

are due to the ring-source radiation by the rim of the circular ground plane toward 

the symmetry axis [2], 1 10). 
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PROBLEMS 

12.1. A uniform plane wave traveling in the + ’ direction, whose magnetic field is expressed 
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impinges upon an aperture on an infinite, flat, perfect electric conductor whose cross 
section is indicated in the figure. 

(a) State the equivalent that must be used to determine the field radiated by the 
aperture to the right of the conductor (z > 0). 

(b) Assuming the aperture dimension in the y direction is b, determine the far-zone 
fields for z > 0. 

12.2. Repeat Problem 12.1 when the incident magnetic field is polarized in the x direction. 

12.3. Repeal Problem 12. 1 when the incident electric field is polarized in the y direction. 

12.4. Repeat Problem 12. 1 when the incident electric field is polarized in the x direction. 

12.5. A perpendicularly polarized plane wave is obliquely incident upon an aperture, with 
dimension a and b . on a perfectly electric conducting ground plane of infinite extent, 
as shown in the figure. Assuming the field over the aperture is given by the incident 
field (ignore diffractions from the edges of the aperture), find the far-zone spherical 
components of the fields for jr > 0. 



Repeat Problem 12.5 for a parallel ly polarized plane wave (when the incident magnetic 
field is polarized in the z direction, i.e., the incident magnetic field is perpendicular to 
the x-y plane while the incident electric field is parallel to the jr-y plane). 

A narrow rectangular slot of size L by W is mounted on an infinite ground plane that 
covers the x-y plane. The tangential field over the aperture is given by 

E u = a,^ -A*' - Vi* 

Using the equivalence principle and image theory, we can replace the aperture and 
infinite ground plane with an equivalent magnetic current radiating in free space. 
Determine the 

(a) appropriate equivalent 

(b) far-zone spherical electric field components for z > 0 

(c) direction ( 0 . <b) in which the radiation intensity is maximum 


i 

w 

T 

12.8. A rectangular aperture, of dimensions a and 6, is mounted on an infinite ground plane, 
as shown in Figure 12.6(a). Assuming the tangential field over the aperture is given 
by 

E„ = a -a/2 < y' < a/2, -b/2 s z ' ^ b/2 

find the far-zone spherical electric and magnetic field components radiated by the 
aperture. 



12 . 6 . 

12.7. 
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12.9. Repeal Problem 12.8 when the same aperture is analyzed using the coordinate system 
of Figure 12.6(b). The tangential aperture Held distribution is given by 

E„ - a r £ 0 -Ml ^ x ' s 6/2. -all <:’< all 

12.10. Repeal Problem 12.8 when the aperture field is given by 

E„ = fi.£ 0 cos|— y'j -all s y' s all, -Ml si's Ml 

12.1 1. Repeat Problem 12.9 when the aperture field distribution is given by 

-Ml < .y' < Ml -all < c' < all 

1 2. 12. Find the fields radiated by the apertures of Problems 

(a) 12.8 (b) 12.9 

(c) 12.10 (d) 12.11 

when each of the apertures with their associated field distributions are not mounted 
on a ground plane. Assume the tangential H-field at the aperture is related to the 
E-field by the intrinsic impedance. 

12.13. Find the fields radiated by the rectangular aperture of Section 12.5.3 when it is not 
mounted on an infinite ground plane. 

12.14. For the rectangular aperture of Section 12.5.3 (with a = 4A, b = 3A), compute the 

(a) £-planc bcamwidth (in degrees) between the maxima of the second minor lobe 

(b) £-plane amplitude (in dB) of the maximum of the second minor lobe (relative to 
the maximum of the major lobe) 

(c) approximate directivity of the antenna using Kraus* formula. Compare it with the 
value obtained using the expression in Table 12.1. 

12.15. For the rectangular aperture of Section 12.5.1 with a = b — 3 A, compute the direc- 
tivity using (12-37) and the DIRECTIVITY computer program at the end of Chap- 
ter 2. 

12.16. For the rectangular aperture of Section 12.5.2 with a = b = 3 A, compute the direc- 
tivity using (12-37) and the DIRECTIVITY computer program at the end of Chap- 
ter 2. 

12.17. Compute the directivity of the aperture of Section 12.5.3, using the DIRECTIVITY 
computer program at the end of Chapter 2, when 

(a) a - 3A, b = 2A 

(b) a = b — 3A 

12.18. Repeal Problem 12.17 when the aperture is not mounted on an infinite ground plane. 

12. 19. For the rectangular aperture of Section 12.5.3 with a = 3A, b = 2A, compute the 

(a) E-plane half-power beamwidth 

(b) //-plane half-power beamwidth 

(c) £-plane first-null beamwidth 

(d) //-plane first-null beamwidth 

(e) £-plane first side lobe maximum (relative to main maximum) 

(f) //-plane first side lobe maximum (relative to main maximum) 

using the formulas of 1 able 12.1. Compare the results with the data from Figures 
12.13 and 12.14. 

12.20. A square waveguide aperture, of dimensions a — b and lying on the jc-y plane, is 
radiating into free-space. Assuming a cos(7 rx'/a) by cos(7ry76) distribution over the 
aperture, find the dimensions of the aperture (in wavelengths) so that the beam effi- 
ciency within a 37° total included angle cone is 90%. 

12.21. Verify ( 12-39a). ( 12-39b), ( l2-39c), and (12-40). 

12.22. A rectangular aperture mounted on an infinite ground plane has aperture electric field 
distributions and corresponding efficiencies of 


E„ = fi,£ 0 cos 


s ( 



u 
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FIELD DISTRIBUTION 

(a) Triangular 

(b) Cosine square 


APERTt I RE EFFICIENCY 
75% 

66.67% 



What are the corresponding directives (in dB) iT the dimensions of the aperture arc 
a - A/2 and h = A/4? 

12.23. The physical area of air aperture antenna operating at 10 GHz is 200 cm J while its 
directivity is 23 dB. Assuming the antenna has an overall radiation efficiency of 90% 
and it is perfectly matched to the input transmission line, find the aperture efficiency 
of the antenna. 

12.24, Two X-band (8.2-12.4 GHz) rectangular waveguides, each operating in the dominant 
THurinodc, are used, respectively, as transmitting and receiving amentias in a long 
distance communication system. The dimensions of each waveguide are a — 2.286 
cm (0,9 in.) and b = 1.016 cm (0,4 in.) and Ihc center frequency of operation is 
10 GHz. Assuming tire waveguides are separated by It) kilometers and they are 
positioned fur maximum radiation and reception toward each other, and the radiated 
power is 1 watt, find the; 

(a) Incident power density at the receiving antenna 

(b) Maximum power that can he delivered to a matched load 

Assume the antennas arc lossless, are polarization matched, and each is mounted on 
an infinite ground plane. 

,25. The normalized far-zone electric field radiated in the E-plane (,v-z plane; </j - 0°) by 
a waveguide aperture antenna of dimensions « and 6, mounted on an infinite ground 
plane as shown in the figure, is given by 


E “ -H t j 


.ta tibl n e 


, .kb 

sin I — cos 0 


4t7Z 


kb 


cos 0 


Determine in the E-plane the: 

(a) Vector effective length of the antenna, 
f b) Maximum value of the effective length. 
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Slate the value of 0 (in degrees) which maximizes the effective length. 

1 2.26. A uniform plane wave is incident upon an X-band rectangular waveguide, with di* 
mensions of 2.286 cm and 1.016 cm, mounted on an infinite ground plane. Assuming 
the waveguide is operating in the dominant TE )0 mode, determine the maximum power 
that can be delivered to a matched load. The frequency is 10 GHz and the power 
density of the incident plane wave is 10 " 4 watts/m 2 . 

12.27. Compute the aperture efficiency of a rectangular aperture, mounted on an infinite 
ground plane as shown in Figure 12.7, with an E-ficld aperture distribution directed 
toward v but with variations 

(a) triangular in the x and uniform in the y 

(b) cosine-squared in the x and uniform in the y 

(c) cosine in the x and cosine in the >• 

(d) cosine-squared in both the x and y directions. 

How do they compare with those of a cosine distribution? 

12.28. An X-band (8.2-12.4 GHz) WR 90 rectangular waveguide, with inner dimensions of 
0.9 in. (2.286 cm) and 0.4 in. (1.016 cm), is mounted on an infinite ground plane. 
Assuming the waveguide is operating in the dominant TE (0 -mode. find its directivity 
at / = 10 GHz using the 

(a) computer program DIRECTIVITY at the end of Chapter 2 

(b) formula in Table 12.1 
Compare the answers. 

1 2.29. Repeal Problem 1 2.28 at/ = 20 GHz for a X-band ( 1 8-26.5 GHz) WR 42 rectangular 
waveguide with inner dimensions of 0.42 in. ( 1 .067 cm) and 0.17 in. (0.432 era). 

12.30. Four rectangular X-band waveguides of dimensions a = 0.9 in. (2.286 cm) and b - 
0.4 in. (1.016 cm) and each operating on the dominant TE l(r mode, are mounted on 
an infinite ground plane so that their apertures and the ground plane coincide with the 
.v-y plane. The apertures form a linear array, are placed along the .t-axis with a centcr- 
to-center separation of d — 0.85A apart, and they are fed so that they form a broadside 
Dolph-Tschebyscheff array of — 30 dB minor lobes. Assuming a center frequency of 
10 GHz. determine the overall directivity of the array in decibels. 

12.31. Sixty-four (64) X-band rectangular waveguides are mounted so that the aperture of 
each is mounted on an infinite ground plane that coincides with the x-y plane, and all 
together form an 8 X 8 = 64 planar array. Each waveguide has dimensions of a = 
0.9 in. (2.286 cm), b = 0.4 in. (1.086 cm) and the centcr-to-center spacing between 
the waveguides is d x = </,. = 0.85A. Assuming a TE|, ( -mode operation for each 
waveguide, a center frequency of 10 GHz. and the waveguides are fed to form a 
uniform broadside planar array, find the directivity of the total array. 

12.32. Find the far-zone fields radiated when the circular aperture of Section 12.6.1 is not 
mounted on an infinite ground plane. 

12.33. Derive the far-zone fields when the circular aperture of Section 12.6.2 

(a) is 

(b) is not 

mounted on an infinite ground plane. 

12.34. A circular waveguide (not mounted on a ground plane), operating in the dominant 
TEu mode, is used as an antenna radiating in free space. Write in simplified form the 
normalized far-zone electric field components radiated by the waveguide antenna. You 
do not have to derive them. 

12.35. For the circular aperture of Section 12.6.1, compute its directivity, using the DIREC- 
TIVITY computer program at the end of Chapter 2, when its radius is 

(a) a = 0.5A 

(b) a - I.5A 

(c) a = 3.0A 

Compare the results with data from Table 1 2.2. 

1 2.36. Repeat Problem 1 2.35 when the circular aperture of Section 1 2.6. 1 is not mounted on 
an infinite ground plane. Compare the results with those of Problem 12.35. 
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1 2.37. Tor the circular aperture of Problem 1 2.33, com pule the directivity, using the DIREC- 
TIVITY computer program at the end of Chapter 2, when its radius is 

(a) a = 0.5 A 

(b) ci = I.5A 

(c) (I = 3.0A 

Compare the results with data from Table 12,2. 

12.38. For the circular aperture of Section 12.6,2 with a ~ I.5A. compute the 
(a) E-plane half-power beam width 

(bl 7/- pi fine hall-power beam width 
(c> E- plane Hrst-nuil heamwidth 
(d.) //-plane first-null heamwidth 

(c) E-plane first side lobe maximum (relative to main maximum) 

d') //-plane first side lobe maximum (relative to main maximum) 

using the formulas of Table 12.2. Compare the results with the daLa from Figures 

12.19 and 12.20. 

12.39. A circular aperture of radius a is mounted on an infinite electric ground plane. Assum- 
ing. the opening is on the x-y plane and its lie Id distribution ls. given by 



find the taw. one electric and magnetic lickl components radiated by the antenna. 
12.4(1. Repeat Problem 12.39 when the electric held is given by 

E„ = ! - (p7a)|, // ^ a 

Find only the radial ion vectors L and N. Work as far as you can. If you find yuu 
cannot complete the solution in closed form, stale clearly why you cannot. Simplify 
as much as possible, 

12.41. A coaxial line of inner and outer radii a and h, respectively, is mounted on an infinite 
electric ground plane. Assuming that the electric field over the aperture of the coax is 


€\n{b! a) p 



where V is the applied voltage and e is the permilliviiy of the coax medium, lind the 
far-zone spherical electric and magnetic Held components radiated by the antenna. 
12.42. It is desired to design a circular aperture antenna with a field distribution over its 
opening of 

E = Cfl - (p7o) 2 l 

where C is a constant, u its radius, and p' any point on the aperture, such that its beam 
efficiency within a 60 r> total included angle cone is 90%. Find its radius in wavelengths. 
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12.43. 

12.44. 


12.45. 


.46. 
.47. 

12.4#, 

1 2.49. 

12.50, 


12 . 51 . 


12.52. 


For the antenna of Problem 12,42. find its efficiency within a 40° total included angle 
cone when its radius is 2A. 

Design square apertures with uniform illumination so that the directivity at 60 15 from 
the normal is maximized relative to that at ft - 0°. Determine the: 

(a) Dimensions of the aperture tin Ai 

(b) Maximum directivity (in tlB) 

(0) Directivity tin JB) at 60° from the maximum 

Design a circular aperture with uniform illumination so that Lite directivity at 60 a fmm 
the normal is maximized relative to that at H = (1°. Determine the 
(at Radius of die aperture fin A) 

(b) Maximum directiviLv (in tIB) 

(c) Directivity (in JB) at 60” from the maximum 

Repeal Problem 12.45 for a circular aperture with a parabolic distribution. 

Repeat Problem 12.45 for a circular aperture with a parabolic taper on - 1(1 dB 
pedestal. 

Derive the cdge-of-coverage (HOC) design characteristics for a circular aperture with 
a parabolic taper. 

A vertical dipole is radiating into a free -space medium and produces fields E 0 and II, 
Illustrate alternate methods for obtaining the same fields using Rabinet's principle and 
extensions of it. 

(a) ( 1 } Sketch the six principal plane patterns, and (2) deline the direction of F, and 
H along the three principal axes and at 45* to the axes, for a thin slot one-hall 
wavelength long, cut in a conducting sheet which has infinite conductivity and 
extending to infinity, and open on both sides. Inside dimensions of die sloi arc 
approximately 0.5A by 0.1 A. Assume that the width (0.1 A) of the slot is small 
compared to a wavelength. Assume a coordinate system such that die conducting 
plane lies on the x-y plane with the larger dimension of the slut parallel to the 
v-axis. 

(h) Sketch the six approximate principal plane patterns £<>( — 0°), ~ 0°), 

E fl Ub = 90 Q ). EM = 9n °>* = 90> E M = 

A very thin circular annular slot with circumference of one wavelength is cut 
on a very thin, infinite, fiat, perfectly electric conducting plate. The slot is 
radiating into free space. What is the impedance (real anti imaginary parts) of 
the slot? 



Repeat Example 12.7 for a rectangular aperture with an electric held distri- 
bution of 


E e , = a v E tl cos 



-ail < x* ==■ a& 
- b/2 < / =£ hi 2 



CHAPTER 


13 

HORN ANTENNAS 


13.1 INTRODUCTION 

One of the simplest and probably the most widely used microwave antenna is the 
horn. Its existence and early use dates back to the late 1800s. Although neglected 
somewhat in the early 1900s, its revival began in the late 1930s from the interest in 
microwaves and waveguide transmission lines during the period of World War II. 
Since that time a number of articles have been written describing its radiation mech- 
anism, optimization design methods, and applications. Many of the articles published 
since 1939 which deal with the fundamental theory, operating principles, and designs 
of a horn as a radiator can be found in a book of reprinted papers (1] and chapters in 
handbooks [2], [3]. 

The horn is widely used as a feed element for large radio astronomy, satellite 
tracking, and communication dishes found installed throughout the world. In addition 
to its utility as a feed for reflectors and lenses, it is a common element of phased 
arrays and serves as a universal standard for calibration and gain measurements of 
other high-gain antennas. Its widespread applicability stems from its simplicity in 
construction, ease of excitation, versatility, large gain, and preferred overall perform- 
ance. 

An electromagnetic horn can take many different forms, four of which are shown 
in Figure 13.1 . The horn is nothing more than a hollow pipe of different cross sections 
which has been tapered (flared) to a larger opening. The type, direction, and amount 
of taper (flare) can have a profound effect on the overall performance of the element 
as a radiator. In this chapter, the fundamental theory of horn antennas will be exam- 
ined. In addition, data will be presented that can be used to understand better the 
operation of a horn and its design as an efficient radiator. 

13.2 E-PLANE SECTORAL HORN 

The £-plane sectoral horn is one whose opening is flared in the direction of the E- 
field. and it is shown in Figure 13.2(a). A more detailed geometry is shown in Figure 
13.2(b). 


♦Portions of this chapter on aperture matched hums, multimode horns, and dielectric- loaded horns were 
first published bv the author in [21. Copyright 1988. reprinted by permission of Van Nostrand Reinhold 
Co. 
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((!> Pyramidal f«i> Conical 

Figure 13.1 Typical electromagnetic hum antenna configurations. 


13-2.1 Aperture Fields 

The horn can he treated as an aperture antenna. To find its radiation characteristics, 
the equivalent principle techniques developed in Chapter 12 can be utilized. To 
develop an exact equivalent of it. it is necessary that the tangential electric and 
magnetic field components over a closed surface are known. The closed surface that 
is usually selected is an infinite plane that coincides with the aperture of the horn, 
When the hom is not mounted on an infinite ground plane, the fields outside the 
aperture are not known and an exact equivalent cannot he formed. However, the usual 
approximation is to assume that the fields outside the aperture are zero, as was done 
for the aperture of Section 12.5.2. 

The fields at the aperture of the horn can be found by I rearing the hom as a radial 
waveguide [4H6], The fields within the horn can be expressed in terms of cylindrical 
TE and TM wave functions which include Hankel functions. This method finds the 
fields not only at the aperture of the horn but also within the horn. The process is 
straightforward but laborious, and it will not he included here. However, it is assigned 
as an exercise at the end of the chapter (Problem 13.1 1. 

ft can be shown that if the ( I ) fields of the feed waveguide are those of its 
dominant TE !0 mode and (2 ) horn length is large compared to the aperture dimensions, 
the lowest order mode fields at the aperture of die horn are given by 

- KJ = Hy = fl (13-la) 

E v '(.v\ v') — Ei eosf— 


(13-lb) 





13.2 E-Plane Sectoral Horn 653 


(13-lc) 


(13- Id) 

pi = p c cos i !> r (13-le) 

where E\ is a constant. The primes are used to indicate the fields at the aperture of 
the hom. The expressions are similar to the fields of a TE )0 -mode for a rectangular 
waveguide with aperture dimensions of a and b\(b\ > a). The only difference is the 
complex exponential term which is used here to represent the quadratic phase varia- 
tions of the fields over the aperture of the hom. 

The necessity of the quadratic phase term in (13-lbM13-ld) can be illustrated 
geometrically. Referring to Figure 13.2(b). let us assume that at the imaginary apex 
of the hom (shown dashed) there exists a line source radiating cylindrical waves. As 
the waves travel in the outward radial direction, the constant phase fronts are cylin- 




H z '(x', y') — yEijr— \s'm(— a' j,fcy ' 
\karfj \a ) 


V* 




(b) E-p lunc view 

Figure 13.2 E-plane hom and coordinate system. 
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drical. At any point y' at the aperture of the horn, the phase of the field will not be 
the same as that at the origin (y' = 0). The phase is different because the wave has 
traveled different distances from the apex to the aperture. The difference in path of 
travel, designated as 5(v'). can be obtained by referring to Figure 13.2(b). For any 
point y' 

Ip, + S(y')] 2 = pc + <v') 2 (13-2) 


or 


5(y') = -p, + [p, 2 + (v') 2 ] 1/2 = -pi + p| l 



( 1 3-2a) 


Using the binomial expansion and retaining only the first two terms of it, (13-2a) 
reduces to 





S(y') - -p, + pi 

, 1 v'V 

1 + oM 

-IF) 


L 2 W J 

Ap\I 


When ( 13-2b) is multiplied by the phase factor k , the result is identical to the quadratic 
phase term in (13-1 b )— ( 13-1 cl). 

The quadratic phase variation for the fields of the dominant mode at the aperture 
of a horn antenna has been a standard for many years, and it has been chosen because 
it yields in most practical cases very good results. Because of its simplicity, it leads 
to closed form expressions, in terms of sine and cosine Fresnel integrals, for the 
radiation characteristics (far-zone fields, directivity, etc.) of the horn. It has been 
shown recently |7| that using the more accurate expression of (13-2a) for the phase, 
error variations and numerical integration yield basically the same directivities as 
using the approximate expression of (13-2b) for large aperture horns {b\ of Figures 
13.2 or tf| of Figure 13.10 greater than 50A) or small peak aperture phase error (S = 
p c - pi of Figure 13.2 or T = p h — p, of Figure 13.10 less than 0.2A). However, 
for intermediate aperture sizes (5A ^ b t or a { ^ 8A) or intermediate peak aperture 
phase errors (0.2A ^ S or T < 0.6A) the more accurate expression of (13-2a) for the 
phase variation yields directivities which are somewhat higher (by as much as a few 
tenths of a decibel) than those obtained using (13-2b). Also it has been shown using 
a full-wave Moment Method analysis of the horn 18] that as the horn dimensions 
become large the amplitude distribution at the aperture of the horn contains highei 
order modes than the TE t0 mode and the phase distribution at the aperture approaches 
the parabolic phase front. 


Example 13.1 

Design an £-plane sectoral horn so that the maximum phase deviation at the aperture 
of the horn is 56.72°. The dimensions of the horn are a — 0.5A, b = 0.25A, b\ - 
2.75A. 

SOLUTION 
Using (13-2b) 

A*u = **/)!.,' . w - k -^ L = 56 - 72 (y^) 
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/2.75 V 180 
Pl “ ( 2 ) 56.72 A “ 

The total flare angle of the horn should be equal to 


2ijt e — 2 tan = 2 tan 1 


2.75/2 


= 25.8 P 


13.2.2 Radiated Fields 

To find the fields radiated by the horn, only the tangential components of the E- and/ 
ot H-fields over a dosed surface must be known. The dosed surface is chosen to 
coincide with an infinite plane passing through the mouth of the horn. To solve for 
the fields, the approximate equivalent of Section 12.5.2 is used. That is. 


£i hr 


J v — — — cosl— x' It' i kS{ y' } —a/2 < jr' s a/2 

i? \« / 


M x = £, cosl-*' Je-W> -b^ < y' < b { /2 


(13-3) 


Using (12-I2a) 


J v = M v = 0 elsewhere 


<!3-3a) 


where 


N„ = -cos 0 sin <f> /,A> 

V 


■ E-fr) 


pjki'sin II cos (/> dy' 


cos y sin 8 cos </> 


ka . , Y 

— sin O cos 01 - I- 


r > b(/2 

e “ M V ' > - y ' sin 0 sill 01 j i 

J-bt/2 


( 1 3-4) 


(13-4a) 


The integral of (13-4b) can also be evaluated in terms of cosine and sine Fresnel 
integrals. To do this, / 2 can be written, by completing the square, as 


f lrhtl - 

/ = I e -i\ky : iQf>,)'t,y’\ jv' 

J-lh / 2 7 


= P j (k 


f + b { /2 

I ^ ~ j \( ky — llkfii] ( ] y * 

J - b\TX 



656 Chapter 13 Horn Antennas 


where 


Making a change of variable 


= k sin sin </> 




a-\" - kyP\) 


( 1 3-6a) 


1 ■ - v.) 


dt = / rfv' 

V wpi 


reduces (13-5) to 


= ^/— jp- cos|— r 2 j — / sinj^rj </r 


and takes the form of 


A = y® - C(fi)J - yW:) - SVO]} 


where 


1 / kb i 


( 1 3-6b) 


(l3-6c) 


(13-7) 


(13-8) 


(13-8a) 


i \ fe , 

TT^Pl \ 2 VP ' 


C(A) = 


r Itt 7 \ 

= Jo cos (rj 

r • ka 

= Jo s m \2 r ) ' 


(13-8b) 


(13-8e) 


( 1 3-8d) 


C(x) and 5(a) are known as the cosine and sine Fresnel integrals and are well tabulated 
[9] (see Appendix IV). Computer subroutines are also available for efficient numerical 
evaluation of each [10], 111). 

Using ( 13-4a) and (13-8), ( 13-4) can be written as 




cos 0 sin </> 


; F(r,./ 2 )f (13-9) 





13.2 E-Plane Sectoral Horn 657 


where 

(13-9a) 
(13-9b) 

F(t i, h) = LC(f 2 ) - C(/,)] - j[S(h) - 5(/i)J I (13-9c) 


= A: sin 6 cos <f> 


k y = k sin 0 sin (f> 


In a similar manner, N+. L of ( 1 2- 1 2b) — ( 1 2- 1 2d) reduce to 




(13-1 Oa) 


(13- 1 Ob) 


(13-1 Oc) 


The electric field components radiated by the horn can be obtained by using 
( 1 2- 1 OaM 1 2- 1 Oc ), and ( 1 3-9H 1 3- 1 Oc). Thus, 



(13-1 la) 


(13-1 lb) 


(13-1 Ic) 
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where /|, h, k v . k y , and £(/|, / 2 ) are given, respectively, by (I3-8a), (l3-8b), (13-9a), 
(13-9b). und f 1 3-9c). The corresponding H-lield components are obtained using 
( 1 2- ! Od)— < 1 2- 1 Of). 

In the principal £- and //-planes, the electric field reduces to 


E-Plane ( <f> — tt/2) 

E, = £,/, = 0 


£* = - 


ay/v Tp\E s e jkr f , /2\- 

j ^ (| + cos #)£(/,', tV) 


8r 


17 r 


/. = 


u = 


k I b x . \ 

— - p, sin ()\ 


np, 


k lJ } ' • 

+ — - pi sin 0] 


Tip, 

//-Plane ( tft = 0) 

E r = E () = 0 


E <t> = ~r 


a\/ irkp\E\e ikr 


8 /- 


(1 + cos 6) 


I 


cos^ 


ka • *1 
T v 


I -Mi)' 


£(/,". r >" ) j 


(13-1 2a) 
(13-1 2b) 

(13- 12c) 
(13-12d) 

(13- 13a) 

(13- 13b) 


2 v t rp, 


(13- 13c) 



To better understand the performance of an £-plane sectoral horn and gain some 
insight into its performance as an efficient radiator, a three-dimensional normalized 
field pattern has been plotted in Figure 13.3 utilizing (13-1 1 a)— ( 1 3- 1 1c). As expected, 
the £-plane pattern is much narrower than the //-plane because of the flaring and 
larger dimensions of the horn in that direction. Figure 13.3 provides an excellent 
visual view of the overall radiation performance of the horn. To display additional 
details, the corresponding normalized £- and //-plane patterns (in dB) are illustrated 
in Figure 1 3.4. These patterns also illustrate the narrowness of the £-plane and provide 
information on the relative levels of the pattern in those two planes. 

To examine the behavior of the pattern as a function of Haring, the £-plane 
patterns for a horn antenna with p ) = 15A and with flare angles of 20° < 2tj/ e ^ 35° 
are plotted in Figure 13.5. A total of four patterns is illustrated. Since each pattern is 
symmetrical, only half of each pattern is displayed. For small induced angles, the 
pattern becomes narrower as the flare increases. Eventually the pattern begins to 
widen, becomes flatter around the main lobe, and the phase tapering at the aperture 
is such that even the main maximum does not occur on axis. This is illustrated in 
Figure 13.5 by the pattern with 2i{j c = 35°. As the flaring is extended beyond that 
point, the flatness (with certain allowable ripple) increases and eventually the main 
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A Relative 
magnitude 


1,0 



//-plane <x-r, ^ - 0 °) £-piane ^ = 90° ) 

Figure 13.3 Three-dimensional field pattern of E-plane sectoral horn ( p , = 6A. 
/>, = 2.75A. a = 0.5A). 


maximum returns again on axis. It is also observed that as the flaring increases, the 
pattern exhibits much sharper cutoff characteristics. In practice, to compensate for the 
phase taper at the opening, a lens is usually placed at the aperture making the pattern 
of the horn always narrower as its flare increases. 

Similar pattern variations occur as the length of the horn is varied while the flare 
angle is held constant. As the length increases, the pattern begins to broaden and 
eventually becomes flatter (with a ripple). Beyond a certain length, the main maximum 
does not even occur on axis, and the pattern continues to broaden and to become 
flatter (within an allowable ripple) until the maximum returns on axis. The process 
continues indefinitely. 

An observation of the E-plane pattern, as given by (13-1 2a)— ( 13- 1 2d), indicates 
that the magnitude of the nomialized pattern, excluding the factor ( 1 -I- cos 6). can 
be written as 


E 0n = Fjtf.tf) = \ C(t 2 ') - - j[S(t 2 ') - SUi')] ( 13- 14a) 

V = 




= 2 


/V 


8Ap,L 

2Vs 


--MH 


- 1 - ... , 

4\.v/\ A / 


(1 3- 14b) 
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Figure 13.4 E- and tf-plane patterns of an E-plane sectoral horn. 
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Figure 13.5 E-plane patterns of E-plane sectoral horn for constant length ami different 
included angles. 


For a given value of s, die field of {13- 14a) can be plotted as u function of 
b |/A sin 6. as shown in Figure 1 3.6 for ,v = p, g, |„ and I . These plots are usually 
referred to as universal curves, because from them the normalized E-plane pattern of 
any E-plane sectoral horn can be obtained. This is accomplished by first determining 
the value of s from a given b\ and p by using ( 13- I4d). For that value of ,v, the field 
strength (in dB) as a function of (/j t M)sin 0 (or as a function of H for a given h ; ) is 
obtained from Figure 13.6. Finally ihe value of (1 + cos 0), normalized to 0 dB :md 
written as 20 fogwtO + cos is added to that number to arrive at the required 
field strength. 
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Example 13.2 

An E-plane horn has dimensions of a = 0.5A. b = 0.25A, b\ — 2.75A, and p\ = 6A. 
Find its E-plane normalized field intensity (in dB and as a voltage ratio) at an angle 
of 0 - 90° using the universal curves of Figure 13.6. 


SOLUTION 


Using (1 3-1 4d) 

V = 

8Api 




(2.75) 2 1 

-*»r- 0 1575 “i3 


None of the curves in Figure 13.6 represents s 
used between the s = 5 and s = % curves. 


= S3. Therefore interpolation will be 


At 0 - 90° 

b, 

- 1 sin (6) = 2.75 sin(90°) = 2.75 
A 


and at that point the field intensity between the s = 3 and .v = 5 curves is about - 20 
dB. Therefore the total field intensity at 0 = 90° is equal to 

„ ™ , / 1 + cos 90°\ _ , ir , 

Ef, — — 20 + 20 log| 0 l 1 = — 20 — 6 = — 26 dB 

or as a normalized voltage ratio of 
E 0 = 0.05 


which closely agrees with the results of Figure 13.4. 


13.2.3 Directivity 

The directivity is one of ihe parameters that is often used as a figure-of-merit to 
describe the performance of an antenna. To find the directivity, the maximum radiation 
is formed. That is, 

■> 

£/m» = £/<ft <f >) Lux = f~ |E| 2 „,ax 03-15) 

277 

For most horn antennas |E| max is directed nearly along the ’-axis (0 = 0°). Thus, 

2 a\/ nkp, 

|EU = VlEiin.. + |£/»» = 5 NlTOl (13-16) 

7 r r 

Using ( 1 3- 1 1 b), ( 1 3- 1 lc), and ( 1 3-9c) 

2 a\J Trkp\ 

|E«U = 5 \E, sin tj> F(t)\ < 1 3- 1 6a) 

7 t r 

2a\J irkp\ 

= 2 |E| cos <f> F(l)\ 

7 T T 


( 13- 16b) 
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since 


Fit) = [C(t) - jS(t )] 


(13-1 6c) 


ih nr _ /?, 

2 -y 7 t/j, \/2Api 


(13-16d) 


Thus 



_b]_ 

V 2A Pi 


C( — t) = — C{t) 
Si-t) = -S(/) 





Txrkpi 
T] 7r' 


I^iIW 


4<rpij£il 2 

7}\7T~ 


\FU)\ 2 


(13-16e) 

(13-16f) 


(13-1 6g) 

(13-16h) 
(13-1 6i) 


(13-17) 


where 


w = 


c 2 i 




+ S*l 




V2Ap,/ \V2Api/J 


(13- 17a) 


The total power radiated tan be found by simply integrating the average power 
density over the aperture of the hom. Using (13-1 ti>— ( 1 3- 1 d) 


rod 


-*JJ 

•V,. 


Re(E' x H'*) • ds 


- _L [ ¥h ' n f 

2l7 J 


ti/2 


|£,| 2 cos 2 (-jr') dx' dx' 
\a 




which reduces to 


P«i = |£il : j- 

4rf 


(1 3- 18 a) 


Using (13-17) and (13-1 8a), the directivity for the E-plane horn can be written 
as 


D E = 


^rad 


64«pi 

7rAb| 


64api 
7rAb ( 

( — ~ — j 

\\/2ApJ 


\F(tf 


+ S 2 \ 


V 2 Api/J 


(13-19) 


The overall performance of an antenna system can often be judged by its beam- 
width and/or its directivity. The half-power beamwidth (HPBW), as a function of flare 
angle, for different horn lengths is shown in Figure 13.7. In addition, the directivity 
(normalized with respect to the constant aperture dimension a) is displayed in Figure 
13.8. For a given length, the hom exhibits a monotonic decrease in half-power beam- 




13.2 E-Plane Sectoral Horn 665 



0 10 :0 30 40 50 <50 
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Figure 13.7 Half-power beamwidth of £-plane sectoral horn as a function of included an- 
gle and for different lengths. 


width and an increase in directivity up to a certain flare. Beyond that point a monotonic 
increase in beamwidth and decrease in directivity is indicated followed by rises and 
falls. The increase in beamwidth and decrease in directivity beyond a certain flare 
indicate the broadening of the main beam. 

Tf the values of b , (in A), which correspond to the maximum directivities in Figure 
13.8, are plotted versus their corresponding values of p x (in A), it can be shown that 
each optimum directivity occurs when 

(13- 19a) 
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I25 r 



0 5 10 15 20 25 30 


Horn aperture />| (wavelengths) 

Figure 13.8 Normalized directivity of E-plane sectoral horn as a function of 
aperture size and for different lengths. 


The classic expression of (13-19) for the directivity of an E-plane horn has been 
the standard for many years. However, it has been shown that this expression may 
not always yield very accurate values for the on-axis directivity. A more accurate 
expression for the maximum on-axis directivity based on an exact open-ended parallel- 
plate waveguide analysis has been derived, and it yields a modification to the on-axis 
value of (13-19), which provides sufficient accuracy for most designs [12]. [13]. Using 
( 13- 19a), the modified formula for the on-axis value of (13-19) can be written as [12], 
[13] 


D t ( max) = 


16 ab\ 


A 2 (l + A„/A)|_ \\r2\p 


H 


+ s 1 


1 b x 


5fl(, .±) 
a \ d 


(13- 19c) 


where A^ is the guide wavelength in the feed waveguide for the dominant TE| 0 mode, 
Predicted values based on (13-19) and (13- 19c) have been compared with measure- 
ments and it was found that (13-1 9c) yielded results which were closer to the measured 
values [ 12]. 

The directivity of an E-plane sectoral horn can also be computed by using the 
following procedure [14]. 

1. Calculate B by 
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B 

Figure 13.9 G,, as a function of B. (source: Adopted from data by E. H. Braun, “Some 
Data for the Design of Electromagnetic Homs,” IRE Trans. Antennas Propagate Vol. AP-4. 
No. 1. January 1956. © (1956) IEEE) 


2. Using this value of B, find the corresponding value of G E from Figure 13.9. If, 
however, the value of B is smaller than 2, compute G E using 


t r 


( 1 3-20b) 


3. 


Calculate D E by using the value of G n from Figure 13.9 or from ( 13-20b). Thus 


a G e 



(13-200 


Example 13.3 

An £-plane sectoral horn has dimensions of a = 0.5 A, b = 0.25 A. b\ = 2.75 A, and 
p, = 6A. Compute the directivity using (13-19) and (13-20c). Compare the answers. 


SOLUTION 
For this horn 


b\ 

V2Api 


2.75 

Vm 


0.794 
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Therefore (from Appendix IV) 

IC(0J94)\ 2 = (0. 72) 2 = 0.5 J 8 
15(0.794) | 2 = (0.24 ) 2 = 0.0576 

Using (13-19) 


D,. = 64(0,5)6 (0.518 + 0.0576) = 12.79 = 1 1 .07 dB 
2.75 tt 

To compute the directivity using ( 1 3-20c), the following parameters are evaluated: 


Pr = 


A 



6.1555A 




2.85 


B = 2.75(2.85) = 7.84 


For B = 7.84, G t = 73.5 from Figure 13.9. Thus, using (!3-20e) 


D l 


0.5(73.5) 

2.85 


12.89 = 1 1.10 dB 


Obviously an excellent agreement between the results of (13-19) and (13-20c). 


13.3 H-PLANE SECTORAL HORN 

Flaring the dimensions of a rectangular waveguide in the direction of the H-field, 
while keeping the other constant, forms an //-plane sectoral horn shown in Figure 
13.1(b). A more detailed geometry is shown in Figure 13.10. 

The analysis procedure for this horn is similar to that for the £- plane horn, which 
was outlined in the previous section. Instead of including all the details of the for- 
mulation. a summary of each radiation characteristic will be given. 


13.3.1 Aperture Fields 

The fields at the aperture of the hom can be found by treating the horn as a radial 
waveguide forming an imaginary apex shown dashed in Figure 13.10. Using this 
method, it can be shown that at the aperture of the horn 


e; = h / = o 

(13-21 a) 

Ey(x') = £ 2 cos|y yj e -***■' 

(13-21b) 

//, V) = - — cos (— e - jkS(x ) 

1 \«i / 

(13-21c) 

. , 1 /.v' 2 \ 

Six') = - — 
2 \p2f 

(I 3-2 Id) 

P2 = Ph COS 

(13-21e) 
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y y' 



(a) //-piano sectoral horn 



<b) //-plane view 

Figure 13.10 tf-plane sectoral horn and coordinate system. 


13.3.2 Radiated Fields 

The fields radiated by die horn can be found by first formulating the equivalent current 
densities J, and M v . Using ( 1 3-2 1 a)— ( 1 3-2 1 c ). it can be shown that over the aperture 
of the horn 

J x = J. = M y = M. = 0 ( 1 3-22a) 

J Y = - — cos (— x\ e-***' ( 1 3-22b) 

v Wi / 
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where 


r ‘fh/l 

J -h/2 


t , ijky’ sm tfsm <b ( iy> _ fj 


kb . \ 

sm I— sm 0 sm q> 


kb . n . ± 
. — sm 0 sm d> 

L 2 


C"'* 1 7T , 

1 2 = COS I — .V 

J - </,/2 | 


J— x '\ f M I <5u') - a' sm 0cos <b\ jy 


By rewriting cos[( 7r/«i ).v' ] as 


cosl— .v'| = 


\«j 

( 1 3-23b ) can be expressed as 
where 


e 


n trill, )x’ 


+ e 


-H 


rriu,) i’ ^ 


/i = /.' + It" 


( I 3-23a) 


(13-23b) 


(13-24) 

(13-25) 



C (t 2 ') - Cd x ')\ -j[S(t 2 ') - $(/,'))} (13-26) 


' |, = V 

1 1 

rrkp2 

1 ka x , ^ 



V= v 

1' 1 
nkpt 

1 , kci\ , 1 

^ ^ 02 . 



ky = k sin0 cos </» H 

fli 


(13-26a) 


( I 3-26b) 


( 1 3-26c) 


h 


tr 



jikr- f *r~k ){ ( C( ^ ) _ c([ » )] -j\ S (t 2 ") - $(/,")]} 


(13-27) 


# » 

'■ “V 

1 1 
7rAp2 1 

_ t » u 1 
1 2 *J 



, " — 

' 2 _ v 

' nkpt ^ 

( + ^L _ ** J 

i + 2 *'*] 



k" = k sin0 cos (f> 

a i 


( 1 3-27a) 


( 1 3-27b) 


(13-27c) 


C(x) and S(.v) are the cosine and sine Fresnel integrals of (13-8c) and (l3-8d), and 
they are well tabulated (see Appendix IV). 
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With the aid of (13-23a). (13-25), (13-26), and (13-27). (13-23) reduces to 




X 


cos 8 sin </> sin Y 


k*F(/,\ h') + e**F(t x \ / 2 ")] \ (13-28) 


F(/|,/ 2 ) — ICl/z) — C(/|)| — y[5(/ 2 ) — 5(/|)] 



(13-28a) 


(!3-28b) 


(13-280 


( 13-28d) 


In a similar manner, N, b , L (h and L 4 , of (12-1 2b)— ( 1 2- 1 2d) can be written us 


N* = -E 7 - 


b TTp2 


X -[e^F(t t \ t 2 ') + e*F(t|\ / 2 ")|) 

V Y J 


(13-29a) 


*-*5 Jt 


sin Y 


X j cos 8 cos Q'-y-ieV'FU li) + e if 'F(t 


r 'FU". r 2 "))| 


(13-29b) 


/ r b n P 2 

L *=- E '-l J— 


[,i, 


sin Y 


X \ sin <f>— — [^'FVi'. h') + e&F{t x \ / 2 ")J 


(13-29c) 

The far-zone electric field components of ( 1 2- 1 Ou)-( 1 2- ! Oc) can then be expressed 


E r = 0 


( 1 3-30a) 


... * Aft <r lk ' 

£» - / 

8 \ 7T r 


( si 


sin Y 


X ( sin <f>( \ + cos 0) — — [e M 'F(t\ \ 1 2 ‘) + e&Fti", / 2 ")1 


( 1 3-30b) 
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r _ , r l> kto*-* 

’ JE H j 7T — 


sin Y 


X j cos 4>(cos 6 + I) — — [e if 'F(t\, It) + e i, 'F(t\ 




The electric field in the principal E- and //-planes reduces to 

-Plane (<f> = ttII) 

E,. = E* = 0 



y= k 4 sinfl 
2 

= =■ 

«i 

c = - ^ 

« I 

//-Plane ( <f> — 0) 

E r = E, = 0 


/> kfh e ikr 


- J £ 2a _ / _ 


8 y 7T r 

X {(cos (1 + Dle^Fft,'.//) + t'*F(/,". f 2 ")|} 


7T 


* A .' = A* sin 6M- - 

« i 


IT 


A," = k sin 0 

«i 


( 1 3-30c) 


(13-31a) 


(13-3 lb) 
(13-31c) 
(13-3 Id) 
(13-31e) 

( 1 3-32a) 


( 1 3-32b) 
(13-32c) 

(J3-32d) 


with /„/ 2 . /^fi', / 2 '). /’(/)", t 2 "). //. / 2 \ and // as defined previously. 

Computations similar to those for the £-plane sectoral horn were also performed 
for the //-plane sectoral horn. A three-dimensional field pattern of an //-plane sectoral 
horn is shown in Figure 1 3. 1 1 . Its corresponding E- and //-plane patterns arc displayed 
in Figure 13.12. This horn exhibits narrow pattern characteristics in the flared 
//-plane. 

Normalized //-plane patterns for a given length horn (p 2 = I2A) and different 
flare angles are shown in Figure 13.13. A total of four patterns is illustrated. Since 
each pattern is symmetrical, only half of each pattern is displayed. As the included 
angle is increased, the pattern begins to become narrower up to a given flare. Beyond 
that point the pattern begins to broaden, attributed primarily to the phase taper (phase 
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Figure 13.11 Three-dimensional field pattern of an //-plane sectoral horn (/>> = 6A, 
a, = 5.5A. b = (USA). 


error) across the aperture of the horn. To correct this, a lens is usually placed at the 
horn aperture which would yield narrower patterns as the Hare angle is increased. 
Similar pattern variations are evident when the Hare angle of the horn is maintained 
fixed while its length is varied. 

The universal curves for the //-plane sectoral horn arc based on ( 13-32b), in the 
absence of the factor ( 1 + cos 6). Neglecting the ( I + cos 0) factor, the normalized 
//-plane electric field of the //-plane sectoral horn can be written as 


F{t u t 2 ) = |C(/ 2 ) - C(/,)] -j[S(t 2 ) ~ SUO] 

*.v'7>2 P 2 


/.= 


77- 


,, = ^f*sin0 + - 

2k 2 k\ a\J 


h = 



12 


-ISM 


i 


1 - X 


2\n, sin 0) 


(13-33) 

(13-33a) 


(13-33b) 


(13-33c) 
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Figure 13.12 E- and //-plane patterns of //-plane sectoral horn. 
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h— pi -l 

Figure 13.13 //-plane patterns of //-plane sectoral horn for constant length and different 
included angles. 





( l3-33h) 
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For a given value of u as given by (13-33h). the normalized Held of (13-33) is plotted 
in Figure 13.14 as a function of ia t /A) sin 6 for t - £j. 5 . 3 . 3 and 1. Following a 

procedure identical to that for the E-plane sectoral horn, the //-plane pattern of any 
//-plane sectoral horn can be obtained from these curves. The normalized value of 
the ( 1 + cos 0) factor in dB. written as 20 log J() [( 1 + cos 0)/2), must also be included. 


13.3.3 Directivity 

To find the directivity of the //-plane sectoral horn, a procedure similar to that for the 
E-plane is used. As for the E-plane sectoral horn, the maximum radiation is directed 
nearly along the r-axis (0 = 0°). Thus 


|£/y|max = I ^ F~ I™ 4>{[C(h') + C(t 2 ") - 


- Cu*)\ - j\S(t 2 ) + SU 2 ”) - S(t ,') - St/Dlil (13-34) 

(13-34a) 


1 / ka 1 7 r 

~~ - l: nkpi\ T ~ 


t,' = 


I / kll | 77 \ 

Trkfh \ 2 U\! 


„ / 1 / ku | 7T \ 

'■ “ T + a^ p2 l ~ 


P~i I — ( 1 — V 


t," = 


\ l ka\ TT \ 

,wd + T + 7*) = = " 


{ l3-34b) 
( 1 3-34c) 
(13-34d) 


Since 


|E,U |E 2 |^ /£“ 


C(-.v) = — C(.v) 

S(-.x) = -S(x) 

sin <f>{\au) - C(u)| - j[S(u) - S(i/)]} 


(l3-35a) 
( 1 3-35b) 

( 1 3-36) 


11 = 


W = = 


v = /," = -ti - 
Similarly 


rrkp 2 


7 rkp2 


+ ' 


ka 1 


TT ) 

1 1 1 

2 a , \ 

+ — P2, 

a \ ) 

l = V2 1 

i a, VAft/ 

TT ^ 

1 1 1 

(V*P2 a, \ 

+ —P2\ 
U\ 1 

‘ V2 1 

i «i s/~ApJ 


( 13-36b) 


|£*U = IftI; Iyx 


cos <f>{[C(a) - C(u)| - j[S(u) - Si u)]} 


(13-37) 
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Thus 


IEL, = V|£,£„ + |£«|L. = |£ 2 |; /f^l tO«) - C(k)| ! + |S<«) - flu)] 2 } 1 ® 

(13-38) 


b 2 

u max = |£,! 2 tt{[C(«) - C(v)) 2 + [5(h) - 5(v)] 2 } 

47)A 


(13-39) 


The total power radiated can be obtained by simply integrating the average power 
density over the mouth of the horn, and it is given by 


Pr n , = — 


(13-40) 


Using (13-39) and (13-40), the directivity for the //-plane sectoral horn can be written 


D„ = x <[C(h) _ c(v)| 2 -I- |5 (h) - 5(13))“} (1341) 

P nul «|A 


where 

(13-4Ja) 
(1341b) 

The half-power beamwidth (HPBW) as a function of flare angle is plotted in Figure 

13.15. The normalized directivity (relative to the constant aperture dimension b) for 
different horn lengths, as a function of aperture dimension a ( , is displayed in Figure 

13.16. As for the £-planc sectoral horn, the HPBW exhibits a monotonic decrease 
and the directivity a monotonic increase up to a given flare; beyond that, the trends 
are reversed. 

If the values of a \ (in A), which correspond to the maximum directivities in Figure 

13. 16. are plotted versus their corresponding values of p 2 (in A), it can be shown that 
each optimum directivity occurs when 

(1341c) 

with a corresponding value of t equal to 

(1341d) 

The directivity of an //-plane sectoral horn can also be computed by using the 
following procedure [141. 





1. Calculate A by 



(1342a) 
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Figure 13.15 Half-power beamwidlh of //-plane sectoral horn as a function of included 
angle and for different lengths. 


2. Using this value of A, find the corresponding value of G/y from Figure 13.17. Lf 
the value of A is smaller than 2, then compute G/y using 



(!3-42b) 


3. Calculate D t1 by using the value of G y/ from Figure 13.17 or from ( 1 3-42b). Thus 


h 

Ci, 

D„ = -- 

1 

A 

50 

i 

sj PiJ* 


(!3-42c) 


This is the actual directivity of the horn. 
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Figure 13.16 Normalized directivity of //-plane sectoral horn as a function of aperture size 
and for different lengths. 


Example 13.4 

An //-plane sectoral horn has dimensions of a = 0.5 A. b = 0.25 A, = 5.5 A, and 
p 2 = 6A. Compute the directivity using (13-41 ) and (13-42c). Compare the answers. 


SOLUTION 
For this horn 


1 /V « 

5.5 \ _ 

V2\5.5 + 

V6/ 


5.5 \ _ 

\Jl \ 5.5 

Vel 


1.9 

- 1.273 
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Figure 13.17 G„ as a function of A. (source: Adopted from data by E. H. Braun. “Some 
Data lor the Design of Electromagnetic Horns,” IRE Trans. Antemius PropagaU, Vol. AP-4, 
No. 1, January 1956. © (1956) IEEE) 


Therefore (from Appendix IV) 

CX 1-9) = 0.394 

C<- 1.273) = -C( 1.273) = -0.659 
5(1.9) = 0.373 

5(- 1.273) = -5(1.273) = -0.669 


Using (13-41) 

D h = 477( ^ 5)6 ((0.394 + 0.659) 2 + (0.373 + 0.669) 2 ] 
D h = 7.52 = 8.763 dB 


To compute the directivity using ( 13-42c), the following parameters are com- 
puted: 


p lt = A\/(6) 2 + (5.5/2) 2 = 6.6A 



A = 5.5(2.7524) = 15.14 

For A = 15.14, G fi = 91.8 from Figure 13.17. Thus, using (13-42c) 


D h 


0.25(91.8) 

2.7524 


= 8.338 = 9.21 dB 
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Although there is a good agreement between the results of (13-41) and (13-42c), 
they do not compare as well as those of Example 13.3. 


13.4 PYRAMIDAL HORN 

The most widely used horn is the one which is flared in both directions, as shown in 
Figure 13.18. It is widely referred to as a pyramidal horn, and its radiation character- 
istics are essentially a combination of the E- and H - plane sectoral horns. 


13.4.1 Aperture Fields, Equivalent, and Radiated Fields 

To simplify the analysis and to maintain a modeling that leads to computations that 
have been shown to correlate well with experimental data, the tangential components 
of the E- and //-fields over the aperture of the horn are approximated by 


£v'U\ y') 

ffvV.y') 




e -;1*l.r'V>+y' 3 //7 l y2| 



e - + v''lp,)/2\ 


and the equivalent current densities by 


Ux'.V) = — — cos(— V | 

V \«i / 

lf,( .t\y') = Eo cos|— .v'j ^ + >■• //>, v 2 | 


(1343a) 
( 1 3-43b) 


( 1 3-44a). 


(1344b). 


The above expressions contain a cosinusoidal amplitude distribution in the x' direction 
and quadratic phase variations in both the .v' and v' directions, similar to those of the 
sectoral E- and //-plane horns. 

The No, Nj,. L 0 and L<t> can now be formulated as before, and it can be shown 
that they are given by 


where 


N„ = cos e sin <*>/,/, (1345a) 

V 

N*= - SW/,/, (1345b) 

17 

L 0 = Eo cos 0 cos <£/,/ 2 ( 1 345e) 

L# = -E 0 sin (1345d) 


0cos<t>\ ^ t 


f ^ I* ,\ 

= cost— JT I 

J — n,/2 \U / 

f + 

— e ' /sin Osin <t>\ 

2 J - />,/2 y 


(1345e) 


(1345f) 
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<cl W-plane view - 

Figure 13.18 Pyramidal horn and 
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Using (13-23b), (13-25). (13-26), and (13-27), (13-45e) can be expressed as 



/. = - - C(/,')l - j[S(t 2 ') - S(h') 1} 

+ - C(t/')] - j[S(t 2 n ) - S(/,")]}J 


(13-46) 


where t/, t 2 , k x \ t ", t 2 ", and k” are given by (13-26a)-(13-26c) and ( 1 3-27a>— (13- 
27c). Similarly, using (13-5M13-8d). 1 2 of (13-45f) can be written as 


(13-47) 


where k y . and h we given by ( 13-5a). (13-8a), and (13-8b). 

Combining (l345aMI345d), the far-zone E- and H-field components of (12- 
1 0a)-( 1 2- 1 Oc) reduce to 


(1348a) 


( 1 3-48b) 


(1348c) 


where f\ and l 2 are given by (1346) and (13-47), respectively. 

The fields radiated by a pyramidal horn, as given by ( 1 3-48a)-( 1 348c), are valid 
for all angles of observation. An examination of these equations reveals that the 
principal E-plane pattern (0 = tt/ 2) of a pyramidal horn . aside from a normalization 
factor, is identical to the E-plane pattern of an E-plane sectoral horn. Similarly the H- 
plane (0 = 0) is identical to that of an //-plane sectoral horn. Therefore the pattern 
of a pyramidal horn is very narrow in both principal planes and, in fact, in all planes. 
This is illustrated in Figure 13.19. The corresponding E-plane pattern is shown h) 
Figure 13.4 and the //-plane pattern in Figure 13.12. 

To demonstrate that the maximum radiation for a pyramidal horn is not necessarily 
directed along its axis, the three-dimensional field pattern for a horn with pi = pi = 6A« 
o, = 12A, h\ — 6A, a = 0.50A and h = 0.25 A is displayed in Figure 13.20. The 
corresponding two-dimensional E- and //-plane patterns are shown in Figure 13.21. 
The maximum does not occur on axis because the phase error taper at the aperture is 
such that the rays emanating from the different parts of the aperture toward the axis 
are not in phase and do not add constructively. 

To physically construct a pyramidal horn, the dimension p c of Figure 13.18(h) 
given by 


1 


1/2 

a 

II 

1 

[fel - 5] 



E r = 0 

ke jkr 

E » = ~ ^ L <t> + r l N ^ 

— J~7~ ( s ^ n 00 + COS 0) /|/->] 

4-jrr 

ke ~ jkr 

E * = + J-^r !'•» - v N A 

kE 0 e~ Jkr 

- j | cos 0( COS 0+1) /,/-,] 

47rr 


(1349a) 
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Relative 

magnitude 


//-plane (,v-r, ^ - 0 ° ) /; -plane ( t'-r. - 90 u ) 

Figure 13.19 Three-dimensional (ield paliern of a pyramidal hom (p, - Pi - 6A. 
n, = 5.5A. h , = 2.75A. a = 0.5A. h = 0.25A). 



should he equal to the dimension p tl of Figure 13.18(e) given by 



[-/ 

ii 

1/2 

Ph = (tfl - «) 

lpi,\ 


\a { J 

1 

1 







The dimensions chosen for Figures 13.19 and 13.20 do satisfy these requirements. 
For the horn of Figure 13.19, p t . = 6.I555A, p H = 6.6A, and p t . = p h — 5 .4544 A, 
whereas for that of Figure 13.20, p, = 6.7082A . p /( = 8.4853A, and p,. = p/, = 5.75A. 
The fields of ( 13-48a)-( l3-48c) provide accurate patterns for angular regions near the 
main lobe and its closest minor lobes. To accurately predict the field intensity of the 
pyramidal and other horns, especially in the minor lobes, diffraction techniques can 
be utilized 1 1 5)-f 181. These methods take into account diffractions that occur near 
the aperture edges of the horn. The diffraction contributions become more dominant 
in regions w here the radiation of ( l3-48a)-( 13-48c) is of very low intensity. 

In addition to the previous methods, the horn antenna has been examined using 
full-wave analyses, such as the Method of Moments (MoM) [81 and the Finite- 
Difference Time-Domain (FDTD) [I9J. These methods yield more accurate results in 
all regions, and they are able to include many of the other features of the horn, such 
as its wall thickness, etc. Predicted patterns based on these methods compare extremely 
well with measurements, even in regions of very low intensity (such as the back 
lobes). An example of such a comparison is made in Figure 13.22 (a.b) for the E- and 
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t Relative 
magnitude 



tf-plane [x ~z. Q 0 n ) E-plane (y-z, <> - W) 

Figure 13.20 Three-dimensional field pattern of a pyramidal horn with maximum 
not on axis <p| = p ; = 6A, fl) = I2A, h t = 6A, a — 0.5A, b - 0.25A). 


//-plane patterns of a 20-dB standard gain horn whose Method of Moment predicted 
values are compared with measured patterns and with predicted values based on 
( 1 3-48a) and ( 1 3-48c), which in Figure 13.22 are labeled as approximate. It is apparent 
that the MoM predicted patterns compare extremely well with the measured data. 

AJJ of the patterns presented previously represent the main polarization of the 
field radiated by the antenna (referred to as co-polarized or co-pol ). If the horn is 
symmetrical and it is excited in the dominant mode, ideally there should be no field 
component radiated by the antenna which is orthogonal to the main polarization 
(referred to as cross-polarization or cross-pot ), especially in the principal planes. 
However, in practice, either because of nonsymmetries, defects in construction and t 
or excitation of higher order modes, all antennas exhibit cross-polarized components, 
These cross-pol components are usually of very low intensity compared to those of 
the primarily polarization. For good designs, these should be 30 or more dB below 
the co-polarized fields and are difficult to measure accurately or be symmetrical, as 
they should be in some cases. 


13.4.2 Directivity 

As for the E- and //-plane sectoral horns, the directivity of the pyramidal configuration 
is vital to the antenna designer. The maximum radiation of the pyramidal horn is 
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/T-plane 

— //-plane 

Figure 13.21 E- and //-plane amplitude patterns of a pyramidal horn with 
maximum not on-axis. 
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<•/,=• J.S7" \ 

A, = 3.62" 

Pr =/'<,= 10.06“ 
a = 0.9". A = 0.4" 


0 (degrees) 
(a) K-plane 


Moment method 

Approximate 

Measured 


180 150 feO 90 (4) 30 0 30 60 90 120 150 180 

0 (degrees) 

(b) //-plane 

Figure 13.22 Comparison of E- and //-plane patterns for 20-dB standard-gain horn at 10 
GHz. 


(A™, = f- |E|L» = W ~ (IC(«) - C(u)| ! + |S(«) 

2r) 2 t] 


- S(v)] 2 } 


where u and v are defined by (13-4 la) and (13-4 lb). 


(13-50c 
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Since 


^rad = |EoP 


U\b 




4rj 


(13-51) 


the directivity of the pyramidal horn can be written as 



(13-52) 


which reduces to 


D i> 


7rA~ 
32 ab 


O e D h 


(!3-52a) 


where D t and D f , are the directivities of the E- and //-plane sectoral horns as given 
by ( 13-19) and ( 13-41 ), respectively. This is a well-known relationship and has been 
used extensively in the design of pyramidal horns. 

The directivity (in dB) of a pyramidal horn, over isotropic, can also be approxi- 
mated by 


r 


D p { dB) = 10 


1.008 + log,,, 



(L t . + L h ) 


(13-53) 


where and L t , represent, respectively, the losses (in dB) due to phase errors in the 
E- and //-planes of the horn which are found plotted in Figure 13.23. 

The directivity of a pyramidal horn can also be calculated by doing the following 
114]. 

1. Calculate 


A y Pi,l A 

a y P jx 


( 1 3-54a) 


( 1 3-54b) 


2. Using A and B, find G tl and G E , respectively, from Figures 13.17 and 13.9. If the 
values of either A or B or both are smaller than 2. then calculate Gt: and/or G t , 
by 


— B 

(13-540 

7T 


32 

( 1 3-54d) 

— A 

7T 


3. Calculate D ft by using the values of G,. : and G H from Figures 13.9 and 13.17 or 
from (13-54c) and (13-54d). Thus 
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0 0.2 0.4 0.6 0.8 1.0 

Maximum aperture phase error (f, s . wavelengths) 

Figure 13.23 Loss figures for E- and //-planes due to phase errors, (sourcf: W. C. Jakes, 
in H. Jasik (ed.). Anlenna Engineering Handbook . McGraw-Hill, New York, 1961) 


(13-54e) 


where D E and D H are, respectively, the directivities of (13-20c) and (l3-42c). This is 
the actual directivity of the horn. The above procedure has led to results accurate to 
within 0.0 1 dB for a horn with p e = Ph ~ 50A. 

A commercial X-band (8.2-12.4 GHz) horn is that shown in Figure 13.24. It is a 
lightweight precision horn antenna, which is usually cast of aluminum, and it can be 
used as a 

1. standard for calibrating other antennas 

2. feed for reflectors and lenses 

3. pickup (probe) horn for sampling power 

4. receiving and/or transmitting antenna 
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I ypical calibration 



H.O 9.0 10,0 ILO 1 2-0 12,4 


Freti utility - CA\y 

Figure 13.24 Typical standard gain A'-bund (8,2-12.4 GHz] pyramidal horn and 
its gain characteristics {courtesy of The NARDA Microwave Corporation). 


It possesses an exponential taper, and its dimensions and typical gain characteristics 
tire indicated in the figure. The half-power beam width in both the E- and //-planes is 
about 28° while the side lobes in the E- and /-/-planes are. respectively, about 13 and 
20 dB down. 

Gains of the horn antenna which were measured, predicted and provided by the 
manufacturer, whose amplitude patterns are shown in Figure 13.22. are displayed in 
Figure 13.25, A very good agreement amongst all three sets is indicated. 


Example 13.5 

A pyramidal horn has dimensions of p ( - p 1 - 6A. ct\ — 5.5A. h r = 2.75A, a = 
0.5 A, and b — 0.25A. 

(a) Check to see if such a horn can be constructed physically. 

(b) Compute the directivity using (l3-52a). (13-53), and ( 13-54c). 

SOLUTION 

From Examples 13.3 and 13.4. 

p e = 6.1555A 

Ph = 6.6A 
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Figure 13.25 Gains of the pyramidal horn which were measured, computed and provided 
by the manufacturer. The amplitude patterns of the horn are shown in Figure 13.22. 


Tims 



Therefore the hom can be constructed physically. 

The directivity can be computed by utilizing the results of Examples 13.3 and 
1 3.4. Using ( 1 3-52a) with the values of D t and D H computed using, respectively, 
( 1 3- 1 9) and ( 1 3-4 1 ) gives 


' 32 ah 


D,:D„ = 


TT 


32(0.5)(0.25) 


(12.79X7.52) = 75.54 = 18.78 dB 


Utilizing the values of D t - and D H computed using, respectively, (l3-20c) and (13- 
42c), the directivity of (l3-54e) is equal to 


o 

'' 32 ah 


D,D„ 


^^(12.89X8.338) = 84.41 ^ 19.26 dB 


For this horn 


8Ap, 


8A fh 


(2.75) 2 

8 ( 6 ) 

(5.5)~ 

8 ( 6 ) 


= 0.1575 
0.63 




13.4 Pyramidal Horn 693 


For these values of s and t 

L e = 0.20 dB 
L f , = 2.75 dB 

from Figure 13.23. Using (13-53) 

D,, = 10{ 1.008 + log l0 i 5.5(2.75)]} - (0.20 + 2.75) = 18.93 dB 
The agreement is best between the directivities of (!3-52a) and (13-53). 


A computer program entitled PYRAMIDAL HORN-ANALYSIS has been de- 
veloped to analyze the radiation characteristics of a pyramidal horn and the directiv- 
ities of the corresponding E- and //-plane sectoral horns. The program is found at the 
end of this chapter. 


13.4.3 Design Procedure 

The pyramidal horn is widely used as a standard to make gain measurements of other 
antennas (see Section 1 6.4, Chapter 16), and as such it is often referred to as a standard 
gain horn. To design a pyramidal horn, one usually knows the desired gain G 0 and 
the dimensions a. h of the rectangular feed waveguide. The objective of the design is 
to determine the remaining dimensions (<ij, h t , p e , p h , p e , and />/,) that will lead to an 
optimum gain. The procedure that follows can be used to accomplish this [2], [3]. 

The design equations are derived by first selecting values of b \ and a\ that lead, 
respectively, to optimum directivities for the E- and //-plane sectoral horns using (13- 
19 a) and (13-41c). Since the overall efficiency (including both the antenna and ap- 
erture efficiencies) of a horn antenna is about 50% (21, [31, the gain of the antenna 
can be related to its physical area. Thus it can be written using (12-39c), (12-40), and 
(13- 19a), ( 1 3-4 1 c) as 

Cl, = (O'*!) = f (13-55) 

since for long horns pi — p>, and p\ — p,.. For a pyramidal horn to be physically 
realizable, p t . and p h of (I3-49a) and (13-49b) must be equal. Using this equality, it 
can be shown that (13-55) reduces to 


(13-56) 


(!3-56a) 



where 



( 1 3-56b) 
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Equation (13-56) is the horn design equation. 

1. As a first step of the design, find the value of x which satisfies (13-56) fora 
desired gain Co (dimensionless). Use an iterative technique and begin with a trial 
value of 


A' (trial) = 



(13-57) 


2. Once the correct x has been found, determine p e and p h using (13-56a) and 
(13-56b). respectively. 

3. Find the corresponding values of a { and b { using (13- 19a) and ( ) 3-4 1 c) or 


a, = V3A ft =» V 3 M« = ^ 

/>, - \/2A^ - \/2A/v = ( 1 3-58b) 

4. The values of p c and p h can be found using ( 1 3-49a) and ( 13-49b). 

A computer program entitled PYRAMIDAL HORN-DESIGN has been developed to 
accomplish this, and it is found at the end of this chapter. 


2nx 


(13-58a) 


Example 13.6 

Design an optimum gain X-band (8.2-12.4 GHz) pyramidal horn so that its gain 
(above isotropic) at/ = 1 1 GHz is 22.6 dB. The horn is fed by a WR 90 rectangular 
waveguide with inner dimensions of a = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 
cm). 


SOLUTION 

Convert the gain G 0 from dB to a dimensionless quantity. Thus 
Go (dB) = 22.6 = 101og,„G o ^ G 0 = 10 226 = 181.97 
Since / = 1 1 GHz. A = 2.7273 cm and 

a = 0.8382A 
b = 0.3725A 


1. The initial value of x is taken, using (13-57), as 


2 . 


_ 181.97 
2it\/2t7 


11.5539 


which does not satisfy (13-56) for the desired design specifications. After a few 
iterations, a more accurate value is x — 1 1.1 157. 

Using ( 1 3-56a) and ( 1 3-56b) 


p, = 11.1157A = 30.316 cm = 11.935 in. 
p h = 1 2.0094 A = 32.753 cm = 12.895 in. 
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3. The corresponding values of ct\ and b | are 

«, = 6.002A = 16.370 cm = 6.445 in. 

Z>, = 4.715A = 12.859 cm = 5.063 in. 

4. The values of p t . and p h are equal to 

p f = p h = 10.005 A = 27.286 cm = 10.743 in. 

The same values are obtained using the computer program at the end of this chapter. 

The derived design parameters agree closely with those of a commercial gain 
horn available in the market. As a check, the gain of the designed horn was computed 
using (13-52a) and (13-53), assuming an antenna efficiency e, of 100%, and (13-55). 
The values were 


G () = D 0 = 22.4 dB for (13-52a) 

G 0 = D () = 22. 1 dB for (13-53) 

Go = 22.5 dB for (13-55) 

All three computed values agree closely with the designed value of 22.6 dB. 


13.5 CONICAL HORN 

Another very practical microwave antenna is the conical horn shown in Figure 13.26. 
While the pyramidal, £-, and //-plane sectoral horns are usually fed by a rectangular 
waveguide, the feed of a conical horn is often a circular waveguide. 

The first rigorous treatment of the fields radiated by a conical horn is that of 
Schorr and Beck 1 20]. The modes within the horn are found by introducing a spherical 
coordinate system and are in terms of spherical Bessel functions and Legendre poly- 
nomials. The analysis is too involved and will not be attempted here. However data, 
in the form of curves 121 1. will be presented which give a qualitative description of 
the performance of a conical horn. 

Referring to Figure 1 3.27, it is apparent that the behavior of a conical horn is 
similar to that of a pyramidal or a sectoral horn. As the flare angle increases, the 
directivity for a given length horn increases until it reaches a maximum beyond which 
it begins to decrease. The decrease is a result of the dominance of the quadratic phase 
error at the aperture. In the same figure, an optimum directivity line is indicated. 

The results of Figure 13.27 behave as those of Figures 1 3.8 and 13. 16. When the 
horn aperture ( d ,„ ) is held constant and its length (L) is allowed to vary, the maximum 
directivity is obtained when the flare angle is zero (if/ r = 0 or L = «). This is 
equivalent to a circular waveguide of diameter d m . As for the pyramidal and sectoral 
horns, a lens is usually placed at the aperture of the conical horn to compensate for 
its quadratic phase error. The result is a narrower pattern as its flare increases. 

The directivity (in dB) of a conical horn, with an aperture efficiency of e„ p and 
aperture circumference C, can be computed using 


D t (dB) = 101og, 0 

477 / 2\ 

= 101og lo |^j - L(s) 


J 



(13-59) 
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* 1 1 

Figure 13.26 Geometry of conical horn. 



where a is the radius of horn at the aperture and 

L(s) = - \0\og lQ (e ap ) 


( 1 3-59a) 


The first term in (13-59) represents the directivity of a uniform circular aperture 
whereas the second term, represented by (13-59a), is a correction figure to account 
lor the loss in directivity due to the aperture efficiency. Usually the term in ( 13-59a) 
is referred to as loss figure which can be computed (in decibels) using [2], [3] 


L(s) =* (0.8 - 1.71s + 26.25.V 3 - 17.79.* 3 ) (13-59b) 


where s is the maximum phase deviation (in number of wavelengths), and it is given 
by 

* = ^ (I3-59C) 


The directivity of a conical horn is optimum when its diameter is equal to 


d m “ V^/A 


(13-60) 


which corresponds to a maximum aperture phase deviation of s = 3/8 (wavelengths) 
and a loss figure of about 2.9 dB (or an aperture efficiency of about 51%). 


13.6 CORRUGATED HORN 

The large emphasis placed on horn antenna research in the 1960s was inspired by the 
need to reduce spillover efficiency and cross-polari2ation losses and increase aperture 
efficiencies of large reflectors used in radio astronomy and satellite communications. 
In the 1970s high-efficiency and rotationally symmetric antennas were needed in 
microwave radiometry. Using conventional feeds, aperture efficiencies of 50-60% 
were obtained. However, efficiencies of the order of 75-80% can be obtained with 
improved feed systems utilizing corrugated horns. 

The aperture techniques introduced in Chapter 12 can be used to compute the 
pattern of a horn antenna and would yield accurate results only around the main lobe 
and the first few minor lobes. The antenna pattern structure in the back lobe region 
is strongly influenced by diffractions from the edges, especially from those that are 
perpendicular to the E-field at the horn aperture. The diffractions lead to undesirable 
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Figure 13.27 Directivity of a conical hom as a function of aperture diameter and for dif- 
ferent axial hom lengths, (source: A. P. King. "The Radiation Characteristics of Conical 
Horn Antennas." Pwc. IRE , Vol. 38. pp. 249-251. March 1950. @ ( 1950) IEEE) 


radiation not only in the back lobes but also in the main lobe and in the minor lobes. 
However, they dominate only in low-intensity regions. 

In 1964 Kay 1 22) realized that grooves on the walls of a hom antenna would 
present the same boundary conditions to all polarizations and would taper the field 
distribution at the aperture in all the planes. The creation of the same boundary 
conditions on all four walls would eliminate the spurious diffractions at the edges of 
the aperture. For a square aperture, this would lead to an almost rotationally symmetric 
pattern with equal E- and //-plane beamwidths. A corrugated (grooved) pyramidal 
hom, with corrugations in the E-plane walls, is shown in Figure 13.28(a) with a side 
view in Figure 13.28(b). Since diffractions at the edges of the aperture in the //-plane 
are minimal, corrugations are usually not placed on the walls of that plane. Corru- 
gations can also be placed in a conical hom forming a conical corrugated horn, also 
referred to in [22| as scalar hom. However, instead of the corrugations being formed 
as shown in Figure 13.29(a). practically it is much easier to machine them to have 
the profile shown in Figure 13.29(b). 
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(a) Corrugated liorn 
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Figure 13.28 
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Pyramidal hum with corrugations in the plane. 


To form an effective corrugated surface, il usually requires ID or more sluts 
(corrugations) per wavelength [23]. To simplify the analysis of an infinite corrugated 
surface, the following assumptions are usually required: 

|> The teeth of the corrugations are vanishingly thin. 

2. Reflections from the base of the slot are only those of a TEM mode. 

The second assumption is satisfied provided the width of the corrugation (u ) is 
small compared to the free-spaee wavelength ( A () ) and the slot depth Ul) (usually 
va < A () /I0h Fora corrugated surface satisfying the above assumptions, its approximate 
surface reactance is given by 124] 


(13-6(1 


(13-6 ho 


X = 



h’ + I \j €„ 

when 



— - 1 
w + / 


which can be satisfied provided t — w! 1 0, 
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T 


ta) Corrugations perpendicular to surface 





T 


(•&) C'omtgaticms perpendicular (o axis 

Figure 13.29 Side view profiles of conical corrugated hums. 


The surface reactance of a corrugated surface, used on the walls of a hom. must 
be capacitive in order for line surface to force to /cro the tangential magnetic held 
parallel to the edge at the wall. Thus the surface will nut support surface waves, will 
prevent illumination of the £-plane edges, and will diminish diffractions. This can be 
accomplished, according to (13-61), if A (1 /4 < d < Ap/2 or more generally when 
(2/t 4* I )Ad/4 <d < {n + l)A (} /2. Even though the cutoff depth is also a function of 
the slot width w, its intkience is negligible if tv < A (J /10 and A lt /4 < d < A u /2. 

To study the performance of a corrugated surface, an analytical model was de- 
veloped and parametric studies were performed |25|. Although the details are numer- 
ous, only the results will be presented here. In Figure 1 3.30(a) a corrugated surface 
is sketched and in Figure 13.30(b) its corresponding uncorrugated counterpart is 
shown. 

For a free -space wavelength of Ao = 8 cm, die following have been plotted for 
point B in Figure 13.30(a) relative to point A in Figure 13.30(b): 

1. In Figure 13.31(a) the surface current density decay at B relative to that at 
4l/,(/f)// v (A)| as a function of corrugation number (for 20 total corrugations) due 
to energy being forced away from the corrugations. As expected, no decay occurs 
for d = 0.5A(> and the most rapid decay is obtained for d = 0.2 5 A u . 

2. [n Figure 13.31(b) the surface current density decay at B relative to that in 
A[J S (B)/J S (A ) | as a function of the distance c from the onset of the corrugations 
lor four and eight corrugations per wave length. The resuits indicate an almost 
independence of current density decay as a function of corrugation density for 
the cases considered. 

3. In Figure 13.31(c) the surface current density decay at B relative to that in 
A\JjB)/J s (A)] as a function of the distance z from the onset of the corrugations 
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(a> Corrugated surface 


A 

lb,) Noncorrugaied surface 

Figure 13.30 Geometry of corrugated and plane surfaces, (solircl: C. A. Mentzer and L. 
Peters, Jr., “Properties of Cutoff Corrugated Surfaces for Corrugated Horn Design." IEEE 
Trans. Antennas Propagat., Vol. AP-22, No. 2, March 1974. © (1974) IEEE) 


for vv/(vv + t) ratios ranging from 0.5 to 0.9. For z < 4 cm = A 0 /2. thinner 
corrugations (larger w/(w + I) ratios) exhibit larger rates of decay. Beyond that 
point, the rate of decay is approximately constant. This would indicate that in a 
practical design thinner corrugations can be used at the onset followed by thicker 
ones, which are easier to construct. 

The effect of the corrugations on the wads of a horn is to modify the electric field 
distribution in the £-plane from uniform (at the waveguide-horn junction) to cosine 
(at the aperture). Through measurements, it has been shown that the transition front 
uniform to cosine distribution takes place almost at the onset of the corrugations. For 
a horn of about 45 corrugations, the cosine distribution has been established by the 
fifth corrugation (from the onset) and the spherical phase front by the fifteenth (26). 
The E- and //-plane amplitude and phase distributions at the aperture of the horn with 
45 corrugations are shown in Figure 13.32(a,b). It is clear that the cosine distribution 
is well established. 

Referring to Figure 13.28(a), the field distribution at the aperture can be written 
as 



( 1 3-62at) 


(I3-62b); 


corresponding to (13-43a) and (13~43b) of the uncorrugated pyramidal horn. Using 
the above distributions, the fields radiated by the horn can be computed in a manna 
analogous to that of the pyramidal horn of Section 13.4. Patterns have been computed 
and compare very well with measurements [26]. 
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(a) Surface current decay on corrugated surface due to energy 
forced away from corrugations, 




(c) Surface current decay on corrugations as a function of corrugation shape. 

Figure 13.31 Surface current decays on corrugated surface, (sourck: C. A. Mcntzer and 
L. Peters. Jr., ’‘Properties of Cutoff Corrugated Surfaces for Corrugated Horn Design/’ 
IEEE Tram . Antennas Propagat., Vol. AP-22, No. 2, March 1974. © (1974) IEEE) 




(a) Position in //-ptenc (cm from center) 

Figure 13.32 Amplitude and phase distributions in H- and 
tem Analysis of Corrugated Horn Antennas,” IEEE Trans. A 
IEEE) 



Amplitude <dB) 




Phase (degrees) 
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In Figure 13.33(a) the measured £-plane patterns of an uncorrugaled square 
pyramidal horn ( referred to as the control horn) and a corrugated square pyramidal 
horn are shown. The aperture size on each side was 3.5 in. (2.96A at 10 GHz) and the 
total flare angle in each plane was 50°. It is evident that the levels of the minor lobes 
and back lobes are much lower for the corrugated hom than those of the control horn. 
However the corrugated hom also exhibits a wider main beam for small angles: dius 
a larger 3-dB beamwidlh (HPBW) but a lower 10-dB beamwidth. This is attributed 
to the absence of the diffracted fields from the edges of the corrugated horn which, 
for nearly on-axis observations, add to the direct wave contribution because of their 
in-phase relationship. The fact that the on-axis far-lields of the direct and diffracted 
fields are nearly in-phase is also evident from the pronounced on-axis maximum of 
the control hom. The £- and H - plane patterns of the corrugated horn are almost 
identical to those of Figure 13.33(a) over the frequency range from 8 to 14 GHz. 
These suggest that the main beam in the £-plane can be obtained from known H- 
plane patterns of hom antennas. 

In Figure 13.33(b) the measured £-plane patterns of larger control and corrugated 
square pyramidal horns, having an aperture of 9.7 in. on each side (8.2A at 10 GHz.) 
and included angles of 34° and 31° in the £- and //-planes, respectively, are shown. 
For this geometry, the pattern of the corrugated horn is narrower and its minor and 
back lobes are much lower than those of the corresponding control hom. The saddle 
formed on the main lobe of the control hom is attributed to the out-of-phase relations 
between the direct and diffracted rays. The diffracted rays are nearly absent from the 
corrugated horn and the minimum on-axis field is eliminated. The control horn is a 
thick-edged horn which has the same interior dimensions as the corrugated horn. The 
//-plane pattern of the corrugated horn is almost identical to the //-plane pattern of 
the corresponding control horn. 

In Figures 13.33(c) and 13.33(d) the back lobe level and the 3-dB beamwidth for 
the smaller size control and corrugated horns, whose £-plane patterns are shown in 
Figure 13.33(a), are plotted as a function of frequency. All the observations made 
previously for that hom are well evident in these figures. 

The presence of the corrugations, especially near the waveguide-horn junction, 
can affect the impedance and VSWR of the antenna. The usual practice is to begin 
the corrugations at a small distance away from the junction. This leads to low 
VSWR's over a broad band. Previously it was indicated that the width w of the 
corrugations must be small (usually w < A o /10) to approximate a corrugated surface. 
This would cause corona and other breakdown phenomena. However the large cor- 
rugated hom, whose £-plane pattern is shown in Figure 13.33(b), has been used 
in a system whose peak power was 20 kW at 10 GHz with no evidence of any 
breakdown phenomena. 

The design concepts of the pyramidal corrugated hom can be extended to 
include circumferentially corrugated conical horns, as shown in Figure 13.29. Several 
designs of conical corrugated horns were investigated in terms of pattern symmetry, 
low cross polarization, low side lobe levels, circular polarization, axial ratio, and 
phase center f27|-|36j. For small Hare angles (i// t . less than about 20° to 25°) 
die slots can be machined perpendicular to the axis of the horn, as shown in 
Figure 13.29(b), and the grooves can be considered sections of parallel-plate TEM- 
mode waveguides of depth d. For large flare angles, however, the slots should 
be constructed perpendicular to the surface of the horn, as shown in Figure 13.29(a). 
The groove arrangement of Figure 13.29(b) is usually preferred because it is easier 
to fabricate. 
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Figure 13.33 Radiation characterisiics of conventional (control), corrugated, and aperture 
matched pyramidal horns, (source: (a), (c), (d). W. D. Burnside and C. W. Chuang, “An 
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13.7 APERTURE-MATCHED HORNS 

A horn which provides significantly better performance than an ordinary horn (in 
terms of pattern, impedance, and frequency characteristics) is that shown in Figure 
13.34(a), which is referred to as an aperture-matched horn 1 371- The main modification 
to the ordinary (conventional) horn, which we refer to here as the control horn, consists 
of the attachment of curved surface sections to the outside of the aperture edges, 
which reduces the diffractions that occur at the sharp edges of the aperture and 
provides smooth matching sections between the horn modes and the free-space radi- 
ation. 

In contrast to the corrugated horn, which is complex and costly and reduces the 
diffractions at the edges of the aperture by minimizing the incident field, the aperture- 
matched horn reduces the diffractions by modifying the structure (without sacrificing 
size, weight, bandwidth, and cost) so that the diffraction coefficient is minimized. The 
basic concepts were originally investigated using elliptic cylinder sections, as shown 
in Figure 13.34(b); however, other convex curved surfaces, which smoothly blend to 
the ordinary horn geometry at the attachment point, will lead to similar improvements. 
This modification in geometry can be used in a wide variety of horns, and includes 
£-plane, //-plane, pyramidal, and conical horns. Bandwidths of 2; 1 can be attained 
easily with aperture-matched horns having elliptical, circular, or other curved surfaces. 
The radii of curvature of the curved surfaces used in experimental models [37] ranged 
over 1.69 A ^ a ^ 8.47A with a = h and h - 2a. Good results can be obtained by 
using circular cylindrical surfaces with 2.5A < o < 5A. 

The basic radiation mechanism of such a horn is shown in Figure 13.34(c). The 
introduction of the curved sections at the edges does not eliminate diffractions; instead 
it substitutes edge diffractions by curved-surface diffractions which have a tendency 
to provide an essentially undisturbed energy flow across the junction, around the 
curved surface, and into free space. Compared with conventional horns, this radiation 
mechanism leads to smoother patterns with greatly reduced black lobes and negligible 
reflections back into the horn. The size, weight, and construction costs of the aperture- 
matched horn are usually somewhat larger and can be held to a minimum if half (one- 
half sections of an ellipse) or quadrant (one-fourth sections of an ellipse) sections are 
used instead of the complete closed surfaces. 

To illustrate the improvements provided by the aperture-matched horns, the 
E-plane pattern, back lobe level, and half-power beamwidth of a pyramidal 
2.96A x 2.96A horn were computed and compared with the measured data of corre- 
sponding control and corrugated horns. The data are shown in Figures 1 3.33 (a, c, d). 
It is evident by examining the patterns of Figure 13.33(a) that the aperture-matched 
horn provides a smoother pattern and lower back lobe level than conventional horns 
(referred to here as control horn); however, it does not provide, for the wide minor 
lobes, the same reduction as the corrugated horn. To achieve nearly the same E-plane 
pattern for all three homs, the overall horn size must be increased. If the modifications 
for the aperture-matched and corrugated homs were only made in the E-plane edges, 
the //-plane patterns for all three homs would be virtually the same except that the 
back lobe level of the aperture-matched and corrugated homs would be greatly re- 
duced. 

The back lobe level of the same three homs (control, corrugated, and aperture- 
matched) are shown in Figure 13.33(c). The corrugated horn has lower back lobe 
intensity at the lower end of the frequency band, while die aperture-matched horn 
exhibits superior performance at the high end. However, both the corrugated and 
aperture-matched homs exhibit superior back lobe level characteristics to the control 
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Figure 13.34 Geometry and diffraction median ism of an aperture-matched horn, (source 
W. D. Burnside and C. W. Cluiang, “An Aperture- Matched Horn Design.” IEEE Trims , 
Antennas EKOpUgcti.. Vol. AP-30. No. 4. pp. 790—796, July 19X2, © (1982) IEEE) 


(conventional) horn throughout almost the entire frequency band. The half-power 
beam width characteristics of the .same three horns are displayed in Figure 13.33(d). 
Because the control (conventional) horn lias uniform distribution across the com- 
plete aperture plane, compared with the tapered distributions for the corrugated and 
aperture- matched horns, it possesses the smallest heamwidth almost over the entire 
frequency band. 
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frequency (GHz) 

Figure 13.35 Measured VSWR for exponentially tapered pyramidal horns (conventional 
and aperture-matched), (source: W. D. Burnside and C. W. Chuang. "An Aperture- 
Matched Hom Design,'’ IEEE Trans. Antennas Proposal.. Vol. AP-30, No. 4. pp. 790- 
796, July 1982. © ( 1982) IEEE) 


In a conventional horn the VSWR and antenna impedance are primarily influenced 
by the throat ami aperture reflections. Using the aperture-matched hom geometry of 
Figure 13.34(a). the aperture reflections toward the inside of the horn are greatly 
reduced. Therefore the only remaining dominant factors are the throat reflections. To 
reduce the throat reflections it has been suggested that a smooth curved surface be 
used to connect the waveguide and hom walls, as shown in Figure 13.34(d). Such a 
transition has been applied in the design and construction of a commerical X-band 
(8.2-12.4 GHz) pyramidal horn (see Fig. 13.24), whose tapering is of an exponential 
nature. The VSWR's measured in the 8- 1 2 GHz frequency band using the conventional 
exponential X-band hom (shown in Figure 13.24), with and without curved sections 
at its aperture, are shown in Figure 13.35. 

The matched sections used to create the aperture-matched hom were small cyl- 
inder sections. The VSWR’s for the conventional horn are very small (less than 1.1) 
throughout the frequency band because the throat reflections are negligible compared 
with the aperture reflections. It is evident, however, that the VSWR's of the corre- 
sponding aperture-matched hom are much superior to those of the conventional horn 
because both the throat and aperture reflections tire very minimal. 

The basic design of the aperture-matched hom can be extended to include cor- 
rugations on its inside surface [29]. This type of design enjoys the advantages pre- 
sented by both the aperture-matched and corrugated horns with cross-polarized com- 
ponents of less than —45 dB over a significant part of the bandwidth. Because of its 
excellent cross-polarization characteristics, this hom is recommended for use as a 
reference and for frequency reuse applications in both satellite and terrestrial appli- 
cations. 


13.8 MULTIMODE HORNS 

Over the years there has been a need in many applications for horn antennas which 
provide symmetric patterns in all planes, phase center coincidence for the electric and 
magnetic planes, and side lobe suppression. All of these are attractive features for 
designs of optimum reflector systems and monopulse radar systems. Side lobe reduc- 
tion is a desired attribute for horn radiators utilized in antenna range, anechoic cham- 
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her, and standard gain applications, while pattern plane symmetry is a valuable feature 
for polarization diversity. 

Pyramidal horns have traditionally been used over the years, with good success, 
in many of these applications. Such radiators, however, possess nonsymmetric beam- 
widths and undesirable side lobe levels, especially in the £-plane. Conical horns, 
operating in the dominant TE n mode, have a tapered aperture distribution in the£- 
plane. Thus, they exhibit more symmetric electric- and magnetic-plane beamwidths 
and reduced side lobes than do the pyramidal horns. One of the main drawbacks of a 
conical horn is its relative incompatibility with rectangular waveguides. 

To remove some of the deficiencies of pyramidal and conical horns and further 
improve some of their attractive characteristics, corrugations were introduced on the 
interior walls of the waveguides, which lead to the corrugated horns that were dis- 
cussed in a previous section of this chapter. In some other cases designs were sug- 
gested to improve the beamwidth equalization in all planes and reduce side lobe levels 
by utilizing horn structures with multiple-mode excitations. These have been desig- 
nated as multimode horns, and some of the designs will be discussed briefly here. For 
more information the reader should refer to the cited references. 

One design of a multimode horn is the “diagonal*' horn [381. shown in Figure 
13.36, all of whose cross sections are square and whose internal fields consist of a 
superposition of TE )0 and TE (>1 modes in a square waveguide. For small flare angles, 
the field structure within the horn is such that the E-field vector is parallel to one of 
the diagonals. Although it is not a multimode horn in the true sense of the word, 
because it does not make use of higher-order TE and TM modes, it does possess the 
desirable attributes of the usual multimode horns, such as equal beamwidths and 
suppressed beamwidths and side lobes in the £- and //-planes which are nearly equal 
to those in the principal planes. These attractive features are accomplished, however, 
at the expense of pairs of cross-polarized lobes in the intercardinal planes which make 
such a horn unattractive for applications where a high degree of polarization purity is 
required. 

Diagonal horns have been designed, built, and tested [38] such that the 3-, 10-, 
and 30-dB beamwidths are nearly equal not only in the principal £- and //-planes, 
but also in the 45° and 135° planes. Although the theoretical limit of the side lobe 
level in the principal planes is 31.5 dB down, side lobes of at least 30 dB down have 
been observed in those planes. Despite a theoretically predicted level of - 19,2 dB 
in the ±45° planes, side lobes with level of —23 to —27 dB have been observed. 
The principal deficiency in the side lobe structure appears in the ±45°-plane cross- 
polarized lobes whose intensity is only 16 dB down; despite this, the overall horn 
efficiency remains high. Compared with diagonal horns, conventional pyramidal 
square horns have //-plane beamwidths which are about 35% wider than those in the 
£-plane, and side lobe levels in the £-plane which are only 12 to 13 dB down (although 
those in the //-plane are usually acceptable). 

For applications which require optimum performance with narrow beamwidths, 
lenses are usually recommended for use in conjunction with diagonal horns. Diagonal 
horns can also be converted to radiate circular polarization by inserting a differential 
phase shifter inside the feed guide whose cross section is circular and adjusted so that 
it produces phase quadrature between the two orthogonal modes. 

Another multimode horn which exhibits suppressed side lobes, equal beamwidths, 
and reduces cross-polarization is the dual-mode conical horn [39|. Basically this horn 
is designed so that diffractions at the aperture edges of the horn, especially those in 
the £-plane, are minimized by reducing the fields incident on the aperture edges and 
consequently the associated diffractions. This is accomplished by utilizing a conical 
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f 


(a) (b) 

Figure 13.36 Elccirie-lield configuration inside square diagonal hom. (a) Two coexisting 
equal orthogonal modes, (b) Result of combining the two modes shown in («). (After Love 
(38| reprinted with permission of Microwave Journal. Vol. V. No. 3. March 1962) 



horn which at its throat region is excited in both the dominant TEu and higher-order 
TM|| mode. A discontinuity is introduced at a position within the hom where two 
modes exist. The horn length is adjusted so that the superposition of the relative 
amplitudes of the two modes at the edges of the aperture is very small compared with 
the maximum aperture field magnitude. In addition, the dimensions of the horn are 
controlled so that the total phase at the aperture is such that, in conjunction with the 
desired amplitude distribution, it leads to side lobe suppression, beamwidth equali- 
zation, and phase center coincidence. 

Qualitatively the pattern formation of a dual-mode conical hom operating in the 
TE m and TM t | modes is accomplished by utilizing a pair of modes which have 
radiation functions with the same argument. However, one of the modes, in this case 
the TM|, mode, contains an additional envelope factor which varies very rapidly in 
the main beam region and remains relatively constant at large angles. Thus, it is 
possible to control the two modes in such a way that their fields cancel in all directions 
except within the main beam. The TM n mode exhibits a null in its far-field pattern. 
Therefore a dual-mode conical hom possesses less axial gain than a conventional 
dominant-mode conical hom of the same aperture size. Because of that, dual-mode 
horns render better characteristics and are more attractive for applications where 
pattern plane symmetry and side lobe reduction are more important than maximum 
aperture efficiency. A most important application of a dual-mode horn is as a feed of 
Cassegrain reflector systems. 

Dual-mode conical horns have been designed, built, and tested [391 with relatively 
good success in their performance. Generally, however, diagonal horns would be good 
competitors for the dual-mode horns if it were not for the undesirable characteristics 
(especially the cross-polarized components) that they exhibit in the very important 
45° and 1 35° planes. Improved performance can be obtained from dual-mode horns 
if additional higher-order modes (such as the TE| 2 , TE| 3 and TM I2 ) are excited |40| 
and if their relative amplitudes and phases can be properly controlled. Computed 
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Figure 13.37 Three-dimensional sum and difference ( E - and //-planes) Held patterns of a 
monopulse pyramidal horn. (C. A. Balanis, ' Horn Antennas." in Antenna Handbook (Y. T. 
Lo and S. W. Lee. eds.h © 1988, Van Nostrand Reinhold Co., Inc.) 
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maximum aperture efficiencies of paraboloidal reflectors, using such horns as feeds, 
have reached 90% contrasted with efficiencies of about 76% for reflector systems 
using conventional dominant-mode hom feeds. In practice the actual maximum effi- 
ciency achieved is determined by the number of modes that can be excited and the 
degree to which their relative amplitudes and phases can be controlled. 

The techniques of the dual-mode and multimode conical horns can be extended 
to the design of horns with rectangular cross sections. In fact a multimode pyramidal 
hom has been designed, built, and tested to be used as a feed in a low-noise Cassegrain 
monopulse system |4 1 1. This rectangular pyramidal hom utilizes additional higher- 
order modes to provide monopulse capability, side lobe suppression in both the 
E- and W-planes, and beamwidth equalization. Specifically the various pattern modes 
for the monopulse system are formed in a single hom as follows: 

(a) Sum: Utilizes TE| 0 + TE 3( > instead of only TEu,. When the relative amplitude 
and phase excitations of the higher-order TE 3 o mode are properly adjusted, they 
provide side lobe cancellation at the second minor lobe of the TE|„-mode pattern 

(b) E-Plane Difference: Utilizes TEn 4- TM, t modes 

(c) H- Plane Difference: Utilizes TE 20 mode 

In its input the hom of [41] contained a four-guide monopulse bridge circuitry, a 
multimode matching section, a difference mode phasing section, and a sum mode 
excitation and control section. To illustrate the general concept, in Figure 13.37(a-c) 
are plots of three-dimensional patterns of the sum, £-plane difference, and A/-plane 
difference modes which utilize, respectively, the TEio + TE 30 ,TEn 4- TMn.andTE^ 
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modes. The relative excitation between the modes has been controlled so that each 
pattern utilizing multiple modes in its formation displays its most attractive features 
for its function. 


13.9 DIELECTRIC-LOADED HORNS 

Over the years much effort has been devoted in enhancing the antenna and aperture 
efficiencies of aperture antennas, especially for those that serve as feeds for reflectors 
(such as the horn). One technique that was proposed and then investigated was to use 
dielectric guiding structures, referred to as Diet guides (42). between the primary feed 
and the reflector (or subreflector). The technique is simple and inexpensive to imple- 
ment and provides broadband, highly efficient, and low-noise antenna feeds. The 
method negates the compromise between taper and spillover efficiencies, and it is 
based on the principle of internal reflections, which has been utilized frequently in 
optics. Its role bears a very close resemblance to that of a lens, and it is an extension 
of the classical parabolic-shaped lens to other geometrical shapes. 

Another method that has been used to control the radiation pattern of electro- 
magnetic horns is to insert totally within them various shapes of dielectric material 
(wedges, slabs, etc.) [43|-[51] to control in a predictable manner not only the phase 
distribution over the aperture, as is usually done by using the classical parabolic 
lenses, but also to change the power (amplitude) distribution over the aperture. The 
control of the amplitude and phase distributions over the aperture are very essential 
in the design of very low side lobe antenna patterns. 

Symmetrical loading of the //-plane walls has also been utilized, by proper 
parameter selection, to create a dominant longitudinal section electric (LSE) mode 
and to enhance the aperture efficiency and pattern-shaping capabilities of symmetri- 
cally loaded horns [43]. The method is simple and inexpensive, and it can also be 
utilized to realize high efficiency from small horns which can be used in limited scan 
arrays. Aperture efficiencies on the order of 92 to 96% have been attained, in contrast 
to values of 8 1 % for unloaded horns. 

A similar technique has been suggested to symmetrically load the E-planc walls 
of rectangular horns |45]-(5 1 ] and eventually to line all four of its walls with dielectric 
slabs. Other similar techniques have been suggested, and a summary of these and 
other classical papers dealing with dielectric-loaded horns can be found in [1], 


13.10 PHASE CENTER 

Each far-zone field component radiated by an antenna can be written, in general, as 

E„ = u£(0, 0)^ ( 1 3-63) 

r 

where u is a unit vector. The terms E(d , 0 ) and 0(0, 0) represent, respectively, the 
(0, 0) variations of the amplitude and phase. 

In navigation, tracking, homing, landing, and other aircraft and aerospace systems 
it is usually desirable to assign to the antenna a reference point such that for a given 
frequency, 0(0, 0 ) of (13-63) is independent of 0 and 0 (i.e.. 0(0. 0 ) = constant). 
The reference point which makes 0(0, 0) independent of 6 and 0 is known as the 
phase center of the antenna [52]-[56|. When referenced to the phase center, the fields 
radiated by the antenna are spherical waves with ideal spherical wave fronts or 
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equipha.se surfaces. Therefore a phase center is a reference point from which radiation 
is said to emanate, and radiated fields measured on the surface of a sphere whose 
center coincides with the phase center have the same phase. 

For practical antennas such as arrays, reflectors, and others, a single unique phase 
center valid for all values of 0 and $ does not exist; for most, however, their phase 
center moves along a surface, and its position depends on the observation point. 
However, in many antenna systems a reference point can be found such that 
<(/(0. <f>) - constant, or nearly so, over most of the angular space, especially over the 
main lobe. When the phase center position variation is sufficiently small, that point 
is usually referred to as die apparent phase center. 

The need for the phase center can best be explained by examining the radiation 
characteristics of a paraboloidal reflector (parabola of revolution). Plane waves inci- 
dent on a paraboloidal reflector focus at a single point which is known as the focal 
paint. Conversely, spherical waves emanating from the focal point are reflected by 
the paraboloidal surface and form plane waves. Thus in the receiving mode all the 
energy is collected at a single point. In the transmitting mode, ideal plane waves are 
formed if the radiated waves have spherical wavefronts and emanate from a single 
point. 

In practice, no antenna is a point source with ideal spherical equiphases. Many 
of them, however, contain a point from which their radiation, over most of the angular 
space, seems to have spherical wavefronts. When such an antenna is used as a feed 
for a reflector, its phase center must be placed at the focal point. Deviations of the 
feed from the focal point of the reflector lead to phase errors which result in significant 
gain reductions of the antenna, as illustrated in Section 15.4.1(G) of Chapter 15. 

The analytical formulations for locating the phase center of an antenna are usually 
very laborious and exist only for a limited number of configurations [52|— [54], Ex- 
perimental techniques 155], [56] are available to locate the phase center of an antenna. 
The one reported in [551 is also discussed in some detail in [2|. aud it will not be 
repeated here. The interested reader is referred to [2] and [55]. 

The horn is a microwave antenna that is widely used as a feed for reflectors [57], 
To perform as an efficient feed for reflectors, it is imperative that its phase center is 
known and it is located at the focal point of the reflector. Instead of presenting 
analytical formulations for the phase center of a horn, graphical data will be included 
to illustrate typical phase centers. 

Usually the phase center of a horn is not located at its mouth (throat) or at its 
aperture but mostly between its imaginary apex point and its aperture. The exact 
location depends on the dimensions of the horn, especially on its flare angle. For large 
flare angles the phase center is closer to the apex. As the flare angle of the horn 
becomes smaller, the phase center moves toward the aperture of the horn. 

Computed phase centers for an £-plane and an //-plane sectoral horn are 
displayed in Figure 13.38(a.b). It is apparent that for small flare angles the E- 
and //-plane phase centers are identical. Although each specific design has its 
own phase center, the data of Figure 13.38(a,b) are typical. If the E- and //-plane 
phase centers of a pyramidal horn are not identical, its phase center can be taken 
to be the average of the two. 

Phase center nomographs for conical corrugated and uncorrugated (TEn-mode) 
horns are available |54|, and they can be found in |2] and 154]. The procedure 
to use these in order to locate a phase center is documented in [2] and [54], 
and it is not repeated here. The interested reader is referred to [2| where examples 
are also illustrated. 
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Figure 13.38 Phase center location, as a function of flare angle, for E- and //-plane sec- 
toral homs. (Adapted from Hu |52|) 
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PROBLEMS 

13.1. Derive (13-1 a)— ( 13- 1c) by treating the E-plane horn as a radial waveguide. 

13.2. Design an E-planc horn such that the maximum phase difference between two points 
at the aperture, one at the center and the other at the edge, is 120°. Assuming that the 
maximum length along its wall (p,), measured from the aperture to its apex, is 10A, 
find the 

(a) maximum total flare angle of the horn 

(b) largest dimension of the horn at the aperture 

(c) directivity of the horn (dimensionless and in dB) 

(d) gain of the antenna (in dB) when the reflection coefficient within the waveguide 
feeding the horn is 0.2. Assume only mismatch losses. The waveguide feeding 
the horn has dimensions of 0.5A and 0.25A 

13.3. For an E-plane horn with p t = 6A, b t = 3.47A. and a = 0.5A. 

(a) compute (in dB) its pattern at 0 — 0°, 10°, and 20° using the results of Figure 
13.6. Show all the steps for one angle. 

(b) compute its directivity using (13-19) and ( l3-20c). Compare the answers. 

13.4. Repeat Problem 13.3 for p, = 6A. b\ = 6A, and a = 0.5A. 

13.5. For an E-plane sectoral horn, plot h\ (in A) versus p t (in A) using (13-1 9a). Verify, 
using the data of Figure 13.8, that the maximum directivities occur when (13- 1 9a) is 
satisfied. 

13.6. For an E-plane sectoral horn with p ( = 20A. a = 0.5A 

(a) find its optimum aperture dimensions for maximum normalized directivity 

(b) compute the total flare angle of the horn 

(c) compute its directivity, using ( 13-19). and compare it with the graphical answer 

(d) find its half-power beamwidth (in degrees) 

(e) compute the directivity using ( 13-2()c) 

13.7. An E-plane horn is fed by an X-band WR 90 rectangular waveguide with inner 
dimensions of 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 cm). Design the horn so that 
its maximum directivity at/ = 1 1 GHz is 30 (14.77 dB). 

13.8. Design an optimum directivity E-plane sectoral horn whose axial length is p, = 10A. 
The horn is operating at X-band with a desired center frequency equal to / = 10 GHz. 
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The dimensions of the feed waveguide arc a = 0.9 in. (2.286 cm) and b — 0.4 in. 
(1.016 cm). Assuming an 100% efficient horn (e, = I), find the 

(a) horn aperture dimensions by and p,. (in wavelengths), and flare half-angle tf/ r (in 
degrees) 

(b) directivity D L (in dB) using (13-20c) 

(c) aperture efficiency 

(d) largest phase difference (in degrees) between center of hom at the aperture and 
any point on the hom aperture along the principal £-plane 

13.9. Derive ( 1 3-2 la)— < 1 3-2 le) by treating the //- plane hom as a radial waveguide. 

13.10. For an //-plane sectoral hom with pi = 6A, a y = 6A, and b = 0.25A compute the 

(a) directivity (in dB) using ( 13-41 ). ( 13-4 2c) and compare the answers 

(b) normalized field strength (in dB) at 0 = 30°, 45°, and 90°. Approximate it using 
linear interpolation 

13.1 1. For an //-plane sectoral hom, plot cty (in A) versus p 2 (in A) using ( 13-4lc). Verify, 
using the data of Figure 13.16, that the maximum directivities occur when (13-41c) 
is satisfied. 

13.12. An //-plane sectoral hom is fed hy an X-hand WR 90 rectangular waveguide with 
dimensions of a = 0.9 in. (2.286 cm) and b = 0.4 in. (1.016 cm). Design the hom 
so that its maximum directivity at / =* II GHz is 16.3 ( 12. 12 dB). 

13. 13. Repeat the design of Problem 13.8 for an //-plane sectoral hom where axial length is 
also pi = 10A. The feed waveguide dimensions and center frequency of operation are 
the same as in Problem 13.8. Assuming an 100% efficient hom (e, = 1), find the 

(a) hom aperture dimensions <?, and p, t (in wavelengths), and the flare half-angle i (i h 
(in degrees) 

(b) directiviy D u (in dB) using (13-42c) 

(c) aperture efficiency 

(d) largest phase difference (in degrees) between center of horn at the aperture and 
any point on the hom aperture along the principal //-plane 

1 3. 14. Show that ( 13-49a) and ( 1 3-49b) must be satisfied in order for a pyramidal horn to be 
physically realizable. 

1 3. 15. A standard gain X-band (8.2-12.4 GHz) pyramidal horn has dimensions of p x =*= 13.5 
in. (34.29 cm), p 2 — 14.2 in. (36.07 cm), «y - 7.65 in. (19.43 cm). by = 5.65 in. 
(14.35 cm), a = 0.9 in. (2.286 cm), and b = 0.4 in. (1.016 cm). 

(a) Check to see if such a hom can be constructed physically. 

(b) Compute the directivity (in dB) at / = 8.2, 10.3, 12.4 GHz using for each 
( 13-52a), ( 13-53), and ( 13-54e). Compare the answers. Verify with the computer 
program PYRAMIDAL HORN-ANALYSIS at the end of this chapter. 

13.16. A standard gain X-band (8.2-12.4 GHz) pyramidal hom has dimensions of p, = 5.3 
in. (13.46 cm), p 2 = 6.2 in. ( 15.75 cm), a, = 3.09 in. (7.85 cm), by = 2.34 in. (5.94 
cni), a = 0.9 in. (2.286 cm), and b == 0.4 in. (1.016 cm). 

(a) Check to see if such a hom can be constructed physically. 

(b) Compute the directivity (in dB) at f — 8.2, 10.3, 12.4 GHz using for each 
(13-52a), (13-53). and (13-54e). Compare the computed answers with the gains 
of Figure 13.24. Verify with the computer program PYRAMIDAL HORN- 
ANALYSIS at the end of this chapter. 

1 3. 1 7. Repeal the design of the optimum X-band pyramidal hom of Example 1 3.6 so that the 
gain at,/' = 1 1 GHz is 17.05 dB. 

13.18. Design a pyramidal hom antenna with optimum gain at a frequency of 10 GHz. The 
overall length of the antenna from the imaginary vertex of the hom to the center of 
the aperture is 10A and is nearly the same in both planes. Determine the 

(a) Aperture dimension of the hom (in cm). 

(b) Gain of the antenna (in dB) 

(c) Aperture efficiency of the antenna (in %). Assume the reflection, conduction and 
dielectric losses of the antenna are negligible. 
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(d) Power delivered to a matched load when the incident power density is l()/i 
watts/nr. 

13.19. Design an optimum gain C-band (3.95-5.85 GHz) pyramidal horn so that its gain at 
/ = 4.90 GHz is 20.0 dBi. The horn is led by a WR 187 rectangular waveguide with 
inner dimensions of a = 1.872 in. (4.755 cm) and / > = 0.872 in. (2.215 cm). Refer 
to Figure 13. 1 8 lor the horn geometry. Determine in cm. the remaining dimensions of 
the horn: p,., p A , b x , p r , and p h . Verify using the computer program PYRAMIDAL 
HORN-DESIGN at the end of this chapter. 

13.20. For a conical horn, plot </„, (in A) versus / (in A) using (13-60). Verify, using the data 
of Figure 13.27, that the maximum directivities occur when ( 13-60) is satisfied. 

13.21. A conical horn has dimensions of L = 19.5 in. (49.53 cm). d„, = 15 in. (38.10 cm), 
and d = 2.875 in. (7.3025 cm). 

(a) Find the frequency (in GHz) which will result in maximum directivity for this 
horn. What is that directivity (in dB)? 

(b) Find the directivity (in dB) at 2.5 and 5 GHz. 

(c) Compute the cutoff frequency (in GHz) of the TE n -mode which can exist inside 
the circular waveguide that is used to feed the horn. 

13.22. Design an optimum directivity conical horn, using (I3-59H 13-60). so that its direc- 
tivity (above isotropic) at / = II GHz is 22.6 dB. Check your design with the data 
in Figure 13.27. Compare the design dimensions with those of the pyramidal hom of 
Example 13.6. 

13.23. Design an optimum directivity conical hom so that its directivity at 10 GHz (above a 
standard gain hom of 15 dB directivity) is 5 dB. Determine the hom diameter (in cm) 
and its flare angle (in degrees). 

13.24. As part of a 10-GHz microwave communication system, you purchase a hom antenna 
that is said to have a directivity of 75. The conduction and dielectric losses of the 
antenna are negligible, and the hom is polarization matched to the incoming signal. 
A standing wave meter indicates a voltage reflection coefficient of 0. 1 at the antenna- 
waveguide junction. 

(a) Calculate the maximum effective aperture of the hom. 

(b) If an impinging wave with a uniform power density of 1 p watts/m' is incident 
upon the horn, what is the maximum power delivered to a load which is connected 
and matched to the lossless waveguide? 

13.25. For an X-band pyramidal corrugated horn operating at 10.3 GHz. find the 

(a) smallest lower and upper limits of the corrugation depths (in cm) 

(b) width h* of each corrugation (in cm) 

(c) width i of each corrugation tooth (in cm) 

13.26. Find the E- and //-plane phase centers (in A) of 

(a) an E-plane (p,. = 5A. a — 0.7A) 

(b) an //-plane (p lt = 5A. a = OJA) 
sectoral hom with a total included angle of 30°. 
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COMPUTER PROGRAM - PYRAMIDAL HORN: ANALYSIS 


THIS IS A FORTRAN PROGRAM THAT COMPUTES FOR A PYRAMIDAL 
HORN THE: 

I. FAR-ZONE E- AND H-PLANE AMPLITUDE PATTERNS 
BASED ON THE THEORY OF SECTION 13.4, 

EQUATIONS (13-46) - (13-48c) 

II. DIRECTIVITY (in dB) BASED ON EQUATION (13-52) 

III. DIRECTIVITY (in dB) OF THE CORRESPONDING E-PLANE 
SECTORAL HORN BASED ON EQUATION (13-19) 

IV. DIRECTIVITY (in dB) OF THE CORRESPONDING H-PLANE 
SECTORAL HORN BASED ON EQUATION (13-41) 

TO COMPUTE THE DESIRED HORN RADIATION CHARACTERISTICS: 

♦•INPUT PARAMETERS 

1. pi = RHOl (in X) 

2. p 2 = RH02 (in X) 

3. a&b = WAVEGUIDE DIMENSIONS (in X) 

4. & bj = HORN APERTURE DIMENSIONS (in X) 

♦♦NOTES 

1 . REFER TO FIGURE 13. 18 FOR THE GEOMETRY 

2. THE E- AND H-PLANE AMPLITUDE PATTERNS ARE STORED IN TW 
DATA FILES; NAMELY. E-theta.dat AND E-phi.dat, RESPECTIVELY. 
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COMPUTER PROGRAM - PYRAMIDAL HORN: DESIGN 


THIS IS A FORTRAN PROGRAM THAT DESIGNS AN OPTIMUM GAIN 
PYRAMIDAL HORN BASED ON THE FORMULATION OF SECTION 13.4.3, 
EQUATIONS (13-55) - (13-58b). 

THE PROGRAM COMPUTES THE: 


I. HORN DIMENSIONS a lt bj, RHOE p„ RHOH p hf p e and 
Ph 0" cm) 

II. HORN FLARE ANGLES PSIE AND PSIH y h (in degrees) 
TO DESIGN THE HORN: 

♦♦INPUT PARAMETERS 

1. G 0 = DESIRED GAIN (in dB) 

2. F = FREQUENCY (in GHz) 

3. a&b = FEED RECTANGULAR WAVEGUIDE DIMENSIONS (in cm) 
♦♦NOTES 

1 . REFER TO FIGURE 13. 1 8 FOR THE GEOMETRY 

2. THIS PROGRAM USES A BISECTION METHOD ROUTINE TO FIND 
THE ROOT OF THE DESIGN EQUATION (see NUMERICAL RECIPES 
IN FORTRAN, SECOND EDITION, PAGE 347) 


721 



CHAPTER 


14 

MICROSTRIP ANTENNAS 


14.1 INTRODUCTION 

In high-performance aircraft, spacecraft, satellite and missile applications, where size, 
weight, cost, performance, ease of installation, and aerodynamic profile are constraints, 
low profile antennas may be required. Presently there are many other government and 
commercial applications, such as mobile radio and wireless communications, that 
have similar specifications. To meet these requirements, microstrip antennas f 1 1-|38] 
can be used. These antennas are low-profile, conformable to planar and nonplanar 
surfaces, simple and inexpensive to manufacture using modem printed-circuit tech- 
nology, mechanically robust when mounted on rigid surfaces, compatible with MMIC 
designs, and when the particular patch shape and mode are selected they are very 
versatile in terms of resonant frequency, polarization, pattern and impedance. In 
addition, by adding loads between the patch and the ground plane, such as pins and 
varactor diodes, adaptive elements with variable resonant frequency, impedance, po- 
larization and pattern can be designed [18], [39]— [44]. 

Major operational disadvantages of microstrip antennas are their low efficiency, 
low power, high Q (sometimes in excess of 100). poor polarization purity, poor scan 
performance, spurious feed radiation and very narrow frequency bandwidth, which is 
typically only a fraction of a percent or at most a few percent. In some applications, 
such as in government security systems, narrow bandwidths are desirable. However, 
there are methods, such by increasing the height of the substrate, that can be used to 
extend the efficiency (as large as 90 percent if surface waves are not included) and 
bandwidth (up to about 35 percent) [38]. However, as the height increases, surface 
waves are introduced which usually are not desirable because they extract power from 
the total available for direct radiation (space waves). The surface waves travel within 
the substrate and they are scattered at bends and surface discontinuities, such as the 
truncation of the dielectric and ground plane [43]— [49], and degrade the antenna 
pattern and polarization characteristics. Surface waves can be eliminated, while main- 
taining large bandwidths, by using cavities [50], [51]. Stacking, as well as other 
methods, of microstrip elements can also be used to increase the bandwidth [13], 
[52]— [62], In addition, microstrip antennas also exhibit large electromagnetic signature 
at certain frequencies outside the operating band, are rather large physically at VHF 
and possibly UHF frequencies, and in large arrays there is a tradeoff between band- 
width and scan volume 163 H 651. 
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14.1.1 Basic Characteristics 

Microstrip antennas received considerable attention starting in the 1970s, although 
the idea of a microstrip antenna can be traced to 1953 [I] and a patent in 1955 |2j. 
Microstrip antennas, as shown in Figure 14.1(a). consist of a very thin (t A t > where 
An is the free- space wavelength) metallic strip (patch) placed a small fraction of a 
wavelength (// < A {j . usually 0.003 An < // < 0.05 A ( |) above a ground plane. The 
microstrip patch is designed so its pattern maximum is normal to the patch (broadside 
radiator). This is accomplished by properly choosing the mode (held configuration) 
of excitation beneath the patch. End-lire radiation can also be accomplished hy judi- 
cious mode selection, For a rectangular patch, the length L of the element is usually 
Afj/3 < L < An/2. The strip (patch) and the ground plane are separated by a dielectric 
sheet (referred to as Lhe substrate), as shown in Figure 14.1(a), 

There are numerous substrates that can he used for the design of microstrip 
antennas, and their dielectric constants are usually in the range of 2.2 £ e, < 12. The 
ones that are most desirable for antenna performance are thick substrates whose 
dielectric constant is in the lower end of the range because they provide better 
efficiency, larger bandwidth, loosely bound fields for radiation into space, but at the 
expense of larger element size [38]. Thin substrates with higher dielectric constants 
are desirable for microwave circuitry because they require tightly hound lields to 
minimize undesired radiation and coupling, and lead to smaller element sizes: how- 
ever, because of their greater losses, they are less eflkieni and have relatively smaller 
bandwidths |38|. Since microstrip antennas are often integrated with other microwave 
circuitry, a compromise has to be reached between good antenna performance and 
circuit design. 

Often microstrip antennas are also referred to as patch antennas. The radiating 
elements and the feed lines are usually photoetched on the dielectric substrate. The 
radiating patch may he square, rectangular, thin strip (dipole), circular, elliptical, 
triangular or any other configuration. These and others are illustrated in Figure 14.2. 



Figure 14.1 Microstrip unlcnnu and coordinate system. 
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Figure 14.2 Representative shapes of micros trip patch elements. 


Square, rectangular, dipole (strip), and circular are the most common because of ease 
of analysis and fabrication, and their attractive radiation characteristics, especially 
Jow cross-polarization radiation. Microstrip dipoles are attractive because they inher- 
ently possess a large bandwidth and occupy less space, whiclt makes them attractive 
for arrays [ I4|, [22], [30], 131 1. Linear and circular polarizations can he achieved with 
either single elements or arrays of microsLrip antennas. Arrays of microstrip elements, 
with single or multiple feeds, may also be used to introduce scanning capabilities and 
achieve greater directivities. These will be discussed in later sections. 


14.1.2 Feeding [Methods 

There are many configurations that can be used to feed micros trip antennas. The four 
most popular are the microstrip line, coaxial probe, aperture coupling and proximity 
coupling [15], 1 16], [30], [35], 138], [66H68]. These are displayed in Figure 14.3, 
One set of equivalent circuits for each one of these is shown in Figure 14.4. The 
microstrip feed line is also a conducting strip, usually of much smaller width compared 
to the patch. The microstrip line feed is easy to fabricate, simple to match by con- 
trolling the inset position and rather simple to model. However as the substrate 
thickness increases surface waves and spurious feed radiation increase, which for 
practical designs limit the bandwidth (typically 2-5%). 

Coaxial- litre feeds, where the inner conductor of the coax is attached to the 
radiation patch while the outer conductor is connected to the ground plane, are also 
widely used. The coaxial probe feed is also easy to fabricate and match, and ii has 
low spurious radiation. However, it also has narrow bandwidth and it is more difficult 
to model, especially for thick substrates (/? > 0.02An). 

Both the microstrip feed line and the probe possess inherent asymmetries which 
generate higher order modes which produce cross-polarized radiation. To overcome 
some of these problems, noncontacling aperture coupling feeds, as shown in Figures 
I4.3(c,d), have been introduced. The aperture coupling of Figure 14.3(c) is the most 
difficult of ail four to fabricate and ft also has narrow bandwidth. However, It is 
somewhat easier to model and has moderate spurious radiation. The aperture coupling 
consists of two substrates separated by a ground plane. On the bottom side of the 
lower substrate there is a microstrip feed line whose energy is coupled to (he patch 
through a slot on the ground plane separating the two substrates. This arrangement 
allows independent optimization of the feed mechanism and the radiating element. 
Typically a high dielectric material is used for the bottom subslraie. and thick low 
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Figure 14.3 Typical feeds lor micro strip antennas. 


dielectric constant material for the top substrate. The ground plane between the 
substrates also isolates the feed from the radiating element and minimizes interference 
of spurious radiation for pattern formation and polarization purity. For this design, 
the substrate electrical parameters, feed line width, and slot size and position can be 
used to optimize the design [38|. Typically matching is performed by controlling the 
width of the feed line and the length of the slot, The coupling through the slot can be 
modeled using the theory of Bethe [69], which is also used to account for coupling 
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Figure 14.4 Equivalent circuits for typical feeds of Figure 14.3. 


through a small aperture in a conducting plane. This theory has been successfully 
used to analyze waveguide couplers using coupling through holes [70J. In this theory 
the slot is represented by an equivalent normal electric dipole to account for the 
normal component (to the slot) of the electric Held and an equivalent horizontal 
magnetic dipole to account for the tangential component (to the slot) magnetic field. 
If the slot is centered below the patch, where ideally for the dominant mode the 
electric field is zero while the magnetic field is maximum, the magnetic coupling will 
dominate. Doing this also leads to good polarization purity and no cross-polarized 
radiation in the principal planes [38). Of the four feeds described here, the proximity 
coupling has the largest bandwidth (as high as 13 percent), is somewhat easy to model 
and has low spurious radiation. However its fabrication is somewhat more difficult. 
The length of the feeding stub and the width-to-line ratio of the patch can be used to 
control the match [6IJ. 


14.1.3. Methods of Analysis 

There are many methods of analysis for microstrip antennas. The most popular models 
are the transmission-line [16], [35], cavity [12], [16], [18], [35], and full-wave (which 
include primarily integral equations/Moment Method) [22], [26], [7 1 ]— [74]. The trans- 
mission-line model is the easiest of all. it gives good physical insight, but is less 
accurate and it is more difficult to model coupling [75]. Compared to the transmission- 
line model, the cavity model is more accurate but at the same time more complex. 
However, it also gives good physical insight and is rather difficult to model coupling, 
although it has been used successfully [8], [76]. 177]. In general when applied properly, 
the full-wave models are very accurate, very versatile, and can treat single elements, 
finite and infinite arrays, stacked elements, arbitrary shaped elements, and coupling. 
However they are the most complex models and usually give less physical insight. In 
this chapter we will cover the transmission-line and cavity models only. However 
results and design curves from full-wave models will also be included. Since they are 
the most popular and practical, in this chapter the only two patch configurations that 
will be considered are the rectangular and circular. Representative radiation charac- 
teristics of some other configurations will be included. 
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14.2 RECTANGULAR PATCH 

The rectangular patch is by far the most widely used configuration. It is very easy to 
analyze using both the transmission-line and cavity models, which are most accurate 
for thin substrates [78]. We begin with the transmission-line model because it is easier 
to illustrate. 


14.2.1 Transmission-Line Model 

It was indicated earlier that the transmission-line model is the easiest of all but it 
yields the least accurate results and it lacks the versatility. However, it does shed 
some physical insight. As it will be demonstrated in Section 14.2.2 using the cavity 
model, a rectangular niicrostrip antenna can be represented as an array of two radiating 
narrow apertures (slots), each of width W and height /?, separated by a distance L. 
Basically the transmission line model represents the microstrip antenna by two slots, 
separated by a low-impedance Z, transmission line of length L. 

A. Fringing Effects 

Because the dimensions of the patch are finite along the length and width, the fields 
at the edges of the patch undergo fringing. This is illustrated along the length in 
Figures I4.1(a,b) for the two radiating slots of the microstrip antenna. The same 
applies along the width. The amount of fringing is a function of the dimensions of 
the patch and the height of the substrate. For the principal E-plane Cry-plane) fringing 
is a function of the ratio of the length of the patch L to the height h of the substrate 
( Uh ) and the dielectric constant e, of the substrate. Since for microstrip antennas 
Uh » 1 , fringing is reduced; however, it must be taken into account because it 
influences the resonant frequency of the antenna. The same applies for the width. 

For a microstrip line shown in Figure 14.5(a), typical electric field lines are shown 
in Figure 14.5(b). This is a nonhomogeneous line of two dielectrics; typically the 
substrate and air. As can be seen, most of the electric field lines reside in the substrate 
and parts of some lines exist in air. As W/h » I and e, » I, the electric field lines 
concentrate mostly in the substrate. Fringing in this case makes the niicrostrip line 
look wider electrically compared to its physical dimensions. Since some of the waves 
travel in the substrate and some in air, an effective dielectric constant e rclT is introduced 
to account for fringing and the wave propagation in the line. 

To introduce the effective dielectric constant, let us assume that the center con- 
ductor of the microstrip line with its original dimensions and height above the ground 
plane is embedded into one dielectric, as shown in Figure 14.5(c). The effective 
dielectric constant is defined as the dielectric constant of the uniform dielectric 
material so that the line of Figure 14.5(c) has identical electrical characteristics, 
particularly propagation constant, as the actual line of Figure 14.5(a). For a line 
with air above the substrate, the effective dielectric constant has values in the range 
of 1 < e reff < e,.. For most applications where the dielectric constant of the substrate 
is much greater than unity (€,■ » I ), the value of e rcff will be closer to the value of 
the actual dielectric constant e r of the substrate. The effective dielectric constant is 
also a function of frequency. As the frequency of operation increases, most of the 
electric field lines concentrate in the substrate. Therefore the microstrip line behaves 
more like a homogeneous line of one dielectric (only the substrate), and the effective 
dielectric constant approaches the value of the dielectric constant of the substrate. 
Typical variations, as a function of frequency, of the effective dielectric constant for 
a microstrip line with three different substrates are shown in Figure 14.6. 
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Figure 14.5 Micro strip line and its electric lield lines, and effective dielectric constant 
geometry. 


For low frequencies the ef fee Live dielectric constant is essentially constant. At 
intermediate frequencies its values begin to monoiunically increase and eventually 
approach Lite values of die dielectric constant of the substrate. The initial values (ai 
low frequencies) of the effective dielectric constant are referred to as the static values, 
and they are given by [79] 

W/h > l 


€ r + \ , €, 
e r *:ir - — T — ' + 


I + 12 -y 

W 


\f2 


(14-1) 


R. Effective Length, Resonant Frequency, and Effective Width 

Because of the fringing effects, electrically the patch of the microstrip antenna looks 

greater than its physical dimensions. For the principal t- plane Uv-plane). this is 
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demonstrated in Figure 14.7 where the dimensions of the patch along its length have 
been extended on each end by a distance AL, which is a function of the effective 
dielectric constant e rc rt and the width-to-heighl ratio (W/h). A very popular and prac- 
tical approximate relation for the normalized extension of the length is J8U] 


A L 

— = 0.412’ 

h 




i ^rc IT 



0.258) 


(W 
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0,8 


I'ii 


( 14-2) 


Since the length of the patch has been extended by A L on each side, the effective 
length of the patch is now (L - A/2 for dominant TM (M(S mode with no hanging) 

4fE = L + 2AL (14-3) 


For the dominant TM ul(( mode, the resonant frequency of the microstrip antenna 
is a function of its length. Usually it is given by 


(./Aim ~ 


V () 


2 U\/e, vV n e ( ) 2L\/€, 


(14-4) 


where u ft is the speed of light in free space. Since ( 14-4) does not account for fringing, 
it must be modified to include edge effects and should be computed using 


where 
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(14-5) 
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Figure 14.7 Physical and effective lengths of rectangular microstrip patch. 
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The q factor is referred to as the fringe factor ( length reduction factor). As the substrate 
height increases, fringing also increases and leads to larger separations between the 
radiating edges and lower resonant frequencies. 


C. Design 

Based on the simplified formulation that has been described, a design procedure is 
outlined which leads to practical designs of rectangular microstrip antennas. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate (e,.). the resonant frequency (f r ). and the height of the substrate h. The 
procedure is as follows: 

Specify: 

e n f r (in Hz), and h 


Determine: 


W. L 


Design procedure: 

1. For an efficient radiator, a practical width that leads to good radiation efficiencies 
is (15J 


2 Jr "\/ V €r ^ ~Jry €r ^ 

where v ( , is the free-space velocity of light. 


(14-6) 


2. Determine the effective dielectric constant of the microstrip antenna using (14-1). 

3. Once W is found using (14-6), determine the extension of the length A L using 
(14-2). 

4. The actual length of the patch can now be determined by solving ( 14-5) for L, or 



(14-7) 


Example 14.1 

Design a rectangular microstrip antenna using a substrate (RT/duroid 5880) with 
dielectric constant of 2.2, h = 0.1588 cm (0.0625 inches) so as to resonate at 1C 
GHz. 

SOLUTION 

Using (14-6). the width W of the patch is 
30 / 2 

W = — — — r = 1.186 cm (0.467 in) 

2(10) v 2.2 + 1 
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The effective dielectric constant of the patch is found using ( 14-1 h or 

■ 172 


2.2 + 1 2.2 - l / 

= ; + 4 1 + 12 


0.1588 

1.186 


= 1.972 


The extended incremental length of the patch AZ, is. using (14-2) 


(1.972 + 0.3) 


1.1 86 


0.1588 


- + 0.264 


A L ~ 0.1588(0.412)- 


"■ 972 - °- 258) ^ + H 

= 0.08 1 cm (0.032 in) 

The actual length L of ihe patch is found using { 14-3), or 
A 30 


L = --2AL = ~ f 

2 2(10) \/l- 9 72 

Finally the effective length is 


- 2(0.081 ) = 0.906 cm (0.357 in) 


L c = L + 2AZ, = - = 1.068 cm (0.421 in) 


D. Coaduaanve 

Each radiating slot is represented by a parallel equivalent admittance Y (with conduc- 
tance C and s us cep tan ce B), This is shown in Figure 14.8. The slots are labeled as 
# 1 and #2. The equivalent admi ttance of slot # I . based on an infinitely wide, uniform 
slot, is derived in Example 12,8 of Chapter 12. and it is given by [81 1 

Yi = Ct i + jB i (14-8) 

where for a slot of finite width W 
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Figure 14.8 Rectangular microstrip patch and its equivalent circuit transmission mode!. 
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Since slot #2 is identical to slot #1, its equivalent admittance is 

Y z = K, , G z = G,. B z = (14-9) 

The conductance of a single slot can also be obtained by using the field expression 
derived by the cavity model. In general, the conductance is defined as 


G, = 


IP, 


nul 


M 2 


Using the electric field of ( 14-41), the radiated power is written as 

| sin| — 
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Therefore the conductance of ( 14-10) can be expressed as 

/. 


G, = 


12077 2 


where 
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X = k {) W 

Asymptotic values of (14-12) and ( 14- 1 2a) are 


G, = 


J_ / VV \ 2 

90\A(J 

j_/vv\ 

120\A(J 


W<z: \ 0 


A 0 


(14-10) 


(14-11) 


(14-12) 


(14-1 2a) 
04-1 2b) 

(14-13) 


The values of (14-13) for W » A« are identical to those given by (l4-8a) for 
h A n . A plot of G as a function of W7A« is shown in Figure 14.9. 


E. Resonant Input Resistance 

The total admittance at slot #1 (input admittance) is obtained by transferring the 
admittance of slot #2 from the output terminals to input terminals using the admittance 
transformation equation of transmission lines [16], [70], [79]. Ideally the two slots 
should be separated by A/2 where A is the wavelength in the dielectic (substrate). 
However, because of fringing the length of the patch is electrically longer than the 
actual length. Therefore the actual separation of the two slots is slightly less than A/2. 
If the reduction of the length is properly chosen using ( 14-2) (typically 0.48A < L < 
0.49A), the transformed admittance of slot #2 becomes 

? 2 = G 2 + }B 2 = G, - JB, 


(14-14) 
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or 


G, = C, ( 14- 14a) 

B, = -By ( 14- 1 4b) 

Therefore the total resonant input admittance is real and is given by 

T in = T, + Y, = 2(7 1 (14-15) 

Since the total input admittance is real, the resonant input impedance is also real, or 

Zm = 7T = i? ln - 04-16) 

Tin 40 1 

The resonant input resistance, as given by (14-16), does not take into account 
mutual effects between the slots. This can be accomplished by modifying (14-16) 
to |8| 




1 


2(0, ± Gy,) 


(14-17) 


where the plus ( + ) sign is used for modes with odd (antisymmetric) resonant voltage 
distribution beneath the patch and between the slots while the minus ( — ) sign is used 
for modes with even (symmetric) resonant voltage distribution. The mutual conduc- 
tance is defined, in terms of the far-zone fields, as 


0.2 



x H f • ds 


(14-18) 


where E, is the electric field radiated by slot #1, is the magnetic field radiated by 
slot #2, V 0 is the voltage across the slot, and the integration is performed over a 
sphere of large radius. It can be shown that Gy, can be calculated using f8|, |34] 




-L-f’ 

I207T* J<> 



(kyyL sin 8) sin ' 0 d8 


(14- 1 8a) 



Figure 14.9 Slot conductance as a function of slot width. 
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where is (he Bessel function of the first kind of order zero. For typical microstrip 
antennas, the mutual conductance obtained using (14- 18a) is small compared to the 
self conductance G\ of ( 14~8a) or (14-12). 

As shown by ( l4-8a) and (14-17), the input resistance is not strongly dependent 
upon the substrate height /». In fact for very small values of /», such that k { ,h l, the 
input resistance is not dependent on h. Modal-expansion analysis also reveals that the 
input resistance is not strongly influenced by the substrate height h. It is apparent 
from ( 1 4— 8a) and (14-17) that the resonant input resistance can be decreased by 
increasing the width W of the patch. This is acceptable as long as the ratio of W/L 
does not exceed 2 because the aperture efficiency of a single patch begins to drop, as 
W/L increases beyond 2. 

The resonant input resistance, as calculated by (14-17), is referenced at slot #1. 
However, it has been shown that the resonant input resistance can be changed by 
using an inset feed, recessed a distance y 0 from slot #1, as shown in Figure 14.10(a). 
This technique cun be used effectively to match the patch antenna using a microstrip- 
line feed whose characteristic impedance is given by [79] 


4 = 


60 8 h W„ 

vc; n i w o 4/, _r 

12077 


V^ren T 2 + 1.393 + 0.667 In + 1.444) 
h \ h 


^<1 (14-19a) 

h 

W o 

-r>J (14- 19b) 
h 


where Wo is the width of the microstrip line, as shown in Figure 14.10. Using modal- 
expansion analysis, the input resistance tor the inset-feed is given approximately by 
|8|. 1 161 


Rjy = yo) 


I 

2(G| ± G |t) 




(14-20) 


where Y, = M2.,.. Since for most typical microslrips G\/Y t 1 and B x /Y, <§: 1, 
( 14-20) reduces to 


*-<>• - ■*’> - 2(o, + o7) cos2 (r v 7 

/ 7T \ 

= RJy = 0) cos 2 1 - y 0 1 


(!4-20a) 


A plot of the normalized value of ( !4-20a) is shown in Figure 14. 10(b). 

The values obtained using (14-20) agree fairly well with experimental data, 
However, the inset feed introduces a physical notch, which in turn introduces a 
junction capacitance. The physical notch and its corresponding junction capacitance 
influence slightly the resonance frequency, which typically may vary by about 1%. It 
is apparent from ( 14-20a) and Figure 14.10(b) that the maximum value occurs at the 
edge of the slot (vo = 0) where the voltage is maximum and the current is minimum; 
typical values are in the 150-300 ohms. The minimum value (zero) occurs at the 
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center of the patch (y 0 = L/2) where she voltage is zero arid the current is maximum. 
As the inset feed-point moves from the edge toward the center of the patch the resonant 
input impedance decreases monotonically and reaches zero at the center. When the 
value of the inset feed-point approaches the center of the patch (y (t ~ U2 ). the 
cqs"( ttv'i)/ L) function varies very rapidly: therefore the input resistance also changes 
rapidly with the position of the feed point. To maintain very accurate values, a close 
tolerance must be preserved. 


Example 14.2 

A mierostrip antenna with overall dimensions of L - 0.906 cm (0.357 inches) and 
IV - 1.186 cm (0.467 inches), substrate with height h - 0.1588 cm (0.0625 inches) 
and dielectric constant of e, ~ 2.2, is operating at 10 GHz. Find: 

a. The input impedance. 

b. The position of the inset feed-point where the input impedance is 50 ohms. 
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SOLUTION 

30 , 

A ° = To * 3 cm 

Using (J 4- ) 2) and (J4-12.a) 

G, = 0.00157 siemens 

which compares with G\ = 0.00328 using (14-8a). Using (14-1 8a) 

G l2 = 6.1683 X 10 4 

Using (14-17) with the ( + ) sign because of the odd field distribution between the 
radiating slots for the dominant TM 0 io mode 

R m = 228.3508 ohms. 

Since the input impedance at the leading radiating edge of the patch is 228.3508 ohms 
while the desired impedance is 50 ohms, the inset feet-point distance y 0 is obtained 
using (!4-20a). Thus 

50 = 228.3508 cos 2 feJ 


or 


y 0 = 0.3126 cm (0.123 inches) 


14.2.2 Cavity Model 

Microstrip antennas resemble dielectric loaded cavities, and they exhibit higher order 
resonances. The normalized fields within the dielectric substrate (between the patch 
and the ground plane) can be found more accurately by treating that region as a cavity 
bounded by electric conductors (above and below it) and by magnetic walls (to 
simulate an open circuit) along the perimeter of the patch. This is an approximate 
model, which in principle leads to a reactive input impedance (of zero or infinite value 
of resonance), and it does not radiate any power. However, assuming that the actual 
fields are approximate to those generated by such a model, the computed pattern, 
input admittance, and resonant frequencies compare well with measurements [12], 
J 16], [ 18J. This is an accepted approach, and it is similar to the perturbation methods 
which have been very successful in the analysis of waveguides, cavities, and radiators 
[81 1. 

To shed some insight into the cavity model, let us attempt to present a physical 
interpretation into the formation of the fields within the cavity and radiation through 
its side walls. When the microstrip patch is energized, a charge distribution is estab- 
lished on the upper and lower surfaces of the patch, as well as on the surface of the 
ground plane, as shown in Figure 14.1 1 . The charge distribution is controlled by two 
mechanisms; an attractive and a repulsive mechanism [34]. The attractive mechanism 
is between the corresponding opposite charges on the bottom side of the patch and 
the ground plane, which tends to maintain the charge concentration on the bottom of 
the parch. The repulsive mechanism is between like charges on the bottom surface of 
the patch, which lends to push some charges from the bottom of the patch, around its 
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Figure 14.11 Charge distribution and current density creation on mieroslrip patch. 


edges, to its Lop surface. The movement, oi'these charges creates corresponding current 
densities and J, . at the bottom and Lop surfaces of the patch, respectively, as shown 
in Figure L4.1 1. Since for most practical micro strips the height- to- width ratio is very 
small, the attractive mechanism dominates and most of Ihe charge concentration and 
current How remain underneath the patch. A small amount of current flows around 
the edges of the patch to its top .surface. However, this current flow decreases as the 
height'to-width ratio decreases. In the limit, the current How to the lop would be zero, 
which ideally would not create any tangential magnetic field components to the edges 
of the patch. This would allow the four side walls to be modelled by perfect magnetic 
conducting surfaces which ideally would not disturb the magnetic Held and, in turn, 
the electric held distributions beneath the patch. Since in practice there is a finite 
beight-tu-width ratio, although small, the tangential magnetic fields at the edges would 
not be exactly zero. However, since they will be small, a good approximation to the 
cavity model is to treat l he side waifs as perfectly magnetic conducting. This model 
produces good normalized electric and magnetic field distributions (modes) beneath 
the patch. 

If the microstrip antenna were treated only as a cavity, it would not be sufficient 
to find Lhe absolute amplitudes of the electric and magnetic fields. In fact by treating 
the walls of the cavity, as well as the material within it as lossless, the cavity would 
not radiate and its input impedance would be purely reactive. Also the function 
representing the impedance would only have real poles. To account for radiation, a 
loss mechanism has to be introduced. In Figure 2.21 of Chapter 2, this was taken into 
account by the radiation resistance R, and loss resistance R L . These two resistances 
allow the input impedance to be complex and for its function io have complex poles; 
the imaginary poles representing, through R, and R ( . the radiation and conduction- 
dielectric losses. To make the mievosmp lossy using the cavity model, which would 
then represent an antenna, the loss is taken into account by introducing an effective 
loss tangent S L , ri -. The effective loss tangent is chosen appropriately to represent the 
loss mechanism of the cavity, which now behaves as an antenna and is taken as the 
reciprocal of the antenna quality factor Q ( S cfl = \IQ). 

Because the thickness of the microstrip is usually very small, the waves generated 
within the dielectric substrate (between the patch and the ground plane) undergo 
considerable relleciions when they arrive at the edge of the patch. Therefore only a 
small fraction of the incident energy is radiated; thus the antenna is considered to be 
very inefficient. The fields beneath the patch form standing waves that can he repre- 
sented by cosinusoidal wave functions. Since the height of the substrate is very small 
(/? A where A is the wavelength within the dielectric), the field variations along 
Lhe height will be considered constant. In addition, because of the very small substrate 
height, Lhe fringing of the fields along the edges of the patch are also very small 
whereby the electric field is nearly normal to the surface of the patch. Therefore only 
TM 1, field configurations will be considered within the cavity. While the top and 
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bottom walls of the cavity are perfectly electric conducting, the four side walls will 
be modeled as perfectly conducting magnetic walls (tangential magnetic fields vanish 
along those four walls). 


A. Field Configurations {modes) — TM ' 

The field configurations within the cavity can be found using the vector potential 
approach described in detail in Chapter 8 of [791. Referring to Figure 14.12. the 
volume beneath the patch can be treated as a rectangular cavity loaded with a dielectric 
material with dielectric constant e r . The dielectric material of the substrate is assumed 
to be truncated and not extended beyond the edges of the patch. The vector potential 
A x must satisfy the homogeneous wave equation of 

V 2 A,. + k 2 A, = 0 (14-21) 


whose solution is written in general, using the separation of variables, as [79] 

A x = \A\ cos (k x x) + fit sin(fc,x)][A 2 cos(* v y) + B 2 sin(fc v y)] 

• [A 3 cos(/c-z) + Bysin(k-z)] ^ 

where k x . k y and Jfc. are the wavenumbers along the x, y and - directions, respectively. 
These will be determined subject to the boundary conditions. The electric and mag- 
netic fields within the cavity are related to the vector potential A x by [79] 


E, = 


E, = 
E. = 


1 

la 2 

J (OfX€ 

(s? + k r 

. 1 

b 2 a x 

J 

tope 

tixdy 

. 1 

d 2 A x 

^ tope 

dxilz 


Wv 

Hy 

H. 


0 

1 i)A x 

P r )z 

1 dA x 

ix rly 


subject to the boundary conditions of 


E y (x' = 0, 0 < y' < L 0 < < W) 

= E y (x' = h, 0 < y f < L, 0 < z' ^ W) = 0 
H y ( 0 < jc' < h, 0 < y' < Lz‘ = 0) 

= Hy( 0 < x' < /*, 0 <y< L. •' = W) = 0 

H.{ 0 < x' < h, y' = 0. 0 < s' < IV) 

= H .( 0 < x' < h, y' = L, 0 < z' ^ IV) = 0 


(14-23) 


(14-24) 


The primed coordinates x', y\ z' are used to represent the fields within the cavity. 

Applying the boundary conditions E y { x' = 0. 0 < y' ^ t 0 < ^ W) = 0 

and E y (x' = h. 0 ^ y' ^ L. 0 ^ < W) = 0, it can be shown that B { = 0 and 


*v 


mTT 

T* 


m = 0. 1 , 2 


(14-25) 


Similarly, applying the boundary conditions H y { 0 < x' ^ h, 0 < y' < L, z' = 0) = 
0 and H y { 0 s x' < /;. 0 < y' < 4 c' = W) = 0 f it can be shown thai B 3 = 0 and 


k. 


pir 

lv' 


p — 1,2,.... 


(14-26) 
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Figure 14.12 Rectangular microstrip patch geometry 


Finally, applying the boundary conditions Hi 0 — : ,x f ^ h, v' = 0. 0 s z s W) = 
0 and H.(0 s x' ^ h, y' = L I) < < Wi = 0. it can be shown that B 7 = 0 mid 


t t v = — . n = 0.1,2, 

L< 


(14-271 


Thus the final form fnr the vector potential 4, within the cavil y is 

,4 V = A mnp cos(/c,a') cos(/c^y') cos (Ly' I ( 14-28} 

where A„ mp represents the amplitude coefficients of each nmp mode. The wavenumbers 
k t , k y . k z are equal to 


k , = -—I , m = 0, i, 2, 


k v = I I • n — 0. 1 . 2, . . . | rn — n = p ^ 0 


(14-29) 


*-= V • /’■O.I.2.... 


where m, «, /; represent, respectively, the number of half-cycle lield variations along 
the a. y, r directions. 

Since the wavenumbers k x , k v , and L are suhject to the constraint equation 

« + = + = 04-30, 


the resonant frequencies for the cavity are given by 


(,/ r )mnp _ 


t) + u) h \w. 


14-31 
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Substituting (14-28) into (14-23), the electric and magnetic fields within the cavity 
are written as 


E 



E. = 


,(A - - k;) 

a>H€ 

. M, 4 




ojfie 

. k.A 


ojfxe 


1 >n up 


■ map 


A„ ml , cos (k x x') cos U\.y') cos (k : z') 
sin(Jt,A') sin(£ v y') cos(k r z') 
sin(Avv') cos(/r v y') sin (*.-') 


H, = 0 

k- 

H y = - — A,„„„ cos (k y x r ) cos (A\..v') sin(M') 
f 1 

H. = — A cos iky.*') sin(A v v' ) cos ( k : z' ) 


(14-32) 


To determine the dominant mode with the lowest resonance, we need to examine 
the resonant frequencies. The mode with the lowest order resonant frequency is 
referred to as the dominant mode. Placing the resonant frequencies in ascending order 
determines the order of the modes of operation. For all microstrip antennas L 
and It <§: W. If L > W > h , the mode with the lowest frequency (dominant mode) is 
the TM ( 'i,„ whose resonant frequency is given by 


i.tr )<>!<> 


1 _ Vg 

2 Ly/fx€ 2 L\fz r 


(14-33) 


where u ( , is the speed of light in free space. If in addition L> W> U2 > /i, the next 
higher order (second) mode is the TM t l )0 i whose resonant frequency is given by 


(/r)<IDI — 


Vg 


2W\/e r 


(14-34) 


If, however. L > L/2 > W > /*. the second order mode is the TM? t2 o. instead of the 
TM(' W) |. whose resonant frequency is given by 


(/r) 020 — 


L\/fxe 


vg 

Ly/e r 


(14-35) 


If W > L > h, the dominant mode is the TM<x>i whose resonant frequency is 
given by ( 14-34) while if W > WI2 > L > h the second order mode is the TM,', 0 2 . 
Based upon (J4-32), the distribution of the tangential electric held along the side 
walls of the cavity for the TM,‘ mi , TMf K >i, TMfco and TM ( \, 2 is as shown, respectively, 
in Figure 14.13. 

In all of the preceding discussion, it was assumed that there is no fringing of the 
fields along the edges of the cavity. This is not totally valid, but it is a good assumption. 
However, fringing effects and their influence were discussed previously, and they 
should be taken into account in determining the resonant frequency. This was done 
in (14-5) for the dominant TMj)j» mode. 
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(c) TM (ii) TM 

Figure 14.13 Field coil figurations (modes) for rectangular micrcistrip patch. 


B. Equivalent Current Densities 

It has been shown using the cavity model that the microstrip antenna can be modeled 
reasonably well by a dielectric-loaded cavity with two perfectly conducting electric 
walls (top and bottom), and four perfectly conducting magnetic walls (sidewalls). It 
is assumed that the material of the substrate is truncated and does not extend beyond 
the edges of the patch. The four sidewalls represent four narrow apertures (slots) 
through which radiation takes place. Using the Field Equivalence Principle (Huygens' 
Principle) of Section 12.2 of Chapter 12, the microstrip patch is represented by an 
equivalent electric current density J, at the top surface of the patch to account for the 
presence of ihc patch (there is also a current density at the bottom of the patch 
which is not needed for this model). The lour side slots are represented by the 
equivalent electric current density J v and equivalent magnetic current density M„ as 
shown in Figure 14.14(a), each represented by 

,L = n x H ( , (14-36) 

and 

M, = -n x E,, (14-37) 

where E (J and H f , represent, respectively, the electric and magnetic lields at the slots. 

Because it was shown that for microsirip antennas with very small height-to- 
width ratio the current density J, at the top of 1 he patch is much smaller than Lhe 
current density J,, at the bottom of the patch, it will be assumed it is negligible here 
and it will be set to zero. Also it was argued that the tangential magnetic fields along 
the edges of the patch are very small, ideally zero. Therefore the corresponding 
equivalent electric current density J, will be very small (ideally zero), and it will be 
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I aJ J v M, wnh ground ptanc 




W- H 


fbl J v -=\}, [Vi, with gttJiuid plane 


UJ M, with no ground plans 


Figure 14.14 tiquivalenl irurreni den si lies on four sides of reel angular microsirip paidi* 


set to zero here. Thus the only nonzero current density is the equivalent magnetic 
current density M, of ( i 1 4-37 j along the side periphery of the cavity radiating in the 
presence of the ground plane, as shown in Figure 14.14(b). The presence of the ground 
plane can be taken into account by image theory which will double the equivalent 
magnetic current density of <14-37). Therefore the final equivalent is a magnetic 
current density of twice ( 14-37) or 

M, = -2nxE (J (14-38} 

around the side periphery of (he patch radiating into free space, as shown in Figure 
14. 14(c), 

It was shown, using the transmission-line model, that the micros trip antenna can 
he represented by two radiating slots along the length of the patch (each of width IV 
and height it). Similarly it will be shown here also that while there are a total of four 
slots representing the microstrip antenna, only two (the radiating slots) account for 
most of the radiation; the lields radiated hy the other two. which are separated by the 
width W of the patch, cancel along the principal planes. Therefore ihe same two slots, 
separated hy the length of the patch, are referred to here also as radiating slots. The 
slots are separated by a very low impedance parade I -plate transmission line of length 
U which acts as a transformer. The length of the transmission line is approximately 
A/2, where A is the guide wavelength in the substrate, in order for the fields at the 
aperture of the two slots to have opposite polarization. This is illustrated in Figures 
14. 1(a) and 14.13(a). The two slots form a two-element array with a spacing of A 12 
between the elements. Ii will be shown here that in a direction perpendicular to the 
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ground plane the components of the field add in phase and gi ve a maximum radiation 
normal to the patch; thus broadside antenna. 

Assuming that the dominant mode within the cavity is the TMym mode, the 
electric and magnetic held components reduce from (14-32) to 

E x ~ E D cos |'~ v ' 

H z - //[> sin l^v'j (14-39) 

E y = E t = H x = H, = 0 

where £<> = ~jto A (lin and H 0 = ( irljxL) A m() . The electric field structure within the 
substrate and between the radiating element and the ground plane is sketched in 
Figures 14,1 (a,b) and 14.13(a). It undergoes a phase reversal along Lhe length but it 
is uniform along its width. The phase reversal along lhe length is necessary for the 
antenna to have broadside radiation characteristics. 

Using the equivalence principle of Section 12.3. each sIul radiates the same fields 
as a magnetic dipole with current density M,. equal to ( 14-38). By referring to Figures 
14,15 the equivalent magnetic current densities along the two slots, each of width W 
and height h. are both of the same magnitude and of the same phase. Therefore these 
two slots form a two-element array with the sources (current densities) of the same 
magnitude and phase, and separated by L. Thus these two sources will add in a 
direction normal to the patch and ground plane forming a broadside pattern. This is 
illustrated in Figures 14.16(a) where the normalized radiation pattern of each slot in 
the principal E-plane is sketched individually along with the total pattern of the two. 
In Lhe //-plane, die normalized pattern of each slot and of the two together is the 
same, as shown in Figure 14.16(b). 

The equivalent current densities for the other two slots, each of length L and 
height h. are shown in Figure 14.17. Since lhe current densities on each wall are of 
the same magnitude but of opposite direction, the lields radiated by these two slots 
cancel each other in the principal H- plane. Also since corresponding slots on opposite 
walls are I HO' out of phase, the corresponding radiations cancel each other in the 
principal E-plane. This will be shown analytically, The radiation from these two side 
walls in nonprincipal planes is small compared to the other two side walls. Therefore 
these two slots are usually referred to as iwnratliaiing slots. 


-t 



Figure 14.15 Rectangular microstrip palch radiating slots and equivalent magnetic current 
densities. 
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(a) plane (b) M-planc 

Figure 14.16 Typical E- and //-plane patterns of each microstrip patch slot, and of the two 
together. 


C. Fields Radiated — TMow Mode 

To find the fields radiated by each slot, we follow a procedure similar to that used to 
analyze the aperture in Section 12.5.1. The total field is the sum of the two-element 
array with each element representing one of the slots. Since the slots are identical, 
this is accomplished by using an array factor for the two slots. 

Radiating Slots Following a procedure similar to that used to analyze the aperture in 
Section 12.5.1, the fur-zone electric fields radiated by each slot, using the equivalent 
current densities of (14-38), are written as 


E r = E„~0 


. ,k„hW E&-** 

E * = + J T. 


sin 0 


nrr 


sin{X) sin(Zj l 

~J 


X 


where 


X = -y- sin 0 cos 
Z = cos 0 

For very small heights (k^h C 1 ), (14-40b) reduces to 

IkoW 


E<6 ~ +j 


v {) e~ jk< ' r 


Trr 


sin 


cos 0 


sin 0 


cos 0 


( 14-40a) 
( 14-40b) 

( 14-40c) 
(l4-40d) 

(14-41) 


where Vo = hE {) . 

According to the theory of Chapter 6. the array factor for the two elements, of 
the same magnitude and phase, separated by a distance L c along the v direction is 

(AF) y = 2 cos s,n & sin 4>J (14-42) 

where L c is the effective length of (14-3). Thus, the total electric field for the two 
slots (also for the microstrip antenna) is 
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v 

Figure 14, 17 Current densities on nonradiating slots of rectangular microstrip patch. 


where 


E!i> ~ +j 


kJiW E u e ** 


sin H 


7T /' 


sin{X) sinfZ) 

-~x z - 1 


k ti L e . . \ 

X cos sin sm 01 


v fc n/? . - , 

A = — sin ft cos tp 


- 

Z = cos 


14-43) 


( 1 4-43 a ) 
( 1 4-43 b) 


For small values of h (k,Ji <£:!).( 14-43) reduces to 

. IkuW 


Kh — +/ 


2V^e~ j: 


J %r 


77 r 


cos m 


sin 0 


cos i7 


cos 




sin 61 sin 0] {14-44) 


where V n = /?E f , is the voltage across the slot. 


E-Plane (0 = 99°, 0° < 0 < 90° and 270° 2 = 0 360°) 

For the microstrip antenna, the .v-v plane [0 — 90°, 0 a £ 0 — 90° ami 270° ^ 
(f> < 360°) is the principal E-plane. For this plane, the expressions Cor the radiated 
fields of l I4-43H l4-43b) reduce to 


Ed, = +j 


k u WV^~ m ' r 


sin 


(w» 4 

\~T cm <t’j 


TTf 


k()h 

— cos if, ) 


cos 




sin 0 


14-45) 


H -Plane (0 = 9°, 0° < 0 ^ 180^1 

The principal H - plane of the microstrip antenna is rhe .v-z plane (0 = 0°, 0° <• 
(■) < 180°), and the expressions for the Helds radiated of ( l4-43)-( 14-43b) reduce to 
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To illustrate the modeling of the microstrip using the cavity model, the principal 
E- and //-plane patterns have been computed at fa = 10 GHz for the rectangular 
microstrip of Example 14.1 with e r = 2.2. h = 0.1588 cm, L = 0.906 cm and L r = 
1.068 cm. These are displayed in Figure 14.18(a) for die E-plane and Figure 14.18(b) 
for the //-plane where they are compared with measurements. A good agreement is 
indicated. However there are some differences in the E-plane primarily near grazing 
and in the region below the ground plane. The differences near grazing in the E-plane 
are primarily because the theory assumes the dielectric material of the substrate is 
truncated and does not cover the ground plane beyond the edges of the patch while 
those in the back region are because the theory assumes an infinite ground plane. The 
shape of the //-plane patterns are not affected significantly by the dielectric cover or 
the edges. Edge effects can be taken into account using diffraction theory 148 1. [79]. 



180 " 


— Measured 

— — * Moment method (Courtesy D. Po/iir) 

Cavity model 

(a) £‘planc (ft = 4 >0 C ) 

Figure 14.18 Predicted and measured E- and //-plane patterns of rectangular microstrip 
patch (L = 0.906 cm. W = 1.186 cm, h = 0.1588 cm. y n = 0.3126 cm. e, = 2.2, f 0 = 10 
GHz). 
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The noted asymmetry in the measured and Moment Method computed patterns is due 
to the feed which is not symmetrically positioned along the £-plane. The Moment 
Method analysis accounts for the position of the feed, while the cavity model does 
not account for it. The pattern for 0° ^ ^ 180° [left hall' in Figure 14.18(a)] 

corresponds to observation angles which lie on the same side of the patch as does the 
feed probe. 

The presence of the dielectric-covered ground plane modifies the reflection co- 
efficient, which influences the magnitude and phase of the image. This is similar to 
the ground effects discussed in Section 4.8 of Chapter 4. To account for the dielectric, 
the reflection coefficient for vertical polarization of + 1 must be replaced by the 
reflection coefficient of (4-125) while the reflection coefficient for horizontal polari- 
zation of - 1 must be replaced by the reflection coefficient of (4-129). Basically the 
introduction of the reflection coefficients of (4-125) and (4-129) to account for the 
dielectric cover of the ground plane is to modify the boundary conditions of the 
perfect conductor to one with an impedance surface. The result is for (4-125) to 
modify the shape of the pattern in the E-plane of the microstrip antenna, primarily 
for observation angles near grazing (near the ground plane), as was done in Figure 
4.28 for the lossy earth. Similar changes are expected for the microstrip antenna. The 
changes in the pattern near grazing come from the fact that for the perfect conductor 
the reflection coefficient for vertical polarization is -t- 1 for all observation angles. 


90 ° 



90 ° 


— Measured 

— — Moment method (Courtesy D. Pozar) 

— — Cavity model 

(b) A/-planc (0 = 0°) 

Figure 14.18 (Continued) 
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However for the dielectric-covered ground plane (impedance surface), the reflection 
coefficient of (4-129) is nearly + 1 for observation angles far away from grazing but 
begins to change very rapidly near grazing and becomes — I at grazing (791; thus the 
formation of an ideal null at grazing. 

Similarly the reflection coefficient of (4-129) should basically control the pattern 
primarily in the H- plane. However, because the reflection coefficient for horizontal 
polarization for a perfect conductor is - 1 for all observation angles while that of 
(4-129) for the dielectric covered ground plane is nearly - 1 for all observation angles, 
the shape of the pattern in the /7-plane is basically unaltered by the presence of the 
dielectric cover |79f This is illustrated in Figure 4.30 for the earth. The pattern also 
exhibits a null along the ground plane. Similar changes are expected for the microstrip 
antenna. 


Nonradiating Slots The fields radiated by the so-called nonradiating slots, each of 
effective length L,. and height h . are found using the same procedure as for the two 
radiating slots. Using the fields of (14-39), the equivalent magnetic current density of 
one of the nonradiating slots facing the + - axis is 

M, = -2n x E„ = a v 2E 0 cos ^-v'j (14-47) 

and it is sketched in Figure 14.17. A similar one is facing the —z axis. Using the 
same procedure as for the radiating slots, the normalized far-zone electric field com- 
ponents radiated by each slot are given by 
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( 14-48a) 
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Y cos 6 sin <f> 
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X m : - (7T/ ly- 


re 
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( 14-48b) 


X = 


k () h 

— sin 6 cos 


<!> 


(14-480 


Y = 


kpL,, 

■> 


sin 0 sin (f> 


( 14-48d) 


Since the two nonradiating slots form an array of two elements, of the same 
magnitude but of opposite phase, separated along the z axis by a distance W. the array 
factor is 


(AF). 



(14-49) 


Therefore the total far-zone electric field is given by the product of each of (14-48a) 
and (14-48b) with the array factor of ( 14-49). 

In the H - plane (</> = 0°. 0° < 0 < 180°), ( 14-48a) and ( 14-48b) are zero because 
the fields radiated by each quarter cycle of each slot are cancelled by the fields radiated 
by the other quarter. Similarly in the E-plane (0 = 90°, 0° s <f> < 90° and 270° < $ 
< 360°) the total fields are also zero because (14-49) vanishes. This implies that the 
fields radiated by each slot are cancelled by the fields radiated by the other. The 
nonradiation in the principal planes by these two slots was discussed earlier and 
demonstrated by the current densities in Figure 14.17. However, these two slots do 
radiate away from the principal planes, but their field intensity in these other planes 
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is small compared to that radiated by the two radiating slots such that it is usually 
neglected. Therefore they are referred to as nonradiating slots. 


14.2.3 Directivity 

As for every other antenna, the directivity is one of the most important figures-of- 
merit whose detinition is given by (2- 16a) or 


Do = 


u 0 


^TtU maj 


rad 


(14-50) 


Single Slot (k 0 h 1) Using the electric field of (14-41), the maximum radiation 
intensity and radiated power can be written, respectively, as 
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Therefore, the directivity of a single slot can be expressed as 


IIttV/V 1 

° ~ ( Ao ) /, 


where 


/. = 


r 

Jo 


knW 


sin 


cos 


fl ) 


cos 0 


sin 3 0 dO 




-2 + cos(A') + XSf(X) -f 
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(14-51) 


(14-52) 


(14-53) 


(14-5 3a) 
(14-53b) 


Asymptotically the values of (14-53) vary as 


Do 


3.3 (dimensionless) = 5.2 dB 



A* , 


(14-54) 


The directivity of a single slot can be computed using (14-53) and (14-53a). In 
addition, it can also be computed using (14-41) and the computer program DIREC- 
TIVITY at the end of Chapter 2. Since both are based on the same formulas, they 
should give the same results. Plots of the directivity of a single slot for h = 0.01 A () 
and 0.05 A 0 as a function of the width of the slot are shown in Figure 14.19. It is 
evident that the directivity of a single slot is not influenced strongly by the height of 
the substrate, as long as it is maintained electrically small. 


Two Slots ( koh 1) For two slots, using ( 14-44), the directivity can be written as 



(14-55) 



750 Chapter 14 Microstrip Antennas 



Figure 14.19 Computed directivity of one and two slots as a function of the slot width. 


where G rutl is the radiation conductance and 


I 2 




sin 6 sin cW dfy 


( 14-55a) 


The total broadside directivity D 2 lor the two radiating slots, separated by the 
dominant TMok, mode field (antisymmetric voltage distribution), can also be written 
as 1.8 1, 182J 


D 2 — D {) D ai . — D {) (14-56) 

1 + gl2 
2 £12 I 

0 AF = — - 2 (14-56a) 

1 + Jtfl2 


where 

D t , = directivity of single slot [as given by (14-53) and (14-53a)| 

D Ah = directivity of array factor AF 

j^AF = cos sin 0 sin 4 > j 

g \2 — nonnalized mutual conductance = G) 2 /G| 

This can also be justified using the array theory of Chapter 6. The normalized mutual 
conductance g i2 can be obtained using (14-12), (14-12a), and ( 14- 1 8a). Computed 
values based on (14- 18a) show that usually 8 12 « 1 : thus (14-56a) is usually a good 
approximation to (14-56). 
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Asymptotically the directivity of two slots (microstrip antenna) can be expressed 
as 


6.6 (dimensionless) — 8.2 dB 


D 2 - 



W<^ 

A„ 


(14-57) 


The directivity of the microstrip antenna can now be computed using ( 14-55) and (14- 
55a). In addition, it can also be computed using (14-44) and the computer program 
DIRECTIVITY at the end of Chapter 2. Since they are based on the same formulas, 
they should give the same results. Plots of directivity of a microstrip antenna, modeled 
by two slots, for h = 0.01 A 0 and 0.05 A () are shown plotted as a function of the width 
of the patch (W! A„) in Figure 14.19. It is evident that the directivity is not a strong 
function of the height, as long as the height is maintained electrically small. A typical 
plot of the directivity of a patch for a fixed resonant frequency as a function of the 
substrate height </?/A„), for two different dielectrics, is shown in Figure 14.20. 

The directivity of the slots also can be approximated by Kraus’s. (2-26), and Tai 
& Pereira’s. (2-30a), formulas in terms of the E~ and //-plane beamwidlhs. which can 
be approximated by (36) 


= 2 cos 


- 1 


- 2 cos 


7.03Af, 

4(3Z^ -I- /r)7r 


2 + k 0 W 


(14-58) 

(14-59) 


The values of the directivities obtained using (14-58) and (14-59) along with either 
(2-26) or (2-30a) will not be very accurate since the beamwidths. especially in the 
F-plane, are very large. However, they can serve as guidelines. 



Substrate height /iM„ 

Figure 14.20 Directivity variations as a function of substrate height for a square microstrip 
patch antenna. (Courtesy of D. M. Pozar) 
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Example 14.3 

For the rectangular microstrip antenna of Examples 14.1 and 14.2, with overall di- 
mensions of L = 0.906 cm and W = 1 . 186 cm, substrate height h = 0. 1 588 cm, and 
dielectric constant of e, = 2.2, center frequency of 10 GHz. find the directivity based 
on (14-56) and (l4-56a). Compare with the values obtained using (14-55) and 
(14-55a). 


SOLUTION 


From the solution of Example 14.2 

C, = 0.00157 Siemens 
G | 2 = 6.1683 X 10 J Siemens 
,q l2 = G l2 /G, = 0.3921 


Using ( 14-56a) 


Da, = 


1 + S i- 


L_ — = 1.4367 = 1.5736 dB 

! + 0.3921 


Using ( 14-53) and ( l4-53a) 


/, = 1.863 

UnWV l 

D 0 = - = 3.312 = 5.201 dB 

\ / / 1 


According to ( 14-56) 

D 2 = DoD, u . = 3.312(1.4367) = 4.7584 = 6.7746 dB 


Using ( 14-55a) 
I 2 = 3.59801 


Finally, using ( 14-55) 
D, = 


2ttW\~ 77 

— — | - = 5.3873 = 7.314 dB 


14.3 CIRCULAR PATCH 

Other than the rectangular patch, the next most popular configuration is the circular 
patch or disk, as shown in Figure 14.21. It also has received a lot of attention not 
only as a single element f6 f, (lOf. (I3|, [46J, [47J, f5Ij, but also in arrays [65J and 
[ 74 j. The modes supported by the circular patch antenna can be found by treating the 
patch, ground plane, and the material between the two as a circular cavity. As with 
the rectangular patch, the modes that are supported primarily by a circular microstrip 
antenna whose substrate height is small (h A) are TM r where - is taken perpen- 
dicular to the patch. As far as the dimensions of the patch, there are two degrees of 
freedom lo control (length and width) for the rectangular microstrip antenna. Therefore 
the order of the modes can be changed by changing the relative dimensions of the 
width and length of the patch (width-to-length ratio). However, for the circular patch 
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Figure 14.21 Geometry of circular microstrip patch antenna. 


there is only one degree of freedom to control (radius of the patch). Doing this does 
not change the order of the modest however, it does change the absolute value of the 
resonant frequency of each [79]. 

Other than using Full-wave analysis [51], [651, 1 74 1, the circular patch antenna 
can only be analyzed conveniently using the cavity model [10|, |46J, [47]. This can 
be accomplished using a procedure similar to that for the rectangular patch but now 
using cylindrical coordinates [79]. The cavity is composed of two perfect electric 
conductors at the top and bottom to represent the patch and the ground plane, and by 
a cylindrical perfect magnetic conductor around the circular periphery of the cavity. 
The dielectric material of the substrate is assumed to be truncated beyond the extent 
of the patch. 

14.3,1 Electric and Magnetic Fields — TM*„ p 

To find the lie Ids within the cavity, we use the vector potential approach. For TM ; 
we need to first find the magnetic vector potential A., which must satisfy, in cylindrical 
coordinates, the homogeneous wave equation of 

V 2 A z {p, 4>. z) + fc A.(p, (fi. z) = 0. (14-60) 

Ii can be shown that for TM J modes, whose electric and magnetic fields are related 
to Lhe vector potential A~ by [79] 


i a 2 a, 

E„ = j 

U}fX£ rlpdz 


1 1 M z 

p, p d <f) 

F - / ' 

= 

1 BA Z 

top>€ p r 

p Bp 

E*= 

H, - 

0 


subject to the boundary conditions of 

E ,£0 p' s: fll [> < & < 2tt, z' = 0.1 = 0 
E fl (0 ^ p' ^ a, 0 < t// < 277, z' = h) ~ 0 
Hjp' = a, 0 ^ <f>' < 2tt. 0 ^ s' s h) = 0 


(14-62) 
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the magnetic vector potential A z reduces to [79] 

A. = B„ mi ,J m {k ( ,p')\A 2 cos(w<£') + B 2 sin(w<£')| coaiLz') (14-63) 

with the constraint equation of 

(k p ) 2 + (k z ) 2 = k 2 = loj/jLe (l4-63a) 

The primed cylindrical coordinates p\ <£', z are used to represent the fields within 
the cavity while J m (x) is the Bessel function of the first kind of order m, and 


k p 


Xmn^ 

( 14-63b) 

k. 

= 

[)TT 

T 

(14-63c) 

m = 

0. 

1.2. .. . 

( l4-63d) 

n = 

1, 

2, 3, . . . 

(14-63e) 

P - 

0. 

1, 2 

( 14-63f) 


In (l4-63b) x'mn represents the zeroes of the derivative of the Bessel function 
and they determine the order of the resonant frequencies. The first four values 
of *,'„„, in ascending order, are 

y.i = 1.8412 

*;, = 3.0542 

*oi = 3.8318 (14-64) 

= 4.2012 


14.3.2 Resonant Frequencies 

The resonant frequencies of the cavity, and thus of the microstrip antenna, are found 
using (14-63a)-( 14-630. Since for most typical microstrip antennas the substrate 
height h is very small (typically h < 0.05A 0 ). the fields along are essentially constant 
and are presented in (14-630 by p — 0 and in (14-63c) by k. = 0. Therefore the 
resonant frequencies for the TM;„„ () modes can be written using (14-63a) as 

aUo - ■--? = (—) (14-65) 

2tt\/ p.e \ a ) 

Based on the values of (14-64), the first four modes, in ascending order, are TMj J0 , 
TM3, 0> TM 5 io, and TMjjio- The dominant mode is the TMj t0 whose resonant frequency 
is 


Ur) wo 


J.8412 _ 1.841 2 Vp 

2na\^fxe 2mi\/T r 


(14-66) 


where is the speed of light in free space. 

The resonant frequency of (14-66) does not take into account fringing. As was 
shown for the rectangular patch, and illustrated in Figure 14.7, fringing makes the 
patch took electrically larger and it was taken into account by introducing a length 
correction factor given by (14-2). Similarly for the circular patch a correction is 



14.3 Circular Patch 755 


introduced by using an effective radius a e , to replace the actual radius a, given 
by [6] 


Or = jl + 


2/2 

7 rue. 


In 


' ira 
12 hi 


1/2 


+ 1.7726 


(14-67) 


Therefore the resonant frequency of (14-66) for the dominant TMj| 0 should be mod- 
ified by using (14-67) and expressed as 


(fr)\ 10 — 


1.8412vq 
2 ira c \fe r 


(14-68) 


14.3.3 Design 


Based on the cavity model formulation, a design procedure is outlined which leads to 
practical designs of circular microstrip antennas for the dominant TMjio mode. The 
procedure assumes that the specified information includes the dielectric constant of 
the substrate (e r ), the resonant frequency ( f r ) and the height of the substrate h. The 
procedure is as follows: 

Specify 

e„/ r ( in Hz), and li (in cm) 

Determine The actual radius a of the patch. 

Design Procedure A first-order approximation to the solution of (14-67) for a is to 
find a r using (14-68) and to substitute that into (14-67) for a e and for a in the 
logarithmic function. Doing this leads to 


F 



where 

„ 8.791 X 10 V 

F = , - - 

./ r \7 

Remember that h in ( 14-69) must he in cm. 


(14-69) 


(14-69a) 


Example 14.4 

Design a circular microstrip antenna using a substrate (RT/duroid 5880) with a di- 
electric constant of 2.2, h = 0.1588 cm (0.0625 in.) so as to resonate at 10 GHz. 


SOLUTION 
Using (I4-69a) 

_ 8.791 x 10* 

~ 10 X 10‘VZ2 


0.593 
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Therefore using (14-69) 



0.525 cm (0.207 in.) 


14.3.4 Equivalent Current Densities and Fields Radiated 

As was done for the rectangular patch using the cavity model, the lields radiated by 
the circular patch can be found by using the Equivalence Principle whereby the 
circumferential wall of the cavity is replaced by an equivalent magnetic current density 
of (14-38) as shown in Figure 14.22. Based on (14-61 )-( 14-63) and assuming a 
TM)k> mode field distribution beneath the patch, the normalized electric and magnetic 
fields within the cavity for the cosine azimuthal variations can be written as 


E„ = E„ = H z = 0 

(14-70a) 

E z = EuJ\(kp') cos <!>' 

( 14-70b) 

H p = j—^~ ~ Ji(kp') sin <f)' 
W/Oo p 

(14-70c) 

H+ = ./ ° Wp r ) cos <j> ' 

capo 

(14-70d) 


where ' = dldp and <£' is the azimuthal angle along the perimeter of the patch. 

Based on (14-70b) evaluated at the electrical equivalent edge of the disk 
(p' = a e ). the magnetic current density of (14-38) can be written as 

M. v = — 2n x E„|,,-=„ r = \{ka r ) cos ft (14-71) 

Since the height of the substrate is very small and the current density of ( 14-71) is 
uniform along the z direction, we can approximate ( 1 4-7 1 ) by a filamentary magnetic 
current of 


I,„ = AM* = a fll 2/tEo7|(A'u 1 .) cos 0' = 3^2 Vo cos <f>' (14-7 la) 

where V 0 = hE {) J\(ka t ) at <f>' = 0. 

Using ( 14-7 la) the microstrip antenna can be treated as a circular loop. Referring 
to Chapter 5 for the loop and using the radiation equations of Sections 12.3 and 12.6, 
we can write that [10], [83] 


E, = 0 

(14-72a) 

.M, Vat-*', 

E h - J ^ {cos <f>J o 2 i 

2r 

( 14-72b) 

.Aoa,Voe“'*" r , , 

E^-j (cos Osin d»7 02 ) 

2 r 

(14-72c) 

J [)2 “ sin 0) *^ 2 (^ 0 ^ 0) 

(14-72d) 

J 02 = sin 0) + Jiikifle sin 0) 

(14-72e) 
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x 

Figure 14.22 Cavity model and equivalent magnetic current density for circular microstrip 
patch antenna. 


where a c is the effective radius as given hy ( 14-67). The fields in the principal planes 
reduce to; 

E-plane <</> = 0°, 180°. 0° < 9 s 90°) 


r, _ ,&W ! V fJ e A, ' r Tf t 
Et) ~ J j r l ^02) 

£,/, = 0 

7/- plane (r> = 270°, 0° ^ B < 90°) 

- 0 

.koa,V 0 e-*' r 


^ r/j j 


2r 


| cos 0 7 01 J 


( l4-73a) 


( 14- 73b) 


( 1 4-74a ) 
(14-746) 


Patterns have been computed for the circular patch of Example 14.4 based on 
( 14-73u)-( 14-74b), and they are shown in Figure 14.23 where they are compared with 
measurements and Moment Method computed patterns. The noted asymmetry in the 
measured and Moment Method computed patterns is due to the feed which is not 
symmetrically positioned along the E-plane. The Moment Method analysis accounts 
for the position of the feed, while the cavity model does not account for u_ The pattern 
for the left half of Figure 14.23( a) corresponds to observation angles which he on the 
same side of Lhe patch as does the feed probe. 


14.3.5 Conductance and Directivity 

The conductance due to the radiated power and directivity of the circular microstrip 
patch antenna can be computed using their respective definitions of (14-10) and 
(14-50). For each we need the radiated power, which based on the lields of 1 1 4-7 2b) 
and ( !4-72e) of the cavity model can be expressed as 


Pm l = M : 


960 


4 M 2 

fl > J * 


+ cos’ ft j}&\ sin 6 d6 


(14-75) 
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I8U" 


Measured 

Moment method (Courtesy J. Aberle) 

— — Cavity model 

(a.) £*plane (0 = 0 ,; . |#0' J ) 

Figure 14.23 Measured anil computed (based on moment method and cavity models) 

E- and //-plane patterns of circular microstrip patch untennu (</ = 0.525 cm. a,. — 0.598 cm, 
p f — 0.1 cm. e r = 2.2, h = 0.1588 cm. /J, = 10 GHz. A„ = 3 cm). 


Therefore the conductance across the gap between the patch and the ground plane 
at <f)' = 0° based on (14-10) and (14-75) can be written as 


G r;«l = 


<1 r 

50 Jo 


+ cos 2 QJtn 1 sin (UW 


(14-76) 


A plot of the conductance of (14-76) for the TMi M) mode is shown in Figure 14.24. 
While the conductance of (14-76) accounts for the losses due to radiation, it does not 
take into account losses due to conduction (ohmic) and dielectric losses, which each 


can be expressed as 1 101 


e„,,, 7 r( 777x0/,) 

4/i 2 Vo- 


Kka ,.) 1 - m’| 


G lt = ta . n . 5 [(^ ( )- - nr] (14-78) 

4ju () /i/, 

where e„„, = 2 for m ~ 0. e mi , = 1 for m + 0. and/ r represents the resonant frequency 
of the tn/iO mode. Thus, the total conductance can be written as 

G, = G !mI + G, + G t , 


(14-79) 
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Measured 

— — • Moment method (Courtesy J. Aberle) 

— * — Cavity model 


(a) //-plane «|> = 90 c , 270°) 

Figure 14.23 (continued) 


Based on (14-50), (14-72b), (14-72c), (14-75) and (14-76), the directivity for the 
slot at 0 = 0° can be expressed as 


(MJ 2 

1 2QG rail 


(14-80) 


A plot of the directivity of the dominant TMj| 0 mode as a function of the radius of 
the disk is shown plotted in Figure 14.25. For very small values of the radius the 
directivity approaches 3 (4.8 dB), which is equivalent of that of a slot above a ground 
plane and it agrees with the value of (14-54) for W A«. 


14.3.6 Resonant Input Resistance 

As was the case for the rectangular patch antenna, the input impedance of a circular 
patch at resonance is real. The input power is independent of the feed point position 
along the circumference. Taken the reference of the feed at <f)' = 0°, the input re- 
sistance at any radial distance p' = po from the center of the patch can be written as 


/Up' = a.) = 77 7 i 


1 jj jjip o) 

(kci e ) 


(14-81) 
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Figure 14.24 Radiation conductance versus effective radius for circular microstrip patch 
operating in dominant TM, m mode. 


where G, is the total conductance due to radiation, conduction (ohmic) and dielectric 
losses, as given by (14-79). As was the case with the rectangular patch, the resonant 
input resistance of a circular patch with an inset feed, which is usually a probe, can 
be written as 

R W (P = Pn) = (P = o e )- jj— (14-82) 

where 



This is analogous to (14-20a) for the rectangular patch. 


( 14-82a) 


14.4 QUALITY FACTOR, BANDWIDTH AND 
EFFICIENCY 


The quality factor, bandwidth, and efficiency are antenna figures-of-mcrit, which are 
interrelated, and there is no complete freedom to independently optimize each one. 
Therefore there is always a tradeoff between them in arriving at an optimum antenna 
performance. Often, however, there is a desire to optimize one of them while reducing 
the performance of the other. 

The quality factor is a figure-of-merit that is representative of the antenna losses. 
Typically there are radiation, conduction (ohmic), dielectric and surface wave losses. 
Therefore the total quality factor Q, is influenced by all of these losses and is, in 
general, written as [16] 


J_ 1_ J_ J_ J_ 

Q, ~ Qnul + Qc + Q., + Qsn 


(14-83) 


where 


Q, ~ total quality factor 

Q m j = quality factor due to radiation (space wave) losses 
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Figure 14.25 Directivity versus effective radius for circular microstrip patch antenna oper- 
ating in dominant TMj| 0 mode. 


Q c = quality factor due to conduction (ohmic) losses 
Q (l = quality factor due to dielectric losses 
Q xw = quality factor due to surface waves 

For very thin substrates, the losses due to surface waves are very small and can be 
neglected. However, for thicker substrates they need to be taken into account |84). 
These losses can also be eliminated by using cavities (50) and [51 1. 

For very thin substrates (h A 0 ) of arbitrary shapes (including rectangular and 
circular), there are approximate formulas to represent the quality factors of the various 
losses [ 161. f85]. These can be expressed as 


Q, = hy/irfiur 

(14-84) 

1 

Q' 1 tan 8 

(14-85) 

2(oe, 

Gn,J hG,H K 

(14-86) 


where tan 5 is the loss tangent of the substrate material, tr is the conductivity of the 
conductors associated with the patch and ground plane, G,/l is the total conductance 
per unit length of the radiating apenure and 


fJ m \E\ 2 dA 

$perime,cr|E| 2 <tf 


( 14-86a) 


For a rectangular aperture operating in the dominant TMoio mode 



(!4-87a) 

(14-87b) 


The Qrmi as represented by (14-86) is inversely proportional to the height of the 
substrate, and for very thin substrates is usually the dominant factor. 
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The fractional bandwidth of the antenna is inversely proportional to the Q, of the 
antenna, and it is defined by (1 1-36) or 


\[ = 1 

fa Q, 


(14-88) 


However, (14-88) may not be as useful because it does not take into account impe- 
dance matching at the input terminals of the antenna. A more meaningful definition 
of the fractional bandwidth is over a band of frequencies where the VSWR at the 
input terminals is equal to or less than a desired maximum value, assuming that the 
VSWR is unity at the design frequency. A modified form of ( 1 4-88) that takes into 
account the impedance matching is [16] 


\f _ VSWR - 1 
fa ~ (?,\/VSWR 


( 14-88a) 


In general it is proportional to the volume, which for a rectangular microstrip 
antenna at a constant resonant frequency can be expressed as 


BW ~ volume = area • height = length • width • height 

! L WT = — 


( 14-89) 


Therefore the bandwidth is inversely proportional to the square root of the dielectric 
constant of the substrate. A typical variation of the bandwidth for a microstrip antenna 
as a function of the normalized height of the substrate, for two different substrates, is 
shown in Figure 14.26. It is evident that the bandwidth increases as the substrate 
height increases. 

The radiation efficiency of an antenna is expressed by (2-90), and it is defined as 
the power radiated over the input power. It can also be expressed in terms of the 
quality factors, which for a microstrip antenna can be written as 




1/grad 

l/g, 


Qj_ 

gnid 


(14-90) 


where Q, is given by (14-83). Typical variations of the efficiency as a function of the 
substrate height for a microstrip antenna, with two different substrates, are shown in 
Figure 14.26. 


14.5 INPUT IMPEDANCE 

In the previous sections of this chapter, we derived approximate expressions for the 
resonant input resistance for both rectangular and circular microstrip antennas. Also, 
approximate expressions were stated which describe the variation of the resonant 
input resistance as a function of the inset feed position, which can be used effectively 
to match the antenna element to the input transmission line. In general, the input 
impedance is complex and it includes both a resonant and a nonresonant pan which 
is usually reactive. Both the real and imaginary parts of the impedance vary as a 
function of frequency, and a typical variation is shown in Figure 14.27. Ideally both 
the resistance and reactance exhibit symmetry about the resonant frequency, and the 
reactance at resonance is equal to the average of sum of its maximum value (which 
is positive) and its minimum value (which is negative). 
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Substrate height 

Figure 14.26 Efficiency and bandwidth versus substrate height at constant resonant fre- 
quency for rectangular microstrip patch for two different substrates (source: D, M. Po- 
zar. “Microstrip Antennas,” Proc. IEEE, Vol. 80, No. 1, January 1992. © 1992 IEEE). 


Typically the feed reactance is very small, compared to the resonant resistance, 
for very thin substrates. However, for thick elements the reactance may be significant 
and needs to be taken into account in impedance matching and in determining the 
resonant frequency of a loaded element [34]. The variations of the feed reactance as 
a function of position can be intuitively explained by considering the cavity model 
for a rectangular patch with its four side perfect magnetic conducting walls [34]. [85]. 



1.200 1.225 1,250 

Frequency (MHz) 


Figure 14.27 Typical variation of resistance and reactance of rectangular microstrip an- 
tenna versus frequency ( Electromagnetics . Vol. 3. Nos. 3 and 4, p. 33, W. F. Richards. J. R. 
Zinecker, and R. D. Clark, Taylor & Francis, Washington. D.C. Reproduced by permission. 
All rights reserved). 
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As far as the impedance is concerned, the magnetic walls can be taken into account 
by introducing multiple images with current flow in the same direction as the actual 
feed. When the feed point is far away from one of the edges, the magnetic field 
associated with the images and that of the actual feed do not overlap strongly. There- 
fore the inductance associated with the magnetic energy density stored within a small 
testing volume near the feed will be primarily due to the current of the actual feed. 
However, when the feed is at one of the edges, the feed and one of the images, which 
accounts for the magnetic wall at that edge, coincide. Thus, the associated magnetic 
field stored energy of the equivalent circuit doubles while the respective stored mag- 
netic energy density quadruples. However, because the volume in the testing region 
of the patch is only half from that when the feed was far removed from tire edge, the 
net stored magnetic density is only double of that of the feed alone. Thus, the 
associated inductance and reactance, when the feed is at the edge, is twice that when 
the feed is far removed from the edge. When the feed is at a corner, there will be 
three images in the testing volume of the patch, in addition to the actual feed, to take 
into account the edges that form the comer. Using the same argument as above, the 
associated inductance and reactance for a feed at a comer is four times that when the 
feed is removed from an edge or a corner. Thus, the largest reactance (about a factor 
of four larger) is when the feed is at or near a corner while the smallest is when the 
feed Is far removed from an edge or a corner. 

Although such an argument predicts the relative variations (trends) of the reac- 
tance as a function of position, they do predict very accurately the absolute values 
especially when the feed is at or very near an edge. In fact it overestimates the values 
for feeds right on the edge; the actual values predicted by the cavity model with 
perfect magnetic conducting walls are smaller [34]. A formula that has been suggested 
to approximate the feed reactance, which does not take into account any images, is 



where d is the diameter of the feed probe. More accurate predictions of the input 
impedance, based on full wave models, have been made for circular patches where 
an attachment current mode is introduced to match the current distribution of the 
probe to that of the patch |74|. 


14.6 COUPLING 

The coupling between two or more microslrip antenna elements can be taken into 
account easily using full-wave analyses. However, it is more difficult to do using the 
transmission-line and cavity models, although successful attempts have been made 
using the transmission-line model (75) and the cavity model |76], |77|. It can be 
shown that coupling between two patches, as is coupling between two aperture or 
two wire antennas, is a function of the position of one element relative to the other. 
This has been demonstrated in Figures 4.20 for a vertical half-wavelength dipole 
above a ground plane and in Figure 4.27 for a horizontal half-wavelength dipole above 
a ground plane. From these two, the ground effects are more pronounced for the 
horizontal dipole. Also, mutual effects have been discussed in Chapter 8 for the three 
different arrangements of dipoles, as shown in Figure 8.20 whose side-by-side ar- 
rangement exhibits the largest variations of mutual impedance. 

For two rectangular microstrip patches the coupling for two side-by-side elements 
is a function of the relative alignment. When the elements are positioned collinearly 



14,6 Coupling 765 


Figure 14.28 



UU /--plane 


E- arid //-plane arrangements of micro strip patch antennas. 


a lung the E-plane, this arrangement is referred to us the E -plane, as shown in Figure 
J 4.2S{ a ): when the elements are positioned eollinearly along the //-plane, this arrange- 
ment is referred to as the H-plane, as shown in Figure 14.28(h). For an edge-lo-edge 
separation of $, the E-plane exhibits the smallest coupling isolation for very small 
spacing (typically .v < 0.l0A t> ) while the //-plane exhibits the smallest coupling for 
large spacing (typically s > 0.1 OAo). The spacing at which one plane coupling over- 
takes the other one depends on the electrical properties and geometrical dimensions 
of the microstrip antenna. Typical variations are shown in Figure 14,29. 

In general, mutual coupling is primarily attributed to the fields that exist along 
the air-dielectric interface. The Helds can be decomposed to space waves (with 1/p 
radial variations), higher order waves (with 1/p 2 radial variations), surface waves 
(with l/p iy2 radial variations), and leaky waves Iwilh exp( - A p)/p ul radial variations] 
[23 1 . [86], Because of the spherical radial variation, space (1/p) and higher order 
waves ( I/p 2 ) are most dominant for very small spacing while surface waves, because 


h- * -H 



Figure 14.29 Measured and calculated mutual coupling between two coax-fed micro strip 
antennas, fur both E-plane and //-plane coupling. < W = 10.57 cm. L ~ 6.55 cm, 
h — U. 158-8 cm, t, - 2.55, /] - 1.410 MHz). (source: f). M. Pozar, “Input Impedance 
and Mutual Coupling of Rectangular Micro strip Antennas," IEEE Trents. Antemius Propa- 
ftuL, Vo). AP-3Q, No. 6, November 1982. © 1982 IEEE) 
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of their 1 /p 1/2 radiai variations are dominant for large separations. Surface waves exist 
and propagate within the dielectric, and their excitation is a function of the thickness 
of the substrate [79], In a given direction, the lowest order (dominant) surface wave 
mode is TM(odd) with zero cutoff frequency followed by a TE(even), and alternatively 
by TM(odd) and TE(even) modes. For a rectangular microstrip patch, the fields are 
TM in a direction of progagation along the E-plane and TE in a direction of propa- 
gation along the //-plane. Since for the E-plane arrangement of Figure 14.28(a) the 
elements are placed collinearly along the E-plane where the fields in the space between 
the elements are primarily TM, there is a stronger surface wave excitation (based on 
a single dominant surface wave mode) between the elements, and the coupling is 
larger. However for the //-plane arrangement of Figure 14.28(b). the fields in the 
space between the elements are primarily TE and there is not as a strong dominant 
mode surface wave excitation: therefore there is less coupling between the elements. 
This does change as the thickness of the substrate increases which allows higher order 
TE surface wave excitation. 

The mutual conductance between two rectangular microstrip patches has also 
been found using the basic definition of conductance given by ( 14-18), the far fields 
based on the cavity model, and the array theory of Chapter 6. For the E-plane 
arrangement of Figure 14.28(a) and for the odd mode field distribution beneath the 
patch, which is representative of the dominant mode, the mutual conductance is [8] 



■ /*o W A 
si ill — cos 0 


cos 0 
27rsin 0 ) + .A, I 


sin 3 0|27„ 2n sin 0| 


Y - L 
A<) 


27 t sin 0 r c/0 


(14-92) 


where Y is the center-to-center separation between the slots and J {) is the Bessel 
function of the first kind of order zero. The first term in (14-92) represents the mutual 
conductance of two slots separated by a distance X along the £-plane while the second 
and third terms represent, respectively, the conductances of two slots separated along 
the E-plane by distances Y + L and Y - L. Typical normalized results are shown by 
the solid curve in Figure 14.30. 

For the //-plane arrangement of Figure 14.28(b) and for the odd mode field 
distribution beneath the patch, which is representative of the dominant mode, the 
mutual conductance is (8| 



where Z is the center-to-center separation between the slots and 7 ( , is the Bessel 
function of the first kind of order zero. The first term in (14-93) represents twice the 
mutual conductance of two slots separated along the //-plane by a distance Z while 
the second term represents twice the conductance between two slots separated along 
the E-plane by a distance L and along the //-plane by a distance Z. Typical normalized 
results are shown by the dotted curve in Figure 14.30. By comparing the results of 
Figures 14.30 it is clear that the mutual conductance for the //-plane arrangement, as 
expected, decreases with distance faster than that of the E-plane. Also it is observed 
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Figure 14.30 E- and //-plane mutual conductance versus patch separation for rectangular 
microstrip patch antennas (W = 1.186 cm, L = 0.906 cm, e,. = 2.2, A„ = 3 cm). 


that the mutual conductance for the f-plane arrangement is higher for wider elements 
while it is lower for wider elements for the //-plane arrangement. 

14.7 CIRCULAR POLARIZATION 

The patch elements that we discussed so far, both the rectangular and the circular, 
radiate primarily linearly polarized waves if conventional feeds are used with no 
modifications. However, circular and elliptical polarizations can be obtained using 
various feed arrangements or slight modifications made to the elements. We will 
discuss here some of these arrangements. 

Circular polarization can be obtained if two orthogonal modes are excited with a 
90° time-phase difference between them. This can be accomplished by adjusting the 
physical dimensions of the patch and using either single, or two or more feeds. There 
have been some suggestions made and reported in the literature using single patches. 
For a square patch element, the easiest way to excite ideally circular polarization is 
to feed the element at two adjacent edges, as shown in Figures 14.31(a,b), to excite 
the two orthogonal modes; the TMo l( > with the feed at one edge and the TM^i with 
Lite feed at the other edge. The quadrature phase difference is obtained by feeding the 
element with a 90° power divider or 90° hybrid. Examples of arrays of linear elements 
that generate circular polarization are discussed in [87]. 

For a circular patch, circular polarization for the TMj| 0 mode is achieved by 
using two feeds with proper angular separation. An example is shown in Figure 
14.3 1 (c) using two coax feeds separated by 90° which generate fields that are orthog- 
onal to each other under the patch, as well as outside the patch. Also with this two- 
probe arrangement, each probe is always positioned at a point where the field gener- 
ated by the other probe exhibits a null; therefore there is very little mutual coupling 
between the two probes. To achieve circular polarization, it is also required that the 
two feeds are fed in such a manner that there is 90° time-phase difference between 
the fields of the two; this is achieved through the use of a 90° hybrid, as shown in 
Figure 14.31(c). The shorting pin is placed at the center of the patch to ground the 
patch to the ground plane which is not necessary for circular polarization but is used 
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PropagnU Vol. A1 M2, Na l K Sept 19K4. © I9K4 lEEE.j 

Figure 14*31 Rectangular and circular patch arrangements for circular polarization. 


lo suppress modes with no <t> variations ami also may improve the quality of circular 
polarization. 

For higher order modes, the spacing between the two feeds to achieve circular 
polarization is different. This is illustrated in Figure 14.31(d) and tabulated in Table 
14.1, lor the TMfuj [same as in Figure 14.31(c)], TMim, TM^m. and TMijm modes 
1 88 J. However to preserve symmetry and minimize cross polarization, especially for 
relatively thick substrates, two additional feed probes located diametrically opposite 
of the original poles are usually recommended. The additional probes are used to 
suppress the neighboring (adjacent) modes which usually have the next highest mag- 
nitudes [88]. For the even modes (TM),,, and TMiq 0 )> the four feed probes should 
have phases of (f. 90°. 0° and 90° while the odd modes (TMjio and TM;] , should 
have phases of 0°. 90°, 180° and 270° as shown in Figure 14.31(d) [88]. 

To overcome the complexities inherent in dual-iced arrangements, circular polar- 
ization can also he achieved with a single feed. One way to accomplish Lhis is to feed 
the patch at a single point to excite two orthogonal degenerate modes (of some 
resonant frequency) of ideally equal amplitudes. By introducing then a proper asym- 
metry in the cavity, the degeneracy can be removed with one mode increasing with 
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Table 14.1 FEED PROBE ANGULAR SPACING OF DIFFERENT MODES FOR 
CIRCULAR POLARIZATION (alter |U8|) 


frequency while the orthogonal mode will be decreasing with frequency by the same 
amount. Since the two modes will have slightly different frequencies, by proper design 
the held of one mode can lead by 45° while that of the other can lag by 45° resulting 
in a 90° phase difference necessary for circular polarization | I6|. To achieve this, 
several arrangements have been suggested. 

To illustrate the procedure, let us consider a square patch, as shown in Figure 
14.32(a) [34]. Initially assume that the dimensions/, and W are nearly the same such 
that the resonant frequencies of the TMoh., and TM,*,, overlap significantly. In the 
broadside direction to the patch, the TMfno mode produces an electric far-held 
which is linearly polarized in the y direction while die mode produces an 

electric far-held E, which is linearly polarized in the r direction. These fields can be 
expressed as 


Nearly 
■square paieh 


[y f Ntnrly square patch 


Lcft-hund circular (.LHC ) (c) Right-hand circular (RHO 

Single-feed arrangements for circular polarization of rectangular microstrip 
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k 2 (\ — j/Q,) - (k z ) 2 
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7T 
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(14-94b) 

(I4*94c) 


*. = 


7T 

tv 


(14-94d) 


where c (a proportionality constant) and Q, (Q, = I /tan 8 efr ) are identical in the 
broadside direction for both polarizations. If the feed point ( y\ z') is selected along 
the diagonal so that 


L 


W 


(14-95) 


then the axial ratio at broadside of the E v to the E. field can be expressed as 


£v _ k( 1 ~ y/2 Q,) - ky 
E z ~ k(\ - j/2Q,) - k. 


(14-96) 


To achieve circular polarization, the magnitude of the axial ratio must be unity while 
the phase must be ±90°. This is achieved when the two phasors representing the 
numerator and denominator are of equal magnitude and 90° out of phase. This can 
occur when [34] 


ky ~ 



(14-97) 


and the operating frequency is selected at the midpoint between the resonant frequen- 
cies of the TMoio and TMqoi modes. The condition of (14-97) is satisfied when 


L = 



(14-98) 


Based on (14-98) the resonant frequencies and / 2 of the bandwidth of (14-88a) 
associated with the two lengths L and W of a rectangular microstrip are [89] 


f = 

Vi + i/e, 

a = a v + i/a 


(l4-99a) 

(14-99b) 


where /„ is the center frequency. 

Feeding the element along the diagonal starting at the lower left comer toward 
the upper right corner, shown dashed in Figure 14.32(b), yields ideally left-hand 
circular polarization at broadside. Right-hand circular polarization can be achieved 
by feeding along the opposite diagonal, which starts at the lower right comer and 
proceeds toward the upper left comer, shown dashed in Figure 14.32(c). Instead of 
moving the feed point each time to change the modes in order to change the type of 
circular polarization, varactor diodes can be used to adjust the capacitance and bias, 
which effectively shifts by electrical means the apparent physical location of the feed 
point. 

This type of a feed to achieve circular polarization at broadside has been shown 
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experimentally to extend to a larger angular region |18|. However, the bandwidth 
over which circular polarization is maintained, even at broadside, is very narrow. An 
empirical formula ol" the percent bandwidth is 1 34| 

A R 

BW (percent) — 12 — (14-100} 

Qt 


where the axial ratio is specified in dB. The design formulas of (.14-98) and ( 14-100) 
yield good results For Q values as low as 10. Better designs are achieved For values 
of Q much greater than 10. 

Circular polarization can also be achieved by Feeding the element off the main 
diagonals. This can be accomplished if the dimensions oF the rectangular patch are 
related by 


L = 


W 


1 + 


l\ 

A + -7 
A 

IQ, I 


(14-101) 


where 



( 14- 101a) 


There are some other practical ways of achieving nearly circular polarization. For 
a square patch, this can be accomplished by cutting very thin slots as shown in Figures 
14.33{a.b) with dimensions 


L _ W 
2J2 ~ 2J2 


(14- 102a) 


d 


c _ L _ W 
HI _ 27.2 " 27.2 


(1 4- 102b) 


An alternative way is to trim the ends of two opposite corners of a square patch and 
feed at points I or 3, as shown in Figure 14.34(a). Circular polarization can also be 




Figure 14.33 
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(ii) Trimmed square tL—W i (hi lillipiicul wiih tabs 

Figure 14.34 Circular polarization by trimming opposite corners of a square patch and by 
making circular-patch slightly elliptical and adding Labs. 


achieved with a circular patch by making if slightly elliptical or by adding tabs, as 
shown in Figure 14.34(b). 


Example 14.5 

The fractional: bandwidth at a center frequency of 10 GHz of a rectangular patch 
antenna whose substrate is RT/duroid 5880 {€,. = 2.2} with height h — 0.1588 cm is 
about 5% for a VSWR of 2:1. Within that bandwidth, find resonant frequencies 
associated with the two lengths of the rectangular parch antenna, and (he relative ratio 
of the two lengths. 


SOLUTION 

The total quality factor Q, or the patch antenna is found using f!4-88a) or 

I 


a = 


0 


= 14.14 


Using ( !4-99a) and ( l4-99h) 
10 X Iff 


f\ = 


Vt + 1/14.14 


9.664 GHz 


f\ - 10 X I0 y \/l + 1/14.14 = 10.348 GHz 

The relative ratio of the two lengths according to ( 14-98) is 


L _ , , 1 _ . I 

— — 1 T " — ■ — + 

W Q, 14.14 


= 1.07 


which makes the patch nearly square. 


14.8 ARRAYS AND FEED NETWORKS 

Mierosirip antennas are used not only a.s single elements but are very popular in arrays 
1 17], [23], 130], 1311. |5(>|. [51], |54|, [63H65], and [741-177]. As discussed in 
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fbj CorftefHie feed 

Figure 14.35 Feed arrangements for microstrip patch arrays. 


Chapter 6. arrays are very versatile and are used, among other things, to synthesize a 
required pattern that cannot be achieved with a single element. In addition, they are 
used to scan the beam of an antenna system, increase the directivity, and perform 
various other functions which would be difficult with any one single element. The 
elements can he fed by a single line, as shown in Figure 14.35(a), or by multiple lines 
in a feed network arrangement, as shown in Figure 14.35(b). The first is referred to 
as a series-feed network white the second is referred to as a corporate-feed network. 

The corporate-feed network is used to provide power splits of 2" (j.e., n = 2. 4, 
K, 16, 32, etc.). This is accomplished by using either tapered lines, us shown in Figure 
14.36(a), to match 100-ohm patch elements to a 50-ohm input or using quarter- 
wavelength impedance transformers, as shown in Figure 14.36(b) [3j. The design of 



100 £1 ' lijij Q 


\ 

50 LI inpul 
UO Tapered lines 



50 Q m pul 


(h) A/4 trmisfomicrs 

Figure 14.36 Tapered and A/4 impedance transformer lines to match 100-ohm patches to a 
50-ohm line. (Source: R. F. Munson. "Conformal Microstrip Antennas and Microstrip Phased 
Arrays." IEEE Trims. Antennas Propagate Vol. AP-22, No, I, January 1974. © 1974 TEEE) 
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in) Tup view 



(b) Sick view 

Figure 14,37 Infinite array of circular patches hacked by circular cavities. (Courtesy J. T. 
A be t'le and F. Zavosh) 


single* and multiple-section quarter-wavelength impedance transformers is discussed 
in Section 9.8. 

Series-led arrays can he conveniently fabricated using photolithography for both 
the radiating elements and the feed network. However, this technique is limited to 
arrays with a fixed beam or those which are scanned by varying the frequency, but it 
can he applied to linear and planar arrays with single or dual polarization. Also any 
changes in one of the elements or feed lines affects the performance of the others, 
Therefore in a design it is important to be able to lake into account these and other 
effects, such as mutual coupling, and internal reflections. 

Corporate- fed arrays arc general and versatile. With (his method (he designer has 
more control of the feed of each element (amplitude and phase) and it is ideal for 
scanning phased arrays, multi beam arrays, or shaped-beam arrays. As discussed in 
Chapter 6, the phase of each element can be controlled using phase shifters while the 
amplitude can be adjusted using either amplifiers or attenuators. 

Those who have been designing and testing microstrip arrays indicate that radi- 
ation from the feed line, using either a scries or corporate feed network, is a serious 
problem that limits the cross-polarization and side lobe level of the arrays [381. Roth 
cross-polarization and side lobe levels can be improved by isolating the feed network 
from the radiating face of the array. This can be accomplished using either probe 
feeds or aperture coupling, 

Arrays can be analyzed using the theory of Chapter 6. However, such an approach 
does not take into account mutual coupling effects, which for microstrip patches can 
be signilicant. Therefore for more accurate results, full-wave solutions must be per- 
formed. In microstrip arrays [63 J, as in any other array [901. mutual coupling between 
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Figure 14.38 E- and //-plane broadside-matched input reflection coefficient versus scan 
angle for infinite array of circular microstrip patches with and without cavities. (Courtesy 
J. T. Aberle and F. Zavosh) 


elements can introduce scan blindness which limits, for a certain maximum reflection 
coefficient, the angular volume over which the arrays can be scanned. For microstrip 
antennas, this scan limitation is strongly influenced by surface waves within the 
substrate. This scan angular volume can be extended by eliminating surface waves. 
One way to do this is to use cavities in conjunction with microstrip elements [50), 
(51). Figure 14.37 shows an array of circular patches backed by either circular or 
rectangular cavities. It has been shown that the presence of cavities, either circular or 
rectangular, can have a pronounced enhancement in the E-plane scan volume, espe- 
cially for thicker substrates [51]. The //-plane scan volume is not strongly enhanced. 
However the shape of the cavity, circular or rectangular, does not strongly influence 
the results. Typical results for broadside-matched reflection coefficient infinite array 
of circular patches, with a substrate 0.08A o thick and backed by circular and rectan- 
gular cavities, are shown in Figure 14.38 for the E-plane and //-plane. The broadside- 
matched reflection coefficient F(0, <£) is defined as 


= ZJfK </->) ~ Z,„(0. 0) 

zjo. (/>) + z ; h (0, 0) 


(14-103) 


where Z jn (0, <f)) is the input impedance when the main beam is scanned toward an 
angle (0. <f>). The results are compared with those of a conventional cavity (noncavity 
backed). It is apparent that there is a significant scan enhancement for the E-plane, 
especially for a VSWR of about 2:1. //-plane enhancement occurs for reflection 
coefficients greater than about 0.60. For the conventional array, the E-plane response 
exhibits a large reflection coefficient, which approaches unity, near a scan angle of 
0 () = 72.5°. This is evidence of scan blindness which ideally occurs when the reflection 
coefficient is unity, and it is attributed to the coupling between the array elements due 
to leaky waves [63]. Scan blindness occurs for both the E- and //-planes at grazing 
incidence (6 0 = 90°). 
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PROBLEMS 

14. 1. A microstrip line is used as a feed line to a microstrip patch. The substrate of the line 
is alumina (e r - 10) while the dimensions of the line are w/h - 1.2 and t/h = 0. 
Determine the effective dielectric constant and characteristic impedance of the line. 
Compare the computed characteristic impedance to that of a 50-ohm line. 

14.2. A microstrip transmission line of beryllium oxide ( e r ^ 6.8) has a width-lo-height 
ratio of w/h = 1.5. Assuming that the thickness-to-height ratio is t/h = 0. determine: 
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(a) effective dielectric constant 

(b) characteristic impedance of the line 

14.3. Cellular and mobile telephony, using earth-based repeaters, has received wide accep- 
tance and has become an essential means of communication for business, even for the 
household. Cellular telephony by satellites is the wave of the future and communication 
systems are being designed for that purpose. The present allocated frequency band for 
satellites is at /.-band (= 1.6 GHz). Various antennas are being examined for that 
purpose; one candidate is the microstrip patch antenna. Design a rectangular microstrip 
patch antenna, based on the dominant mode, that can be mounted on the roof of a car 
to be used for satellite cellular telephone. The designed center frequency is 1.6 GHz. 
the dielectric constant of the substrate is 10.2 (i.e., RT/duroid). and the thickness of 
the substrate is 0, 127 cm. Determine the 

(a) dimensions of the rectangular patch (in cm) 

(b) resonant input impedance, assuming no coupling between the two radiating slots 

(c) mutual conductance between the two radiating slots of the patch 

(d) resonant input impedance, taking into account coupling 

(e) position of the feed to match the antenna patch to a 75-ohm line 

14.4. Repeat the design of Problem 14.3 using a substrate with a dielectric constant of 2.2 
(i.e., RT/duroid 5880) and with a height of 0.1575 cm. Are the new dimensions of the 
patch realistic for the roof of a personal car? 

14.5. Design a rectangular microstrip patch with dimensions W and L over a single substrate, 
whose center frequency is 10 GHz. The dielectric constant of the substrate is 10.2 and 
the height of the substrate is 0.127 cm (0.050 in.). Determine the physical dimensions 
W and L (in cm) of the patch, taking into account field fringing. 

14.6. Using the transmission line model of Figure 14.8(b), derive (I4-14M 14-15). 

14.7. To take into account coupling between the two radiating slots of a rectangular mi- 
crostrip patch, die resonant input resistance is represented by ( 14-17). Justify, explain, 
and/or show why the plus ( + ) sign is used for modes with odd (antisymmetric) 
resonant voltage distribution beneath the patch while the minus ( - ) sign is used for 
modes with even (symmetric) resonant voltage distribution. 

14.8. Show that for typical rectangular microstrip patches GJY, I and /i,/K v . 1 so that 

( 14-20) reduces to ( 14-20a). 

14.9. A rectangular microstrip patch antenna operating at 10 GHz with a substrate will 
dimensions of length L - 0.4097 cm. width W = 0.634 cm. and substrate height It = 
0.127 cm. It is desired to feed the patch using a probe feed. Neglecting mutual coupling 
calculate: 

(a) What is the input impedance of the patch at one of the radiating edges based on 
the transmission-line model? 

(b) At what distance Vo (in cm) from one of the radiating edges should the coax feed 
be placed so that the input impedance is 50 ohms? 

14.10. A rectangular microstrip patch antenna, whose input impedance is 152.44 ohms at its 
leading radiating edge, is fed by a microslrip line as shown in Figure 14.10. Assum- 
ing the width of the feeding line is W„ = 0.2984 cm, the height of the substrate is 
0.1575 cm and the dielectric constant of the substrate is 2.2. at what distance y« 
should the microstrip patch antenna be fed so as to have a perfect match between 
the line and the radiating element? The overall microstrip patch element length is 
0.9068 cm. 

14.1 1. The rectangular microstrip patch of Example 14.2 is fed by a microstrip transmission 
line of Figure 14.5. In order to reduce reflections at the inset feed point between the 
line and the patch element, design the microstrip line that its characteristic impedance 
matches that of the radiating element. 

14.12. Repeat the design of Example 14.2 so that the input impedance of the radiating patch 
at the feed point is: 

(a) 75 ohms 

(b) 100 ohms 
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Then, assuming ihe feed line is a micrnslrip line, determine the dimensions of the line 
so that ils eh a rae Leri siie impedance matches that of the radiating patch. 

14.13. A rectangular microslrip patch antenna has dimensions of /. = 11,906 cm, W =■ 1.186 
cm, and h = 0.1575 cm. The dielectric constant of the substrate is e r = 2.3. Using 
the geometry of Figure 14.12 and assuming no fringing, determine tile resonant fre- 
quency of the first 4 TM z 1)tIf , modes, in order of ascending resonant frequency. 

14.14. Derive the TM ?; [tlll] , field configurations (modes) for the rectangular microstrip patch 
based on the geometry of Figure PI 4. 14. Determine the: 

(a) eigenvalues 

(hi resonant frequency (.hd mnT , for the map mode. 

(e) dominant mode if L > W > h 

(d) resonant frequency of the dominant mode. 



1 4. 1 5. Repeat Problem 14. 1 4 for the TM\ ntl|l modes based on the geometry of Figure P 14. 1 5. 



14.16. Derive the array factor of ( 14-42), 

t4. 17. Assuming the coordinate system for die rectangular microstrip patch is that of Problem 
14.14 (Fig. PI4.I4), derive based on the cavity model the 

(a) far- zone electric lield radiated by one of the radiating slots of the patch 

(b) array factor for the two radiating slots of the patch 

(c) far-zone total electric field radiated hy both of the radiating sluLs 

14.18. Repeal Problem 14.17 for the rectangular patch geometry of Problem 14,15 (Fig. 
P 14.15). 

14 19. Determine the directivity (in dB) of the rectangular micrnslrip patch of Example 14.3 
using 

(a) Kraus' approximate formula 

(hj Tiii Pereira's approximate formula 

14.20. Derive Ihe directivity (in dB) of (he rectangular mieroslrip patch of Problem 14.3. 

14.2 I. Derive the directivity (in dB) of Ihe rectangular mieroslrip patch of Problem 14.4. 

14.22. Fora circular microstrip patch antenna operating in the dominant TM* Ml mode, derive 
the far-zone electric fields radiated by the patch based on the cavity model. 

1 4.23. Using the cavity model, derive Ihe TM z , ir , r resonant frequencies for a microstrip patch 
whose shape is that of a half of a circular patch (semicircle). 
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Repeal Problem [4 .23 for u V(f circular disc ('angular sector of 90*} microstrip patch, 
Repeat Problem 14.23 In r ibe circular sector microstrip patch antenna whose geometry 
is shown in Fieure PI 4.25, 


Repeal Problem 14.23 for the annular microstrip patch antenna whose geometry 
shown in Figure PI 4.2b. 


Repeat Problem 14,23 for (he annular sector microstrip patch antenna whose geometry 
is shown in Figure PI 4.27. 
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14.28. Repeal ihe design of Problem 14.3 for a circular microslrip patch amentia operating 
in ihe dominant TM 7 , m mode. 

14.29. Repeat the design of Problem 14.4 for a circular microslrip patch antenna operating 
in the dominant TM Z n 0 mode. 

1 4.30. For ground-based cellular telephony, the desired pattern coverage is omnidirectional 
and similar to that of a monopole (with a null toward zenith). This can be accomplished 
using circular microstrip patch antennas operating in higher order modes, such as the 
TM 7 ;!,). TM z < Mh TM Z ,| 0 , etc. Assuming that the desired resonant frequency is 900 
MHz, design a circular niicrostrip patch antenna operating in the TM Z .| 0 mode. As- 
suming a substrate with a dielectric constant of 10.2 and a height of 0.127 cm: 

(a) Derive an expression for the resonant frequency. 

(b) Determine the radius of the circular patch. Neglect fringing. 

(c) Derive expressions for the far-zone radiated fields. 

(d) Plot the normalized E- and //-plane amplitude patterns (in dB). 

(e) Plot the normalized azimuthal (xy plane) amplitude pattern (in dB). 

(f ) Determine the directivity (in dB) using the DIRECTIVITY computer program at 
the end of Chapter 2. 

14.31. Repeat Problem 14.30 for the TM Z JI0 mode. 

14.32. Repeal Problem 14.30 for the TM Z 4 |„ mode. 

14.33. The diameter of a typical probe feed for a microstrip patch antenna is d = 0.1 cm. 
At / = 10 GHz. determine the feed reactance assuming a substrate wilh a dielectric 
constant of 2.2 and height of 0. 1575 cm. 

14.34. Determine the impedance of a single-section quarter-wavelength impedance trans- 
former to match a 100-ohm patch element to a 50-ohm niicrostrip line. Determine the 
dimensions of the line assuming a substrate with a dielectric constant of 2.2 and a 
height of 0.1575 cm. 

14.35. Repeat the design of Problem 14.34 using a two-section binomial transformer. Deter- 
mine the dimensions of each section of the transformer. 

14.36. Repeal the design of Problem 14.34 using a two-section Tschebyscheff transformer. 
Determine the dimensions of each section of the transformer. 
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COMPUTER PROGRAM - MICROSTRIP ANTENNAS 


THIS IS A FORTRAN PROGRAM THAT DESIGNS AND COMPUTES THE 
ANTENNA RADIATION CHARACTERISTICS OF: 

I. RECTANGULAR 

II. CIRCULAR 

MICROSTRIP PATCH ANTENNAS BASED ON THE CAVITY MODEL AND 
DOMINANT MODE OPERATION FOR EACH. THAT IS: 

A. TMqio MODE FOR THE RECTANGULAR PATCH 

B. TM ll0 MODE FOR THE CIRCULAR PATCH 


♦♦INPUT PARAMETERS 

1. FREQ = RESONANT FREQUENCY f r (in GHz) 

2. EPSR = DIELECTRIC CONSTANT OF THE SUBSTRATE e, 

3. HEIGHT = HEIGHT OF THE SUBSTRATE h (in cm) 

4. YO = POSITION OF RECESSED FEED POINT y 0 (in cm) 

RELATIVE TO LEADING RADIATING EDGE OF 
RECTANGULAR PATCH. 

NOT NECESSARY FOR CIRCULAR PATCH 

♦♦OUTPUT PARAMETERS 

A. RECTANGULAR PATCH: 

1. PHYSICAL WIDTH OF PATCH W (in cm) 

2. EFFECTIVE LENGTH OF PATCH L* (in cm) 

3. PHYSICAL LENGTH OF PATCH L (in cm) 

4. NORMALIZED E-PLANE AMPLITUDE PATTERN (in dB) 

5 . NORMALIZED H-PLANE AMPLITUDE PATTERN (in dB) 

6. E-PLANE HALF-POWER BEAMWIDTH (in degrees) 

7 . H-PLANE HALF-POWER BEAMWIDTH (in degrees) 

8. DIRECTIVITY (dimensionless and in dB) 

9. RESONANT INPUT RESISTANCE (in ohms) 

a. AT LEADING RADIATING EDGE (y = 0) 

b. AT RECESSED FEED POINT FROM LEADING 
RADIATING EDGE (y = y 0 ) 

B . CIRCULAR PATCH: 

1. PHYSICAL RADIUS OF THE PATCH a (in cm) 

2. EFFECTIVE RADIUS OF THE PATCH a*, (in cm) 

3. NORMALIZED E-PLANE AMPLITUDE PATTERN (in dB) 

4. NORMALIZED H-PLANE AMPLITUDE PATTERN (in dB) 

5. E-PLANE HALF-POWER BEAMWIDTH (in degrees) 

6. H-PLANE HALF-POWER BEAMWIDTH (in degrees) 

7. DIRECTIVITY (dimensionless and in dB) 
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CHAPTER 


15 

REFLECTOR ANTENNAS 


15.1 INTRODUCTION 

Reflector antennas, in one form or another, have been in use since the discovery of 
electromagnetic wave propagation in 1 888 by Hertz. However the fine art of analyzing 
and designing reflectors of many various geometrical shapes did not forge ahead until 
the days of World War II when numerous radar applications evolved. Subsequent 
demands of reflectors for use in radio astronomy, microwave communication, and 
satellite tracking resulted in spectacular progress in the development of sophisticated 
analytical and experimental techniques in shaping the reflector surfaces and optimizing 
illumination over their apertures so as to maximize the gain. The use of reflector 
antennas for deep space communication, such as in the space program and especially 
their deployment on the surface of the moon, resulted in establishing the reflector 
antenna almost as a household word during the 1960s. Although reflector antennas 
lake many geometrical configurations, some of the most popular shapes are the plane, 
corner, and curved reflectors (especially the paraboloid), as shown in Figure 15.1, 
each of which will be discussed in this chapter. Many articles on various phases of 
the analysis and design of curved reflectors have been published and some of the 
most referenced can be found in a book of reprinted papers 1 1 1. 

15.2 PLANE REFLECTOR 

The simplest type of reflector is a plane reflector introduced to direct energy in a 
desired direction. The arrangement is that shown in Figure 15.1(a) which has been 
extensively analyzed in Section 4.7 when the radiating source is a vertical or horizontal 
linear element. It has been clearly demonstrated that the polarization of the radiating 
source and its position relative to the reflecting surface can be used to control the 
radiating properties (pattern, impedance, directivity) of the overall system. Image 
theory has been used to analyze the radiating characteristics of such a system. Al- 
though the infinite dimensions of the plane reflector are idealized, the results can be 
used as approximations for electrically large surfaces. The perturbations introduced 
by keeping the dimensions finite can be accounted for by using special methods 
such as the Geometrical Theory of Diffraction [2]-[5| which was introduced in Sec- 
tion 12.10. 


785 


786 Chapter 15 Reflector Antennas 



<c) Curved I front-fed) <d> Curved (Cassegrain feed) 

Figure 15.1 Geometrical configuration lor some reflector systems. 


15.3 CORNER REFLECTOR 

To better collimate the energy in the forward direction, the geometrical shape of the 
plane reflector itself must be changed so as to prohibit radiation in the back and side 
directions. One arrangement which accomplishes that consists of two plane reflectors 
joined so as to form a comer, as shown in Figures 15.1(b) and in 15.2(a). This is 
known as the comer reflector. Because of its simplicity in construction, it has many 
unique applications. For example, if the reflector is used as a passive target for radar 
or communication applications, it will return the signal exactly in the same direction 
as it received it when its included angle is 90°. This is illustrated geometrically in 
Figure 15.2(b). Because of this unique feature, military ships and vehicles are designed 
with minimum sharp comers to reduce their detection by enemy radar. Corner reflec- 
tors are also widely used as receiving elements for home television. 

In most practical applications, the included angle formed by the plates is usually 
90°; however other angles are sometimes used. To maintain a given system efficiency, 
the spacing between the vertex and the feed element must increase as the included 
angle of the reflector decreases, and vice-versa. For reflectors with infinite sides, the 
gain increases as the included angle between the planes decreases. This, however, 
may not be true for finite size plates. For simplicity, in this chapter it will be assumed 
that the plates themselves are infinite in extent (/ = *). However, since in practice 
the dimensions must be finite, guidelines on the size of the aperture (£>„), length (/). 
and height (/i) will be given. 

The feed element for a comer reflector is almost always a dipole or an array of 
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(c) PerepciStWt View tdl Wife-grid itmtiigemeitl 

Figure 15.2 Side and perspective views of solid and wire-grid corner reflectors. 


coll inear dipoles placed parallel to die vertex a distance .v away, as shown in a 
perspective view in Figure 15.2(c). Greater bandwidth is obtained when the feed 
elements are cylindrical or biconieal dipoles instead of thin wires. In many applica- 
tions, especially when the wavelength is large compared to tolerable physical dimen- 
sions. the surfaces of the corner reflector are frequently made of grid wires rather than 
solid sheet metal, as shown in Figure 15.2(d), One of the reasons for doing that is to 
reduce w'ind resistance and overall system weight. The spacing (g) between wires is 
made a small fraction of a wavelength (usually g £ A/ 1 0). For wires that are parallel 
to the length of the dipole, as is the case for the arrangement of Figure 15.2(d). the 
reflectivity of the grid-wire surface is as good as that of a solid surface. 

In practice, the aperture of the corner reflector (P a ) is usually made between one 
and two wavelengths (A < D tl < 2A). The length of the sides of a W 5 corner reflector 
is most commonly taken to be about twice the distance from the vertex to the feed 
(/ — 2.vj. For reflectors with smaller included angles, the sides are made larger. The 
feed -to- vertex distance (,?) is usually taken to be between A73 and 2A/3 (A/3 < .v < 
2A/3). For each reflector, there is an optimum l‘eed-to- vertex spacing. 11 the spacing 
becomes too small, the radiation resistance decreases and becomes comparable to the 
loss resistance of the system which leads to an inefficient antenna. For very large 
spacing, the system produces undesirable multiple lobes, and it loses its directional 
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(e) 45° (dt 30° 

Figure 15.3 Corner reiki: tors and their images (with perpendicularly polari/ed 
feeds i for angles of 90''. 60". 45". and 30°. 


characteristics, It has he on experimentally observed that increasing the size of the 
sides dues not greatly affect the beam width and directivity, but it increases die band- 
width and radiation resistance. The main lobe is somewhat broader for reflectors with 
finite sides compared to that of infinite dimensions. The height (/?) of the reflector is 
usually taken to be about 1.2 to 1.5 times greater than the total length of the feed 
element, in order to reduce radiation toward the back region from the ends. 

The analysis for die field radiated by a source in the presence of a corner reflector 
is facilitated when the included angle ia) of die reflector is a - i -hi. where // is an 
integer I « = tt. tt/2, 7 r/3, 77/4. etc.). For those cases irv = 180°, 90°, 60°, 45°. etc.) 
it is possible to find a system of images, which when properly placed in the absence 
of the reflector plates, form an array that yields the same field wi thin the space formed 
by the reflector plates as the actual system. The number of images, polarity, and 
position of each is controlled by the included angle of the corner reflector and the 
polarization of the feed element. In Figure 15.3 we display the geometrical and 
electrical arrangement of the images for earner reflectors with included angles of 90". 
60°. 45°. and 3(T and a feed with perpendicular polarization. The procedure for finding 
the number, location, and polarity of the images is demonstrated graphically in Figure 
15.4 for a corner reflector with a 90° included angle. 1 1 is assumed that the feed 
element is a linear dipole placed parallel to the vertex. A similar procedure can be 
followed for all other reflectors wifli an included angle of <x = I807n, where n is an 
integer. 
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in) ty) 3 corner reflector 


(b) Images for 90 c 
corner reflector 



/ 

/ 
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\ 



(cl Placemen! of image # 1 
(due to fecit) 


(<i) Placement of images #4 
anil #3 (due to feed and 
image # 2) 


Figure 15.4 Geometrical placement and electrical polarity of images for a 90° 
corner reflector with a parallel polarized feed. 


15.3.1 90° Corner Reflector 

The first corner reflector to be analyzed is the one with an included angle of 90°. 
Because its radiation characteristics are the most attractive, it has become the most 
popular. 

Referring to the reflector of Figure 15.2(c) with its images in Figure 15.4(b). the 
total field of the system can be derived by summing the contributions from the feed 
and its images. Thus 


E{r, 0, cf>) = E|(r|, 0, <f>) + E 2 (r 2 , 0, <l>) + E 3 (/>, 0. <j>) -1- E 4 (r 4 . 0, <f>) (15-1) 


III the far-zone. the normalized scalar field can be written as 

^ ~jkr i ^ ) g “jkt . 4 

£0\ 0* <l>) — j\o. ({>) /(0. </>) f /(0, <f>) /(0, <i >) — 

n r 2 r 3 r 4 

e ~ ]kr 

£(r, 0, <f>) = [*+/*««** _ e +jkwr sfe +e ^, - e +jk*m+< |y{£ <£)- (15-2) 

r 
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where 

cos «// 1 = a v * a r = sin 0c os <(> ( 1 5-2a) 

cos i jf 2 = a v • a, = sin 0sin (f> (l5-2b) 

cos i fo = — 3 V • a, = -sin 0cos </> (15-2c) 

cos i// 4 = -a v *a r = —sin 6/sin <f> (!5-2d) 

since a r — a, sin 0 cos </> + a v sin 6 sin <b + a- cos 6. Equation (15-2) can also be 
written, using ( 1 5-2a ) — ( 1 5-2d), as 

e ~ ikr 

E(r , 0, (f>) — 2[cos(fcv sin 6 cos (f>) - cos (ks sin 6 sin <t>)]f(6, <b) (15-3) 


where for a - tt/2 — 90° 

0 s (f> < a/2 

0 — 0 — 7T, ( 1 5-3a) 

2 7T — a/2 s $ < 2tt 

Letting the field of a single isolated (radiating in free-space) element to be 

„ -jkr 


E 0 = /(0, <f>) 


(15-4) 


(15-3) can be rewritten as 


— = AF(0, </>) = 2fcos(A.v sin 0cos <f>) - cos (ks sin 0 sin </>)] 

M) 


(15-5) 


Equation ( 1 5-5) represents not only the ratio of the total field to that of an isolated 
element at the origin but also the array factor of the entire reflector system. In the 
azimuthal plane (6 = tt/2), (15-5) reduces to 


E 

— = AF(6 ~ tt/ 2, <f>) = 2[cos(fo cos </>) — cos (ks sin <f>)] (15-6) 

Eo 


To gain some insight into the performance of a corner reflector, in Figure 15.5 
we display the normalized patterns for an a — 90° comer reflector for spacings of 
s = 0.1 A, OJA, 0.8A. 0.9A, and 1.0A. It is evident that for the small spacings the 
pattern consists of a single major lobe whereas multiple lobes appear for the larger 
spacings (s > OJA). For s = A the pattern exhibits two lobes separated by a null 
along the <f> = 0° axis. 

Another parameter of performance for the comer reflector is the field strength 
along the symmetry axis ( 0 = 90°, </> = 0°) as a function of feed-to-vertex distance 
s [6], The normalized (relative to the field of a single isolated element) absolute field 
strength |£/£|>l «* s a function of .v/A (0 ^ s ^ 10A) for a = 90° is shown plotted in 
Figure 15.6. It is apparent that the first field strength peak is achieved when s = 0.5A, 
and it is equal to 4. The field is also periodic with a period of A s/A = 1 . 


15.3.2 Other Corner Reflectors 

A similar procedure can be used to derive the array factors and total fields tor all 
other corner reflectors with included angles of a = 1807/1. Referring to Figure 15.3, 
it can be shown that the array factors for a = 60°, 45°, and 30° can be written as 
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Figure 15.6 Relative field strength along the axis (0 - 90°. d> = 0°) of an a = 90° 
comer reflector us a function of feed-to-vertex spacing. 


U5-9) 


where 

( 1 5-9a) 
05-9b) 

These are assigned, at the end of the chapter, as exercises to the reader (Problem 
15.2). 

For a comer reflector with an included angle of or = 180%, n = 1, 2, 3, ... , 
the number of images is equal to N = (360 /a) - 1 = 2m - 1. 

It has also been shown [7] by using long filament wires as feeds, that the azimuthal 
plane ( 6 = ir/2) array factor for comer reflectors with a = 180%. where n is an 
integer, can also be written as 

n = even (n = 2, 4, 6, . . .) 

AF(<£) = 4 n(- l)' ,/2 [ J„(ks) cos (n<f>) + Jy„(ks) cos(3/k/>) 

+ JsJks) cos (5n</>) + • • •) 




(15-1 0a) 
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;i = odd in — 1, 3, 5, . . .) 

AF (<f>) — 4«/‘ ( - 1 ,,/2 [ J„(ks) cos(n4>) - J^iks) cos(3/jc/») 

+ J$„(ks) cos{5nxfj) + ■ ■ | (1 5- 1 Ob) 

where J,„ix) is the Bessel function of the first kind of order m (see Appendix V). 

When n is not an integer, the field must be found by retaining a sufficient number 
of terms of the infinite series. It has also been shown |7| that for all values of n = m 
(integral or fractional) that the field can be written as 

AF(</>) = 4m\e jmvtl J,„{ks) cos(nuf>) 4- e'*" ,nf2 Jx„,(ks) casOmxf)) + ■ ■ (15-11) 

The array factor for a comer reflector, as given by (15-1 ()a)— ( 15-1 1 ). has a form 
that is similar to the array factor for a uniform circular array, as given by (6-121). 
This should be expected since the feed sources and their images in Figure 15.3 form 
a circular array. The number of images increase as the included angle of the corner 
reflector decreases. 

Patterns have been computed for corner reflectors with included angles of 60°, 
45°. and 30°. It has been found that these corner reflectors have also single-lobed 
patterns for the smaller values of s. and they become narrower as the included angle 
decreases. Multiple lobes begin to appear when 

,v - 0.95A for a = 60° 

.v = 1 .2A for a = 45° 

.v - 2.5A for a = 30° 

The field strength along the axis of symmetry (6 — 90°. cf> = 0°) as a function 
of the feed-to-vertex distance .v, has been computed for reflectors with included angles 
of a — 60°. 45°, and 30°. The results for t» — 45° are shown in Figure 15.7 for 
OSiSlOA. 

For reflectors with a = 90° and 60°. the normalized field strength is periodic 
with periods of A and 2A, respectively. However, for the 45° and 30° reflectors the 
normalized field is not periodic but rather "almost periodic" or "pseudoperiodic" 
(8). For the 45° and 30° reflectors the arguments of the trigonometric functions 
representing the arrays factors, and given by (15-8MI5-9b), are related by irrational 
numbers and therefore the arrays factors do not repeat. However, when plotted they 
look very similar. Therefore when examined only graphically, the observer errone- 
ously may conclude that the patterns are periodic (because they look so much the 
same). However, when the array factors are examined analytically it is concluded that 
the functions are not periodic but rather nearly periodic. The field variations are 
“nearly similar” in form in the range As — I6.69A for the a — 45° and As — 30A 
for the a = 30°. Therefore the array factors of (15-8) and (15-9) belong to the class 
of nearly periodic functions [8 J. 

It has also been found that the maximum field strength increases as the included 
angle of the reflector decreases. This is expected since a smaller angle reflector exhibits 
better directional characteristics because of the narrowness of its angle. The maximum 
values of |£/£„| for « = 60°, 45°, and 30° arc approximately 5.2, 8, and 9. respectively. 
The first field strength peak, but not necessarily the ultimate maximum, is achieved 
when 

.v - 0.65 A for « = 60° 

.v =* 0.85A for a = 45° 

.v = 1.20A for a = 30° 
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Figure 15.7 Relative field strength along the axis (0 = 90°. <1> = 0°) for an a = 45° 
corner reflector as a function of feed-to-vertex spacing. 


15.4 PARABOLIC REFLECTOR 

The overall radiation characteristics (antenna pattern, antenna efficiency, polarization 
discrimination, etc.) of a reflector can be improved if the structural configuration of 
its surface is upgraded. It has been shown by geometrical optics that if a beam of 
parallel rays is incident upon a reflector whose geometrical shape is a parabola, the 
radiation will converge (focus) at a spot which is known as the focal point. In the 
same manner, if a point source is placed at the focal point, the rays reflected by a 
parabolic reflector will emerge as a parallel beam. This is one form of the principle 
of reciprocity, and it is demonstrated geometrically in Figure 1 5. 1 (c). The symmetrical 
point on the parabolic surface is known as the vertex. Rays that emerge in a parallel 
formation are usually said to be collimated. In practice, collimation is often used to 
describe the highly directional characteristics of an antenna even though the emanating 
rays are not exactly parallel. Since the transmitter (receiver) is placed at the focal 
point of the parabola, the configuration is usually known as front fed. 

The disadvantage of the front-fed arrangement is that the transmission line from 
the feed must usually be long enough to reach the transmitting or the receiving 
equipment, which is usually placed behind or below the reflector. This may necessitate 
the use of long transmission lines whose losses may not be tolerable in many appli- 
cations, especially in low-noise receiving systems. In some applications, the trans- 
mitting or receiving equipment is placed at the focal point to avoid the need for long 
transmission lines. However, in some of these applications, especially for transmission 
that may require large amplifiers and for low-noise receiving systems where cooling 
and weatherproofing may be necessary, the equipment may be too heavy and bulky 
and will provide undesirable blockage. 

Another arrangement that avoids placing the feed (transmitter and/or receiver) at 
the focal point is that shown in Figure 15.1(d), and it is known as the Cassegrain 
feed. Through geometrical optics. Cassegrain, a famous astronomer (hence its name), 
showed that incident parallel rays can be focused to a point by utilizing two reflectors. 
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To accomplish this, [lie main (primary) reflector must he a parabola, the secondary 
reflector (subreflector) a hyperbola, and the feed placed alone the axis of the parabola 
usually at or near the vertex. Cassegrain used this scheme to construct optical tele- 
scopes. and Llien its design was copied for use in radio frequency systems. For this 
arrangement, the rays that emanate from the feed illuminate the subreflector and are 
reflected by it in the direction of the primary reflector, as if they originated at the 
focal point of the parabola (primary reflector). The rays ore then reflected by the 
primary reflector and are converted to parallel rays, provided the primary reflector is 
a parabola and the subreflector is a hyperbola. Diffractions occur at llie edges of the 
subreflector and primary reflector, and they must be taken into account to accurately 
predict the overall .system pattern, especially in regions of low intensity [9]-[ll|. 
Even in regions of high intensity, diffractions must he included if an accurate For- 
mation of the line ripple structure of the paitern is desired. With the Cassegrain- feed 
arrangement, the transmitting and/or receiving equipment can be placed behind the 
primary' rellector. This scheme makes the system relatively more accessible for serv- 
icing and adjustments. 

A parabolic reflector can take two different forms. One configuration is that of 
the parabolic right cylinder, shown in Figure 15.8(a), whose energy is collimated at 
a line that is parallel to the axis of the cylinder through the local point of the reflector. 
The must widely used feed for this type of a reflector is a linear dipole, a linear array, 
or a slotted waveguide. The other reflector configuration is that of Figure 15.8(b) 
which is formed by rotating Ihe parabola around its axis, and it is referred lo as a 
paraboloid (parabola of revolution). A pyramidal or a conical horn has been widely 
utilized as a feed for this arrangement. 

There are many other types of reflectors whose analysis is widely documented in 
the literature ! 1 2(— [ 14J. The spherical reflector, lor example, has been utilized for 
radioastronomy and small earth station applications, because its beam can be effi- 
ciently scanned by moving its feed. An example of that is the l,00G-ft (305-m) 
diameter spherical reflector at Arecibo. Puerto Rico [12] whose primary surface is 
built into the ground and scanning of the beam is accomplished by movement of the 
feed. For spherical reflectors a substantial blockage may be provided by the feed 
leading to unacceptable minor lobe levels, in addition to Lhe inherent reduction in 
gain and less Favorable cross-polarization discrimination. 

To eliminate some of the deficiencies of the symmetric configurations, offset- 
parabolic reflector designs have been developed For single- and dual-reflector systems 




Rellector 
(pare Mo id) 


Feed Cham) 


lel Pam Liu Ik right cylinder 
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Figure 15.8 Parabolic right cylinder and paraboloid. 
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f 13]. Because of the asymmetry of the system, the analysis is more complex. However 
the advent and advances of the computer technology have made the modeling and 
optimization of the offset reflector designs available and convenient. Offset reflector 
designs reduce aperture blocking and VSVVR. fn addition, they lead to the use of 
larger fid ratios while maintaining acceptable structural rigidity, which provide an 
opportunity for improved feed-pattern shaping and better suppression of cross-polar- 
ized radiation emanating from the feed. However, offset-reflector configurations gen- 
erate cross-polarized antenna radiation when illuminated by a linearly polarized pri- 
mary-feed. Circularly polarized feeds eliminate depolarization, but they lead to 
squinting of the main beam from boresight. In addition, the structural asymmetry of 
the system is usually considered a major drawback. 

Paraboloidal reflectors are the most widely used large aperture ground-based 
antennas (14). At the time of its construction, the world’s largest fully steerable 
reflector was the 100-m diameter radio telescope [15] of the Max Planck Institute for 
Radioastronomy at Effelsberg, West Germany, while the largest in the United States 
was the 64-m diameter 1 1 6| reflector at Goldstone, California built primarily for deep- 
space applications. When fed efficiently from the focal point, paraboloidal reflectors 
produce a high gain pencil beam with low side lobes and good cross-polarization 
discrimination characteristics. This type of an antenna is widely used for low-noise 
applications, such as in radioasironomy. and it is considered as a good compromise 
between performance and cost. To build a large reflector requires not only a large 
financial budget but also a difficult structural undertaking, because it must withstand 
severe weather conditions. 

Cassegrain designs, employing dual reflector .surfaces, are used in applications 
where pattern control is essential, such as in satellite ground-based systems, and have 
efficiencies of 65-80%. They supersede the performance of the single-reflector front- 
fed arrangement by about 10%. Using geometrical optics, the classical Cassegrain 
configuration, consisting of a paraboloid and a hyperboloid, is designed to achieve a 
uniform phase front in the aperture of the paraboloid. By employing good feed designs, 
this arrangement can achieve lower spillover and more uniform illumination of the 
main reflector. In addition, slight shaping of one or both of the dual-reflector’s surfaces 
can lead to an aperture with almost uniform amplitude and phase with a substantial 
enhancement in gain [141. These are referred to as shaped reflectors. Shaping tech- 
niques have been employed in dual-reflectors used in earth station applications. An 
example is the 10-m earth station dual-reflector antenna, shown in Figure 15.9, whose 
main reflector and subreflector are shaped. 

For many years horns or waveguides, operating in a single mode, were used as 
feeds for reflector antennas. However because of radioastronomy and earth-station 
applications, considerable efforts have been placed in designing more efficient feeds 
to illuminate either the main reflector or the subreflector. It has been found that 
corrugated horns that support hybrid mode fields (combination of TE and TM modes) 
can be used as desirable feeds. Such feed elements match efficiently the fields of the 
feeds with the desired focal distribution produced by the reflector, and they can reduce 
cross-polarization. Dielectric cylinders and cones are other antenna structures that 
support hybrid modes [14]. Their structural configuration can also be used to support 
the subreflector and to provide attractive performance figures. 

There are primarily two techniques that can be used to analyze the performance 
of a reflector system [171. One technique is the aperture distribution method and the 
other the current distribution method. Both techniques will be introduced to show the 
similarities and differences. 
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Figure 15,9 Shaped 10-m earth station dual -re flee tor amentia {courtesy Andrew Cnrp.). 


15,4.1 Front-Fed Parabolic Reflector 

Parabolic cylinders have widely been used as high-gain apertures fed by line sources. 
Tiie analysis of a parabolic cylinder (single curved) reflector is similar, but consid- 
erably simpler than that of a paraboloidal (double curved) reflector. The principal 
characteristics of aperture amplitude, phase, and polarization for a parabolic cylinder, 
as contrasted to those of a paraboloid, are as follows: 

1. The amplitude taper, due to variations in distance from the feed to the surface 
of the reflector, is proportional to I/p in a cylinder compared to Mr 1 in a parab- 
oloid. 

2. The focal region, where incident plane waves converge, is a line-source lor a 
cylinder and a point source for a paraboloid. 

3. When the fields of the feed are linearly polarized parallel to the axis of the 
cylinder, no cross-polarized components are produced by the parabolic cylinder. 
That is not the case for a paraboloid. 
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Generally, parabolic cylinders, as compared to paraboloids. ( I ) are mechanically 
simpler to build. (2) provide larger aperture blockage, and (3) do not possess the 
attractive characteristics of a paraboloid. In this chapter, only paraboloidal reflectors 
will be examined. 


A. Surface Geometry 

The surface of a paraboloidal reflector is formed by rotating a parabola about its axis. 
Its surface must be a paraboloid of revolution so that rays emanating from the focus 
of the reflector are transformed into plane waves. The design is based on optical 
techniques, and it does not take into account any deformations (diffractions) from the 
rim of the reflector. Referring to Figure 15. 10 and choosing a plane perpendicular to 
the axis of the reflector through the focus, it follows that 


OP + PQ = constant =2 / 


Since 


(15-12) can be written as 


OP = r' 

PQ = r' cos O' 


r'(l + cos O') = 2/ 


(15-12) 


(15-13) 


(15-14) 


or 



(15- 14a) 



Figure 15.10 Two-dimensional configuration of a paraboloidal reflector. 
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Since a paraboloid is a parabola of revolution (about its axis), (1 5- 1 4a) is also the 
equation of a paraboloid in terms of the spherical coordinates r'. O', <f>'. Because of 
its rotational symmetry, there are no variations with respect to </>'. 

Equation (1 5- 1 4a) can also be written in terms of the rectangular coordinates x\ 
y\ z'. That is. 

r' + /•' cos O' = V(.v ') 2 + (>•')- + (z) 2 + z' = 2/ (15-15) 


or 


(/) 2 + ( y ') 2 = 4/(/ - z') with (.v') 2 + ( y ') 2 =s (<// 2) 2 (15- 1 5a) 

In the analysis of parabolic reflectors, it is desirable to find a unit vector that is 
normal to the local tangent at the surface reflection point. To do this, ( 15- 1 4a) is first 
expressed as 


/ - r' cos 2 = S = 0 

and then a gradient is taken to form a normal to the surface. That is, 

K1 r Jo'\ 1 as A . i as 

N = v [' - r C 0 S '(l)J = ^ a? + a “ 7'W 

A , 4 b '\ ~ , l e '\ . M 

= -a r COS- — + a « cos — sin — 

A unit vector, normal to 5. is formed from ( 1 5- 1 7) as 

„ N A , lo'\ A , . M 
" = INI = “ a '- COS \T/ + S,n \2*/ 


(15-16) 


(15-17) 


(15-18) 


To find the angle between the unit vector n which is normal to the surface at the 
reflection point, and a vector directed from the focus to the reflection point, we form 


(15-19) 


In a similar manner we can find the angle between the unit vector n and the .--axis. 
That is. 



cos 


/ t) f \ / ff\ 

A A A A i |"^| A / » I ^ | 

p = — a : • n = — a. • — a r cos I — I + a# sin I — I 


(15-20) 


Using the transformation of (4-5), (15-20) can be written as 


cos (i = — (a/ cos O' - a#' sin O') • — a/ cos|yj 

/ 0 '\ 

= cos — 

\ 2 / 


— I + a,/ sinjyj 


(15-21) 
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which is identical to a of (15-19). This is nothing more than a verification of Snell's 
law of reflection at each differential area of the surface, which has been assumed to 
be flat locally. 

Another expression that is usually very prominent in the analysis of reflectors is 
that relating the subtended angle 0„ to the fid ratio. From the geometry of Figure 
15.10 


% = 



(15-22) 


where zo is the distance along the axis of the reflector from the focal point to the edge 
of the rim. From (15- 15a) 


_ f _ -to 2 + .Vo 2 _ _ (d!2f _ d 2 

Z<) ' 4 f ' 4/ 16/ 

Substituting (15-23) into (15-22) reduces it to 



d 


!//) 


0 O = tan 1 

2 

= tan' 1 

2\dj 


. d 2 

if\ 2 1 



S 16/ 


W 16 



It can also be shown that another form of ( 1 5-24) is 



(15-23) 


(15-24) 


(15-25) 


B. Induced Current Density 

To determine the radiation characteristics (pattern, gain, efficiency, polarization, etc.) 
of a parabolic reflector, the current density induced on its surface must be known. 
The current density J, can be determined by using 

J, = ft x H = n x (H 1 + H') (15-26) 

where H' and H' represent, respectively, the incident and reflected magnetic field 
components evaluated at the surface of the conductor, and fi is a unit vector normal 
to the surface. If the reflecting surface can be approximated by an infinite plane 
surface (this condition is met locally for a parabola), then by the method of images 

n x H' = n x H r (15-27) 


and ( 1 5-26) reduces to 


J v = n x (H‘ + H' ) = 2n x H' = 2n x H r 


(15-28) 


The current density approximation of (15-28) is known as the physical-optics approx- 
imation, and it is valid when the transverse dimensions of the reflector, radius of 
curvature of the reflecting object, and the radius of curvature of the incident wave are 
large compared to a wavelength. 
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If the reflecting surface is in the far- tie Id of the source generating the incident 
waves, then 1 15-28) can also be written as 


or 



(15-29) 


( 15-29a) 


where 77 is the intrinsic impedance of the medium. §,■ and s r are radial unit vectors 
along the ray paths of the incident and reflected waves (as shown in Figure 15.! I ). 
and E' and E' are the incident and reflected electric fields. 


C. Aperture Distribution Method 

It was pointed out earlier that the two most commonly used techniques in analyzing 
ihc radiation characteristics of reflectors are the aperture distribution and the current 
dist rib ut bn method s . 

For the aperture distribution method, the field reflected by the surface of the 
paraboloid is first found over a plane which is normal to the axis of the reflector. 
Geometrical optics techniques (ray tracing} are usually employed to accomplish this. 
In most cases, the plane is taken through the focal point, and it is designated as the 
aperture plane , as shown in Figure 15.12. Equivalent sources are then formed over 
that plane. Usually it is assumed that the equivalent sources are zero outside the 
projected area of the reflector on Ihe aperture plane. These equivalent sources are then 
used to compute Lhe radiated fields utilizing the aperture techniques of Chapter 12. 

For the current distribution method, the physical optics approximation of the 
induced current density J given by ( ] 5-28) (J.,. = 2fi x H' where H' is the incident 
magnetic Held and n is a unit vector normal to the reflector surface) is formulated 
over the illuminated side of the reflector (S|) of Figure 15.1 1. This current density is 
then integrated over the surface of the reflector to yield the far -zone radiation fields. 

For the reflector of Figure 15. 1 1, approximations that are common to both meth- 
ods are: 

1. The current density is zero on the shadow side ( S 2 ) of Lhe reflector. 

2. The discontinuity of the current density over the rim (F) of the reflector is 
neglected. 

3. Direct radiation from the feed and aperture blockage by lhe feed are neglected. 



Figure 15.11 Reflecting surface with boundary f. 
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Figure 15.12 Three-dimensional geometry of a paraboloidal reflector system. 


These approximations lead to accurate results, using either technique, for the 
radiated fields on the main beam and nearby minor lobes. To predict the pattern more 
accurately in all regions, especially the far minor lobes, geometrical diffraction tech- 
niques [9]— [ 1 1J can be applied. Because of the level of the material, it will not be 
included here. The interested reader can refer to the literature. 

The advantage of the aperture distribution method is that the integration over the 
aperture plane can be performed with equal ease for any feed pattern or feed position 
[18]. The integration over the surface of the reflector as required for the current 
distribution method, becomes quite complex and time consuming when the feed 
pattern is asymmetrical and/or the feed is placed off-axis. 

Let us assume that a y-polarized source with a gain function of G/iO', <j>') is 
placed at the focal point of a paraboloidal reflector. The radiation intensity of this 
source is given by 


U(6\V) = Y-G f (e\<t>') (15-30) 

47 T 

where P, is the total radiated power. Referring to Figure 15.12, at a point r’ in the 
far-zone of the source 

U(ff, 0') = i Re[EW, 0') x 0')] = |E°(fl\ 0')P (15-31) 

2 2t7 


or 


IW. 0')| = [2rj U(8', 0')] ,fl = ^ ~ G/8'. 0')] 


1/2 


(15-31a) 
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The incident field, with a direction perpendicular to the radial distance, can then 
be written as 


E'(r\ 0\ 0') 


e, 



-jkr' 


= e,C,V<7/(0\ V) 


(15-32) 



(15-32a) 


where e, is a unit vector perpendicular to a/ and parallel to the plane formed by a r ' 
and a v . as shown in Figure 15.13. 

It can be shown [ 1 9] that on the surface of the reflector 


where 


J v = 2 /—[fix (s, x E')J 
‘ M 



Vg^F, V) 



(15-33) 


u = fi x (a), x e,) = (n • g,)tij. - (ft • a')g, (15-33a) 


which reduces to 


r / $ \ 

u = — a, sin 8' sin 1—1 sin $ cos </>' 

(b'\ 

+ S v cos 1—1 (sin 2 <j>' cos 8' + cos 2 <f>') 


8 ') 

— a ; cos 8' sin </>' sin I — 



Vl - sin 2 8' sin 2 </>’ ( 1 5-34) 


To find the aperture field E <(/ , at the plane through the focal point, due to the 
reflector currents of (15-33), the reflected field E r at /•' (the reflection point) is first 
found. This is of the form 


E' = e,C, </>') ( 1 5-35) 

where g,. is a unit vector depicting the polarization of the reflected field. From (15- 
29a) 


Because §, 


where 


Jv = 2 /-[fix (s r X E')] 

‘ /* 

— a ; , (15-36) can be written, using (15-35), as 
Jv = 2 - C,Vg^. </>') — 7-u 

v m r 


A , A A L 

u = n x (— a : x e r ) 


— iL(fi • g r ) — e r cos 



(15-36) 


(15-37) 


(15-37a) 
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y 



Figure 15.13 Unit vector alignment lor a paraboloidal reflector system. 


Since u in (15-37) and (15-37a) is the same as that of ( J 5-33 )-< 15-34), it can be 
shown 1 1 9] through some extensive mathematical manipulations that 

A _ a A sin 4>' cos (1 - cos O') - a v . (sin 2 <ft' cos O' + cos 2 </>') 

V 1 — sin 2 <?' sin 2 <£' 

(15-38) 



Figure 15.14 Principal E- or //-plane pattern of a symmetrical front-fed paraboloidal re 
Hector (courtesy M. C. Bailey. NASA Langley Research Center). 
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Thus the field E r at the point of reflection r' is given by (15-35) where e r is given 
by (15-38). At the plane passing through the focal point, the field is given by 

^ - jkr'i I + cos 0 ' ) 

E„,, = e.C.VCK^ 7 )- = *xExa + fi yEya (15-39) 


where E u , and E y( , represent the x- and y-components of the reflected field over the 
aperture. Since the field from the reflector to the aperture plane is a plane wave, no 
correction in amplitude is needed to account for amplitude spreading. 

Using the reflected electric field components (E xa and E >v ) as given by (15-39), 
an equivalent is formed at the aperture plane. That is, 


j: = 

m; = 


n x H„ = 
— n x E„ 


— a. x 


(s,^ -K — 1 = -a,.— -a, — 

\ 7) 7} / J) T? 


= + a- x (a A E ax -I- a v £„ v ) = -a, E ay + a v £ UJt 


(15-40a) 

(l5-40b) 


The radiated field can be computed using the ( 1 5-40a), ( 1 5-40b), and the formulations 
of Section 12.3. The integration is restricted only over the projected cross-sectional 
area S () of the reflector at the aperture plane shown dashed in Figure 15.12. That is. 


( 15-4 1 a) 


(1 5-4 lb) 


The aperture distribution method has been used to compute, using efficient nu- 
merical integration techniques, the radiation patterns of paraboloidal [1 8J and spherical 
|20| reflectors. The fields given by ( 15-41a) and (15-41b) represent only the secondary 
pattern due to scattering from the reflector. The total pattern of the system is repre- 
sented by the sum of secondary pattern and the primary pattern of the feed element. 
For most feeds (such as horns), the primary pattern in the boresight (forward) direction 
of the reflector is of very low intensity and usually can be neglected. 

To demonstrate the utility of the techniques, the principal £- and //-plane sec- 
ondary patterns of a 35 GHz reflector, with anf/d = 0.82 1/ = 8.062 in. (20.48 cm), 
d = 9.84 in. (24.99 cm)J and fed by a conical dual-mode horn, were computed and 
they are displayed in Figure 15.14. Since the feed horn has identical E- and //-plane 
patterns and the reflector is fed symmetrically, the reflector E- and //-plane patterns 
are also identical and do not possess any cross-polarized components. 

To simultaneously display the field intensity associated with each point in the 
aperture plane of the reflector, a computer generated plot was developed |20|. The 
field point locations, showing quantized contours of constant amplitude in the aperture 
plane, are illustrated in Figure 15.15. The reflector system has an f/d — 0.82 with the 
same physical dimensions (/ = 8.062 in. (20.48 cm), d = 9.84 in. (24.99 cm)) and 
the same feed as the principal pattern of Figure 15.14. One symbol is used to represent 
the amplitude level of each 3-dB region. The field intensity within the bounds of the 
reflector aperture plane is within the 0-15 dB range. 
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Figure 15.15 Field point locations of consent amplitude contours in the aperture plane of 
u symmetrical front- led paraboloidal reflector (courtesy M. C. Bailey. NASA Langley Re- 
search Center). 


D. Cross - Polarization 

The held reflected by the paraboloid, as represented by (15-35) and (15-38) of the 
aperture distribution method, contains a- and y- polarized components when the inci- 
dent field is v-polari/ed. The y- component is designated us the principal polarization 
and the a- component as the cross -pa la nz.ation. This is illustrated in Figure 15,16. It 
is also evident that symmetrical (with respect to the principal planes) cross-polarized 
components are 180° out of phase with one another. However Ibr very narrow beam 
reflectors or for angles near the bores ight axis {O’ — 0 s ). the cross-polarized x- 
componeni diminishes and it vanishes on axis (O' = 0°). A similar procedure can he 
used to show that for an incident a- polar! zed field, the reflecting surface decomposes 
the wave to a v-polarized held, in addition to its A-polurized component. 

An interesting observation about the polarization phenomenon of a parabolic 
reflector can he made if we first assume that the Iced element is an infinitesimal 
electric dipole (/ ^ A) with its length along they-axis. For that feed, the field reflected 
by the reflector is given hy (15-35) where from (4-114) 


C|\/6>Ut\ #) ~ j V ^ sin 4> = V 1 - ( , M2) 

= jTp^- V i - win" O' si~ir</>' 

4 71 


The angle il/ is measured from the y-axis toward the observation point. 
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,v 



Figure 15.16 Principal (y-direction) and cross-polarization (,v-direclion) componcnis of a 
paraboloidal reflector, (sol'RCU: S. Silver (ed.). Microwave Antenna Theory and Design 
(MIT Radiation Lab. Series. Vol. 12). McGraw-Hill, New York, 1949) 


When (15-42) is inserted in (15-35), we can write with the aid of (15-38) that 
E' = (a, sin <f>' cos d>'(l — cos O') — £ v (sin 2 <f)' cos O' + cos 2 </>' )] 


. kUe-' kr ’ 

XJVz — 

47? r 


(15-43) 


Now let us assume that an infinitesimal magnetic dipole, with its length along the 
,v-axis (or a small loop with its area parallel to the y-z plane) and with a magnetic 
moment of - a x M, is placed at the focal point and used as a feed. It can be shown 
|21|-|23| that the field reflected by the reflector has x- and v-components. However 
the .v-component has a reverse sign to the .v-component of the electric dipole feed. By 
adjusting the ratio of the electric to the magnetic dipole moments to be equal to 
\JjjJe, the two cross-polarized reflected components (.v-components) can be made 
equal in magnitude and for their sum to vanish (because of reverse signs). Thus a 
cross electric and magnetic dipole combination located at the focal point of a parab- 
oloid can be used to induce currents on the surface of the reflector which are parallel 
everywhere. This is illustrated graphically in Figure 15.17. 

The direction of the induced current flow determines the far-lield polarization of 
the antenna. Thus for the crossed electric and magnetic dipole combination feed, the 
far-lield radiation is free of cross-polarization. This type of feed is “ideal” in that it 
does not require that the surface of the reflector be solid but can be formed by closely 
spaced parallel conductors. Because of its ideal characteristics, it is usually referred 
to as a Huygens ’ source. 


E. Current Distribution Method 

The current distribution method was introduced as a technique that can be used to 
better approximate, as compared to the geometrical-optics (ray-tracing) method, the 
field scattered from a surface. Usually the main difficulty in applying this method is 
the approximation of the current density over the surface of the scatterer. 
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Eleclrlc-dipole 



Magnetic-dipole 
(small loop) 



Figure 15.17 Electric and magnetic dipole fields combined to form a Huygens* source 
with ideal feed polarization for reflector, (source: A. W. Love. “Some Highlights in Reflec- 
tor Antenna Development,” Radio Science , Vol. 1 1. Nos. 8. 9. Augusi-September 1976) 


To analyze the reflector using this technique, we refer to the radiation integrals 
and auxiliary potential functions formulations of Chapter 3. While the two-step pro- 
cedure of Figure 3.1 often simplifies the solution of most problems, the one-step 
formulation of Figure 3. 1 is most convenient for the reflectors. 

Using the potential function methods outlined in Chapter 3. and referring to the 
coordinate system of Figure 12.2(a), it can be shown (17] that the E- and H-fields 
radiated by the sources J and M can be written as 

1 f e ~ ‘ kR 

E = E a + E,, = - j- [(J • V)V + k 2 J + jwe M x V]— — dv' 

AttcjcJ, R 

(15-44a) 


1 f e~ jkK 

H = H* + H r = - j- KM • V)V + k 2 M - x V]— — dv’ 

4n(t)fi J R 

V ( l5-44b) 


which for far-field observations reduce, according to the coordinate system of 
Figure 1 2.2(b), to 

E “ “ '*'/ [j “ (J * ^)a, + J^Mx S,J e +Jkr ' dv' (15-45a) 

H = - [m - (M • a,)a r - fa J x a, j e dv' ( I5-45b) 


If the current distributions are induced by electric and magnetic fields incident 
on a perfect electric conducting (rr = *) surface shown in Figure 15.18, the fields 
created by these currents are referred to as scattered fields. If the conducting sur- 
face is closed, the far- zone fields are obtained from ( 15-45a) and ( 15-45b) by letting 
M = 0 and reducing the volume integral to a surface integral with the surface current 
density J replaced by the linear current density J, v . Thus 



( 1 5-46a) 


(I5~46b) 
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Figure 15.18 Geometrical arrangement of reflecting surface. 


The electric and magnetic fields scattered by the closed surface of the reflector 
of Figure 15.1 1, and given by (15-46a) and (15-46b), are valid provided the source- 
density functions (current and charge) satisfy the equation of continuity. This would 
be satisfied if the scattering object is a smooth closed surface. For the geometry of 
Figure 15.1 1. the current distribution is discontinuous across the boundary T (being 
zero over the shadow area S 2 ) which divides the illuminated (5 ( ) and shadow (S 2 ) 
areas. It can be shown [17] that the equation of continuity can be satisfied if an 
appropriate line source distribution of charge is introduced along the boundary T. 
Therefore the total scattered field would be the sum of the ( 1 ) surface currents over 
the illuminated area, (2) surface charges over the illuminated area, and (3) line charge 
distribution over the boundary F. 

The contributions from the surface charge density are taken into account by the 
current distribution through the equation of continuity. However it can be shown [17] 
that in the far-zone the contribution due to line-charge distribution cancels out the 
longitudinal component introduced by the surface current and charge distributions. 
Since in the far-zone the lield components are predominantly transverse, the contri- 
bution due to the line-charge distribution need not be included and ( 1 5-46a>— ( 1 5-46b) 
can be applied to an open surface. 

In this section, (l5-46a) and (15-46b) will be used to calculate the lield scattered 
from the surface of a parabolic reflector. Generally the field radiated by the currents 
on the shadow region of the reflector is very small compared to the total field, and 
the currents and field can be set equal to zero. The field scattered by the illuminated 
(concave) side of the parabolic reflector can be formulated, using the current distri- 
bution method, by (15-46a) and (15-46b) when the integration is restricted over the 
illuminated area. 

The total field of the system can be obtained by a superposition of the radiation 
from the primary source in directions greater than 0 () (0 > 0 (t ) and that scattered by 
the surface as obtained by using either the aperture distribution or the current distri- 
bution method. 

Generally edge effects are neglected. However the inclusion of diffracted fields 
[9|-[ l 1 1 from the rim of the reflector not only introduce fields in the shadow region 
of the reflector, but also modify those present in the transition and lit regions. Any 
discontinuities introduced by geometrical optics methods along the transition region 
(between lit and shadow regions) are removed by the diffracted components. 

The far-zone electric field of a parabolic reflector, neglecting the direct radiation, 
is given by (15-46a). When expanded, (!5-46a) reduces, by referring to the geometry 
of Figure 15.18, to the two components of 
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Figure 15.19 Projected cross section and side view of reflector. 



j &„-J x e+ Jkr ’*'ds f 

E = _ jHE'-Ar f 

J *' nr I 

( a </( - J y ikr '*'ds' 
1 


According to the geometry of Figure 15.19 


r t&\ 1 

els' = dWdN = (r' sin O' dxf>') r' seclyl dO' 

= (r 1 ) 2 sin O' sec dO' d<j>' 


( l5-47a) 
(l5-47b) 


(15-48) 
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since 


dW = r' sin O' d$ 

dH = -a/ -d N = -V -hdN 



(15-48a) 


(15-48b) 


(15-48c) 


Therefore, it can he shown that ( 15-47a) and (15-47b) can be expressed, with the aid 
of (15-37). (15-37a), and (15-48), as 




(15-49) 


where 


I = I, + I 


( 1 5-49a) 


n ttn 

, 


c r cos | — 


0 '\ , <l> ) 

2 7 


- jkr' [ I - sin 0 'sjn0 cost <j>* - *b\- cos 0 cos// 1 


X (r') 2 sin O' sec 1 7 - 1 dO' d(b' 


O') 


( 1 5-49b) 


f-ir fi>„ \/Gf(6\ </>') 

| = I (ft • § ) ^ |l - sm//'sin//cos<^ - <b) -cos//'cos//| 

‘ Jo Jo { r r' 

X ( r' ) 2 sin O' sec dO' d(f>' ( 1 5-49c) 

By comparing (15-49) with ( 15-35), the radiated field components formulated by 
the aperture distribution and current distribution methods lead to similar results pro- 
vided the I. contribution of ( 1 5-49c) is neglected. As the ratio of the aperture diameter 
to wavelength (d/ A) increases, the current distribution method results reduce to those 
of the aperture distribution and the angular pattern becomes more narrow. 

For variations near the 0 — tt region, the I : contribution becomes negligible 
because 

a„ ♦ [ - a.(n • e r )] = [a, sin 0 cos 0 + a v cos 0 sin 0 - a r sin 0\ 

• ( -a.(n • e r )J = (A • e r ) sin 0 (15-50a) 

§,4 • [ - a.(n • e r )] = [ - £* sin 0 + a v cos 0] • f - a.(n • e r )] = 0 (1 5-50b) 


F. Directivity and Aperture Efficiency 

In the design of antennas, the directivity is a very important figure-of-merit. The 
purpose of this section will be to examine the dependence of the directivity and 
aperture efficiency on the primary-feed pattern G r (0 ' , 0') and fid ratio (or the included 
angle 2 0 o ) of the reflector. To simplify the analysis, it will be assumed that the feed 
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pattern G t (0', <}>') is circularly symmetric (not a function of d>') and that G f (ff) = 0 
for 0’> 90°. 

The secondary pattern (formed by the surface of the reflector) is given by (15- 
49). Approximating the I of ( 15-49a) by I,, the total E-field in the 6 = 77 direction is 
given by either E 0 or E rfl of (15-49). Assuming the feed is circularly symmetric, linearly 
polarized in the y-direction. and by neglecting cross-polarized contributions, it can be 
shown with the aid of (15- 14a) that ( 15-49) reduces to 

(15-51) 



The power intensity (power/unit solid angle) in the forward direction U(6 = 77) 
is given by 


= \E(n B - nf 


(15-52) 


U(Q = 7T) = 

which by using (15-51) reduces to 

. P. 1 f"» / l 0 '\ 2 

VGjW) tan I- 1 dff (15-52a) 

The antenna directivity in the forward direction can be written, using ( 15-52a). as 


U<0= 77) = 

A- 477 


AttUO — tt) U(0 — 7r) 

P, = P,/4tt 


1617 ' , 
/ 



((f) tan 



(15-53) 


The focal length is related to the angular spectrum and aperture diameter d by (15-25). 
Thus (15-53) reduces to 



(15-54) 


The factor ( nd/X)- is the directivity of a uniformly illuminated constant phase aperture: 
the remaining part is the aperture efliciency defined as 



(15-55) 


It is apparent by examining (15-55) that the aperture efficiency is a function of 
the subtended angle (#<>) and the feed pattern Gf(O') of the reflector. Thus for a given 
feed pattern, all paraboloids with the same fid ratio have identical aperture efficiency. 

To illustrate the variation of the aperture efficiency as a function of the feed 
pattern and the angular extent of the reflector. Silver ( 1 7| considered a class of feeds 
whose patterns are defined by 


C,(0'l 


fa,/"’ cos'* (O') 

to 


0 < 0' < 77/2 
77/2 < 0' ^ 77 


(15-56) 


where Co*"* is a constant for a given value of n. Although idealistic, these patterns 
were chosen because (1) closed form solutions can be obtained, and (2) they often 
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are used to represent a major part of the main lobe of many practical antennas. The 
intensity in the back region (77/2 < 0' < 77) was assumed to be zero in order to avoid 
interference between the direct radiation from the feed and scattered radiation from 
the reflector. 

The constant G 0 ( "’ can be determined from the relation 

G, (O') (HI = Gj(d') sin O' dO' d<f>' = 4t 7 ( 15-57) 

.v s 


which for (15-56) becomes 

r tti2 

Go 00 cos" O' sin O' dO' = 2 o G f /"‘ = 2(n + 1) 


(15-58) 


Substituting (15-56) and (15-58) into (15-55) lends, for the even values of n = 2 
through n = 8. to 


e ap (« = 2) 
(" = 4 ) 
e-ip in = 6) 

e. ip (/» = 8) 



(15-59a) 

(15-5%) 


(15-59c) 


(l5-59d) 


The variations of ( 15-59a)-( 15-59d), as a function of the angular aperture of the 
reflector 0 {) or the fid ratio, are shown plotted in Figure 15.20. It is apparent, from the 
graphical illustration, that for a given feed pattern (n = constant) 


1. There is only one reflector with a given angular aperture or f/d ratio which leads 
to a maximum aperture efficiency. 

2. Each maximum aperture efficiency is in the neighborhood of 82-83%. 

3. Each maximum aperture efficiency, for any one of the given patterns, is almost 
the same as that of any of the others. 

4. As the feed pattern becomes more directive (n increases), the angular aperture of 
the reflector that leads to the maximum efficiency is smaller. 

The aperture efficiency is generally the product of the 

1. fraction of the total power that is radiated by the feed, intercepted, and collimated 
by the reflecting surface (generally known as spillover efficiency e x ) 

2. uniformity of the amplitude distribution of the feed pattern over the surface of 
the reflector (generally known as taper efficiency e,) 

3. phase uniformity of the field over the aperture plane (generally known as phase 
efficiency e p ) 
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(a) Aperture efficiency 
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(b) Taper and spillover efficiencies 

Figure 15.20 Aperture, and taper and spillover efficiencies as a function of the reflector 
half-angle 0<> (or f/d ratio) for different feed patterns. 


4. polarization uniformity of the field over the aperture plane (generally known as 
polarization efficiency e v ) 

5. blockage efficiency e h 

6. random error efficiency e,. over the reflector surface 
Thus in general 


^np 


(15-60) 
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For feeds with symmetrical patterns 


J 

0 U 

G f {&) sin 0' e/0' 

e.v — ~ 

J 

[ G,(0') sin & e/0' 



which by using (15-25) can also be written as 


e. 



(15-61) 


(15-62) 


(15-62a) 


Thus 

1. 100( l — c* ) = percent power loss due to energy from feed spilling past the main 
reflector. 

2. 100(1 — e , ) = percent power loss due to nonuniform amplitude distribution over 
the reflector surface. 

3. 100(1 —€,,) = percent power loss if the field over the aperture plane is not in 
phase everywhere. 

4. 100(1 — «, ) = percent power loss if there are cross-polarized fields over the 
antenna aperture plane. 

5. 100(1 — ei,) = percent power loss due to blockage provided by the feed or 
supporting struts (also by subreflector for a dual reflector). 

6. 1 00( 1 — €,.) = percent power loss due to random errors over the reflector surface. 

An additional factor that reduces the antenna gain is the attenuation in the antenna 

feed and associated transmission line. 

For feeds with 

1. symmetrical patterns 

2. aligned phase centers 

3. no cross-polarized field components 

4. no blockage 

5. no random surface error 

the two main factors that contribute to the aperture efficiency are the spillover and 

nonuniform amplitude distribution losses. Because these losses depend primarily on 

the feed pattern, a compromise between spillover and taper efficiency must emerge. 

Very high spillover efficiency can be achieved by a narrow beam pattern with low 
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Figure 15.21 Normalized gain pattern of feed for uniform amplitude illumination of parab- 
oloidal reflector with a total subtended angle of 80". 


minor lobes at the expen.se of a very low taper efficiency. Uniform illumination and 
ideal taper efficiency can be obtained when the feed power pattern is 


Gj(d') = 


Sec4 (f) 

0 


o < 0' < e () 
0' > 0 O 


(15-63) 


which is shown plotted in Figure 15.21. Although such a pattern is “ideal” and 
impractical to achieve, much effort has been devoted to develop feed designs which 
attempt to approximate it 1 14|. 

To develop guidelines for designing practical feeds which result in high aperture 
efficiencies, it is instructive to examine the relative field strength at the edges of the 
reflector’s bounds (0' = 0 O ) for patterns that lead to optimum efficiencies. For the 
patterns of (15-56). when used with reflectors that result in optimum efficiencies as 
demonstrated graphically in Figure 15.20, the relative field strength at the edges of 
their angular bounds (0' = 0 O ) is shown plotted in Figure 15.22. Thus for n = 2 the 
field strength of the pattern at 0' = 0 ft is 8 dB down from the maximum. As the 
pattern becomes more narrow ( n increases), the relative field strength at the edges for 
maximum efficiency is further reduced as illustrated in Figure 15.20. Since for/i = 2 
through n = 10 the field strength is between 8 to 10.5 dB down, for most practical 
feeds the figure used is 9-10 dB. 

Another parameter to examine for the patterns of (15-56). when used with reflec- 
tors that lead to optimum efficiency, is the amplitude taper or illumination of the main 
aperture of the reflector which is defined as the ratio of the field strength at the edge 
of the reflector surface to that at the vertex. The aperture illumination is a function 
of the feed pattern and the fid ratio of the reflector. To obtain that, the ratio of the 
angular variation of the pattern toward the two points |G/ (0' = O)/G'/ (0' = 0<>)| is 
multiplied by the space attenuation factor (r 0 //) 2 , where /is the focal distance of the 
reflector and r 0 is the distance from the focal point to the edge of the reflector. For 
each of the patterns, the reflector edge illumination for maximum efficiency is 1 1 dB 
down from that at the vertex. 

The results obtained with the idealized patterns of (15-56) should only be taken 
as typical, because it was assumed that 

1. the field intensity for 0' > 90^ was zero 

2. the feed was placed at the phase center of the system 
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Primary feed pattern (n) 

Figure 15.22 Relative field strength of feed pattern along reflector edge bounds as a func- 
tion of primary feed pattern number (cos"0). (source: S. Silver (ed.). Microwave Antenna 
Theory and Design (MIT Radiation Lab. Series, Vol. 12), McGraw-Hill. New York, 1949) 


3. the patterns were symmetrical 

4. there were no cross-polarized field components 

5. there was no blockage 

6. there were no random errors at the surface of the reflector 

Each factor can have a significant effect on the efficiency, and each has received 
much attention which is well documented in the open literature 11]. 

In practice, maximum reflector efficiencies are in the 65-80% range. To dem- 
onstrate that, paraboloidal reflector efficiencies for square corrugated horns feeds were 
computed, and they are shown plotted in Figure 15.23. The corresponding amplitude 
taper and spillover efficiencies for the aperture efficiencies of Figures 15.20(a) and 
15.23 arc displayed, respectively, in Figures 15.20(b) and 15.24. For the data of 
Figures 15.23 and 15.24. each horn had aperture dimensions of 8A X 8A. their patterns 
were assumed to be symmetrical (by averaging the E- and H- planes), and they were 
computed using the techniques of Section 13.6. From the plotted data, it is apparent 
that the maximum aperture efficiency for each feed pattern is in the range of 74-79%. 
and that the product of the taper and spillover efficiencies is approximately equal to 
the total aperture efficiency. 

We would be remiss if we left the discussion of this section without reporting the 
gain of some of the largest reflectors that exist around the world [23]. The gains are 
shown in Figure 15.25 and include the 1,000-ft (305-m) diameter spherical reflector 
112] at Arecibo, Puerto Rico, the l()0-m radio telescope [15] at Effelsberg, West 
Germany, the 64-m reflector [16] at Goldstone, California, the 22-m reflector at Krim, 
USSR, and the 12-m telescope at Kitt Peak, Arizona. The dashed portions of the 
curves indicate extrapolated values. For the Arecibo reflector, two curves are shown. 
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Reflector angular aperture (degrees) 

Figure 15.23 Parabolic reflector aperture efficiency as a function of 
angular aperture for 8A X 8A square corrugated hom feed with total 
flare angles of 2% - 70°, 85°, and 100°. 


The 2 15-m diameter curve is for a reduced aperture of the large reflector (305-m) for 
which a line feed at 1,415 MHz was designed [12]. 

G. Phase Errors 

Any departure of the phase, over the aperture of the antenna, from uniform can lead 
to a significant diminution of its directivity [24]. For a paraboloidal reflector system, 
phase errors result from [17] 

1. displacement (defocusing) of the feed phase center from the focal point 

2. deviation of the reflector surface from a parabolic shape or random errors at the 
surface of the reflector 

3. departure of the feed wave fronts from spherical shape 

The defocusing effect can be reduced by first locating the phase center of the 
feed antenna and then placing it at the focal point of the reflector. In Chapter 13 
(Section 13. 10) it was shown that the phase center for hom antennas, which are widely 
utilized as feeds for reflectors, is located between the aperture of the hom and the 
apex formed by the intersection of the inclined walls of the hom [25]. 

Very simple expressions have been derived [24] to predict the loss in directivity 
for rectangular and circular apertures when the peak values of the aperture phase 
deviation is known. When the phase errors are assumed to be relatively small, it is 
not necessary to know the exact amplitude or phase distribution function over the 
aperture. 

Assuming the maximum radiation occurs along the axis of the reflector, and that 
the maximum phase deviation over the aperture of the reflector can be represented by 

\d(f>{p)\ = | <f>(p) - 4>(p) I - m, P ^ a (15-64) 

where <f>(p) is the aperture phase function and <£(p) is its average value, then the ratio 
of the directivity with (D) and without (£> 0 ) phase errors can be written as [24] 
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Reflector angular aperture 0<> (degrees) 

Figure 15.24 Parabolic reflector taper and spillover efficiencies as a 
function of reflector aperture for different corrugated horn feeds. 



Figure 15.25 Gains of some worldwide large reflector antennas. 
{source: A. W. Love, Some Highlights in Reflector Antenna Develop- 
ment, “ Radio Science , Vol. 1 1. Nos. 8, 9. August-September 1976) 
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D directivity with phase error _ | 

1 


D ( , directivity without phase error — ' 


and the maximum fractional reduction in directivity as 



(15-65) 


(15-66) 


Relatively simple expressions have also been derived [24] to compute the maximum 
possible change in half-power beamwidth. 


Example 15.1 

A 10-m diameter reflector, with an fid ratio of 0.5. is operating at / - 3 GHz. The 
reflector is fed with an antenna whose primary pattern is symmetrical and which can 
be approximated by G f (0') = 6 cos 2 O'. Find its 

(a) aperture efficiency 

(b) overall directivity 

(c) spillover and taper efficiencies 

(d) directivity when the maximum aperture phase deviation is 7r/8 rad 


SOLUTION 


Using (15-24). half of the subtended angle of the reflector is equal to 


0 O = tan 1 


0.5(0.5) 


(0.5 ) 2 - 


16 


= 53. 1 3 C 


(a) The aperture efficiency is obtained using (15-59a). Thus 

€ up = 24{sin 2 (26.57°) + lnlcos(26.57°)J} 2 cot 2 (26.57°) 
= 0.75 = 75% 

which agrees with the data of Figure 15.20. 

(b) The overall directivity is obtained by (15-54), or 

D = 0.75[n-(100)] 2 = 74,022.03 = 48.69 dB 


(c) The spillover efficiency is computed using (15-61 ) where the upper limit of 
the integral in the denominator has been replaced by n/2. Thus 

\S.VI.V* 

cos 2 O' sin 6' d0' . 

2 cos 3 0 |o 3 3 


r 

Jo 


= 


~FW 

I cos 2 O' sin O' d0' 
Jo 


2 cos 3 o' ir 


= 0.784 = 78.4% 


In a similar manner, the taper efficiency is computed using (15-62). Since 
the numerator in (15-62) is identical in form to the aperture efficiency of 
(15-55), the taper efficiency can be found by multiplying (15-59a) by 2 and 
dividing by the denominator of (15-62). Thus 
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2(0.75) 

e, = ■ = 0.9566 = 95.66% 

1 .568 

The product of e v and e, is equal to 
e,e, = 0.784(0.9566) = 0.75 

and it is identical to the total aperture efficiency computed above. 

(d) The directivity for a maximum phase error of m — ttI% - 0.3927 rad can 
be computed using (15-65). Thus 


— > 1 - — = 


(0.3927 ) 2 


= 0.8517 = -0.69 dB 


or D > 0.85 17D„ = 0.8517(74.022.03) = 63,046.94 = 48.0 dB 


Surface roughness effects on the directivity of the antenna were first examined 
by Ruze [26] where he indicated that for any reflector antenna there is a wavelength 
f^max) al which the directivity reaches a maximum. This wavelength depends on the 
RMS deviation (cr) of the reflector surface from an ideal paraboloid. For a random 
roughness of Gaussian distribution, with correlation interval large compared to the 
wavelength, they are related by 

A mux = 47T<7 (15-67) 

Thus the directivity of the antenna, given by (15-54), is modified to include surface 
roughness and can be written as 

D = e ap e- ,4w ' A > 3 (15-68) 

Using (15-67), the maximum directivity of (15-68) can be written as 

(15-69) 

where q is the index of smoothness defined by 

- = I0 H « (15-70) 

<j 



In decibels, (15-69) reduces to 

(15-71) 

For an aperture efficiency of unity (e up = 1 ), the directivity of (15-68) is plotted 
in Figure 15.26, as a function of (<// A), for values of q = 3.5. 4.0, and 4.5. It is 
apparent that for each value of q and a given reflector diameter d, there is a maximum 
wavelength where the directivity reaches a maximum value. This maximum wave- 
length is given by (15-67). 



H. Feed Design 

The widespread use of paraboloidal reflectors has stimulated interest in the develop- 
ment of feeds to improve the aperture efficiency and to provide greater discrimination 





822 Chapter 15 Reflector Antennas 



JO 20 50 100 200 500 1000 2000 5000 10.000 

Diameter to wavelength ratio ( J/X) 

Figure 15.26 Reflector surface roughness effects on antenna directivity. 
(source: A. W. Love. "Some Highlights in Reflector Antenna Develop- 
ment." Radio Science , Vol. 11, Nos 8, 9, August-September 1976) 


against noise radiation from the ground. This can be accomplished by developing 
design techniques that permit the synthesis of feed patterns with any desired distri- 
bution over the bounds of the reflector, rapid cutoff at its edges, and very low minor 
lobes in all the other space. In recent years, the two main problems that concerned 
feed designers were aperture efficiency and low cross-polarization. 

In the receiving mode, an ideal feed and a matched load would be one that would 
absorb all the energy intercepted by the aperture when uniform and linearly polarized 
plane waves are normally incident upon it. The feed field structure must be made to 
match the focal region field structure formed by the reflecting, scattering, and diffract- 
ing characteristics of the reflector. By reciprocity, an ideal feed in the transmitting 
mode would be one that radiates only within the solid angle of the aperture and 
establishes within it an identical outward traveling wave. For this ideal feed system, 
the transmitting and receiving mode field structures within the focal region are iden- 
tical with only the direction of propagation reversed. 

An optical analysis indicates that the focal region fields, formed by the reflection 
of linearly polarized plane waves incident normally on an axially symmetric reflector, 
are represented by the well-known Airy rings described mathematically by the ampli- 
tude distribution intensity of [2 J\(uVu] 2 . This description is incomplete, because it is 
a scalar solution, and it does not take into account polarization effects. In addition, it 
is valid only for reflectors with large j'td ratios, which are commonly used in optical 
systems, and it would be significantly in error for reflectors with fid ratios of 0.25 to 
0.5. which are commonly used in microwave applications. 

A vector solution has been developed 127 1 which indicates that the fields near the 
focal region can be expressed by hybrid TE and TM modes propagating along the 
axis of the reflector. This representation provides a clear physical picture for the 
understanding of the focal region field formation. The boundary conditions of the 
hybrid modes indicate that these field structures can be represented by a spectrum of 
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hybrid waves that are linear combinations o!' TE|„ and TM|„ modes of circular 
waveguides. 

A single hollow pipe cannot simultaneously satisfy both the TE and TM modes 
because of the different radial periodicities. However, it has been shown that A/4 deep 
annular slots on the inner surface of a circular pipe force the boundary conditions on 
E and H to be the same and provide a single anisotropic reactance surface which 
satisfies the boundary conditions on both TE and TM modes. This provided the genesis 
of hybrid mode waveguide radiators [28] and corrugated horns [29]. Corrugated horns, 
whose aperture size and flare angle are such that at least 1 80° phase error over their 
aperture is assured, are known as “scalar” horns [301. Design data for uncorrugated 
horns that can be used to maximize the aperture efficiency or to produce maximum 
power transmission to the feed have been calculated [31 1 and are shown in graphical 
form in Figure 15.27. 

A software package for computer-aided analysis and design of reflector antennas 
has been developed 1 32]. The program computes the radiation of parabolic and spheri- 
cal reflectors. In addition it provides spatial and spectral methods to compute radiation 
due to an aperture distribution. The software package can also be used to investigate 
the directivity, beam width, sidelobe level, polarization, and near-to-far-zone fields. 
The program can be obtained through CAEME, Center of Excellence for Multimedia. 

15.4.2 Cassegrain Reflectors 

To improve the performance of large ground-based microwave reflector antennas for 
satellite tracking and communication, it has been proposed that a two-reflector system 



Figure 15.27 Optimum pyramidal hom dimensions versus f/tl ra- 
tio for various hom lengths. 
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be utilized. The arrangement suggested was the Cassegrain dual-reflector system [33] 
of Figure 15.1(d). which was often utilized in the design of optical telescopes and it 
was named after its inventor. To achieve the desired collimation characteristics, the 
larger (main) reflector must be a paraboloid and the smaller (secondary) a hyperboloid. 
The use of a second reflector, which is usually referred to as the subreflector or 
subdish, gives an additional degree of freedom for achieving good performance in a 
number of different applications. For an accurate description of its performance, 
diffraction techniques must be used to take into account diffractions from the edges 
of the subreflector, especially when its diameter is small [34]. 

In general, the Cassegrain arrangement provides a variety of benefits, such 
as the 

1. ability to place the feed in a convenient location 

2. reduction of spillover and minor lobe radiation 

3. ability to obtain an equivalent focal length much greater than the physical length 

4. capability for scanning and/or broadening of the beam by moving one of the 

reflecting surfaces 

To achieve good radiation characteristics, the subreflector or subdish must be 
several, at least a few, wavelengths in diameter. However, its presence introduces 
shadowing which is the principal limitation of its use as a microwave antenna. The 
shadowing can significantly degrade the gain of the system, unless the main reflector 
is several wavelengths in diameter. Therefore the Cassegrain is usually attractive for 
applications that require gains of 40 dB or greater. There are. however, a variety of 
techniques that can be used to minimize aperture blocking by the subreflector. Some 
of them are [33] (1) minimum blocking with simple Cassegrain, and (2) twisting 
Cassegrains for least blocking. 

The first comprehensive published analysis of the Cassegrain arrangement as a 
microwave antenna is that by Hannan [33 1. He uses geometrical optics to derive the 
geometrical shape of the reflecting surfaces, and he introduces the equivalence con- 
cepts of the virtual feed and the equivalent parabola. Although his analysis does not 
predict tine details, it does give reasonably good results. Refinements to his analysis 
have been introduced [34]— [361. 

To improve the aperture efficiency, suitable modifications to the geometrical 
shape of the reflecting surfaces have been suggested [37]— [39], The reshaping of the 
reflecting surfaces is used to generate desirable amplitude and phase distributions over 
one or both of the reflectors. The resultant system is usually referred to as shaped 
dual-reflector. The reflector antenna of Figure 15.9 is such a system. Shaped reflector 
surfaces, generated using analytical models, are illustrated in [39|. It also has been 
suggested [35] that a flange is placed around the subreflector to improve the aperture 
efficiency. 

Since many reflectors have dimensions and radii of curvature large compared to 
the operating wavelength, they were traditionally designed based on geometrical optics 
(GO) [39]. Both the single- and double-reflector (Cassegrain) systems were designed 
to convert a spherical wave at the source (focal point) into a plane wave. Therefore 
the reflecting surfaces of both reflector systems were primarily selected to convert the 
phase of the wavefront from spherical to planar. However, because of the variable 
radius of curvature at each point of reflection, the magnitude of the reflected field is 
also changed due to spatial attenuation or amplitude spreading factor [40] or diver- 
gence factor (4-131) of Section 4.8,3, which are functions of the radius of curvature 
of the surface at the point of reflection. This ultimately leads to amplitude taper of 
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Figure I5.2H Geometrical optics for l he reshaping and synthesis of ihe reflectors of a Cas- 
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the wavefront at die aperture plane. This is usually undesirable, and it can sometimes 
be compensated to some extent by the design of the pattern of the feed element or of 
the reflecting surface. 

For a shaped-dual reflector sysiein. there are two surfaces or degrees of freedom 
that can be utilized to compensate for any variations in the phase and amplitude of 
Lhe field at ihe aperture plane. To determine how each surface may be reshaped to 
control Lhe phase and/or amplitude of the field at lhe aperture plane, lei us use 
geometrical optics and assume that lhe field radiated by the feed (pattern) is repre- 
sented, both in amplitude and phase, by a bundle of rays which has a well-defined 
periphery. This bundle of rays is initially intecepted by Lhe subreflector and ihen by 
the main reflector. Ultimately the output, after two reflections, is also a bundle of rays 
with prescribed phase and amplitude distributions, and a prescribed periphery, as 
shown in Figure 15.28(a) [411- ft has been shown in [42| that for a two-reflector 
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system with high magnification (i.e., large ratio of main reflector diameter to sub- 
reflector diameter) that over the aperture plane the 

(a) amplitude distribution is controlled largely by the subreflector curvature. 

(b) phase distribution is controlled largely by the curvature of the main reflector. 

Therefore in a Cassegrain two-reflector system the reshaping of the paraboloid main 
reflector can be used to optimize the phase distribution while the reshaping of the 
hyperboloid subreflector can be used to control the amplitude distribution. This was 
used effectively in (42] to design a shaped two-reflector system whose field reflected 
by the subreflector had a nonspherical phase but a csc 4 ( 0/2) amplitude pattern. How- 
ever, the output from the main reflector had a perfect plane wave phase front and a 
very good approximate uniform amplitude distribution, as shown in Figure 15.28(b). 

Because a comprehensive treatment of this arrangement can be very lengthy, only 
a brief introduction of the system will be presented here. The interested reader is 
referred to the referenced literature. 

A. Classical Cassegrain Form 

The operation of the Cassegrain arrangement can be introduced by referring to Figure 
15.1(d) and assuming the system is operating in the receiving or transmitting mode. 
To illustrate the principle, a receiving mode is adopted. 

Let us assume that energy, in the form of parallel rays, is incident upon the 
reflector system. Energy intercepted by the main reflector, which has a large concave 
surface, is reflected toward the subreflector. Energy collected by the convex surface 
of die subdish is reflected by it, and it is directed toward the vertex of the main dish. 
If the incident rays are parallel, the main reflector is a paraboloid, and the subreflector 
is a hyperboloid, then the collected bundle of rays is focused at a single point. The 
receiver is then placed at this focusing point. 

A similar procedure can be used to describe the system in the transmitting mode. 
The feed is placed at the focusing point, and it is usually sufficiently small so that the 
subdish is located in its far-field region. In addition . the sub reflector is large enough 
that it intercepts most of the radiadon from the feed. Using the geometrical arrange- 
ment of the paraboloid and the hyperboloid, the rays reflected by the main dish will 
be parallel. The amplitude taper of the emerging rays is determined by the feed pattern 
and the tapering effect of the geometry. 

The geometry of the classical Cassegrain system, employing a concave paraboloid 
as the main dish and a convex hyperboloid as the subreflector, is simple and it can 
be described completely by only four independent parameters (two for each reflector). 
The analytical details can be found in |33]. 

To aid in the understanding and in predicting the essential performance of a 
Cassegrain, the concept of virtual feed f33J is useful. By this principle, the real feed 
and the subreflector are replaced by an equivalent system which consists of a virtual 
feed located at the focal point of the main reflector, as shown by the dashed lines of 
Figure 15.29(a). For analysis purposes then, the new system is a single-reflector 
arrangement with the original main dish, a different feed, and no subreflector. 

The configuration of the virtual feed can be determined by finding the optical 
image of the real feed. This technique is only accurate when examining the effective 
aperture of the feed and when the dimensions of the real and virtual feeds are larger 
than a wavelength. In fact, for the classical Cassegrain arrangement of Figure 15.29(a), 
the virtual feed has a smaller effective aperture, and a corresponding broader beam- 
width, than the real feed. The increase in b earn width is a result of the convex curvature 



15.4 Parabolic Reflector K27 



s 




n r ^ Virtual feed 

> ^ zz 

' L 



Figure 15.29 Virtual-feed and equivalent parabola concepts, (source: P. W. Hannan. 
"Microwave Antennas Derived from the Cassegrain Telescope." IRE Trans. Antennas 
Proposal. Vol. AP-9. No. 2, March 1961. © (1961) IEEE) 


of the subreflector, and it can be determined by equating the ratio of the virtual to 
real-feed beanjwidths to the ratio of the angles BJ0 r . 

The ability to obtain a different effective aperture for the virtual Iced as compared 
to that of the real feed is useful in many applications such as in a monopulse antenna 
[33 1. To maintain efficient and wideband performance and effective utilization of the 
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main aperture, this system requires a large feed aperture, a corresponding long focal 
length, and a large antenna structure. The antenna dimensions can be maintained 
relatively small by employing the Cassegrain configuration which utilizes a large feed 
and a short focal length for the main reflector. 

Although the concept of virtual feed can furnish useful qualitative information 
for a Cassegrain system, it is not convenient for an accurate quantitative analysis. 
Some of the limitations of the virtual feed concept can be overcome by the concept 
of the equivalent parabola [33]. 

By the technique of the equivalent parabola, the main dish and the subreflector 
are replaced by an equivalent focusing surface at a certain distance from the real focal 
point. This surface is shown dashed in Figure 15.29(b), and it is defined as [33] “the 
locus of intersection of incoming rays parallel to the antenna axis with the extension 
of the corresponding rays converging toward the real focal point.” Based on simple 
geometrical optics ray tracing, the equivalent focusing surface for a Cassegrain con- 
figuration is a paraboloid whose focal length equals the distance from its vertex to 
the real focal point. This equivalent system also reduces to a single-reflector arrange- 
ment, which has the same feed but a different main reflector, and it is accurate when 
the subreflector is only a few wavelengths in diameter. More accurate results can be 
obtained by including diffraction patterns. It also has the capability to focus toward 
the real focal point an incoming plane wave, incident from the opposite direction, in 
exactly the same manner as the actual main dish and the subreflector. 

B. Cassegrain and Gregorian Forms 

In addition to the classical Cassegrain forms, there are other configurations that employ 
a variety of main reflector and subreflector surfaces and include concave, convex, and 
flat shapes [331. 1° one form, the main dish is held invariant while its feed beamwidth 
progressively increases and the axial dimensions of the antenna progressively de- 
crease. In another form, the feed beamwidth is held invariant while the main reflector 
becomes progressively flatter and the axial dimensions progressively increase. 

A series of configurations in which the feed beamwidth is progressively increased, 
while the overall antenna dimensions are held fixed, are shown in Figure 15.30. The 
first five are referred to as Cassegrain forms while the last two are Gregorian forms, 
whose configurations are similar to the Gregorian telescope. A number of parameter 
ranges, along with distinguishing characteristics, are indicated alongside each config- 
uration sketch. The main dish for the fourth configuration has degenerated to a flat 
contour, the subreflector to a parabolic contour, and they can be separated by distances 
where the ray-tracing approximation is valid. For the fifth configuration, the sub- 
reflector has degenerated to a ridiculous extreme concave elliptical contour and the 
main dish to a convex parabolic form, with the former being larger than the latter. 

For the last two configurations, which are referred to as Gregorian forms, the 
focal point of the main dish has moved to the region between the two dishes and the 
subreflector has attained a concave elliptical contour. When the overall size and the 
feed beamwidth of the classical Gregorian are identical to those of the classical 
Cassegrain, the Gregorian form requires a shorter focal length for the main dish. The 
feed for the second of the Gregorian forms has moved to a location between the focus 
of the main dish and the subreflector while the main dish has kept the same dimensions 
as the first form. In general, this configuration has several major disadvantages that 
make it unattractive for many antenna applications. 

From the data in Figure 15.30, the relative sizes of the effective apertures of the 
virtual and real feeds can be inferred. When the subreflector is flat, the real and virtual 
feeds are identical. The virtual feeds of the Cassegrain configurations, which have a 
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Figure 15.30 Series of Cassegrain and Gregorian rellecior forms, (source: P. W. Hannan, 
"Microwave Antennas Derived from the Cassegrain Telescope." IRE Trans. Antennas 
Pmpagat.. Vol. AP-9, No. 2. March 1961. © (1961) IEEE) 
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concave subrellector. possess smaller beamwidths and larger effective apertures than 
their corresponding real feeds. However, the virtual feed of the classical Gregorian 
configuration, which also has a concave subrefleclor, possesses an effective aperture 
which is smaller than that of the real feed. 

The equivalent parabola concept is applicable to all the Cassegrain and Gregorian 
forms, and they are shown dashed in Figure 15.30. The classical Cassegrain and 
Gregorian configurations have equivalent focal lengths which are greater than the 
focal lengths of the corresponding main dishes. For the Cassegrain arrangement with 
the flat subreflector, the equivalent focal length is equal to the focal length of the 
main dish, in general, the equivalent focal lengths of the Cassegrain configurations 
which have a concave subreflector are shorter than the focal lengths of their corre- 
sponding main dishes. For the configuration with the flat main dish, the equivalent 
parabola is identical with the subreflector. 

The equivalent parabola concept can also be used to determine the amplitude 
taper across the aperture of a Cassegrain arrangement. As for the front-fed configu- 
ration. the amplitude taper or aperture illumination is determined by the radiation 
pattern of the feed modified by the space attenuation factor of the reflector. The 
amplitude taper of a Cassegrain configuration is identical to that of a front-fed ar- 
rangement whose feed is the actual feed and whose focal length is the equivalent 
focal length. In other words, the process is identical to that of a front-fed configuration 
except that the equivalent fjd ratio is used. 


15.5 SPHERICAL REFLECTOR 

The discussion and results presented in the previous sections illustrate that a parabo- 
loidal reflector is an ideal collimating device. However, despite all of its advantages 
and many applications it is severely handicapped in angular scanning. Although 
scanning can be accomplished by ( 1 ) mechanical rotation of the entire structure, and 
(2) displacement of the feed alone, it is thwarted by the large mechanical moment of 
inertia in the first case and by the large coma and astigmatism in the second. By 
contrast, the spherical reflector can make an ideal wide-angle scanner because of its 
perfectly symmetrical geometrical configuration. However, it is plagued by poor 
inherent collimating properties. If, for example, a point source is placed at the focus 
of the sphere, it does not produce plane waves. The departure of the reflected wave- 
front from a plane wave is known as spherical aberration , and it depends on the 
diameter and focal length of the sphere. By reciprocity, plane waves incident on a 
spherical reflector surface parallel to its axis do not coverge at the focal point. However 
a spherical reflector has the capability of focusing plane waves incident at various 
angles by translating and orientating the feed and by illuminating different parts of 
the suuctural geometry. The 1,000-ft diameter reflector [12] at Arecibo, Puerto Rico 
is a spherical reflector whose surface is built into the earth and the scanning is 
accomplished by movement of the feed. 

The focusing characteristics of a typical spherical reflector is illustrated in Figure 
15.31 for three rays. The point F in the figure is the paraxial focus, and it is equal to 
one-half the radius of the sphere. The caustic* surface is an epicycloid and is generated 


*A caustic is a point, u line, or a surface through which all the mys in a bundle pass and where the 
intensity is infinite. The caustic also represents the geometrical loci of all the centers of curvature of the 
wave surfaces. Examples of it include the focal line for cylindrical parabolic reflector and the focal point 
of a paraboloidal re Hector. 
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Figure 15.31 Spherical reflector geometry and rays that form a caustic. 


by the reflection of parallel rays. A degenerate line FV of this caustic is parallel to 
the incident rays and extends from the paraxial focus to the vertex of the reflector. If 
one draws a ray diagram of plane waves incident within a 120° cone, it will be shown 
that all energy must pass through the line FV. Thus, the line FV can be used for the 
placement of the feed for the interception of plane waves incident parallel to the axial 
line. It can thus be said that a spherical reflector possesses a line focus instead of a 
point. However, amplitude and phase corrections must be made in order to realize 
maximum antenna efficiency. 

Ashmead and Pippard [43] proposed to reduce spherical aberration and to mini- 
mize path error by placing a point source feed not at the paraxial focus F (half radius 
of the sphere), as taught in optics, but displaced slightly toward the reflector. For an 
aperture of diameter d. the correct location for placing a point source is a distance f Q 
from the vertex such that the maximum path error value is [43] 



(15-72) 


and the maximum phase error does not differ from a paraboloid by more than one- 
eighth of a wavelength. This, however, leads to large fid and to poor area utilization. 
A similar result was obtained by Li (44 1. He stated that the total phase error (sum of 
maximum absolute values of positive and negative phase errors) over an aperture of 
radius a is least when the phase error at the edge of the aperture is zero. Thus the 
optimum focal length is 
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(15-73) 


where 


R - radius of the spherical reflector 
a = radius of the utilized aperture 


Thus when R = 2a, the optimum focal length is 0.4665/? and the corresponding total 
phase error, using the formula found in (44|, is 0.02643(/?/A) rad. Even though the 
optimum local length leads to minimum total phase error over a prescribed aperture, 
it does not yield the best radiation pattern when the illumination is not uniform. For 
a tapered amplitude distribution, the focal length that yields the best radiation pattern 
will be somewhat longer, and in practice, it is usually determined by experiment 
Thus for a given maximum aperture size there exists a maximum value of total 
allowable phase error, and it is given by [44J 


*L,“ ' <»» 


(15-74) 


where ( A/A) is the total phase error in wavelengths. 


Example 15.2 

A spherical reflector has a 10-ft diameter. If at 1 1.2 GHz the maximum allowable 
phase error is A/ 16, find the maximum permissible aperture. 


SOLUTION 


At /= 11.2 GHz 



A = 0.08788 ft 


= 14.7 


f 1/16 1 
,56.8957i 


a 4 = 10.09 
a = 1.78 ft 


0.01615 


To overcome the shortcoming of a point feed and minimize spherical aberration, 
Spencer, Sletten, and Walsh [45J were the first to propose the use of a line source 
feed. Instead of a continuous line source, a set of discrete feed elements can be used 
to reduce spherical aberration when they are properly placed along the axis in the 
vicinity of the paraxial focus. The number of elements, their position, and the portion 
of the reflector surface which they illuminate is dictated by the allowable wavefront 
distortion, size, and curvature of the reflector. This is shown in Figure 1 5.32 [46]. A 
single feed located near the paraxial focus will illuminate the central portion of the 
reflector. If the reflector is large, additional feed elements along the axis toward the 
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Figure 15,32 Reflector illumination by feed sections placed between paraxial focus .m<J 
vertex, (source: A. C. Schell, “The Diffraction Theory of Large-Aperture Spherical Reflee- 
lor Amentias,'' {RE Trans . Amentias Pmpagat., VoL AP- 1 !. No. 4, July I 963. © ( 1963) 
IEEE) 


vertex will be needed to minimize the phase errors in the aperture. The ultimate feed 
design will be a compromise between a single element and a line-source distribution. 

Au extensive effort has heen placed, on the analysis and experiment of spherical 
re Hectors, and most of it can he found well documented in a book of reprinted papers 
jlj. In addition, a number of two-dimensional patterns and aperture plane constant 
amplitude contours, for symmetrical and offset feeds, have heen computed [20|. 
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PROBLEMS 

15.1. An infinite line source, of constant electric current /„, is placed a distance s above a 

Hat and infinite electric ground plane. Derive the array factor. 

15.2. For comer reflectors with included angles of a = 60°. 45°. and 30°: 

(a) Derive the array factors of ( 1 5-7)— ( l5-9b>. 

(h) Plot the field strength along the axis (0 = 90°, d> = 0°) as a function of the feed- 
to-vertex spacing. 0 < s/A ^ 10. 

15.3. Consider a comer reflector with an included angle of a - 36°. 

(a) Derive the array factor. 

(b) Plot the relative field strength along the axis (0 = 90°, </> = 0°) as a function of 
the feed-to-vertex spacing s. for 0 < ,v/A ^ 10. 

(c) Determine the spacing that yields the first maximum possible field strength along 
the axis. For this spacing, what is the ratio of the field strength of the corner 
reflector along the axis to the field strength of the feed element alone? 

(d) For the spacing in part c, plot the normalized power pattern in the azimuthal plane 
(0 = 90°). 
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1 5.4. A 60° comer rcllcctor. in conjunction with a A/2 dipole feed, is used in a radartracking 
system. One of the requirements for such a system is that the antenna, in one of its 
modes of operation, has a null along the forward symmetry axis. In order to accomplish 
this, what should be the feed spacing from the vertex (in wavelengths)? To get credit, 
give all the possible values of the feed-to-vertex spacing. 

15.5. For a parabolic reflector, derive (15-25.) which relates the f/d ratio to its subtended 
angle 0„. 

15.6. Show that for a parabolic reflector 

(a) 0 ^ f/d ^ 0.25 relates to 180° s 0 O > 90° 

(b) 0.25 s f/d s t- relates to 90° 2: 6 (] s 0° 

15.7. The diumeter of a paraboloidal reflector antenna (dish), used for public television 
stations, is 10 meters. Find the far-zone distance if the antenna is used at 2 and 4 GHz. 

15.8. Show that the directivity of a uniformly illuminated circular aperture of diameter d is 
equal to ( mltK) 2 . 

1 5.9. Verify ( 1 5-33 ) and ( 1 5-33a). 

15. 10. The field radiated by a paraboloidal reflector with an f/d ratio of 0.5 is given by 

E = (a x + a v sin </> cos </>) l'(r, 0 , </>) 

where the .v-componcnl is the co-pol and the y-component is the cross-pol. 

(a) At what observation angle(.v) (in degrees) (0° - 180°) is the cross-pol minimum? 
What is the minimum value? 

(b) At what observation anglcfs) (in degrees) (0° — 180°) is the cross-pol maximum? 
What is the maximum value? 

(c) What is the polarization loss factor when the receiving antenna is linearly polarized 
in the .v-direction. 

(d) What is the polarization loss factor when the receiving antenna is linearly polarized 
in the v-direction. 

(e> What should the polarization of the receiving antenna be in order to eliminate the 
losses due to polarization? Write an expression for the polarization of the receiving 
antenna to achieve this. 

15. 1 1 . Verify ( 1 5-49) and ( 1 5-54). 

15.12. A small parabolic reflector (dish) of revolution, referred to as a paraboloid, is now 
being advertised as a TV antenna for direct broadcast. Assuming the diameter of the 
reflector is 1 meter, determine at 3 GHz the directivity (in dB) of the antenna if the 
feed is such that 

(a) the illumination over the aperture is uniform (ideal) 

(b) the taper efliciency is 80% while the spillover efficiency is 85%. Assume no other 
losses. What is the total aperture efficiency of the antenna (in dB)? 

15.13. The 140-ft (42.672-m) paraboloidal reflector at the National Radio Astronomy Ob- 
servatory. Green Bank. W. Va, has an f/d ratio of 0.4284. Determine the 

(a) subtended angle of the reflector 

(b) aperture efficiency assuming the feed pattern is symmetrical and its gain pattern 
is given by 2 cos 2 (072), where 0' is measured from the axis of the reflector 

(c) directivity of the entire system when the antenna is operating at 10 GHz, and it is 
illuminated by the Iced pattern of part (b) 

(d) directivity of the entire system at 10 GHz when the reflector is illuminated by the 
feed pattern of part (b) and the maximum aperture phase deviation is nf\6 rad 

15. 14. A paraboloidal reflector has an f/d ratio of 0.38. Determine 

(a) which cos" 0‘ symmetrical feed pattern will maximize its aperture efficiency 

(b) the directivity of the reflector when the focal length is I0A 

(c) the value of the feed pattern in dli (relative to the main maximum) along the edges 
of the reflector 

15.15. Verify that the ideal parabolic reflector feed pattern, for uniform amplitude taper and 
no spillover, is that represented by sec 4 (072). 
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15.16. 


The symmetrical feed pattern lor a paraholoidal reflector is given by 



0 < 0' £ ir/2 
elsewhere 


where Go is a constant. 

(a) Evaluate the constant G (t . 

(b) Derive an expression for the aperture efficiency. 

(c) Find the subtended angle of the reflector that will maximize the aperture efficiency. 
What is the maximum aperture efficiency? 

1 5. 1 7. A paraboloidal reflector is operating at a frequency of 5 GHz. It is 8 meters in diameter, 
with an fid ratio of 0.25. It is fed with an antenna whose primary pattern is symmetrical 
and which can be approximated by 




10 cos 4 0' 
0 


0 < 6 ' < tt/2 
elsewhere 


Find its 

(a) aperture efficiency 

(b) overall directivity 

(c) spillover efficiency 

(d) taper efficiency 

15.18. A parabolic reflector has a diameter of 10 meters and has an included angle of 0 O = 
30°. The directivity at the operating frequency of 25 GHz is 5,420.000. The phase 
efficiency, polarization efficiency, blockage efficiency, and random error efficiency 
are all 100%. The feed has a phi-symmetric pattern given by 




G 0 cos'" O' 
0 


0° < O' <= 90° 
elsewhere 


Find the taper, spillover, and overall efficiencies. 

15.19. A 10-meter diameter paraboloidal reflector is used as a TV satellite antenna. The 
focus-to-diameter ratio of the reflector is 0.536 and the pattern of the feed in the 
forward region can be approximated by eos~( 0' >. Over the area of the reflector, the 
incident power density from the satellite can be approximated by a uniform plane 
wave with a power density of 10 fx wait s/nr. At a center frequency of 9 GHz: 

(a) What is the maximum directivity of the reflector (in dB)? 

(b) Assuming no losses of any kind, what is the maximum power that can be delivered 
to a TV receiver connected to die reflector through a lossless transmission line? 

15.20. A 3-meter diameter parabolic refleclor is used as a receiving antenna for satellite 
television reception at 5 GHz. The reflector is connected to the television receiver 
through a 78-ohm coaxial cable. The aperture efficiency is approximately 75%. As- 
suming the maximum incidcnl power density from the satellite is 10 microwatts/square 
meter and the incident wave is polarization-matched to the reflector antenna, what is 
the: 

(a) Directivity of the antenna (in dB) 

(b) Maximum power (in watts) that can be delivered to the receiving TV? Assume 
no losses. 

(c) Power (in watts) delivered to the receiving TV if the reflection coefficient at the 
transmission line/receiving TV terminal junction is 0.2. Assume no other losses. 

15.21. A reflector antenna with a total subtended angle of 120° is illuminated at 10 GHz with 
a specially designed feed so that its aperture efficiency is nearly unity. The focal 
distance of the reflector is 5 meters. Assuming the radiation pattern is nearly sym- 
metric, determine the: 
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(a) Half-power beamwidth (in degrees). 

(b) Sidclobc level (in dB). 

(c) Directivity (in dB). 

(d) Directivity (in dB) based on Kraus’ formula and Tai & Pereira’s formula. 

(c) Loss in directivity (in dB) if the surface has mis random roughness of 0.64 mm. 

15.22. A front-fed paraboloidal reflector with an f/d radio of 0.357. whose diameter is 10 
meters and which operates at 10 GHz, is fed by an antenna whose power pattern is 
rotalionally symmetric and it is represented by cos’(0/2). All the power is radiated in 
the forward region (0° ^ 0' ^ 90°) of the feed. Determine the 

(a) spillover efficiency 

(b) taper efficiency 

(c) overall aperture efficiency 

(d) directivity of the reflector (in dB) 

(e) directivity of the reflector (in dB) if die RMS, reflector surface deviation from an 
ideal paraboloid is A/ 1 00. 

15.23. Design pyramidal horn antennas that will maximize the aperture efficiency or produce 
maximum power transmission to the feed, for paraboloidal reflectors with fld ratios of 
(a) 0.50 

<b) 0.75 
(c) 1.00 



CHAPTER 


16 

ANTENNA MEASUREMENTS 


16.1 INTRODUCTION 

In the previous fifteen chapters, analytical methods have been outlined which can be 
used to analyze, synthesize, and numerically compute the radiation characteristics of 
antennas. Often many antennas, because of their complex structural configuration and 
excitation method, cannot be investigated analytically. Although the number of radi- 
ators that fall into this category has diminished, because special analytical methods 
(such as the GTD, Moment Method. Finite-Difference Time-Domain and Finite Ele- 
ment) have been developed during the past few years, there are still a fair number 
that have not been examined analytically. In addition, experimental results are often 
needed to validate theoretical data. 

As was discussed in Chapter 3, Section 3.8.1, it is usually most convenient to 
perform antenna measurements with the test antenna in its receiving mode. If the test 
antenna is reciprocal, the receiving mode characteristics (gain, radiation pattern, etc.) 
are identical to those transmitted by the antenna. The ideal condition for measuring 
far-lield radiation characteristics then, is the illumination of the test antenna by plane 
waves: uniform amplitude and phase. Although this ideal condition is not achievable, 
it can be approximated by separating the test antenna from the illumination source by 
a large distance on an outdoor range. At large radii, the curvature of the spherical 
phasefront produced by the source antenna is small over the test antenna aperture. If 
the separation distance is equal to the inner boundary of the far-field region, 2D 2 /\, 
then the maximum phase error of the incident field from an ideal plane wave is about 
22.5°, as shown in Figure 16.1. In addition to phasefront curvature due to finite 
separation distances, reflections from the ground and nearby objects are possible 
sources of degradation of the test antenna illumination. 

Experimental investigations suffer from a number of drawbacks such as: 

1. For pattern measurements, the distance to the far-field region (r > 2/>VA) is too 
long even for outside ranges. It also becomes difficult to keep unwanted refiections 
from the ground and the surrounding objects below acceptable levels. 

2. In many cases, it may be impractical to move the antenna from the operating 
environment to the measuring site. 

3. For some antennas, such as phased arrays, the lime required to measure the 
necessary characteristics may be enormous. 

839 
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Figure 16.1 Phase error ai the edges of a test antenna in the far-field when illuminated by 
a spherical wave. 


4. Outside measuring systems provide an uncontrolled environment, and they do 
not possess an all-weather capability. 

5. Enclosed measuring systems usually cannot accommodate large antenna systems 
(such as ships, aircraft, large spacecraft, etc.). 

6. Measurement techniques, in general, are expensive. 

Some of the above shortcomings can be overcome by using special techniques, such 
as indoor measurements, far-field pattern prediction from near-tield measurements 
[1 H4J. scale model measurements, and automated commercial equipment specifically 
designed for antenna measurements and utilizing computer assisted techniques. 

Because of the accelerated progress made in aerospace/defense related systems 
(with increasingly small design margins), more accurate measurement methods were 
necessary. To accommodate these requirements, improved instrumentation and meas- 
uring techniques were developed which include tapered anechoic chambers [5], com- 
pact and extrapolation ranges [2], near-field probing techniques [2]-[4], improved 
polarization techniques and swept-frequency measurements [6], indirect measure- 
ments of antenna characteristics, and automated test systems. 

The parameters that often best describe an antenna system's performance are the 
pattern (amplitude and phase), gain, directivity, efficiency, impedance, current distri- 
bution. and polarization. Each of these topics will be addressed briefly in this chapter. 
A more extensive and exhaustive treatment of these and other topics can be found in 
the IEEE Standard Test Procedures for Antennas [7], in a summarized journal paper 
[8], and in a book on microwave antenna measurements [6]. Most of the material in 
this chapter is drawn from these three sources. The author recommends that the IF.F.R 
publication on test procedures for antennas becomes part of the library of every 
practicing antenna and microwave engineer. 

16.2 ANTENNA RANGES 

The testing and evaluation of antennas are performed in antenna ranges. Antenna 
facilities are categorized as outdoor and indoor ranges, and limitations are associated 
with both of them. Outdoor ranges are not protected from environmental conditions 
whereas indoor facilities are limited by space restrictions. Because some of the antenna 
characteristics are measured in the receiving mode and require far-field criteria, the 
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Figure 16.2 Geometrical arrangement lor rellectlon range. (SOURC'l-: L. H. Hemming and 
R. A. Heaton. “Antenna Gain Calibration on a Ground Reflection Range.” IEEE Trans. 
Antennas Propagat., Vol. AP-21. No. 4. pp. 532-537. July 1973. ©(1973) IEEE) 


ideal field incident upon the test antenna should be a uniform plane wave. To meet 
this specification, a large space is usually required and it limits the value of indoor 
facilities. 

16.2.1 Reflection Ranges 

In general, there are two basic types of antenna ranges: the reflection and the free- 
space ranges. The reflection ranges, if judiciously designed [9]. can create a construc- 
tive interference in the region of the test antenna which is referred to as the “quiet 
zone.” This is accomplished by designing the ranges so that specular reflections from 
the ground, as shown in Figure 16.2, combine constructively with direct rays. 

Usually it is desirable for the illuminating field to have a small and symmetric 
amplitude taper. This can be achieved by adjusting the transmitting antenna height 
while maintaining constant that of the receiving antenna. These ranges are of the 
outdoor type, where the ground is the reflecting surface, and they are usually employed 
in the UHF region for measurements of patterns of moderately broad antennas. They 
are also used for systems operating in the UHF to the 16-GHz frequency region. 

16.2.2 Frce-Space Ranges 

Free-space ranges are designed to suppress the contributions from the surrounding 
environment and include elevated ranges, slant ranges |I0], anechaic chambers, 
compact ranges [21. and near-fiekl ranges |4|. 

A. Elevated Ranges 

Elevated ranges are usually designed to operate mostly over smooth terrains. The 
antennas are mounted on lowers or roofs of adjacent buildings. These ranges are used 
to test physically large antennas. A geometrical configuration is shown in Figure 
16.3(a). The contributions from the surrounding environment are usually reduced or 
eliminated by |7] 
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Figure 16.3 Geometries of elevated and slant ranges. (SOURCES: IEEE Standard Test Pro- 
cedures for Antemius, IEEE Std 149-1979, published by IEEE. Inc., 1979, distributed by 
Wiley: and P. W. Arnold, "The ‘Slant’ Antenna Range,” IEEE Trans. Antennas Propagat 
Vol. AP-14. No. 5. pp. 658-659, Sept. 1966. CO (1966) IEEE) 


1. carefully selecting the directivity and side lobe level of the source antenna 

2. clearing the line-of-sight between the antennas 

3. redirecting or absorbing any energy that is reflected from the range surface and/or 
from any obstacles that cannot be removed 

4. utilizing special signal processing techniques such as modulation tagging of the 
desired signal or by using short pulses 

In some applications, such as between adjacent mountains or hilltops, the ground 
terrain may be irregular. For these cases, it is more difficult to locate the specular 
reflection points (points that reflect energy toward the test antenna). To take into 
account the irregular surface, scaled drawings of the vertical profile of the range are 
usually constructed from data obtained from the U.S. Geological Survey. The maps 
show ground contours [11], and they give sufficient details which can be used to 
locate the specular reflection points, determine the level of energy reflected towanl 
the test antenna, and make corrections if it is excessive. 
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B. Slant Ranges 

Slam ranges [10] are designed so that the test antenna, along with its positioner, are 
mounted at a fixed height on a nonconducting tower while the source (transmitting) 
antenna is placed near the ground, as shown in Figure 16.3(b). The source antenna is 
positioned so that the pattern maximum, of its free-space radiation, is oriented toward 
the center of the test antenna. The first null is usually directed toward the ground 
specular reflection point to suppress reflected signals. Slant ranges, in general, are 
more compact than elevated ranges in that they require less land. 


C. An echoic Chambers 

To provide a controlled environment, an all-weather capability, and security, and to 
minimize electromagnetic interference, indoor anechoic chambers have been devel- 
oped as an alternative to outdoor testing. By this method, the testing is performed 
inside a chamber having walls that are covered with RF absorbers. The availability 
of commercial high-quality RF absorbing material, with improved electrical charac- 
teristics, has provided the impetus for the development and proliferation of anechoic 
chambers. Anechoic chambers are mostly utilized in the microwave region, but ma- 
terials have been developed f 12] which provide a reflection coefficient of —40 dB at 
normal incidence at frequencies as low as 100 MHz. In general, as the operating 
frequency is lowered, the thickness of RF absorbing material must be increased to 
maintain a given level of reflectivity performance. An RF absorber that meets the 
minimum electrical requirements at the lower frequencies usually possesses improved 
performance at higher frequencies. 

Presently there are two basic types of anechoic chamber designs: the rectangular 
and the tapered chamber. The design of each is based on geometrical optics tech- 
niques, and each attempts to reduce or to minimize specular reflections. The geomet- 
rical configuration of each, with specular reflection points depicted, is shown in 
Figures 16.4(a) and 16.4(b). 

The rectangular chamber [13] is usually designed to simulate free-space condi- 
tions and maximize the volume of the quiet zone. The design takes into account the 
pattern and location of the source, the frequency of operation, and it assumes that the 
receiving antenna at the test point is isotropic. Reflected energy is minimized by the 
use of high-quality RF absorbers. Despite the use of RF absorbing material, significant 
specular reflections can occur, especially at large angles of incidence. 

Tapered anechoic chambers [141 take the form of a pyramidal horn. They begin 
with a tapered chamber which leads to a rectangular configuration at the test region 
as shown in Figure 16.4(b). At the lower end of the frequency band at which the 
chamber is designed, the source is usually placed near the apex so that the reflections 
from the side walls, which contribute to the region of the test antenna, occur near the 
source antenna. For such paths, the phase difference between the direct radiation and 
that reflected from the walls near the source can be made very small by properly 
locating the source antenna near the apex. Thus the direct and reflected rays near the 
test antenna region add vectorially and provide a relatively smooth amplitude illu- 
mination taper. This can be illustrated by ray tracing techniques. 

As the frequency of operation increases, it becomes increasingly difficult to place 
the source sufficiently close to the apex that the phase difference between the direct 
and specularly reflected rays can be maintained below an acceptable level. For such 
applications, reflections from the walls of the chamber are suppressed by using high- 
gain source antennas whose radiation toward the walls is minimal. In addition. 
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(u) Rectangular chamber (b) Tapered chamber 

Figure 16.4 Rectangular and tapered anechoic chambers and the corresponding side-wall 
specular reflections, (source: W. H. Kuminer and E. S. Gillespie. “Antenna Measure- 
ments— 1978,“ Proc. IEEE. Vol. 66. No. 4, pp. 483-507. April 1978. © (1978) IEEE) 


the source is moved away from the apex, and it is placed closer to the end of the 
tapering section so as to simulate a rectangular chamber. 

16.2.3 Compact Ranges 

Microwave antenna measurements require that the radiator under lest be illuminated 
by a uniform plane wave. This is usually achieved only in the far-held region, which 
in many cases dictates very large distances. The requirement of an ideal plane wave 
illumination can be nearly achieved by utilizing a compact range. 

A Compact Antenna 7est flange (CATR) is a collimating device which generates 
nearly planar wavefronts in a very short distance (typically 10-20 meters) compared 
to the 2D 2 /\ (minimum) distance required to produce the same size test region using 
the standard system configuration of testing shown in Figure 16.1. Some attempts 
have been made to use dielectric lenses as collimators 1 15|. but generally the name 
compact antenna test range refers to one or more curved metal reflectors which 
perform the collimating function. Compact antenna test ranges are essentially very 
large reflector antennas designed to optimize the planar characteristics of the fields in 
the near-field of the aperture. Compact range configurations are often designated 
according to their analogous reflector antenna configurations: parabolic, Cassegrain, 
Gregorian, and so forth. 

One compact range configuration is that shown in Figure 16.5 where a source 
antenna is used as an offset feed that illuminates a paraboloidal reflector, which 



16.2 Antenna Ranges 845 



Figure 16.5 A Compact Antenna Test Range (CATR) synthesizes planar phasefronts by 
collimating spherical waves with a section of paraboloidal reflector. 


converts the impinging spherical waves to plane waves |2]. Geometrical Optics (GO) 
is used in Figure 16.5 to illustrate general CATR operation. The rays from a feed 
antenna can. over the main beam, be viewed as emanating from a point at its phase 
center. When the phase center of the feed is located at the prime focus of a parabolic 
reflector, all rays that are reflected by the reflector and arrive at a plane transverse to 
the axis of the parabola have traveled an equal distance. See Chapter 15, Section 15.4 
for details. Therefore, the held at the aperture of the reflector has a uniform phase; 
i.e., that of a plane wave. In addition to Geometrical Optics, analysis and design of 
CATRs have been performed with a number of other analytical methods. Compact 
range lest zone fields have been predicted by the Method of Moments (MoM). but at 
high frequencies, the large electrical size of the CATR system makes the use of MoM, 
Finite- Difference Time-Domain (FDTD), and Finite Element Method (FEM) imprac- 
tical. High-frequency techniques, however, are well suited for compact range analysis 
because the fields of interest are near the specular reflection direction, and the reflector 
is electrically large. The Geometrical Theory of Diffraction (GTD) is, in principle, an 
appropriate technique, but it is difficult to implement for serrated-edge reflectors due 
to the large number of diffracting edges. To date, Physical Optics (PO) is probably 
the most practical and efficient method of predicting the performance of CATRs [16], 
[17]. 

The major drawbacks of compact ranges are aperture blockage, direct radiation 
from the source to the test antenna, diffractions from the edges of the reflector and 
feed support, depolarization coupling between the two antennas, and wall reflections. 
The use of an offset feed eliminates aperture blockage and reduces diffractions. Direct 
radiation and diffractions can be reduced further if a reflector with a long focal length 
is chosen. With such a reflector, the feed can then be mounted below the test antenna 
and the depolarization effects associated with curved surfaces are reduced. Undesirable 
radiation toward the test antenna can also be minimized by the use of high-quality 
absorbing material. These and other concerns will be discussed briefly. 

A. CATR Performance 

A perfect plane wave would be produced by a CATR if the reflector has an ideal 
parabolic curvature, is infinite in size and is fed by a point source located at its focus. 
Of course CATR reflectors are of finite size, and their surfaces have imperfections; 
thus the test zone fields they produce can only approximate plane waves. Although 
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there are different configurations of CATR, their test zone fields have some common 
characteristics. The usable portion of the test zone consists of nearly planar wavefronts 
and is referred to as the “quiet zone.” Outside the quiet zone, the amplitude of the 
fields decreases rapidly as a function of distance transverse to the range axis. The size 
of the quiet zone is typically about 50%-60% of the dimensions of the main reflector. 
Although the electromagnetic field in the quiet zone is often a very good approxi- 
mation, it is not a “perfect” plane wave. The imperfections of the fields in the quiet 
zone from an ideal plane wave are usually represented by phase errors, and ripple and 
taper amplitude components. These discrepancies from an ideal plane wave, that occur 
over a specified test zone dimension, are the primary ligures-of-meril of CATRs. For 
most applications phase deviations of less than 1 0°, peak-to-peak amplitude ripples 
of less than I dB. and amplitude tapers of less than 1 dB are considered adequate. 
More stringent quiet zone specifications may be required to measure, within acceptable 
error levels, low-side lobe antennas and low-observable scatterers. The sources of 
quiet zone taper and ripple are well known, but their minimization is a source of 
much debate. 

Amplitude taper across the quiet zone can be attributed to two sources: the feed 
pattern and space-attenuation. That portion of the radiation pattern of the feed antenna 
which illuminates the CATR reflector is directly mirrored into the quiet zone. For 
example, if the 3-dB beamwidth of the feed is equal to about 60% of the angle formed 
by lines from the reflector edges to the focal point, then the feed will contribute 3 dB 
of quiet zone amplitude taper. In general, as the directivity of the feed antenna 
increases, quiet zone amplitude taper increases. Usually, low-gain feed antennas are 
designed to add less than a few tenths of a dB of amplitude taper. The 1/r 2 space- 
attenuation occurs with the spherical spreading of the uncollimated radiation from the 
feed. Although the total path from the feed to the quiet zone is a constant, the distance 
from the feed to the reflector varies. These differences in the propagation distances 
from the feed to various points across the reflector surface cause amplitude taper in 
the quiet zone due to space-attenuation. This taper is asymmetric in the plane of the 
feed offset. 

Amplitude and phase ripple are primarily caused by diffractions from the edges 
of the reflector. The diffracted fields are spread in all directions which, along with the 
specular reflected signal, form constructive and destructive interference patterns in 
the quiet zone, as shown in Figure 16.6(a). Considerable research has been done on 
reflector edge terminations in an effort to minimize quiet zone ripple. Reflector edge 
treatments are the physical analogues of windowing functions used in Fourier trans- 
forms. Edge treatments reduce the discontinuity of the reflector/free-space boundary, 
caused by the finite size of the reflector, by providing a gradually tapered transition. 
Common reflector edge treatments include serrations and rolled edges, as shown in 
Figure 16.7(a,b). The serrated edge of a reflector tapers the amplitude of the reflected 
fields near the edge. An alternate interpretation of the effects of serrations is based 
on edge diffraction. Serrations produce many low-amplitude diffractions as opposed 
to, for example, the large-amplitude diffractions that would be generated by the four 
straight edges and comers of a rectangular knife-edged reflector. These small diffrac- 
tions are quasi-randomized in location and direction; hence, they are likely to have 
cancellations in the quiet zone. Although most serrated-edge CATRs have triangular 
serrations, curving the edges of each serration can result in improved performance at 
high frequencies [18]. A number of blended, rolled edge treatments have been sug- 
gested as alternatives to serrations, and have been implemented to gradually redirect 
energy away from the quiet zone, as shown in Figure 16.6(b) [ 19]— [21]. In 
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Figure 16.6 Amplitude and phase ripple in the quiet zone fields produced by a compact 
antenna test range caused by the phasor sum of the reflected and diffracted rays from the 
reflector [soiirct:: W. D. Burnside, M. C. Gilrealh, B. M. Kent and G. L. Clerici. “Curved 
Edge Modification of Compact Range Reflectors." IEEE Trans . Antennas Propugat., Vol. 
AP-35, No. 2, pp. 176-182, February 1987. © (1987) IEEE) 


these designs, the concave parabolic surface of the reflector is blended into a convex 
surface which wraps around the edges of the reflector and terminates behind it. The 
predicted quiet zone fields produced by a knife-edged reflector compared to those 
produced by a rolled-edged reflector are shown, respectively, in Figures I6.8(a,b) and 
demonstrate the effectiveness of this edge treatment. Another method of reducing 
quiet zone ripple is to taper the illumination amplitude near the reflector edges. This 
can be accomplished with a high-gain feed or the feed can consist of an array of small 
elements designed so that a null in the feed pattern occurs at the reflector edges [22 j- 
[25]. Finally, the surface currents on the reflector can be terminated gradually at the 
edges by tapering the conductivity and/or the impedance of the reflector via the 
application of lossy material. 
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Figure 16.7 Two common CATR reflector edge treatments that are used to reduce (he 
diffracted lieltK in (lie quid zone. 


The frequency or operation of a CATR is determined by the size of the reflector 
and its surface accuracy. The law-frequency limit is usually encountered when the 
reflector is about 25 to 30 wavelengths in diameter [26). Quiet zone ripple becomes 
large at i he low-frequency limit. At high frequencies, reflector surface imperfections 
contribute to the quiet zone ripple. A rule of thumb used in the design of CATRs is 
that die surface must deviate less than about 0.007 A from that of a true paraboloid 
127]. Since the effects of reflector surface imperfections are additive, dual reflector 
systems must maintain twice the surface precision of' a single reflector system to 
operate at the same frequency. Many CATR systems operate typically from I GHz 
to ICO GHz, 

B. CATR t)esif>m 

Four reflector con figurations that have been commercially developed will be briefly 
discussed: the single paraboloid, the dual parabolic cylinder, the dual shaped- 
rejlector, and the .tingle parabolic cylinder systems. The first three configurations arc 
relatively common fully collimating compact ranges; the fourth is a hybrid approach 
which combines aspects of compact range technology with near-field/far-fieid (NF / 
FF) techniques. 

The single paraboloidal reflector CATR design was illustrated in Figure. 16.5. As 
with all compact range designs, the feed antenna is offset by some angle from the 
propagation direction of the collimated energy. This is done to eliminate blockage 
and to reduce scattering of the collimated fields by the feed. To achieve this offset, 
the reflector is a sector of a paraboloid that does not include the vertex. This design 
is referred to as it ‘ ‘virtual vertex" compact range. With only one reflector, tin* 
paraboloidal CATR has a minimum number of surfaces and edges that can be sources 
of quiet-zone ripple. Feed spillover into the quiet zone is also low with this design 
since the feed antenna is pointed almost directly away from the test zone. On the 
other hand, i! is more difficult and costly to produce a high-precision surface that is 
curved in two planes (three-dimensional) compared to producing a reflector that i> 
curved in only one plane (two-dimensional). In addition, it has been reported [flat the 
single paraboloidal reflector design depolarizes the incident fields to a greater degree 
than other CATR designs. This is dire to the relatively low f/d ratio needed tn simul- 
taneously maintain the feed, antenna, between the test zone anti the reflector while 
keeping the lest zone as elWse as. possible to die reflector aperture 1 28], 

The dual parabolic-cylinder reflector concept is illustrated in Figure 16.9. and ii 
consists of two parabolic cylinders arranged so that one is curved in one plane (vertical 
or horizontal) while the other is curved in die orthogonal plane. The spherical phuse- 
f roots radiated by the feed antenna are collimated first in die horizontal or vertical 
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(b) Rollcd-cdgc 

Figure 16.8 Predicted quiet zone field amplitude versus transverse distance for knife-edge 
and rolled-edge reflectors, (source: W. D. Burnside. M. C. Gilrealh, B. M. Kent, and G. L. 
Clerici. "Curved Edge Modification of Compact Range Reflectors.” IEEE Trans. Antennas 
Pwpagat.. Vol. AP-35. No. 2 . pp. 176 - 182 . February 1987 . © ( 1987 ) IEEE) 


plane by the first reflector, then are collimated in Lite orthogonal plane by the second 
reflector |29|. Because the boresight of the feed antenna is directed at almost 90° to 
the plane wave propagation direction, direct illumination of the test zone by the feed 
can be relatively high. In practice, quiet zone contamination from feed spillover is 
virtually eliminated through the use of range gating. Relatively low cross polarization 
is produced with this design because the doubly folded optics results in a long focal 
length main reflector. 

The dual shaped-reflector CATR. shown schematically in Figure 16.10, is similar 
in design to a Cassegrain antenna, but the reflector surfaces are altered from the 
classical parabolic/hyperbolic shapes. An iterative design process is used to determine 
the shapes of die subreflector and main reflector needed to yield the desired quiet 
zone performance. The shape of the subreflector maps the high-gain feed pattern into 
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Figure 16.9 Dual parabolic-cylinder compact range collimates the fields in one plane with 
first reflector and then collimates the fields in the orthogonal plane with second reflector. 


a nearly optimum illumination of the main reflector. An almost uniform energy density 
illuminates the central part of the main reflector while the amplitude tapers toward 
the reflector edges. This design results in a very high illumination efficiency (the 
power of the collimated quiet zone fields relative to the system input power) [30]. 
Two of the consequences of this high illumination efficiency are ( 1 ) the reduction of 
spillover into the chamber reduces range clutter, and (2) the increased RF power 
delivered to the target increases system sensitivity. 

The single parabolic cylinder reflector system is essentially half of the dual 
parabolic-cylinder CATR. The reflector has a parabolic curvature in the vertical plane 
and is flat in the horizontal plane. This semicompact antenna test range collimates the 
fields only in the vertical plane, producing a quiet zone which consists of cylindrical 
waves, as shown in Figure 16.11 [31]— [33]. Such a compact range configuration is 
utilized in the ElectroMagnetic Anechoic Chamber (EMAC) at Arizona State Uni- 
versity [32], [33]. 

This Single-Plane Collimating Range (SPCR) approach results in a number of 
advantages and compromises compared to conventional CATR systems and near- 
field/far-field (NF/FF) systems. For antennas that are small compared to the curvature 
of the cylindrical phasefront, far-field radiation patterns can be measured directly, 
Because of the folded optics, the radius of the cylindrical phasefront produced by the 
SPCR is larger than the radius of the spherical phasefront obtainable by separating 
the source antenna from the test antenna in a direct illumination configuration within 
the same anechoic chamber. Thus, with the SPCR it is possible to measure, directly, 
the far-field patterns of larger antennas compared to those directly measurable on an 
indoor far-field range. When the size of the antenna is significant relative to the 
curvature of the cylindrical phasefront, a NF/FF transformation is used to obtain the 
far-field pattern. However, because the fields are collimated in the vertical plane, only 
a one-dimensional transformation is required. This greatly simplifies the transforma- 



Figure 16.10 Dual shaped-reflector compact range analogous to a Cassegrain system. 
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Figure 16.11 ASU Single-Plane Collimating Range I SPCR ) produces a cylindrical wave in 
the quid zone fartisl rendering by Michael H age 1 berg). 

lion algorithm. Mosl importantly, there is a one-to-one correlation between a single 
azimuthal pattern cut measured in die near-held, and die predicted far- field pattern. 
The data acquisition time is identical to that of conventional CATRs, and the NF/FF 
calculation time is nearly negligible. Another advantage of the SPCR is the size of 
the quiet zone, !n the vertical plane, the quiet zone dimension compared to die SPCR 
reflector is similar to that of conventional CATRs (about 50% to 60%). However, in 
the horizontal plane, the quiet zone is nearly 100% of the horizontal dimension of the 
reflector. For a given size anechoic chamber and reflector. targets having much larger 
horizontal dimensions (yaw patterns of aircraft, for example) can be measured using 
the SPCR Llian is possible using a conventional CATR. The SPCR system is relatively 
inexpensive; the manufacturer estimates that its cost is about 60% of conventional 
CATR systems. 

In addition to the added complexity of NF/FF transformation considerations, this 
cylindrical wave approach has other disadvantages compared to conventional CATR 
designs. Because die quiet zone fields are expanding cylindrically as they propagate 
along the axis of the range, a large portion of the anechoic chamber is directly 
illuminated. This should be carefully considered in the design of die side walls of the 
anechoic chamber to control range clutter. Also, some measurement sensitivity is 
sacrificed for the same reason. 

Compact antenna test ranges enable Llie measurement of full-sized antennas in 
very short distances, usually within the controlled environment of an anechoic cham- 
ber. A compact antenna lest range can be used Lo accomplish any type of antenna 
testing (including radiation patterns, gain, efficiency, etc.) that can be performed on 
an outdoor facility. 
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16.2.4 Near-Field/Far- Field Methods 

The dimensions of a conventional test range can be reduced by making measurements 
in the near-field, and then using analytical methods to transform the measured near- 
field data to compute the far-field radiation characteristics [2]-[4], [34]. These are 
referred to as near-field to far-field (NF/FF) methods. Such techniques are usually 
used to measure patterns, and they are often performed indoors. Therefore, they 
provide a controlled environment and an all-weather capability, the measuring system 
is lime and cost effective, and the computed patterns are as accurate as those measured 
in a far-field range. However, such methods require more complex and expensive 
systems, more extensive calibration procedures, more sophisticated computer soft- 
ware, and the patterns are not obtained in real time. 

The near-field measured data (usually amplitude and phase distributions) are 
measured by a scanning field probe over a preselected surface which may be a plane, 
a cylinder, or a sphere. The measured data are then transformed to the far-field using 
analytical Fourier transform methods. The complexity of the analytical transformation 
increases from the planar to the cylindrical, and from the cylindrical to the spherical 
surfaces. The choice is primarily determined by the antenna to be measured. 

In general, the planar system is belter suited for high-gain antennas, especially 
planar phased arrays, and it requires the least amount of computations and no move- 
ment of the antenna. Although the cylindrical system requires more computations 
than the planar, for many antennas its measuring, positioning, and probe equipment 
are the least expensive. The spherical system requires the most expensive computation, 
and antenna and probe positioning equipment, which can become quite significant for 
large antenna systems. This system is best suited for measurements of low-gain and 
omnidirectional antennas. 

Generally, implementation of NF/FF transformation techniques begins with meas- 
uring the magnitude and phase of the tangential electric field components radiated by 
the test antenna at regular intervals over a well-defined surface in the near-field. By 
the principle of modal expansion, the sampled E-field data is used to determine the 
amplitude and phase of an angular spectrum of plane, cylindrical, or spherical waves. 
Expressing the total field of the test antenna in terms of a modal expansion, allows 
the calculation of the field at any distance from the antenna. Solving for the fields at 
an infinite distance results in the far-field pattern. 

A consideration of the general case of scanning with ideal probes over an arbitrary 
surface [34] reveals that the choice of scanning surfaces is limited. Morse and Fesh- 
bach [35] show that derivation of the far-zone vector field from the near-field depends 
on vector wave functions that are orthogonal to that surface. Planar, circular cylin- 
drical, spherical, elliptic cylindrical, parabolic cylindrical, and conical are the six 
coordinate systems that support orthogonal vector wave solutions. The first three 
coordinate systems are conducive to convenient data acquisition, but the last three 
require scanning on an elliptic cylinder, a parabolic cylinder, or a sphere in conical 
coordinates [34]. Thus, the three NF/FF techniques that have been developed and are 
widely used are based on planar, cylindrical, and spherical near-field scanning 
surfaces. 

Acquisition of planar near-field data is usually conducted over a rectangular x-y 
grid, as shown in Figure 16.12(a), with a maximum near-field sample spacing of 
Ax = Ay = A/2 [36]. It is also possible to acquire the near-field measurements on a 
plane-polar grid 137] or a bipolar grid [38]. The test antenna is held stationary while 
the probe (typically an open-ended waveguide or small horn) is moved to each grid 
location on the plane. As the probe location varies, its orientation relative to the test 


16.2 Antenna Ranges 853 



(a; Planar scanning 

Figure 16.12 Three near-field scanning surfaces that permit convenient data acquisition 
(planar, cylindrical, and spherical). 


antenna changes, as illustrated in Figure 16.13. This directive property of the probe, 
as well as its polarization, must be taken into account using the technique of probe 
compensation [3], [4], Probe compensation methods use the well-known Lorentz 
reciprocity theorem to couple the far-zone fields of the lest antenna to those of the 
measuring probe. 

The principal advantage of the planar near-held to far-field transformation, over 
the cylindrical and spherical techniques, is its mathematical simplicity. Furthermore, 
the planar transformation is suitable for applying the computationally efficient Fast 
Fourier Transform (FFT) algorithm [39). Assuming that the number of near-field data 
points is 2" (or artificially padded to that number with points of zero value) where n 
is a positive integer, the full planar far-field transformation can be computed in a time 
proportional to ( ka) 2 log 2 (ka ) where a is the radius of the smallest circle llial inscribes 
the test antenna [34]. Planar NF/FF techniques are well suited for measuring antennas 
which have low backlobes. These include directional antennas such as horns, reflector 
antennas, planar arrays, and so forth. The primary disadvantage of probing the near- 
field on a planar surface to calculate the far-lield is that the resulting far-field pattern 
is over a limited angular span. If the planar scanning surface is of infinite extent, one 
complete hemisphere of the far-field can be computed. 

A complete set of near-field measurements over a cylindrical surface includes the 
information needed to compute complete azimuthal patterns for all elevation angles. 





Figure 16.13 Probe compensation of near-field measurements due to nonisotropic radiation 
pailem of the probe. 
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excluding the conical regions at the top and bottom of the cylinder axis. Since the 
numerical integrations can be performed with the FFT, the cylindrical transformation 
exhibits numerical efficiencies and proportional computation times similar to those of 
the planar transformation. The angular modal expansion, however, is expressed in 
terms of Hankel functions, which can be more difficult to calculate, especially for 
large orders. 

The cylindrical scanning grid is shown in Figure 16. 12(b). The maximum angular 
and vertical sample spacing is 

(16-1) 
and 

(16-2) 

where A is the wavelength and u is the radius of the smallest cylinder that encloses 
the test antenna. 

A typical cylindrical scanning system is illustrated in Figure 16.14(a). The azi- 
muthal location of the antenna is held constant while the fields are probed at discrete 
locations in the vertical direction at some fixed distance from the antenna. At the 
completion of each vertical scan, the test antenna is rotated to the next angular position. 
The orientation of the probe with respect to the test antenna changes as the vertical 
location of the probe changes, thus a probe correction is generally required as in the 
planar case. In addition to directional antennas, the radiation patterns of antennas with 
narrow patterns along the vertical axis (horizontal fan beam antennas and vertical 
dipoles for example) can be predicted efficiently with the cylindrical NF/FF technique. 

The information obtained by scanning the near-field radiation over a spherical 
surface enclosing a test antenna makes possible the most complete prediction of the 
far-field radiation pattern. The spherical scanning grid is illustrated in Figure 16.12(c). 
When sampled at the rate of 

(16-3) 
and 


(16-4) 

all of the spatial radiation characteristics of the test antenna are included in the 
transformation. Any far-field pattern cut can be computed from a complete near-field 
measurement with the spherical scanning scheme. Typically, a spherical scan is ac- 
complished by fixing the location and orientation of the probe and varying the angular 
orientation of the test antenna with a dual-axis positioner, as shown in Figure 16.14(b). 
Since the probe is always pointed directly toward the test antenna, probe correction 
can be neglected for sufficiently large scan radii |34J. However, in general, probe 
correction is necessary. 

The primary drawback of the spherical scanning technique lies in the mathemat- 
ical transformation. A significant portion of the transformation cannot be accom- 
plished via FFTs. Numerical integrations, matrix operations, and simultaneous solu- 
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(a) Cylindrical (b) Spherical 

Figure 16.14 Schematic representation of typical cylindrical and spherical surface near- 
field positioning systems. 


tion of equations are required. This increases the computational time and difficulty of 
the transformation considerably over those of the planar and cylindrical transfor- 
mations. 

A. Modal Expansion Method for Planar Systems 

The mathematical formulations of the planar NF/FF system are based on the plane 
wave (modal) expansion using Fourier transform (spectral) techniques. Simply slated, 
any monochromatic, but otherwise arbitrary, wave can be represented as a super- 
position of plane waves traveling in different directions, with different amplitudes, 
but all of the same frequency. The objective of the plane wave expansion is to 
determine the unknown amplitudes and directions of propagation of the plane waves. 
The results comprise what is referred to as a modal expansion of the arbitrary wave. 
Similarly, cylindrical wave and spherical wave expansions are used to determine far- 
field patterns from fields measured in the near-field over cylindrical and spherical 
surfaces, respectively. 

The relationships between the near-zone f-field measurements and the far-zone 
fields for planar systems follow from the transform (spectral) techniques of Chapter 
12. Section 12.9, represented by ( 12-73)— ( 12-75), or 

EU, y, z) = J_. x M*. k y )e~ lk r dk x dk y (16-5) 

where 

f(k x , k y ) = a tf.fky.ky) + & y f y (k x ,k y ) + a./.(£ v . k v ) (!6-5a) 

k = a x k x -I- k Y ky + a.k. (16-5b) 

r — a,.r + a v v + a-i (16-5c) 

where f (£,., k y ) represents the plane wave spectrum of the field. The x and y compo- 
nents of the electric field measured over a plane surface (c = 0) from (16-5) are 

£ u ,U. v, : = 0) = -^p J ^ J f (k ( , k y )e~ ,{k ' x+k ' y) dk x dk y (16-6a) 
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E y Ax,y.z = *Jk, 


(I6-6b) 


The x and v components of the plane wave spectrum , f x (k x , k x ) and f y (k xt k y ), are 
determined in terms of the near-zone electric field from the Fourier transforms of 
(16-6a) and ( 16-6b) as given by ( 12-85a). ( 1 2-85b), or 

(16-7a) 
(16-7b) 

The far-field pattern of the antenna, in terms of the plane wave spectrum function f, 
is then that of (12-1 07 ) 

(16-8) 

or (12-1 11) 

(16-9a) 
(16-9b) 

The procedure then to determine the far-zone field from near-field measurements 
is as follows: 





1. Measure the electric field components E x „(x', y\ z' = 0) and E yu (x\ y\ z' — 0) 
in the near-field. 

2. Find the plane wave spectrum functions/* and/ v using (16-7a) and (I6-7b). 

3. Determine the far-zone electric field using ( 16-8) or (16-9a) and (16-9b). 

Similar procedures are used for cylindrical and spherical measuring systems 
except that the constant surfaces are. respectively, cylinders and spheres. However, 
their corresponding analytical expressions have different forms. 

It is apparent once again, from another application problem, that if the tangential 
field components are known along a plane, the plane wave spectrum can be found, 
which in turn permits the evaluation of the field at any point. The computations 
become more convenient if the evaluation is restricted to the far-field region. 


B. Measurements and Computations 

The experimental procedure requires that a plane surface, a distance z„ from the test 
antenna, be selected where measurements are made as shown in Figure 16.12(a). The 
distance z« should be at least two or three wavelengths away from the test antenna to 
be out of its reactive near-field region. The plane over which measurements are made 
is usually divided into a rectangular grid of M X N points spaced Ax and Ay apart 
and defined by the coordinates (wiAjc, nAv. 0) where —Ml 2 < wj < Ml 2 — 1 and 
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— AV2 ^ n ^ Nt 2 — 1 . The values of M and N are determined by the linear dimensions 
of the sampling plane divided by the sampling space. To compute the far-held pattern, 
it requires that both polarization components of the near-held are measured. This can 
be accomplished by a simple rotation of a linear probe about the longitudinal axis or 
by the use of a dual-polarized probe. The probe used to make the measurements must 
not be circularly polarized, and it must not have nulls in the angular region of space 
over which the test antenna pattern is determined because the probe correction coef- 
ficients become inhnite. 

The measurements are carried out until the signal at the edges of the plane is of 
very low intensity, usually about 45 dB below the largest signal level within the 
measuring plane. Defining a and b the width and height, respectively, of the measuring 
plane, M and N are determined using 

(16-1 Oa ) 


(16-1 Ob ) 

The sampling points on the measuring grid are chosen to be less than A/2 in order 
to satisfy the Nyquist sampling criterion. If the plane z = 0 is located in the far-lield 
of the source, the sample spacings can increase to their maximum value of A/2. Usually 
the rectangular lattice points are separated by the grid spacings of 

(16-1 la) 


(16-1 lb) 

where k xl , and k Y „ are real numbers and represent the largest magnitudes of k, and 
k y , respectively, such that f (k x . k y ) — 0 for \k x \ > k x „ or \k y | > k yo . 

At the grid sample points, the tangential electric field components, E x and E y , are 
recorded. The subscripts .v and y represent, respectively, the two polarizations of the 
probe. The procedure for probe compensation is neglected here. A previously per- 
formed characterization of the probe is used to compensate for its directional effects 
in what is essentially an application of its "transfer function.” The electric field 
components over the entire plane can be reconstructed from the samples taken at the 
grid points, and each is given by 

N/l — I M/2-1 

t' A „(.v. v. = 0) — 5) X £r(wA.v. rtAy. 0) 

n — — A i/2 nt - - M/2 

„ sin(*,„A- - m 7r) sintC.v - tin) il£ v 

x — — - (16- 1 2a) 
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N/l - I M/2 I 
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sin (k xo x — mir) sin (k w v — mr) 
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Using (1 6- 1 2a) and (16-1 2b), f x and f y of (16-7a) and (16-7b) can be evaluated, 
using a FFT algorithm, at the set of wavenumbers explicitly defined by the discrete 
Fourier transform and given by 
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The wavenumber spectrum points are equal to the number of points in the near- 
field distribution, and the maximum wavenumber coordinate of the wavenumber 
spectrum is inversely proportional to the near-field sampling spacing. While the 
maximum sampling spacing is A/2, there is no minimum spacing restrictions. How- 
ever, there are no advantages to increasing the near-field sample points by decreasing 
the sample spacing. The decreased sample spacing will increase the limits of the 
wavenumber spectrum points, which are in the large evanescent mode region, and do 
not contribute to increased resolution of the far-field pattern. 

Increased resolution in the far-field power pattern can be obtained by adding 
artificial data sampling points (with zero value) at the outer extremities of the near- 
field distribution. This artificially increases the number of sample points without 
decreasing the sample spacing. Since the sample spacing remains fixed, the wave- 
number limits also stay fixed. The additional wavenumber spectrum points are all 
within the original wavenumber limits and lead to increased resolution in the computed 
far-field patterns. 

To validate the techniques, numerous comparisons between computed far-field 
patterns, from near-field measurements, and measured far-fieJd patterns have been 
made. In Figure 16.15. the computed and measured sum and difference far-field 
azimuth plane patterns for a four-foot diameter parabolic reflector with a nominal gain 
of 30 dB are displayed [4]. Two measured far-field patterns were obtained on two 
different high-quality far-field ranges, one at the Georgia Institute of Technology and 
the other at Scicntific-Atlanta. The third trace represents the computed far-field pattern 
from near-field measurements made at Georgia Tech. There are some minor discrep- 
ancies between the two measured far-field patterns which were probably caused by 
extraneous range reflections. The best agreement is between the computed far-field 
patient and the one measured at Scientific Atlanta. Many other comparisons have 
been made with similar success. The limited results shown here, and the many others 
published in the literature [4], [40J— 1421 clearly demonstrate the capability of the near- 
field technique. 

The near-field technique provides the antenna designers information not previ- 
ously available to them. For example, if a given far-field pattern does not meet required 
specifications, it is possible to use near-field data to pinpoint the cause 143], Near- 
field measurements can be applied also to antenna analysis and diagnostic tasks [44], 
and it is most attractive when efficient near-field data collection and transformation 
methods are employed. 

16.3 RADIATION PATTERNS 

The radiation patterns (amplitude and phase), polarization, and gain of an antenna, 
which are used to characterize its radiation capabilities, are measured on the surface 
of a constant radius sphere. Any position on the sphere is identified using the standard 
spherical coordinate system of Figure 16.16. Since the radial distance is maintained 
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(a) Sum mode 



(b> Difference mode 

Figure 16.15 Measured and computed sum and difference mode principal plane far-lield 
patterns for a four-foot parabolic reflector (source: K. D. Joy, W. M. Leach, Jr.. G. P. 
Rodrique, and D. T. Paris. “Applications of Probe Compensated Near-Field Measurements.” 
IEEE Trans. Antennas Propagat .. Vol. AP-26. No. 3. pp. 379-389. May 1978. © ( 1978) 
IEEE) 


fixed, only the two angular coordinates (0, <£) are needed for positional identification. 
A representation of the radiation characteristics of the radiator as a function of 0 and 
<f> for a constant radial distance and frequency, is defined as the pattern of the antenna. 

In general, the pattern of an antenna is three-dimensional. Because it is impractical 
to measure a three-dimensional pattern, a number of two-dimensional patterns, as 
defined in Section 2.2, are measured. They tire used to construct a three-dimensional 
pattern. The number of two-dimensional patterns needed to construct faithfully a 
three-dimensional graph is determined by the functional requirements of the descrip- 
tion, and the available time and funds. The minimum number of two-dimensional 
patterns is two, and they are usually chosen to represent the orthogonal principal E - 
and W-plane patterns, as defined in Section 2.2. 
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it = ir 



0 = 90 ° 

1 = 270° 


fj = t>!f 
-i = W' 


Figure 16,16 Spherical coordinate system geometry. I SOURCE-: IEEE Standard Test Proce- 
dures for Antennas, IEEE Sul 149-197*?, published by IEEE. Inc.. 1979. distributed by 
Wiley) 


A two-dimensional pattern is also referred to as a pattern cut. and tl is obtained 
by fixing one of the angles ( 6 or </->) while varying the other. For example, by referring 
to Figure 16 . 16 , pattern cuts can be obtained by fixing tf)j (0 ^ ( ft, — 2 it) and varying 
t) (0£H 1 80°), These are referred to as elevation patterns, and they tire also 
displayed in Figure 2.15. Similarly tl can be maintained fixed CO ^ t); *£ 7ri while <ji 
is varied (0 < </> ^ 277). These are designated as azimuthal patterns. Pari (0 < $ ■? 
7t/ 2) of the dj = 7t/ 2 azimuthal pattern is displayed in Figure 2.15. 

The patterns of an antenna can be measured in the transmitting or receiving mode. 
The mode is dictated by the application. However, if the radiator is reciprocal. as is 
the case for most practical antennas, (hen either the transmitting or receiving mode 
can be utilized. For such cases, the receiving mode is selected. The analytical for- 
mulations upon which an amplitude pattern is based, along with the advantages and 
disadvantages for making measurements in the transmitting or receiving mode, are 
found in Seclion 3,8.1. The analytical basis of a phase pattern is discussed in Section 
13.10. Unless otherwise specified, it will he assumed here that the measurements are 
performed in the receiving mode. 


16,3.1 Instrumentation 

The instrumentation required to accomplish a measuring tusk depends largely on ihe 
functional requirements of the design. An antenna range instrumentation must he 
designed io operate over a wide range of frequencies, and it usually can be classified 
into live categories [7]: 
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1. source antenna and transmitting system 

2. receiving system 

3. positioning system 

4. recording system 

5. data-processing system 

A block diagram of a system that possesses these capabilities is shown in Figure 
16.17. 

The source antennas are usually log-periodic antennas for frequencies below 1 
GHz. families of parabolas with broadband feeds for frequencies above 400 MHz, 
and even large horn antennas. The system must be capable of controlling the polari- 
zation. Continuous rotation of the polarization can be accomplished by mounting a 
linearly polarized source antenna on a polarization positioner. Antennas with circular 
polarization can also be designed, such as crossed log-periodic arrays, which are often 
used in measurements. 

The transmitting RF source must be selected so that it has [7] frequency control, 
frequency stability, spectral purity, power level, and modulation. The receiving system 
could be as simple as a bolometer detector, followed possibly by an amplifier, and a 
recorder. More elaborate and expensive receiving systems that provide greater sen- 
sitivity, precision, and dynamic range can be designed. One such system is a hetero- 
dyne receiving system 17 j, which uses double conversion and phase locking, and it 
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Pattern 

recorder 



Figure 16.17 Instrumentation for typical antenna-range measuring system, (source: IEEE 
Standard Test Procedures for Antennas, IEEE Std 149-1979, published by IEEE, Inc.. 1979, 
distributed by Wiley) 
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Figure 16.18 A/Jmulh-over-elevation and elevation -over-azimuth rotational mounts. 
(SOURCE: IEEE Standard Test Procedures for Antewuts, IEEE St J 149-1979, published by 
IEEE, Inc., 1979. distributed by Wiley) 


can be used for amplitude measurements. A dual-channel heterodyne system design 
is also available |7), and il can be used for phase measurements. 

To achieve the desired plane cuts, the mounting structures of the system must 
have the capability to rotate in various planes. This can he accomplished by utilizing 
rotational mounts (pedestals), two of which are shown in Figure 16.18. Tower-model 
eievation-over-a/.imuih pedestals are also available [7|. 

There are primarily two types of recorders; one that provides a linear (rectangular) 
plot and the other a polar plot. The polar plots are most popular because they provide 
a better visualization of the radiation distribution in space. Usually ihe recording 
equipment is designed to graph the relative pattern. Absolute patterns are obtained by 
making, in addition, gain measurements which will be discussed in the next section. 
The recording instrumentation is usually calibrated to record relative field or power 
patterns. Power pattern calibrations are in decibels with dynamic ranges of 0-60 dB. 
For most applications, a 40-dB dynamic range is usually adequate and it provides 
sufficient resolution to examine the pattern structure of the main lobe and the minor 
lobes. 

In an indoor antenna range, the recording equipment is usually placed in a room 
that adjoins the anechoic chamber. To provide an interference free environment, die 
chamber is closed during measurements. To monitor the procedures, windows or 
closed-circuit TVs are utilized. In addition, the recording equipment is connected. 
lh rough synchronous servo-amplilier systems, to the rotational mounts (pedestals) 
using the traditional system shown in Figure 16.19(a). The system can record rectan- 
gular or polar plots. Position references are recorded simultaneously with measure- 
ments. and they are used for angular positional identification. As the rotational mourn 
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Figure 16.19 Block diagrams of typical instrumentations for measuring rectangular and 
polar antenna and KCS patterns. 
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moves, the pattern is graphed simultaneously hy the recorder on a moving chart. One 
of the uses of the chart is used to record the amplitude of the pattern while the other 
identifies the relative position of the radiator. A modern configuration to measure 
antenna and RCS patterns, using a network analyzer and being computer automated, 
is shown in Figure 16.19(b), 


16. 3 . 2 Amplitude Pattern 

The total amplitude pattern of an antenna is described hy Lite vector sum of the two 
orthogonally polarized radiated field components. The pattern on a conventional an- 
tenna range can be measured using the system of Figure 16.17 or Figure 16.19 with 
an appropriate detector. The receiver may he a simple bolometer (followed possibly 
by an amplifier), a double conversion phase-locking heterodyne system |7. Fig. ]4|, 
or any other design. 

In many applications, the movement of the antenna to the antenna range can 
significantly alter the operational environment. Therefore, in some cases, antenna 
pattern measurements must be made in situ to preserve the environmental performance 
characteristics. A typical system arrangement that can he used to accomplish this is 
shown in Figure 16.20. The source is mounted on an airborne vehicle, which is 
maneuvered through space around the lest antenna and in its far- field, to produce :i 
plane wave and to provide the desired pattern cuts, The tracking device provides to 
the recording equipment the angular position data of the source relative to a reference 
direction. The measurements can he conducted either by a point-by-point or hy a 
continuous method. Usually the continuous technique is preferred. 

16.3.3 Plia se Measurements 

Phase measurements are based on the analytical formulations of Section 13.10. The 
phase pattern of the field, in the direction of the unit vector ti. is given hy the ijiUt <£) 
phase function of ( 13-63). For linear polarization u is real, and it may represent a„ or 
a l(l in the direction of ft or d>. 



Pn.vnil'ih' 



Figure 16.20 System arrangement for in situ antenna pattern measurements, (source: 
IEEE Standard Test Procedures fur Ant tunas, 1EEH Sid 149-1979, published by IEEE, ine., 
1979, distributed by Wiley) 
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Figure 16.21 Near- field and far- field phase pattern measuring systems, (source IEEE 

Standard Test Procedures for Antennas, IFEEStd 149*1979. published hy IEEE. Inc., 
1979, distributed by Wiley) 


The phase of an antenna is periodic, and it is defined in multiples of 360°, In 
addition, the phase is a relative quantity, and a reference must be provided during 
measurements for comparison. 

Twu basic system techniques tliaL ean be used to measure phase patterns at short 
and long distances from llie antenna are shown respectively, in Figures 16.21(a) and 
16.21(h). For the design of Figure 16.21(a), a reference signal is coupled from the 
transmission line, and it is used to compare, in an appropriate network., ihe phase of 
l he received signal. For large distances, this method does not permit a direct compar- 
ison between the reference and the received signal. In these cases, the arrangement 
of Figure 16.21(b) can be used in which (he signal from the source antenna is received 
simultaneously by a fixed antenna and the antenna under test. The phase pattern is 
recorded as the antenna under test is rotated while the fixed antenna serves as a 
reference. The phase measuring circuit may be the dual-channel heterodyne system 
(7. Fig. 

16.4 CAIN MEASUREMENTS 

The most important ligure-of-merit that describes the performance of a radiator is the 
gain. There are various techniques and antenna ranges that are used to measure the 
gain. The choice of either depends largely on the frequency of operation. 

Usually free- space ranges are used to measure the gain above I GH/,. In addition, 
microwave techniques, which utilize waveguide components, can be used. At lower 
frequencies, it is more difficult to simulate free -space conditions because of the longer 
wavelengths. Therefore between O.J-I GHz. ground -reflect ion ranges are utilized. 
Scale models can also be used in this frequency range. However, since the conductivity 
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Figure 16.22 Typical two- and three-antenna measuring systems for single and 
swept frequency measurements. (Source: J. S. Hollis. T. J. Lyon, and L. Clayton, 
Jr., Mictvwave Anwnnu Measurements. Scientlfic-Atlanta. Inc.. Atlanta, Georgia, 
July 1970) 


and loss factors of the structures cannot he scaled conveniently, the efficiency of the 
full scale model must be found by other methods to determine the gain of the antenna. 
Tliis is accomplished by multiplying the directivity by the efficiency to result in the 
gain. Below 0.1 GHz. directive antennas are physically large and the ground effects 
become increasingly pronounced, Usually the gain at these frequencies is measured 
in sittt . Antenna gains are not usually measured at frequencies below 1 MHz. Instead, 
measurement's are conducted, on the field strength of the ground wave radiated by the 
antenna. 

Usually there are two basic methods that can be used to measure the gain of an 
electromagnetic radiator: absolute- gain and gain-transfer {ox gain-comparison) meas- 
urements. The absolute-gain method is used to calibrate antennas that can then be 
used as standards for gain measurements, and it requires no a priori knowledge of 
the gains of the antennas. Gain-transfer methods must be used in conjunction with 
standard gain antennas to determine the absolute gain of the antenna under test. 
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The two antennas that are most widely used and universally accepted as gain 
standards are the resonant A/2 dipole (with a gain of about 2.1 dB) and the pyramidal 
horn antenna (with a gain ranging from 12-25 dB). Both antennas possess linear 
polarizations. The dipole, in free-space, exhibits a high degree of polarization purity. 
However, because of its broad pattern, its polarization may be suspect in other than 
reflection-free environments. Pyramidal horns usually possess, in free-space, slightly 
elliptical polarization (axial ratio of about 40 to infinite dB). However, because of 
their very directive patterns, they are less affected by the surrounding environment. 


16.4.1 Absolute-Gain Measurements 

There are a number of techniques that can be employed to make absolute-gain meas- 
urements. A very brief review of each will be included here. More details can be 
found in [6|— 1 8 1. All of these methods are based on Friis transmission formula [as 
given by (2-1 18)] which assumes that the measuring system employs, each time, two 
antennas (as shown in Figure 2.25). The antennas are separated by a distance R, and 
it must satisfy the far-field criterion of each antenna. For polarization matched anten- 
nas, aligned for maximum directional radiation, (2-1 18) reduces to (2-1 19). 


A. Two-Antenna Method 

Equation (2-1 19) can be written in a logarithmic decibel form as 
(C7o/)u« + <C 0 ,.)dB = 20 log,,, — j + 10 login 

where 


(G«/)dlJ — 
(Gor)dl) = 

P, = 

Pi = 
R = 
A = 


gain of the transmitting antenna (dB) 
gain of the receiving antenna (dB) 
received power (W) 
transmitted power (W) 
antenna separation (m) 
operating wavelength (m) 


(16-14) 


If the transmitting and receiving antennas are identical (G 0 , = G 0r ), (16-14) reduces 
to 


(^O/ldB - (^Or)dB — ~ 20 l°el() 


ir 

" 2 |_ 


4tt/?\ ift , //>,. 
— - + 10 log| 0 — 

A I V i 


(16-15) 


By measuring /?, A, and the ratio of P,JP,. the gain of the antenna can be found. 
At a given frequency, this can be accomplished using the system of Figure 16.22(a). 
The system is simple und the procedure straightforward. For continuous multifre- 
quency measurements, such as for broadband antennas, the swept frequency instru- 
mentation of Figure 16.22(b) can be utilized. 


B. Three-Antenna Method 

If the two antennas in the measuring system are not identical, three antennas ( a . b, c ) 
must be employed and three measurements must be made (using all combinations of 
the three) to determine the gain of each of the three. Three equations (one for each 
combination) can be written, and each takes the form of ( 16-14). Thus 
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(a-b Combination) 

(G„)dB + (C<>)ilB 

(a-c Combination) 

+ (O c )aB 

(b-c Combination) 

(Gb)dB + (C,)dB 


201og,„(^) + 10 login 

20l ° e "‘( 1 f) + l0 ' Og "’fe) 

20 'eg'" R + l0l °g'"fe) 


(16-16a) 


(16-I6b) 


( 16 - 16 e) 


From these three equations, the gains <GJ dB . (G/>W and (G,.)^ can be determined 
provided R. A. and the ratios of P„/P u ,, and P n fP,b are measured. 

The two- and three-antenna methods are both subject to errors. Care must be 
utilized so 


1. the system is frequency stable 

2. the antennas meet the far-field criteria 

3. the antennas are aligned for boresight radiation 

4. all the components are impedance and polarization matched 

5. there is a minimum of proximity effects and multipath interference 

Impedance and polarization errors can be accounted for by measuring the appro- 
priate complex reflection coefficients and polarizations and then correcting accord- 
ingly the measured power ratios. The details lor these corrections can be found in [7], 
18]. There are no rigorous methods to account for proximity effects and multipath 
interference. These, however, can be minimized by maintaining the antenna separation 
by at least a distance of 2£) 2 /A, as is required by the far-field criteria, and by utilizing 
RF absorbers to reduce unwanted reflections. The interference pattern that is created 
by the multiple reflections from the antennas themselves, especially at small separa- 
tions, is more difficult to remove. It usually manifests itself as a cyclic variation in 
the measured antenna gain as a function of separation. 


C. Extrapolation Method 

The extrapolation method is an absolute-gain method, which can be used with the 
three-antenna method, and it was developed [ 1 5] to rigorously account for possible 
errors due to proximity, multipath, and nonidentical antennas. If none of the antennas 
used in the measurements are circularly polarized, the method yields the gains and 
polarizations of all three antennas. If only one antenna is circularly polarized, this 
method yields only the gain and polarization of the circularly polarized antenna. The 
method fails if two or more antennas are circularly polarized. 

The method requires both amplitude and phase measurements when the gain and 
the polarization of the antennas is to be determined. For the determination of gains, 
amplitude measurements are sufficient. The details of this method can be found in 
[8], 145]. 


D. Ground-Reflection Range Method 

A method that can be used to measure the gain of moderately broad beam antennas, 
usually for frequencies below 1 GHz, has been reported [46]. The method takes into 
account the specular reflections from the ground (using the system geometry of Figure 
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16.2), and it can be used with some restrictions and modifications with the two- or 
three-antenna methods. As described here, the method is applicable to linear antennas 
that couple only the electric field. Modifications must be made for loop radiators. 
Using this method, it is recommended that the linear vertical radiators be placed in a 
horizontal position when measurements are made. This is desired because the reflec- 
tion coefficient of the earth, as a function of incidence angle, varies very rapidly for 
vertically polarized waves. Smoother variations are exhibited for horizontally polar- 
ized fields. Circularly and elliptically polarized antennas are excluded, because the 
earth exhibits different reflective properties for vertical and horizontal fields. 

To make measurements using this technique, the system geometry of Figure 16.2 
is utilized. Usually it is desirable that the height of the receiving antenna h, be much 
smaller than the range R {) (h r « R 0 ). Also the height of the transmitting antenna is 
adjusted so that the field of the receiving antenna occurs at the first maximum nearest 
to the ground. Doing this, each of the gain equations of the two- or three-antenna 
methods take the form of 

(Ai)dB + (Cb)dB = 20 logioj “ j T 

-20 log,„(vD^; + (16-17) 

D A and D b are the directivities (relative to their respective maximum values) along 
R l >, and they can be determined from amplitude patterns measured prior to the gain 
measurements. R n , /?*, A. and P,./P , are also measured. The only quantity that needs 
to be determined is the factor r which is a function of the radiation patterns of the 
antennas, the frequency of operation, and the electrical and geometrical properties of 
the antenna range. 

The factor r can be found by first repeating the above measurements but with the 
transmitting antenna height adjusted so that the field at the receiving antenna is 
minimum. The quantities measured with this geometry are designated by the same 
letters as before but with a prime (') to distinguish them from those of the previous 
measurement. 

By measuring or determining the parameters 

1. Rk, Rd . P r > At. and D R at a height of the transmitting antenna such that the 
receiving antenna is at the first maximum of the pattern 

2. R'k, R' t) , P' n Dj i, and D', { at a height of the transmitting antenna such that the 
receiving antenna is at a field minimum 


it can be shown [46J that r can be determined from 


r 


RM \ 


ViPJK ) (W Rn - V^DhRo 
y/(PflP'r) Rr + R'k 


(16-18) 


Now all parameters included in ( 1 6- 1 7) can either be measured or computed from 
measurements. The free-space range system of Figure 16.22(a) can be used to perform 
these measurements. 


16.4.2 Gain-Transfer (Gain-Comparison) Measurements 

The method most commonly used to measure the gain of an antenna is the gain- 
transfer method. This technique utilizes a gain standard (with a known gain) to 
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determine absolute gains. Initially relative gain measurements are performed, which 
when compared with the known gain of the standard antenna, yield absolute values. 
The method can be used with frce-space and reflection ranges, and for in situ meas- 
urements. 

The procedure requires two sets of measurements. In one set, using the test 
antenna as the receiving antenna, the received power ( P T ) into a matched load is 
recorded. In the other set, the test antenna is replaced by the standard gain antenna 
and the received power (P$) into a matched load is recorded. In both sets, the geo- 
metrical arrangement is maintained intact (other than replacing the receiving anten- 
nas), and the input power is maintained the same. 

Writing two equations of the form of ( 16-14) or (16-17), for free-space or reflec- 
tion ranges, it can be shown that they reduce to [7] 

CCyXiB = (C.v)dB + 10 log„,(^) (16-19) 

where (C 7 ) dB and (G S ) M are the gains (in dB) of the test and standard gain antennas. 

System disturbance during replacement of the receiving antennas can be mini- 
mized by mounting the two receiving antennas back-to-back on either side of the axis 
of an azimuth positioner and connecting both of them to the load through a common 
switch. One antenna can replace the other by a simple, but very precise, 180° rotation 
of the positioner. Connection to the load can be interchanged by proper movement of 
the switch. 

If the test antenna is not too dissimilar from the standard gain antenna, this method 
is less affected by proximity effects and multipath interference. Impedance and po- 
larization mismatches can be corrected by making proper complex reflection coeffi- 
cient and polarization measurements [8]. 

If the test antenna is circularly or elliptically polarized, gain measurements using 
the gain-transfer method can be accomplished by at least two different methods. One 
way would be to design a standard gain antenna that possesses circular or elliptical 
polarization. This approach would be attractive in mass productions of power-gain 
measurements of circularly or elliptically polarized antennas. 

The other approach would be to measure the gain with two orthogonal linearly 
polarized standard gain antennas. Since circularly and elliptically polarized waves can 
be decomposed to linear (vertical and horizontal) components, the total power of the 
wave can be separated into two orthogonal linearly polarized components. Thus the 
total gain of the circularly or elliptically polarized test antenna can be written as 

((7 7 )jb = 10 I°8io(GVv + Gth ) (16-20) 

G rv and G T h are, respectively, the partial power gains with respect to vertical-linear 
and horizontal-linear polarizations. 

Grv is obtained, using (16-19), by performing a gain-transfer measurement with 
the standard gain antenna possessing vertical polarization. The measurements are 
repeated with the standard gain antenna oriented for horizontal polarization. This 
allows the determination of G T h • Usually a single linearly polarized standard gain 
antenna (a linear A/2 resonant dipole or a pyramidal horn) can be used, by rotating it 
by 90°, to provide both vertical and horizontal polarizations. This approach is very 
convenient, especially if the antenna possesses good polarization purity in the two 
orthogonal planes. 

The techniques outlined above yield good results provided the transmitting and 
standard gain antennas exhibit good linear polarization purity. Errors will be intro- 
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duced if either one of them possesses a polarization with a finite axial ratio. In addition, 
these techniques are accurate if the tests can be performed in a I'ree-space, a ground- 
reflection, or an extrapolation range. These requirements place a low-frequency limit 
of 50 MHz. 

Below 50 MHz, the ground has a large effect on the radiation characteristics of 
the antenna, and it must be taken into account. It usually requires that the measure- 
ments are performed on full scale models and in situ. Techniques that can be used to 
measure the gain of large HF antennas have been devised (47]-(49|. 


16.5 DIRECTIVITY MEASUREMENTS 

If the directivity of the antenna cannot be found using solely analytical techniques, it 
can be computed using measurements of its radiation pattern. One of the methods is 
based on the approximate expressions of (2-27) by Kraus or (2-3()b) by Tai and 
Pereira, whereas the other relies on the numerical techniques that were developed in 
Section 2.6. The computations can be performed very efficiently and economically 
with modem computational facilities and numerical techniques. 

The simplest, but least accurate method, requires that the following procedure is 
adopted: 

1. Measure the two principal E- and //-plane patterns of the test antenna. 

2. Determine the half-power beamwidths (in degrees) of the E - and //-plane patterns. 

3. Compute the directivity using either (2-27) or (2-30b). 

The method is usually employed to obtain rough estimates of directivity. It is more 
accurate when the pattern exhibits only one major lobe, and its minor lobes are 
negligible. 

The other method requires that the directivity be computed using (2-35) where 
/\wi is evaluated numerically using (2-43). The F(6 h <l>j) function represents the 
radiation intensity or radiation pattern, as defined by (2-42). and it will be obtained 
by measurements. U mi% in (2-35) represents the maximum radiation intensity of 
F(6. <£) in all space, as obtained by the measurements. 

The radiation pattern is measured by sampling the field over a sphere of 
radius r. The pattern is measured in two-dimensional plane cuts with constant 
(0 ^ <j)j ^ 27r) and 0 variable (0 < 0 < n), as shown in Figure 2.15, or with 0 t fixed 
(0 ^ 6, < t r) and (f> variable (Q < (f> < 2 tt). The first are referred to as elevation or 
great-circle cuts, whereas the second represent azimuthal or conical cuts. Either meas- 
uring method can be used. Equation (2-43) is written in a form that is most convenient 
for elevation or great-circle cuts. However, it can be rewritten to accommodate azi- 
muthal or conical cuts. 

The spacing between measuring points is largely controlled by the directive 
properties of the antenna and the desired accuracy. The method is most accurate for 
broad beam antennas. However, with the computer facilities and the numerical meth- 
ods now available, this method is very attractive even for highly directional antennas. 
To maintain a given accuracy, the number of sampling points must increase as the 
pattern becomes more directional. The pattern data is recorded digitally on tape, and 
it can be entered to a computer at a later time. If on-line computer facilities are 
available, the measurements can be automated to provide essentially real-time com- 
pulations. 

The above discussion assumes that all the radiated power is contained in a single 
polarization, and the measuring probe possesses that polarization. If the antenna is 
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polarized such that the field is represented by both 8 and <f> components, the partial 
directivities D„(0, </>) and D^(6. <t>) of (2-17)— (2- 1 7b) must each be found. This is 
accomplished from pattern measurements with the probe positioned, respectively, to 
sample the 8 and <j> components. The total directivity is then given by (2- 1 7)— (2-17b), 
or 


where 


A» — &<> + D<t> 

(16-21) 

D 4irU(> 

' </*«!>. + (Pn d). 

(16-2 la) 

D - 4,rt/ * 

''' (P null# + rud)<4 

(16-2lb) 


U e , (P i-id .) 0 and represent the radiation intensity and radiated power as 

contained in the two orthogonal 8 and <jf> field components, respectively. 

The same technique can be used to measure the field intensity and to compute 
the directivity of any antenna that possess two orthogonal polarizations. Many anten- 
nas have only one polarization (6 or <f>). This is usually accomplished by design 
and/or proper selection of the coordinate system. In this case, llie desired polarization 
is defined as the primary polarization. Ideally, the other polarization should be zero, 
However, in practice, it is non-varishing, but it is very small. Usually it is referred to 
as the cross-polarization , and for good designs it is usually below —40 dB. 

The directivity of circularly or elliptically polarized antennas can also be meas- 
ured. Precautions must be taken [7| as to which component represents the primary 
polarization and which the cross-polarization contribution. 


16.6 RADIATION EFFICIENCY 

The radiation efficiency is defined as the ratio of the total power radiated by the 
antenna to the total power accepted by the antenna at its input terminals during 
radiation. System factors, such as impedance and/or polarization mismatches, do not 
contribute to the radiation efficiency because it is an inherent property of the antenna. 

The radiation efficiency can also be defined, using the direction of maximum 
radiation as reference, as 


radiation efficiency = — — — (16-22) 

directivity ' 

where directivity and gain, as defined in Sections 2.5 and 2.7, imply that they are 
measured or computed in the direction of maximum radiation. Using techniques that 
were outlined in Sections 16.4 and 16.5 for the measurements of the gain and direc- 
tivity, the radiation efficiency can then be computed using (16-22). 

If the antenna is very small and simple, it can be represented as a series network 
as shown in Figures 2.21(b) or 2.22(b). For antennas that can be represented by such 
a series network, the radiation efficiency can also be defined by (2-90) and it can be 
computed by another method [50]. For these antennas, the real part of the input 
impedance is equal to the total antenna resistance which consists of the radiation 
resistance and the loss resistance. 

The radiation resistance accounts for the radiated power. For many simple anten- 
nas (dipoles, loops, etc.), it can be found by analytically or numerically integrating 
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the pattern, relating it to the radiated power and to the radiation resistance by a relation 
similar to (4-18). The loss resistance accounts for the dissipated power, and it is found 
by measuring the input impedance (input resistance — radiation resistance = loss 
resistance). 

Because the loss resistance of antennas coated with lossy dielectrics or antennas 
over lossy ground cannot be represented in series with the radiation resistance, this 
method cannot be used to determine their radiation efficiency. The details of this 
method can be found in [50]. 


16.7 IMPEDANCE MEASUREMENTS 


Associated with an antenna there are two types of impedances: a self and a mutual 
impedance. When the antenna is radiating into an unbounded medium and there is no 
coupling between it and other antennas or surrounding obstacles, the self-impedance 
is also the driving-point impedance of the antenna. If there is coupling between the 
antenna under test and other sources or obstacles, the driving-point impedance is a 
function of its self-impedance and the mutual impedances between it and the other 
sources or obstacles. In practice, the driving-point impedance is usually referred to as 
the input impedance. The definitions and the analytical formulations that underlie the 
self, mutual, and input impedances are presented in Chapter 8. 

To attain maximum power transfer between a source or a source-transmission 
line and an antenna (or between an antenna and a receiver or transmission line- 
receiver), a conjugate match is usually desired. In some applications, this may not be 
the most ideal match. For example, in some receiving systems, minimum noise is 
attained if the antenna impedance is lower than the load impedance. However, in 
some transmitting systems, maximum power transfer is attained if the antenna impe- 
dance is greater than the load impedance. If conjugate matching does not exist, the 
power lost can be computed |7] using 


^losl 


available 



ZSc. 


2 


+ z. 


cct 


( 16 - 23 ) 


where 


Z U|M = input impedance of the antenna 

Z cct = input impedance of the circuits which are connected to the antenna at 
its input terminals 


When a transmission line is associated with the system, as is usually the case, the 
matching can be performed at either end of the line. In practice, however, the matching 
is performed near the antenna terminals, because it usually minimizes line losses and 
voltage peaks in the line and maximizes the useful bandwidth of the system. 

In a mismatched system, the degree of mismatch determines the amount of 
incident or available power which is reflected at the input antenna terminals into the 
line. The degree of mismatch is a function of the antenna input impedance and the 
characteristic impedance of the line. These are related to the input reflection coefficient 
and the input VSWR at the antenna input terminals by the standard transmission line 
relationships of 



|z,„, - z£ 
I z« + z.-r- 


VSWR - I 


( 16 - 24 ) 


VSWR + 1 
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where 

F = |F|e /Y = voltage reflection coefficient at the antenna input terminals 
VSWR = voltage standing wave ratio at the antenna input terminals 
Z ( . = characteristic impedance of the transmission line 

Equation ( 1 6-24) shows a direct relationship between the antenna input impedance 
(Za,,,) and the VSWR. In fact, if Z mK is known, the VSWR can be computed using 
(16-24). In practice, however, that is not the case. What is usually measured is the 
VSWR, and it alone does not provide sufficient information to uniquely determine 
the complex input impedance. To overcome this, the usual procedure is to measure 
the VSWR, and to compute the magnitude of the reflection coefficient using (16-24). 
The phase of the reflection coefficient can be determined by locating a voltage max- 
imum or a voltage minimum (from the antenna input terminals) in the transmission 
line. Since in practice the minima can be measured more accurately than the maxima, 
they are usually preferred. In addition, the first minimum is usually chosen unless the 
distance from it to the input terminals is too small to measure accurately. The phase 
y of the reflection coefficient is then computed using (511 

4tt 

y = 20.*, , ± (2 n — 1 )tt = — „v„ ± (2n - I )ir, n - I, 2, 3, . . . (16-25) 
where 


n = the voltage minimum from the input terminals (i.e., n = I is used to locate 
the first voltage minimum) 

jr„= distance from the input terminals to the mh voltage minimum 

\ !t = wavelength measured inside the input transmission line (it is twice the 
distance between two voltage minima or two voltage maxima) 


Once the reflection coefficient is completely described by its magnitude and phase, 
it can be used to determine the antenna impedance by 



( 16 - 26 ) 


Other methods, utilizing impedance bridges, slotted lines, and broadband swept- 
frequency network analyzers, can be utilized to determine the antenna impedance 
[51 ]— [531- 

The input impedance is generally a function of frequency, geometry, method of 
excitation, and proximity to its surrounding objects. Because of its strong dependence 
on the environment, it should usually be measured in situ unless the antenna possesses 
very narrow beam characteristics. 

Mutual impedances, which take into account interaction effects, are usually best 
described and measured by the cross-coupling coefficients S„,„ of the device’s (anten- 
na's) scattering matrix. The coefficients of the scattering matrix can then be related 
to the coefficients of the impedance matrix f54]. 


16.8 CURRENT MEASUREMENTS 

The current distribution along an antenna is another very important antenna parameter. 
A complete description of its amplitude and phase permit the calculation of the 
radiation pattern. 
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There are a number of techniques that can be used to measure the current distri- 
bution [55 J— [58]. One of the simplest methods requires that a small sampling probe, 
usually a small loop, be placed near the radiator. On the sampling probe, a current is 
induced which is proportional to the current of the test antenna. 

The indicating meter can be connected to the loop in many different ways [55]. 
If the wavelength is very long, the meter can be consolidated into one unit with the 
measuring loop. At smaller wavelengths, the meter can be connected to a crystal 
rectifier. In order not to disturb the field distribution near the radiator, the rectifier is 
attached to the meter using long leads. To reduce the interaction between the meas- 
uring instrumentation and the test antenna and to minimize induced currents on the 
leads, the wires are wound on a dielectric support rod to form a helical choke. Usually 
the diameter of each turn, and spacing between them, is about A/50. The dielectric 
rod can also be used as a support for the loop. To prevent a dc short circuit on the 
crystal rectifier, a bypass capacitor is placed along the circumference of the loop. 

There are many other methods, some of them more elaborate and accurate, and 
the interested reader can refer to the literature [55]— [58 ]. 

16.9 POLARIZATION MEASUREMENTS 

The polarization of a wave was defined in Section 2.12 as the curve traced hy the 
instantaneous electric field, at a given frequency, in a plane perpendicular to the 
direction of wave travel. The far-field polarization of an antenna is usually measured 
at distances where the field radiated by the antenna forms, in a small region, a plane 
wave that propagates in the outward radial direction. 

In a similar manner, the polarization of the antenna is defined as the curve traced 
by the instantaneous electric field radiated hy the antenna in a plane perpendicular 
to the radial direction, as shown in Figure 16.23(a). The locus is usually an ellipse. 
In a spherical coordinate system, which is usually adopted in antennas, the polarization 
ellipse is formed by the orthogonal electric field components of E 0 and E^. The sense 
of rotation, also referred to as the sense of polarization, is defined by the sense of 
rotation of the wave as it is observed along the direction of propagation [see Figure 
16.23(b)]. 

The general polarization of an antenna is characterized by the axial ratio (AR). 
the sense of rotation (CW or CCW, RH or LH), and the tilt angle r. The lilt angle is 
used to identify the spatial orientution of the ellipse, and it is usually measured 
clockwise from the reference direction. This is demonstrated in Figure 16.23(a) where 
r is measured clockwise with respect to for a wave traveling in the outward radial 
direction. 

Care must be exercised in the characterization of the polarization of a receiving 
antenna. If the tilt angle of an incident wave that is polarization matched to the 
receiving antenna is r,„. it is related to the till angle t, of a wave transmitted by the 
same antenna by 


t, = 180° - t„, (16-27) 

if a single coordinate system and one direction of view are used to characterize the 
polarization. If the receiving antenna has a polarization that is different from that of 
the incident wave, the polarization loss factor (PLF) of Section 2. 12.2 can be used to 
account for the polarization mismatch losses. 

The polarization of a wave and/or an antenna can best be displayed and visualized 
on the surface of a Poincar6 sphere [59]. Each polarization occupies a unique point 
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Figure 16.23 Polarization ellipse and sense of rotation for antenna coordinate system. 
(source: IEEE Standard Test Procedures for Antennas. I FEE Std 149-1979. published by 
IEEE, Inc., 1979. distributed by Wiley) 



on ihe sphere, as shown in Figure 16.24. If one of die two points on the Poincare 
sphere is used to define the polarization of the incident wave and the other the 
polarization of the receiving antenna, the angular separation can be used to determine 
the polarization losses. The procedure requires that the complex polarization ratios of 
each are determined, and they are used to compute the polarization efficiency in a 
number of different ways. The details of this procedure arc well documented, and 
they can be found in |7], f&J. 

Practically it is very difficult to design radiators that maintain the same polari- 
zation slate in all parts of their pattern, A complete description requires a number of 
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Figure 16.24 Polarization representation on Pnineard sphere. 
(.SOURCE: W. H. Kumnier and E. S. Gillespie. “Antenna Measure* 
merits — 1978,“ Prof. IEEE. Vol. 6ft, No. 4. pp. 483-507. April I97H. 
© (1978) lEEli.1 


measurements in all parts of the pattern. The number of measurements is determined 
by the required degree of polarization description, 

There are a number of techniques that can be used to measure the polarization 
state of a radiator |7|, [8], and they can be classified into three main categories: 

1 . Those that yield partial polarization information. They do not yield a unique point 
on the Poincare sphere. 

2. Those that yield complete polarization information but require a polarization 
standard for comparison. They are referred to as comparison methods. 

3. Those that yield complete polarization information and require no a priori polar- 
ization knowledge or no polarization standard. They are designated as absolute 
methods. 

The method selected depends on such Factors as the type of antenna, the required 
accuracy, and the time and funds available. A complete description requires not only 
the polarization ellipse (axial ratio and tils angle), but also its sense of rotation (CW 
or CCW, RH or LH). 

In this text, a method will be discussed which can be used to determine the 
polarization ellipse (axial ratio and till angle) of an antenna but not its sense of rotation. 
This technique is referred to as the polarization -pattern method. The sense of polar- 
ization or rotation can be found by performing auxiliary measurements or by using 
other methods 17 j. 

To perform Lhe measurements, the antenna under test can be used either in the 
transmitting or in the receiving mode. Usually Lhe transmitting mode is adopted. The 
method requires that a linearly polarized antenna, usually a dipole, be used to probe 
the polarization in the plane lhat contains the direction of the desired polarization. 
The arrangement is shown in Figure 16.25(a), The dipole is rotated in the plane of 
the polarization, which is taken to be normal to the direction of the incident field, and 
the output voltage of the probe is recorded. 

If the test antenna is linearly polarized, the output voltage response will be 
proportional to sin i // (which is the lar-zone field pattern of an infinitesimal dipole). 
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Figure 16.25 Polarization measuring system and typical patterns. 


The pattern forms a figure-eight, as shown in Figure 16.25(b), where t/r is the rotation 
angle of the probe relative to a reference direction. For an elliptically polarized test 
antenna, the nulls of the figure-eight are filled and a dumbbell polarization curve 
(usually referred to as polarization pattern) is generated, as shown in Figure 16.25(b). 
The dashed curve represents the polarization ellipse. 

The polarization ellipse is tangent to the polarization pattern, and it can be used 
to form the axial ratio and the lilt angle of the test antenna. The polarization pattern 
will be a circle, as shown in Figure 16.25(b), if the test antenna is circularly polarized. 
Ideally, this process must be repeated at every point of the antenna pattern. Usually 
it is performed at a number of points that describe sufficiently well the polarization 
of the antenna at die major and the minor lobes. 

In some cases the polarization needs to be known over an entire plane. The axial 
ratio part of the polarization state can be measured using the arrangement of Figure 
16.25(a) where the lest probe antenna is used usually as a source while the polarization 
pattern of the test antenna is being recorded while the test antenna is rotated over the 
desired plane. This arrangement does not yield the tilt angle or sense of rotation of 
the polarization state. In order to obtain the desired polarization pattern, the rate of 
rotation of the linear probe antenna (usually a dipole) is much greater than the rotation 
rate of the positioner over which the test antenna is mounted and rotated to allow, 
ideally, the probe antenna to measure the polarization response of the test antenna at 
that direction before moving to anodier angle. When this is performed over an entire 
plane, a typical pattern recorded in decibels is shown in Figure 16.26 [60]. and it is 
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Figure 16.26 Pattern of a circularly polarized test antenna taken with a 
rotating, linearly polarized, source antenna IE. S. Gillespie. “Measure- 
ment of Antenna Radiation Characteristics on Far-Field Ranges,” in An- 
tenna Handbook (Y. T. Lo & S. W. Lee. eds.), 1988, © Van Nostrand 
Rcinhold Co.. Inc. | 


referred as the axial ratio pattern. It is apparent that the axial ratio pattern can be 
inscribed by inner and outer envelopes. At any given angle, the ratio of the outer and 
inner envelope responses represent the axial ratio. If the pattern is recorded in decibels, 
the axial ratio is the difference between the outer and inner envelopes (in dB); zero 
dB difference represents circular polarization (axial ratio of unity). Therefore the 
polarization pattern of Figure 16.26 indicates that the test antenna it represents 
is nearly circularly polarized (within 1 dB: axial ratio less than 1.122) at and near 
0-0° and deviates from that almost monotonically at greater angles (typically by 
about 7 dB maximum: irutximum axial ratio of about 2.24). 

The sense of rotation can be determined by performing auxiliary measurements. 
One method requires that the responses of two circularly polarized antennas, one 
responsive to CW and the other to CCW rotation, be compared [55]. The sense of 
rotation corresponds to the sense of polarization of the antenna with the more intense 
response. 

Another method would be to use a dual-polarized probe antenna, such as a dual- 
polarized horn, and to record simultaneously the amplitude polarization pattern and 
the relative phase between the two orthogonal polarizations. This is referred to as the 
phase-amplitude method, and it can be accomplished using the instrumentation of 
Figure 16.27. Double-conversion phase-locked receivers can be used to perform the 
amplitude and phase comparison measurements. 

Another absolute polarization method, which can be used to completely describe 
the polarization of a test antenna, is referred to as the three-antenna mediod |7], [8). 
As its name implies, it requires three antennas, two of which must not be circularly 
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Figure 16.27 System configuration for measurements of polarization amplitude and phase. 
(source: W. H. Kummer and E. S. Gillespie. “Antenna Measurements — 1978." Proc. 
IEEE. Vol. 66. No. 4. pp. 483-507. April 1978. © ( 1978) IEEE) 


polarized. There are a number of transfer methods [7], 18), but they require calibration 
standards for complete description of the polarization state. 


16.10 SCALE MODEL MEASUREMENTS 

In many applications (such as with antennas on ships, aircraft, large spacecraft, etc.), 
the antenna and its supporting structure are so immense in weight and/or size that 
they cannot be moved or accommodated by the facilities of a measuring antenna 
range. In addition, a movement of the structure to an antenna range can eliminate or 
introduce environmental effects. To satisfy these system requirements, in situ meas- 
urements are usually executed. 

A technique that can be used to perform antenna measurements associated with 
large structures is geometrical scale modeling. Geometrical modeling is employed to 

1. physically accommodate, within small ranges or enclosures, measurements that 
can be related to large structures 

2. provide experimental control over the measurements 

3. minimize costs associated with large structures and corresponding experimental 
parametric studies 

Geometrical scale modeling by a factor of n (n smaller or greater than unity) 
requires the scaling indicated in Table 16.1. The primed parameters represent the 
scaled model while the unprimed represent the full scale model. For a geometrical 
scale model, all the linear dimensions of the antenna and its associated structure are 
divided by n whereas the operating frequency and the conductivity of the antenna 
material and its structure are multiplied by n. In practice, the scaling factor n is usually 
chosen greater than unity. 

Ideal scale modeling for antenna measurements requires exact replicas, both 
physically and electrically, of the full scale structures. In practice, however, this is 
closely approximated. The most difficult scaling is that of the conductivity. If the full 
scale model possesses excellent conductors, even better conductors will be required 
in the scaled models. At microwave and millimeter wave frequencies this can be 
accomplished by utilizing clean polished surfaces, free of films and other residues. 

Geometrical scaling is often used for pattern measurements. However, it can also 
be employed to measure gain, directivity, radiation efficiency, input and mutual im- 
pedances, and so forth. For gain measurements, the inability to properly scale the 
conductivity can be overcome by measuring the directivity and the antenna efficiency 
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Table 16.1 GEOMETRICAL SCALE MODEL 

Scaled Parameters Unchanged Parameters 


Length: 

/'= l/n 

Permittivity: 

e'= e 

Time: 

t‘ = 1/n 

Permeability: 

P = P 

Wavelength: 

A' - A in 

Velocity: 

t/= t; 

Capacitance 

C'= C/n 

Impedance: 

Z' = Z 

Inductance: 

L'= L/n 

Antenna gain: 

G„'= G, 

Echo area: 

rs 

II 



Frequency: 

/'= «/ 



Conductivity: 

cr' = na 




and multiplying the two to determine the gain. Scalings that permit additional param- 
eter changes are available [61]. The changes must satisfy the theorem of similitude. 
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3.03301 

15.8 

1.63370 
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3.33910 

10.8 

1.59654 

- 0.08781 

3.04457 

15.9 

1 .63280 

- 0.00812 

3.35165 

10.9 

1.58743 

- 0.08915 

3.05513 

16.0 

1.63130 

- 0.01420 

3.36400 

11.0 

1.57831 

- 0.08956 

3.06467 

16.1 

1.62921 

- 0.02007 

3.37610 

II . 1 

1.56927 

- 0.08907 

3.07323 

16.2 

1.62657 

- 0.02566 

3.38789 

11.2 

1.56042 

- 0.08769 

3.08082 

16.3 

1.62339 

- 0.03093 

3.39931 

11.3 

1.55 182 

- 0.08546 

3.08748 

16.4 

1.61973 

- 0.03583 

3.41033 

11.4 

1.54356 

- 0.08240 

3.09323 

16.5 

1.61563 

- 0.04031 

3.42088 

11.5 

1.53571 

- 0.07857 

3.09813 

16.6 

1.61112 

- 0.04433 

3.43095 

11.6 

1.52835 

- 0.07401 

3.10224 

16.7 

1.60627 

- 0.04786 

3.44049 

11.7 

1.52155 

- 0.06879 

3.10560 

16.8 

1.601 11 

- 0.05087 

3.44947 

11.8 

1.51535 

- 0.06297 

3.10828 

16.9 

1.59572 

- 0.05334 

3.45787 

11.9 

1.50981 

- 0.05661 

3.1 1036 

17.0 

1.59014 

- 0.05524 

3.46567 

12.0 

1.50497 

- 0.04978 

3.11190 

17.1 

1.58443 

- 0.05657 

3.47287 

12.1 

1.50088 

- 0.04257 

3.11299 

17.2 

1.57865 

- 0.05732 

3.47945 

12.2 

1.49755 

- 0.03504 

3.11369 

17.3 

1 .57285 

- 0.05749 

3.48541 

12.3 

1.49501 

- 0.02729 

3.11410 

17.4 

1.56711 

- 0.05708 

3.49076 

12.4 

1.49327 

- 0.01938 

3.11429 

17.5 

1.56146 

- 0.05610 

3.49552 

12.5 

1.49234 

- 0.01 141 

3.11435 

17.6 

1.55598 

- 0.05458 

3.49969 

12.6 

1.49221 

- 0.00344 

3.11436 

17.7 

1 .55070 

- 0.05252 

3.50330 

12.7 

1.49287 

0.00443 

3.11439 

17.8 

1.54568 

- 0.04997 

3.50638 

12.8 

1.49430 

0.01214 

3.11452 

17.9 

1.54097 

- 0.04694 

3.50895 

12.9 

1.49647 

0.01961 

3.1 1484 

18.0 

1.53661 

- 0.04348 

3.51106 

13.0 

1.49936 

0.02676 

3.11540 

18.1 

1 .53264 

- 0.03962 

3.51274 

13.1 

1.50292 

0.03355 

3.11628 

18.2 

1.52909 

- 0.03540 

3.51404 

13.2 

1.5071 1 

0.03989 

3.11754 

18.3 

1.52600 

- 0.03088 

3.51500 

13.3 

1.51188 

0.04574 

3.1 1924 

18.4 

1.52339 

- 0.02610 

3.51566 

13.4 

1.51716 

0.05104 

3.12143 

18.5 

1.52128 

- 0.02111 

3.51609 

13.5 

1.52291 

0.05576 

3.12415 

18.6 

1.51969 

- 0.01596 

3.51634 

13.6 

1.52905 

0.05984 

3.12744 

18.7 

1.51863 

- 0.01071 

3.51644 

13.7 

1.53552 

0.06327 

3.13134 

18.8 

1 .51810 

- 0.00540 

3.51647 

13.8 

1.54225 

0.06602 

3.13587 

18.9 

1 .51810 

- 0.00010 

3.51648 

J 3.9 
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3 . J 4104 

19.0 
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0.00515 
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14.0 
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3.14688 

19.1 

1.51967 

0.01029 

3.51661 

14.1 

1.56330 

0.07002 

3.15337 

19.2 

1.52122 

0.01528 

3.51685 

14.2 

1.57036 

0.06993 

3.16053 

19.3 

1.52324 

0.02006 

3.51726 

14.3 

1.57733 

0.06914 

3.16834 

19.4 

1.52572 

0.02459 

3.51790 

14.4 

1.58414 

0.06767 

3.17678 

19.5 

1.52863 

0.02883 

3.51880 

14.5 

1.59072 

0.06554 

3.18583 

19.6 

1.53192 

0.03274 

3.52000 

14.6 

1.59702 

0.06278 

3.19546 

19.7 

1 .53557 

0.03629 

3.52155 

14.7 

1.60296 

0.05943 

3.20563 

19.8 

1.53954 

0.03943 

3.52347 

14.8 

1.60851 

0.05554 
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19.9 

1.54378 

0.04215 

3.52579 

14.9 

1.61360 

0.05113 

3.22744 

20.0 

1.54824 

0.04442 

3.52853 

15.0 

1.61819 

0.04628 

3.23899 





15.1 

1 .62226 

0.04102 
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15.2 

1.62575 

0.03543 
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Figure in.l Plots of sine and cosine integrals. 
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IV 


FRESNEL INTEGRALS 


C„( x) 
S 0 (x) 
C(x) 
S( x) 

CM 

Si {x) 
C(x) - jS(x ) 


cos(t) 


sin(r) 


dr 


f v cos 

= Jo ^7 

= J» V^“' 

= / o c ° s (fr)rfT 

= l sin (f T2 ) rfT 

= f COS(T 2 ) flfT 

= J sin(r 2 )f/r 

= f *-' < "' 2,r ’ Jr = f , 

Jo Jo \Z2ttt 


(w/2).r — ./> 


dr 


7T 


7T 


C(A) - JSU) = C t) l-.rl - JS„ -.r 



-jo- 


. — — — u « 

\Z 2 ttt 

- [" 4^4 

Jo \> 2 ttt J 
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(IV-1) 

(IV-2) 

(IV-3) 

(1V-4) 

(IV-5) 

(IV-6) 

(IV-7) 


(IV-8) 
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JC 

C ,( x ) 

Si ( x ) 

C ( x ) 

Six ) 

0.0 

0.62666 

0.62666 

0.0 

0.0 

0.1 

0.52666 

0.62632 

0.10000 

0.00052 

0.2 

0.42669 

0.62399 

0.19992 

0.00419 

0.3 

0.32690 

0.61766 

0.29940 

0.01412 

0.4 

0.22768 

0.60536 

0.39748 

0.03336 

0.5 

0.12977 

0.58518 

0.49234 

0.06473 

0.6 

0.03439 

0.55532 

0.58110 

0.11054 

0.7 

- 0.05672 

0.51427 

0.65965 

0.17214 

0.8 

- 0.14119 

0.46092 

0.72284 

0.24934 

0.9 

- 0.21606 

0.39481 

0.76482 

0.33978 

1.0 

- 0.27787 

0.31639 

0.77989 

0.43826 

1.1 

- 0.32285 

0.22728 

0.76381 

0.53650 

1.2 

- 0.34729 

0.13054 

0.71544 

0.62340 

1.3 

- 0.34803 

0.03081 

0.63855 

0.68633 

1.4 

- 0.32312 

- 0.06573 

0.54310 

0.71353 

1.5 

- 0.27253 

- 0.15158 

0.44526 

0.69751 

1.6 

- 0.19886 

- 0.21861 

0.36546 

0.63889 

1.7 

- 0.10790 

- 0.25905 

0.32383 

0.54920 

1.8 

- 0.00871 

- 0.26682 

0.33363 

0.45094 

1.9 

0.08680 

- 0.23918 

0.39447 

0.37335 

2.0 

0.16520 

- 0.17812 

0.48825 

0.34342 

2.1 

0.21359 

- 0.09141 

0.58156 

0.37427 

2.2 

0.22242 

0.00743 

0.63629 

0.45570 

2.3 

0.18833 

0.10054 

0.62656 

0.55315 

2.4 

0.11650 

0.16879 

0.55496 

0.61969 

2.5 

0.02135 

0.19614 

0.45742 

0.61918 

2.6 

- 0.07518 

0.17454 

0.38894 

0.54999 

2.7 

- 0.14816 

0.10789 

0.39249 

0.45292 

2.8 

- 0.17646 

0.01329 

0.46749 

0.39153 

2.9 

- 0.15021 

- 0.08181 

0.56237 

0.41014 

3.0 

- 0.07621 

- 0.14690 

0.60572 

0.49631 

3.1 

0.02152 

- 0.15883 

0.56160 

0 . 5818 1 

3.2 

0.10791 

- 0.11181 

0.46632 

0.59335 

3.3 

0.14907 

- 0.02260 

0.40570 

0.51929 

3.4 

0.12691 

0.07301 

0.43849 

0.42965 

3.5 

0.04965 

0.13335 

0.53257 

0.41525 

3.6 

- 0.04819 

0.12973 

0.58795 

0.49231 

3.7 

- 0.11929 

0.06258 

0.54195 

0.57498 

3.8 

- 0.12649 

- 0.03483 

0.44810 

0.56562 

3.9 

- 0.06469 

- 0.11030 

0.42233 

0.47521 

4.0 

0.03219 

- 0.12048 

0.49842 

0.42052 

4.1 

0.10690 

- 0.05815 

0.57369 

0.47580 

4.2 

0.11228 

0.03885 

0.54172 

0.56320 

4.3 

0.04374 

0.10751 

0.44944 

0.55400 

4.4 

- 0.05287 

0.10038 

0.43833 

0.46227 

4.5 

- 0.10884 

0.02149 

0.52602 

0.43427 

4.6 

- 0.08188 

- 0.07126 

0.56724 

0.51619 

4.7 

0.00810 

- 0.10594 

0.49143 

0.56715 

4.8 

0.08905 

- 0.05381 

0.43380 

0.49675 

4.9 

0.09277 

0.04224 

0.50016 

0.43507 

5.0 

0.01519 

0.09874 

0.56363 

0.49919 

5.1 

- 0.07411 

0.06405 

0.49979 

0.56239 

5.2 

- 0.09125 

- 0.03004 

0.43889 

0.49688 
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X 

C,( x) 

S i ( Jf ) 

C< *) 

S(x) 

5.3 

- 0.01892 

- 0.09235 

0.50778 

0.44047 

5.4 

0.07063 

- 0.05976 

0.55723 

0.51403 

5.5 

0.08408 

0.03440 

0.47843 

0.55369 

5.6 

0.00641 

0.08900 

0.45171 

0.47004 

5.7 

- 0.07642 

0.04296 

0.53846 

0.45953 

5.8 

- 0.06919 

- 0.05135 

0.52984 

0.54604 

5.9 

0.01998 

- 0.08231 

0.44859 

0.51633 

6.0 

0.08245 

- 0.01181 

0.49953 

0.44696 

6.1 

0.03946 

0.07180 

0.54950 

0.51647 

6.2 

- 0.05363 

0.06018 

0.46761 

0.53982 

6.3 

- 0.07284 

- 0.03144 

0.47600 

0.45555 

6.4 

0.00835 

- 0.07765 

0.54960 

0.49649 

6.5 

0.07574 

- 0.01326 

0.48161 

0.54538 

6.6 

0.03183 

0.06872 

0.46899 

0.46307 

6.7 

- 0.05828 

0.04658 

0.54674 

0.49150 

6.8 

- 0.05734 

- 0.04600 

0.48307 

0.54364 

6.9 

0.03317 

- 0.06440 

0.47322 

0.46244 

7.0 

0.06832 

0.02077 

0.54547 

0.49970 

7.1 

- 0.00944 

0.06977 

0.47332 

0.53602 

7.2 

- 0.06943 

0.00041 

0.48874 

0.45725 

7.3 

- 0.00864 

- 0.06793 

0.53927 

0.51894 

7.4 

0.06582 

- 0.01521 

0.46010 

0.51607 

7.5 

0.02018 

0.06353 

0.51601 

0.46070 

7.6 

- 0.06137 

0.02367 

0.51564 

0.53885 

7.7 

- 0.02580 

- 0.05958 

0.46278 

0.48202 

7.8 

0.05828 

- 0.02668 

0.53947 

0.48964 

7.9 

0.02638 

0.05752 

0.47598 

0.53235 

8.0 

- 0.05730 

0.02494 

0.49980 

0.46021 

8.1 

- 0.02238 

- 0.05752 

0.52275 

0.53204 

8.2 

0.05803 

- 0.01870 

0.46384 

0.48589 

8.3 

0.01387 

0.05861 

0.53775 

0.49323 

8.4 

- 0.05899 

0.00789 

0.47092 

0.52429 

8.5 

- 0.00080 

- 0.05881 

0.51417 

0.46534 

8.6 

0.05767 

0.00729 

0.50249 

0.53693 

8.7 

- 0.01616 

0.05515 

0.48274 

0.46774 

8.8 

- 0.05079 

- 0.02545 

0.52797 

0.52294 

8.9 

0.03461 

- 0.04425 

0.46612 

0.48856 

9.0 

0.03526 

0.04293 

0.53537 

0.49985 

9.1 

- 0.04951 

0.02381 

0.46661 

0.5 1042 

9.2 

- 0.01021 

- 0.05338 

0.52914 

0.48135 

9.3 

0.05354 

0.00485 

0.47628 

0.52467 

9.4 

- 0.02020 

0.04920 

0.51803 

0.47134 

9.5 

- 0.03995 

- 0.03426 

0.48729 

0.53100 

9.6 

0.04513 

- 0.02599 

0.50813 

0.46786 

9.7 

0.00837 

0.05086 

0.49549 

0.53250 

9.8 

- 0.04983 

- 0.01094 

0.50192 

0.46758 

9.9 

0.02916 

- 0.04124 

0.49961 

0.53215 

10.0 

0.02554 

0.04298 

0.49989 

0.46817 

10.1 

- 0.04927 

0.00478 

0.49961 

0.53151 

10.2 

0.01738 

- 0.04583 

0.50186 

0.46885 

10,3 

0.03233 

0.03621 

0.49575 

0.53061 

10.4 

- 0.04681 

0.01094 

0.50751 

0.47033 

10.5 

0.01360 

- 0.04563 

0.48849 

0.52804 
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X 

Ci ( Jr ) 

SiW 

C ( x ) 

Six ) 

10.6 

0.03187 

0.03477 

0.51601 

0.47460 

10.7 

- 0.04595 

0.00848 

0.47936 

0.52143 

10.8 

0.01789 

- 0.04270 

0.52484 

0.48413 

10.9 

0.02494 

0.03850 

0 . 472 1 1 

0.50867 

11.0 

- 0.04541 

— 0.00202 

0.52894 

0 . 4999 ) 

ll.l 

0.02845 

- 0.03492 

0.47284 

0.49079 

11.2 

0.01008 

0.04349 

0.52195 

0.51805 

1 1.3 

- 0.03981 

- 0.01930 

0.48675 

0.47514 

1 1.4 

0.04005 

- 0.01789 

0.50183 

0.52786 

1 1.5 

- 0.01282 

0.04155 

0.51052 

0.47440 

1 1.6 

- 0.02188 

- 0.03714 

0.47890 

0.51755 

11.7 

0.04164 

0.00962 

0.52679 

0.49525 

1 1.8 

- 0.03580 

0.02267 

0.47489 

0.49013 

1 1.9 

0.00977 

- 0.04086 

0.51544 

0.52184 

12.0 

0.02059 

0.03622 

0.49993 

0.47347 

12.1 

- 0.03919 

- 0.01309 

0.48426 

0.52108 

12.2 

0.03792 

- 0.01555 

0.52525 

0.49345 

12.3 

- 0.01914 

0.03586 

0.47673 

0.48867 

12.4 

- 0.00728 

- 0.03966 

0.50951 

0.52384 

12.5 

0.02960 

0.02691 

0.50969 

0.47645 

12.6 

- 0.03946 

- 0.00421 

0.47653 

0.50936 

12.7 

0.03445 

- 0.01906 

0.52253 

0.51097 

12.8 

- 0.01783 

0.03475 

0.49376 

0.47593 

12.9 

- 0.00377 

- 0.03857 

0.48523 

0.51977 

13.0 

0.02325 

0.03064 

0.52449 

0.49994 

13.1 

- 0.03530 

- 0.01452 

0.48598 

0.48015 

13.2 

0.03760 

- 0.00459 

0 . 49 ) 17 

0.52244 

13.3 

- 0.03075 

0.02163 

0.52357 

0.49583 

13.4 

0.01744 

- 0.03299 

0.48482 

0.48173 

13.5 

- 0.00129 

0.03701 

0.49103 

0.52180 

13.6 

- 0 . 0)421 

- 0.03391 

0.52336 

0.49848 

13.7 

0.02639 

0.02521 

0.48908 

0.47949 

13.8 

- 0.03377 

- 0.01313 

0.48534 

0.51781 

13.9 

0.03597 

- 0.00002 

0.52168 

0.50737 

14.0 

- 0.03352 

0.01232 

0.49996 

0.47726 

14.1 

0.02749 

- 0.02240 

0.47844 

0.50668 

14.2 

- 0.01916 

0.02954 

0.51205 

0.51890 

14.3 

0.00979 

- 0.03357 

0.51546 

0.48398 

14.4 

- 0.00043 

0.03472 

0.48131 

0.48819 

14.5 

- 0.00817 

- 0.03350 

0.49164 

0.52030 

14.6 

0.01553 

0.03052 

0.52113 

0.50538 

14.7 

- 0.02145 

- 0.02640 

0.50301 

0.47856 

14.8 

0.02591 

0.02168 

0.47853 

0.49869 

14.9 

- 0.02903 

- 0.01683 

0.49971 

0.52136 

15.0 

0.03103 

0.01217 

0.52122 

0.49926 


Or) 
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Figure fV.l Plots of C(.v) and Six) Fresnel integral 
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APPENDIX 


V 

BESSEL FUNCTIONS 


Bessel's equation can be written as 

, <i 2 )' , dy , , .. 

jr- 7-5 + x— + (r - p-)\ = 0 
dx~ ax 

Using the method of Frobenius, we can write its solutions as 

y(.v) = A\J,,(x) + B\ J - p (x), p ^ 0 or integer 
or 

v(x) = A 2 J„{x ) + B 2 Y m (x), p = n — 0 or integer 

where 


J„( a)= 2 

m — 0 
r 

J- P C.v)= S 

wi— O 


( - l H.v/ 2) a '” + ' 1 
ml (/t 1 4- p)\ 

rn!(m — />)! 


r„u) = 


JjAxHoMjJTn - 7-^Cv) 
sin( /?7 t) 


ml = T(m + 1 ) 


(V-l) 

(V-2) 

(V-3) 

(V-4) 

(V-5) 

(V- 6 ) 

(V-7) 


Jf.lx) is referred to as the Bessel function of the Hrst kind of order p, Y r {x) as the 
Bessel function of the second kind of order p , and F(.v) as the gamma function. 
When p — n = integer, using (V-5) and (V-7) it can be shown that 

J-„(x) = ( — 1 )"./„(*) (V- 8 ) 

and no longer are the two Bessel functions independent of each other. Therefore a 
second solution is required and it is given by (V-3). It can also be shown that 


Y„ (.v) = lint Y t , (x) = lim 

p—n 


J p {x) coni pir) - J-,Ax) 
sin( pn) 


899 


(V-9) 
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When the argument of the Bessel function is negative and p - n, using (V-4) leads 
to 


= (-i y‘j„(x) 


(V-10) 


In many applications Bessel functions of small and large arguments are required. 
Using asymptotic methods, it can be shown that 


7„(.r) = 1 
y = 1 .78 1 


. v -»0 


(V-U) 




y,M) =- - 


(p - l)! 12 


7T 




A" — > () 
p> 0 


(V-12) 


and 



7r pm 

4 ~ T 


x— 


(V-13) 


For wave propagation it is often convenient to introduce Hankei functions defined 


as 


H p "\x) = J f Ax) + jY p (x) (V-14) 

H, } {1 Kx) = J p (x) -JY p {x) (V-15) 

where H p h (x) is the Hankei function of the first kind of order p and H p a \x) is the 
Hankei function of the second kind of order p. For large arguments 


H p 0, (x) = 

'' TTX 


X — > * 


' '‘TTX 


A derivative can be taken using either 


d p 

— [Z p {ax)} = aZ p . i(a.v) - —Z p (otx) 


x 


or 


^-[Z,,{ax)\ = -aZ p+ Aax) + —Z p (ax) 
dx ' x 


(V-16) 

(V-17) 

(V-18) 

(V-19) 


where Z p can be a Bessel function ( J p . Y p ) or a Hankei function \H p l> or H p 2) ], 
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A useful identity relating Bessel functions and their derivatives is given by 

J r (x) Y p '{x) - Y p {x)J p '{x) = — (V-20) 

TTX 

and it is referred to as the Wronskian. The prime (') indicates a derivative. Also 

2 

J p (x)J'- p (x) - J. Jx)J p '(x) = sin(/?ir) (V-21) 

77.V 

Some useful integrals of Bessel functions are 


1 x p+l J p {ax)dx = -x p+i J p+ i(ax) + C 

(V-22) 

I a -1 ~ n J p (ctx) dx — -—x ] ~ p J p -\(ax) + C 
J a 

(V-23) 

J x 3 Jo(x) dx — x* 7 , ( a ) — 2x 2 J 2 (x) + C 

(V-24) 

Jx 6 J ,(x)Jx = x b J 2 (x) - 4x 3 Jy(x) + 8.v 4 y 4 (.v) -f C 

(V-25) 

[j 3 (x)dv= - J 2 (x) - ~J\(x) + C 
J X 

(V-26) 

JxJ,(x)dx = -xMx) + f 7„(.v) dx + C 

(V- 27) 

Jx~ 1 J,(x)dx = —Ji(x) + J Jo(x) dx + C 

(V-28) 

Jj 2 (x)dx = -27, ( a ) + J J 0 (x) dx + C 

(V-29) 

J x"‘ J„(x) dx = . v m y„+ ,(.v) - (m - n - l)fx'"-'J„ 

+ ,(Vk/V (V-30) 

Jx m J„(x)dx = -x'"J n _,(x) + (m + n - 1) Jx m ~' 

J, t - i t- v) dx ( y_3 j ) 

2 f 77/2 

J i(-v) = — sin(A* sin 0)sin 8 d8 

7T JO 

(V-32) 

I 2 f 7 ^ 

- J '( x ) = — cos(.v sin 8) cos 2 8 dO 

A it Jo 

(V-33) 

2 r 77/2 

7 2 (a) = — cos(a sin 8) cos 26 dO 

7T JO 

(V-34) 



e jyc 


(V-35) 
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J„{x) = — 

f cos(/j <f>) e* xe< **d<l> 

(V- 36) 

7 r 

Jo 


r 

cos(a sin d> — n(j})d(f> 

(V-37) 

7T J 

<> 

2 

r irf2 

cos(.v sin <t>) cos(2 nfydfh 

(V-38) 

7 T J 

0 



2 

1 )" — I cos(a cos <fi) cos(2n4>)d<f> 

irJo 

(V-39) 


The integrals 

J 0 (t) Jt and Y u (t) dr (V-40) 

often appear in solutions of problems but cannot be integrated in closed form. Graphs 
and tables for each, obtained using numerical techniques, are included. 
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JC 

M *) 


y m 

Y it *) 

0.0 

1.00000 

0.0 

— 

— oc 

0.1 

0.99750 

0.04994 

- 1.53424 

- 6.45895 

0.2 

0.99003 

0.09950 

- 1.081 10 

- 3.32382 

0.3 

0.97763 

0.14832 

- 0.80727 

- 2.29310 

0.4 

0.96040 

0.19603 

- 0.60602 

- 1.78087 

0.5 

0.93847 

0.24227 

- 0.44452 

- 1.47147 

0.6 

0.91201 

0.28670 

- 0.30851 

- 1.26039 

0.7 

0.88120 

0.32900 

- 0.19066 

- 1.10325 

0.8 

0.84629 

0.36884 

- 0.08680 

- 0.97814 

0.9 

0.80752 

0.40595 

0.00563 

- 0.87313 

1.0 

0.76520 

0.44005 

0.08826 

- 0.78121 

1.1 

0.71962 

0.47090 

0.16216 

- 0.69812 

1.2 

0.67113 

0.49829 

0.22808 

- 0.62114 

1.3 

0.62009 

0.52202 

0.28654 

- 0.54852 

1.4 

0.56686 

0.54195 

0.33789 

- 0.47915 

1.5 

0.51183 

0.55794 

0.38245 

- 0.41231 

1.6 

0.45540 

0.56990 

0.42043 

- 0.34758 

1.7 

0.39799 

0.57777 

0.45203 

- 0.28473 

1.8 

0.33999 

0.58152 

0.47743 

- 0.22366 

1.9 

0.28182 

0.581 16 

0.49682 

- 0.16441 

2.0 

0.22389 

0.57673 

0.51038 

- 0.10703 

2.1 

0.16661 

0.56829 

0.51829 

- 0.05168 

2.2 

0.11036 

0.55596 

0.52078 

0.00149 

2.3 

0.05554 

0.53987 

0.51807 

0.05228 

2.4 

0.00251 

0.52019 

0.51041 

0.10049 

2.5 

- 0.04838 

0.49710 

0.49807 

0.14592 

2.6 

- 0.09681 

0.47082 

0.48133 

0.18836 

2.7 

- 0.14245 

0.44161 

0.46050 

0.22763 

2.8 

- 0.18504 

0.40972 

0.43592 

0.26354 

2.9 

- 0.22432 

0.37544 

0.40791 

0.29594 

3.0 

- 0.26005 

0.33906 

0.37686 

0.32467 

3.1 

- 0.29206 

0.30092 

0.34310 

0.34963 

3.2 

- 0.32019 

0.26134 

0.30705 

0.37071 

3.3 

- 0.34430 

0.22066 

0.26909 

0.38785 

3.4 

- 0.36430 

0.17923 

0.22962 

0.40101 

3.5 

- 0.38013 

0.13738 

0.18902 

0.41019 

3.6 

- 0.39177 

0.09547 

0.14771 

0.41539 

3.7 

- 0.39923 

0.05383 

0.10607 

0.41667 

3.8 

- 0.40256 

0.01282 

0.06450 

0.4141 1 

3.9 

- 0.40183 

- 0.02724 

0.02338 

0.40782 

4.0 

- 0.39715 

- 0.06604 

- 0.01694 

0.39793 

4.1 

- 0.38868 

- 0.10328 

- 0.05609 

0.38459 

4.2 

- 0.37657 

- 0.13865 

- 0.09375 

0.36801 

4.3 

- 0.36102 

- 0.17190 

- 0.12960 

0.34839 

4.4 

- 0.34226 

- 0.20278 

- 0.16334 

0.32597 

4.5 

- 0.32054 

- 0.23106 

- 0.19471 

0.30100 

4.6 

- 0.29614 

- 0.25655 

- 0.22346 

0.27375 

4.7 

- 0.26933 

- 0.27908 

- 0.24939 

0.24450 

4.8 

- 0.24043 

- 0.29850 

- 0.27230 

0.21356 

4.9 

- 0.20974 

- 0.31470 

- 0.29205 

0.18125 

5.0 

- 0.17760 

- 0.32758 

- 0.30852 

0.14786 
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X 

Jo(x) 

J ,( x ) 

Yo ( x ) 

Y ,( x ) 

5.1 

- 0.14434 

- 0.33710 

- 0.32160 

0.11374 

5.2 

- 0.11029 

- 0.34322 

- 0.33125 

0.07919 

5.3 

- 0.07580 

- 0.34596 

- 0.33744 

0.04455 

5.4 

- 0.04121 

- 0.34534 

- 0.34017 

0,01013 

5.5 

- 0.00684 

- 0.34144 

- 0.33948 

- 0.02376 

5.6 

0.02697 

- 0.33433 

- 0.33544 

- 0.05681 

5.7 

0.05992 

- 0.32415 

- 0.32816 

- 0.08872 

5.8 

0.09170 

- 0.31103 

- 0.31775 

- 0.11923 

5.9 

0.12203 

- 0.29514 

- 0.30437 

- 0.14808 

6.0 

0.15065 

- 0.27668 

- 0.28819 

- 0.17501 

6.1 

0.17729 

- 0.25587 

- 0.26943 

- 0.19981 

6.2 

0.20175 

- 0.23292 

- 0.24831 

- 0.22228 

6.3 

0.22381 

- 0.20809 

- 0.22506 

- 0.24225 

6.4 

0.24331 

- 0.18164 

- 0.19995 

- 0.25956 

6.5 

0.26009 

- 0.15384 

- 0.17324 

- 0.27409 

6.6 

0.27404 

- 0.12498 

- 0.14523 

- 0.28575 

6.7 

0.28506 

- 0.09534 

- 0.11619 

- 0.29446 

6.8 

0.29310 

- 0.06522 

- 0.08643 

- 0.30019 

6.9 

0.29810 

- 0.03490 

- 0.05625 

- 0 . 3G292 

7.0 

0.30008 

- 0.00468 

- 0.02595 

- 0.30267 

7.1 

0.29905 

+ 0.02515 

0.00418 

- 0.29948 

7.2 

0.29507 

0.05433 

0.03385 

- 0.29342 

7.3 

0.28822 

0.08257 

0.06277 

- 0.28459 

7.4 

0.27860 

0.10962 

0.09068 

- 0.27311 

7.5 

0.26634 

0.13525 

0.11731 

-0.25913 

7.6 

0.25160 

0.15921 

0.14243 

- 0.24280 

7.7 

0.23456 

0.18131 

0.16580 

- 0.22432 

7.8 

0.21541 

0.20136 

0.18723 

- 0.20388 

7.9 

0.19436 

0.21918 

0.20652 

- 0.18172 

8.0 

0.17165 

0.23464 

0.22352 

- 0.15806 

8.1 

0.14752 

0.24761 

0.23809 

- 0.13315 

8.2 

0.12222 

0.25800 

0.25012 

- 0.10724 

8.3 

0.09601 

0.26574 

0.25951 

- 0.08060 

8.4 

0.06916 

0.27079 

0.26622 

- 0.05348 

8.5 

0.04194 

0.27312 

0.27021 

- 0.02617 

8.6 

0.01462 

0.27276 

0.27146 

0.00108 

8.7 

- 0.01252 

0.26972 

0.27000 

0.02801 

8.8 

- 0.03923 

0.26407 

0.26587 

0.05436 

8.9 

- 0.06525 

0.25590 

0.25916 

0.07987 

9.0 

- 0.09033 

0.24531 

0.24994 

0.10431 

9.1 

- 0.11424 

0.23243 

0.23834 

0.12747 

9.2 

- 0.13675 

0.21741 

0.22449 

0.14911 

9.3 

- 0.15765 

0.20041 

0.20857 

0.16906 

9.4 

- 0.17677 

0.18163 

0.19074 

0.18714 

9.5 

- 0.19393 

0.16126 

0.17121 

0.20318 

9.6 

- 0.20898 

0.13952 

0.15018 

0.21706 

9.7 

- 0.22180 

0.1 1664 

0.12787 

0.22866 

9.8 

- 0.23228 

0.09284 

0.10453 

0.23789 

9.9 

- 0.24034 

0.06837 

0.08038 

0.24469 

10.0 

-0.24594 

0 . 0434 7 

0.05567 

0.24902 
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Jt 

Mx) 

J t ( x ) 

Y »( x ) 

Ydx) 

10. 1 

- 0.24903 

0.01840 

0.03066 

0.25084 

10.2 

- 0.24962 

- 0.00662 

0.00558 

0.25019 

10.3 

- 0.24772 

- 0.03132 

- 0.01930 

0.24707 

10.4 

- 0.24337 

- 0.05547 

- 0.04375 

0.24155 

10.5 

- 0.23665 

- 0.07885 

- 0.06753 

0.23370 

10.6 

- 0.22764 

- 0.10123 

- 0.09042 

0.22363 

10.7 

- 0.21644 

- 0.12240 

- 0.11219 

0.21144 

10.8 

- 0.20320 

- 0.14217 

- 0.13264 

0.19729 

10.9 

- 0.18806 

- 0.16035 

- 0.15158 

0.18132 

11.0 

- 0.17119 

- 0.17679 

- 0.16885 

0.16371 

II . 1 

- 0.15277 

- 0.19133 

- 0.18428 

0.14464 

1 1.2 

- 0.13299 

- 0.20385 

- 0.19773 

0.1 243 1 

11.3 

- 0.11207 

- 0.21426 

- 0.20910 

0.10294 

1 1.4 

- 0.09021 

- 0.22245 

- 0.21829 

0.08074 

11.5 

- 0.06765 

- 0.22838 

- 0.22523 

0.05794 

1 1.6 

- 0.04462 

- 0.23200 

- 0.22987 

0.03477 

11.7 

- 0.02133 

- 0.23330 

- 0.23218 

0.01145 

1 1.8 

0.00197 

- 0.23229 

- 0.23216 

- 0.01179 

11.9 

0.02505 

- 0.22898 

- 0.22983 

- 0.03471 

12.0 

0.04769 

- 0.22345 

- 0.22524 

- 0.05710 

12.1 

0.06967 

- 0.21575 

- 0.21844 

- 0.07874 

12.2 

0.09077 

- 0.20598 

- 0.20952 

- 0.09942 

12.3 

0. 1 1080 

- 0.19426 

- 0.19859 

- 0.1 1895 

12.4 

0.12956 

- 0.18071 

- 0.18578 

- 0.13714 

12.5 

0.14689 

- 0.16549 

- 0.17121 

- 0.15384 

12.6 

0.16261 

- 0.14874 

- 0.15506 

- 0.16888 

12.7 

0.17659 

- 0.13066 

- 0.13750 

- 0.18213 

12.8 

0.18870 

- 0.11143 

- 0.11870 

- 0.19347 

12.9 

0.19885 

- 0.09125 

- 0.09887 

- 0.20282 

13.0 

0.20693 

- 0.07032 

- 0.07821 

- 0.21008 

13.1 

0.21289 

- 0.04885 

- 0.05692 

- 0.21521 

13.2 

0.21669 

- 0.02707 

- 0.03524 

- 0.21817 

13.3 

0.21830 

- 0.00518 

- 0.01336 

- 0.21895 

13.4 

0.21773 

0.01660 

0.00848 

- 0.21756 

13.5 

0.21499 

0.03805 

0.03008 

- 0.21402 

13.6 

0.21013 

0.05896 

0.05122 

- 0.20839 

13.7 

0.20322 

0.07914 

0.07169 

- 0.20074 

13.8 

0.19434 

0.09839 

0.09130 

- 0.19116 

13.9 

0.18358 

0.11653 

0.10986 

- 0.17975 

14.0 

0.17108 

0.13338 

0.12719 

- 0.16664 

14.1 

0.15695 

0.14879 

0.14314 

- 0.15198 

14.2 

0.14137 

0.16261 

0.15754 

- 0.13592 

14.3 

0.12449 

0.17473 

0.17028 

- 0.11862 

14.4 

0.10649 

0.18503 

0.18123 

- 0.10026 

14.5 

0.08755 

0.19343 

0.19030 

- 0.08104 

14.6 

0.06787 

0.19986 

0.19742 

- 0.06115 

14.7 

0.04764 

0.20426 

0.20252 

- 0.04079 

14.8 

0.02708 

0.20660 

0.20557 

- 0.02016 

14.9 

0.00639 

0.20688 

0.20655 

0.00053 

15.0 

- 0.01422 

0 . 2051 1 

0.20546 

0.02107 
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i ,(. v)/.v FUNCTION 


X 

Ji(x)l X 

X 

A(x)/x 

X 


0.0 

0.50000 

5.1 

- 0.06610 

10.2 

- 0.00065 

0.1 

0.49938 

5.2 

- 0.06600 

10.3 

- 0.00304 

0.2 

0.49750 

5.3 

- 0.06528 

10.4 

- 0.00533 

0.3 

0.49440 

5.4 

- 0.06395 

10.5 

- 0.00751 

0.4 

0.49007 

5.5 

- 0.06208 

10.6 

- 0.00955 

0.5 

0.48454 

5.6 

- 0.05970 

10.7 

- 0.01144 

0.6 

0.47783 

5.7 

- 0.05687 

10.8 

- 0.01316 

0.7 

0.46999 

5.8 

- 0.05363 

10.9 

- 0.01471 

0.8 

0.46105 

5.9 

- 0.05002 

11.0 

- 0.01607 

0.9 

0.45105 

6.0 

- 0.04611 

11.1 

- 0.01724 

1.0 

0.44005 

6.1 

- 0.04194 

11.2 

- 0.01820 

1.1 

0.42809 

6.2 

- 0.03757 

11.3 

- 0.01896 

1.2 

0.41524 

6.3 

- 0.03303 

11.4 

- 0.01951 

1.3 

0.40156 

6.4 

- 0.02838 

11.5 

- 0.01986 

1.4 

0.38710 

6.5 

- 0.02367 

11.6 

- 0.02000 

1.5 

0.37196 

6.6 

- 0.0 J 894 

11.7 

- 0.01994 

1.6 

0.35618 

6.7 

- 0.01423 

11.8 

- 0.01969 

J.7 

0.33986 

6.8 

- 0.00959 

J 1.9 

- 0.01924 

1.8 

0.32306 

6.9 

- 0.00506 

12.0 

- 0.01862 

1.9 

0.30587 

7.0 

- 0.00067 

12.1 

- 0.01783 

2.0 

0.28836 

7.1 

0.00354 

12 2 

- 0.01688 

2.1 

0.27061 

7.2 

0.00755 

12.3 

- 0.01579 

2.2 

0.25271 

7.3 

0.01 131 

12.4 

- 0.01457 

2.3 

0.23473 

7.4 

0.01481 

12.5 

- 0.01324 

2.4 

0.21674 

7.5 

0.01803 

12.6 

- 0.01180 

2.5 

0.19884 

7.6 

0.02095 

12.7 

- 0.01029 

2.6 

0.18108 

7.7 

0.02355 

12.8 

- 0.00871 

2.7 

0.16356 

7.8 

0.02582 

12.9 

- 0.00707 

2.8 

0.14633 

7.9 

0.02774 

13.0 

- 0.00541 

2.9 

0.12946 

8.0 

0.02933 

13.1 

- 0.00373 

3.0 

0.11302 

8.1 

0.03057 

13.2 

- 0;00205 

3.1 

0.09707 

8.2 

0,03146 

13.3 

- 0.00039 

3.2 

0.08167 

8.3 

0.03202 

13.4 

0.00124 

3.3 

0.06687 

8.4 

0.03224 

13.5 

0.00282 

3.4 

0.05271 

8.5 

0.03213 

13.6 

0.00434 

3.5 

0.03925 

8.6 

0.03172 

13.7 

0.00578 

3.6 

0.02652 

8.7 

0 . 031 ( H ) 

13.8 

0.00713 

3.7 

0.01455 

8.8 

0.03001 

13.9 

0.00838 

3.8 

0.00337 

8.9 

0.02875 

14.0 

0.00953 

3.9 

- 0.00699 

9.0 

0.02726 

14.1 

0.01055 

4.0 

- 0.01651 

9.1 

0.02554 

14.2 

0.01145 

4.1 

- 0.02519 

9.2 

0.02363 

14.3 

0.01222 

4.2 

- 0.03301 

9.3 

0.02155 

14.4 

0.01285 

4.3 

- 0.03998 

9.4 

0.01932 

14.5 

0.01334 

4.4 

- 0.04609 

9.5 

0.01697 

14.6 

0.01369 

4.5 

- 0.05135 

9.6 

0.01453 

14.7 

0.01389 

4.6 

- 0.05578 

9.7 

0.01202 

14.8 

0.01396 

4.7 

- 0.05938 

9.8 

0.00947 

14.9 

0.01388 

4.8 

- 0.06219 

9.9 

0.00691 

15.0 

0.01367 

4.9 

- 0.06423 

10.0 

0.00435 



5.0 

- 0.06552 

10. 1 

0.00182 
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APPENDIX 


VI 


IDENTITIES 


VI. 1 TRIGONOMETRIC 

1. Sum or difference: 

a. sin(A + v) - sin a cos y + cos x sin v 

b. sin(.v - v) - sin x cos y - cos x sin y 

C. cosU + v) = cos .v cos v - sin x sin v 

d. cos(a — y) = cos x cos y + sin x sin y 

tan .v + tan v 

e. tan(A + v) = — 

1 - tan x tan v 

„ tan .v - tan v 

f. tan(.v - v) = — — 

1 + tan x tan y 

g. sin 2 .v + cos 2 .v = I 

h. tan 2 x — sec 2 x = - I 

i. cot 2 x — CSC 2 a = — l 

2. Sum or difference into products: 

a. sin a + sin y = 2 sin 4 (a + y) cos 5 (a - y) 

b. sin a - sin y = 2 cos {(a + y) sin 3 (a - y) 

c. cos a + cos y = 2 cos j(a + v) cos 4 (a — y) 

d. cos a - cos y = -2 sin 4( v + v) sin 4 (a - y) 

3. Products into sum or difference: 

a. 2 sin a cos y = sin(A + v) + sin(A — y) 

b. 2 cos a sin y — sin(A + y) — sin(A — y) 

c. 2 cos a cos y = cos(a + v) + cos(a — y) 

d. 2 sin a sin y = -cos(a + y) + cos(a — y) 

4. Double and haJf-angles: 

a. sin 2a = 2 sin x cos a 

b. cos 2a = cos 2 a - sin 2 a = 2 cos 2 a - I = I 

2 tan a 


c. tan 2a = 


1 - tan 2 a 


d. sin - a = ± 

0 


' I - cos A 


or 2 sin 2 0 = I - cos 20 
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1 \ - cos .v sin a 

f. tan -x = ± — 

2 v I + cos a I + cos x 


1 — COS A 


sin a 


5. Series: 


a. sin a = 

b. cos a = 


- e- jA 

2j 

e' x + e~ ix 


A 3 A 3 A 7 

— X — — + — — — 7 + 

3! 5! 7! 

^46 
t A X X 

~ _ 2! + 4!~ 6! + 


c. tan a = t 


e Jy — e J ' x 

= a + — + 


3 2 a* 17a 7 


j(e ,x + e~n 


3 15 315 


VI. 2 HYPERBOLIC 

1. Definitions: 

a. Hyperbolic sine: sinh a = — e~ K ) 

b. Hyperbolic cosine: cosh a — + e~ x ) 

TT . . sinh a 

c. Hyperbolic tangent: tanh x = — ■ — 

cosh A 

... ,1 cosh A 

d. Hyperbolic cotangent: coth a- = 


tanh a sinh a 


e. Hyperbolic secant: sech a = 


1 


cosh A 

f. Hyperbolic cosecant: csch x — 


sinh a 

2. Sum or difference: 

a. cosh(.v + y) = cosh a cosh y + sinh x sinh v 

b. sinh( v — y) = sinh x cosh y — cosh x sinh y 

c. cosh(A — y) = cosh a cosh y — sinh a sinh y 

tanh a + tanh y 

d. tanh(A + y) = 


e. tanh(A - y) = 


) 4- tanh x tanb y 
tanh a - tanh y 


I — tanh a tanh y 

f. cosh 2 a - sinh 2 a = I 

g. tanh 2 a + seclr a = 1 

h. coth 2 a — csch 2 .v = 1 

i. cosh(A ± jy) = cosh a cos y ± j sinh a sin v 

j. sinh(A ± jy) = sinh a cos y ± j cosh x sin y 
3. Series: 


a. sinh a = 

b. cosh a = 


e' - e 


e x + e 


— 


2! 


‘ A 3 

jr 5 

A 7 


- = X + — + 

+ 

_ 

+ • - • 

3! 

5! 

7! 


1 * 2 

A 4 

x b 


— — I + — + 

+ 

— 

+ . • 

2! 

4! 

6! 


A 3 A 4 




+ ~ 4* — + 

• • . 



3! 4! 
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VI. 3 LOGARITHMIC 

1. log h (MN) = log/, M + log/, N 

2. log /,(M//V) = log/, M - log/, N 

3. log/,< I/A/) = — log/, N 

4. log h {M n ) = r. log/, M 

5. log/,(Af l/ ") = - log/, M 

n 

6. log,, /V = log/, N • log,, b = log/, AVIog/, a 

7. log, N = log,,, N • log, 10 = 2.302585 log, 0 N 

8. log,,, N = log, N • log,,, e = 0.434294 log, N 
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<a) Kculjitgul.il (bt (,'ylimlm;ul 


/. 



Figure VI 1. 1 Rectangular, cylindrical, and spherical coordinate systems. 


which when compared with (VIM) leads to 

A f , = A v cos , + A v sin , 

Aj, = —A y sin , + A v cos , - 
A. = A. 

In matrix form. ( VII-6) can be written as 

/A, A / cos , sin (f b ()\ /A A 

A, = -sin, cos, 0 j (a v j 


(VII-6) 


(VII-6a) 
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y 



Figure VII.2 Geometrical representation of transformations between unit vectors of rectan- 
gular and cylindrical coordinate systems. 


where 


I Mr, = 


r cos <t> 
— sin <f> 
0 


sin <f> 0" 

cos <fi 0 

0 I 


(VU-6b) 


is the transformation matrix for rectangular-to-cylindrical components. 

Since [A] ri . is an orthonormal matrix (its inverse is equal to its transpose), we can 
write the transformation matrix for cyiindrical-to-rectangular components as 


i a ].., = n]- 1 = [/tr„ = 


"COS <l> 

sin <l> 


0 


- sin </> 0~ 

cos <(> 0 

0 I 


(VII-7) 
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or 


or 



( cos 0 
sin 0 
0 


-sin 0 0\ /A p \ 

cos 0 Oil I 

0 I J\aJ 


(VII-7a) 


A* = A p cos <f> - A ^ sin 0' 
A s , = A p sin 0 + A,^cos 0 " 
A. = A. 


(Vn-7b) 


VII. 1. 2 Cylindrical-to-Spherical (and Vice-Versa) 


Referring to Figure VII. 1(c), we can write that the cylindrical and spherical coordinates 
are related by 


p = /• sin 9 1 
z = / cos 9) 


(VII-8) 


In a geometrical approach similar to the one employed in the previous section, we 
can show that the cylindrical-to-spherical transformation of vector components is 
given by 


A, = A p sin 9 + A. cos 6)' 

A(> - A p cos 6 - A z sin 0 - 
A A^ 

or in matrix form by 

(A r \ /sin 0 0 cos 0\ (A p \ 

j A„ J = j cos 8 0 -sin 9 ) [ A,/, ) 

\aJ \ 0 I 0 J \aJ 


(Vll-9) 


(VU-9a) 


Thus the cylindrical-to-spherical transformation matrix can be written as 

“sin 0 0 cos 6~i 

\A) rf = cos 9 0 —sin 9 

0 I 0 

The [A],, v matrix is also orthonormal so that its inverse is given by 

“sin 9 cos 9 0~| 

[Air = [A]- 1 = [A\[, = 0 0 1 

_cos 9 —sin 6 0 

and the spherical-lo-cylindrical transformation is accomplished by 

(A 



sin 

9 

cos 0 

°\ 

( A > 

0 


0 

> 


cos 

9 

- sin 9 

0 / 

\A<t>, 


(Vll-9b) 


(VII- 10) 


(Vn-10a) 
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or 


A p = A r sin 0 + A ff cos 0 
A^ s, = A^ 


U, 

A z = A r cos 0 - A# sin 0 J 
This time the component Aj, and coordinate (j> are the same in both systems. 

VII. 1.3 Rectangular-to-Spherical (and Vice-Versa) 

Many times it may be required that a transformation be performed directly from 
rectangular-to-spherical components. By referring to Figure VII. 1, we can write that 
the rectangular and spherical coordinates are related by 


(VU-lOb) 


x — r sin 8 cos <£1 
v = r sin B sin <f> r 
z = r cos 6 ' 


(Vn-ll) 


and the rectangular and spherical components by 

A r = A, sin 0 cos <j> 4- A y sin 0 sin <£ 4- A : cos 0" 

A„ = A x cos 0 cos </> + A y cos 0 sin <f> — A z sin 0 ^ (VII' 12) 

A# = - A v sin <f> + A v cos 

which can also be obtained by substituting (VLI-6) into (VI1-9). In matrix form, (VII- 
1 2) can be written as 

M r \ /sin 0cos <f> sin 0 sin cos 0\ 


= cos 0 cos (f> cos 0 sin <f> - sin 0 

\ - sin<^> cos <f> 0 

with the rectanguiar-to-spherical transformation matrix being 

l Mrs 



(VII- 12a) 


/ sin 0 cos (f> 

sin 0 sin <f> 

cos 0\ 


1 cos 0 cos 4> 

cos 0 sin <f> 

-sin 0 ] 

(VD-I2b) 

\ -sin<^> 

COS <f> 

0 / 



The transformation matrix of (VII- 12b) is also orthonormal so that its inverse can 
be written as 


( sin 0 cos (f> cos 0 cos <f> 
sin 0 sin $ cos 0 sin 
cos0 —sin 0 

and the spherical-to-rectangular components related by 

M, \ /sin 0cos (j> cos 0 cos $ ~ sin 4> 

— ( sin 0 sin <f> cos 0 sin (j> cos <f> 
cos# —sin 0 0 



(VII-13) 



(VII- 13a) 


or 


A x = A, sin 0 cos <() + A 0 cos 0 cos <f> - A ^ sin <f> 
A v = A r sin 0sin <f> 4- A„ cos 0sin 4- A,* cos <jt> 

A z — A, cos 0 — A, ; sin 0 


(V1I-1 3b) 
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VII. 2 VECTOR DIFFERENTIAL OPERATORS 

The differential operators of gradient of a scalar (V0). divergence of a vector (V • A), 
curl of a vector (V x A), Laplacian of a scalar (V 2 »/0, and Laplacian of a vector (V 2 A) 
frequently encountered in electromagnetic field analysis will be listed in the rectan- 
gular, cylindrical, and spherical coordinate systems. 


VII.2.1 Rectangular Coordinates 

, „ f )0 „ d0 „ d0 

d.v dy dz 

dA K dA v dA. 

V A = — + + — 

dx dy dz 

_ . I<>A : dA v \ „ /dA, dA.\ A /dA, 

d 2 i// d 2 0 d 2 0 

Wi//=V-«A = “J + TT + TT 

djr dy d" 

V 2 A = a, V 2 A, + a v V 2 A v + a : V 2 A : 


dAj 
dv j 


(Vll-14) 
(VII- 15) 

(VII- 16) 

(VU-17) 
(VII- 1 8) 


VII. 2. 2 Cylindrical Coordinates 

W , * 1# 
V d<f> 


m I A T I A T ■ A 7 


difj 

~dz 


.Id 1 dA,/, dA, 

V-A = --(pA„) + --f + -e 

p dp P d<p dz 


I dA, 


dA 


V x A = aJ- -r - - 
\P d0 


</A 


A 

+ a 




[dA., dA . 


dpi 


dr 


* /^ d(pA^) _ 1 dA^, 1 
\P dp p t)(f>) 


(VII-19) 

(VII-20) 


, Id/ di/A 1 d 2 0 d 2 0 

V>=- -Ip^ + -3 + TT 

p dp \ dp/ p d(p dr 

V 2 A = V(V-A) - V x V x A 

or in an expanded form 

V 2 A = S + 1 54, _ A, 1 d 2 ^, _ 2 dA, d^A 

(> \ dp 2 p dp p 2 p 2 d(f) 2 p 2 d (f) dz 2 j 

. a /d 2 A^ . I dA* A* , I d : A* , 2 dA„ , BrAj\ 

» fl,/, I _ ■ 7 t ' 


(VII-21 ) 

(Vll-22) 
(V 11-23) 


d ’\dp 2 p dp 


p 2 d (f> 2 p 2 d(f) dz 2 


. /d 2 A. I dA- I d 2 A- d 2 A- 

"\dp" p dp p" d(f> 2 dz~ j 


(Vll-23a) 


In the cylindrical coordinate system V 2 A ¥=■ V 2 A p 4- a *V 2 A* + a. V 2 A. because 
the orientation of the unit vectors a,, and a* varies with the p and </> coordinates. 
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VII.2.3 Spherical Coordinates 

„ , „ # . * I W , „ > # 

VtA = a r — + a tf - — + a* — — — 
Hr r 00 r sin 0 rl<p 


i a ,, i 

V* A = — — (rA r ) + — - 

r 0r r sm 0 00 


— (A^sin 0) + 


I HA, 


V x A = 


a r f 0 . 0A,>1 a,r 

r sin 0 [00 v * H<b J r |_s 

Ks^-s] 


r sin 0 0<£ 

i , " 

sin $ B(f> dr <ft) 


(VH-24) 

(VII-25) 


+ a^ 


i 0 l , 01 /A 


V"0 - -j—|r- 


r 0r\ ftr/ r 2 sin 0 00 
V 2 A = V(V • A) - V x V x A 
or in an expanded form 


— (sin + 


I 


rTif/ 


dOf r sin 2 0 r></> 2 


V A = a , 


. /* 2 A, . 2 0A r 2 


I 0 2 A r 


2 HA, 
r 00 


H — — ~2^r 4 ’ TTT + 

/* dr r r HO 2 


1 


cot 0 0A r 

/’ 00 + r sin 2 0 0<£ 2 


(VII-26) 

(VD-27) 

(VH-28) 

d 2 A r 


2 cot 0 


r 


2 0A^\ 

r sin 0 0</> / 


Ay _J_ cot 0 HA, 

r 2 sin 2 0 + r 2 00 2 + r 2 00 


, . (f> 2 Ay 2 0Ay 

+ a y|— r H ~ 

\ 0r /• 0r 

1 drA n 2 0A r 2 cot 0 0A,A 

+ r 2 sin 2 0 0</> 2 r 2 00 r 2 sin 0 0</> / 


+ aj 


(dr A 


<b + 2 0A, 


I 


0Z* 2 r Hr 

H 2 A, 




l 0 2 A^ cot 0 0A^ 

r sin 2 0 4 + r 00 2 + r 2 00 
I HA r 2 cot 0 0Ay\ 


r sin 2 0 0</> 2 ' r sin 0 0</> z- 2 sin 0 0$/ (VO-28a) 

Again note that V 2 A a r V 2 A r 4- a#V 2 A„ + a^V^^ since the orientation of the unit 
vectors a,., ay, and a^ varies with the r, 0, and </> coordinates. 


VII. 3 VECTOR IDENTITIES 

VI1.3.1 Addition and Multiplication 

A- A = | A | 2 (VII-29) 

A • A* = |A| 2 (VII-30) 

A + B = B + A (VII-31) 

A • B = B • A (Vn-32) 

A x B = — B x A (VII-33) 

(A + B)-C = AC + B-C (VII-34) 

(A + B)xC = AxC + BxC (VII-35) 
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ABxC = B • C x A = CAxB 
Ax(BxC) = (A-C)B - (A-B)C 

(AxB)-(CxD) = ABx(CxD) 

= A (B DC - B CD) 

= (A-O(B-D) - (A • D)(B • C) 

(A x B) x (C x D) = (A x B • D)C - (A x B • C)D 

VII.3.2 Differentiation 

V-(VxA) = 0 
V x V«A = 0 

+ «/4 = Vd> + V«A 

v<M) = <t>vd> + i W4> 

VIA + B) = V*A + V-B 
Vx(A + B) = VxA + VxB 
V*(0A) = A-Vi A+ i//V*A 
V x (0A) = x A + </»V x A 

V(A-B) = (A-V)B + (B • V)A + A x (V x B) + B x (V x A) 
V(AxB) = B-VxA-A-VxB 
Vx(AxB) = AVB-BV-A + (B-V)A - (A-V)B 
Vx Vx A = V(V-A) - V 2 A 


VI1.3.3 Integration 


§ 


j’ jWI =lf 

C .V 

f iWs =jIf 

.V V 

(ft x A )ds = JJJ 

§ * ds = 111 

S V 

j> «/></! = jj fix 


(V x A) • c/s 
(VA )dv 
(V x A)c/v 

V«M V 

Vipds 


Stake's theorem 
Divergence theorem 


(VI1-36) 

(Vll-37) 

(VII-38) 

(VII-39) 

(VII-40) 
(VII-41) 
(V 11-42) 
(VII-43) 
(VII-44) 
(VI1-45) 
(VII -46) 
(VII-47) 
(VII-48) 
(Vn-49) 
(VII -50) 
(VI 1-51) 


(VII-52) 

(VII-53) 

(VII-54) 

(VII-55) 


(VI1-56) 
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VIII 

METHOD OF 
STATIONARY PHASE 


In many problems, Ihe following integral is often encountered and in most cases 
cannot be integrated exactly: 

I(k) = j j Fix. y)e Jkf " y> dx dy (VIU-1) 


where 


k — real 

f(x, y) = real, independent of k. and nonsingular 

F( x. v) = may be complex, independent of k. and nonsingular 

Often, however, the above integral needs to be evaluated only for large values of k, 
but the task is still formidable. An approximate technique, known as the Method of 
Stationary Phase, exists that can be used to obtain an approximate asymptotic ex- 
pression. for large values of k . for the above integral. 

The method is justified by the asymptotic approximation of the single integral 

/'(*) = I F(x)e JkJh) dx (VIIl-2) 

J(l 


where 

k = real 

/(.v, y) = real, independent of k, and nonsingular 

F(x, y) = may be complex, independent of k , and nonsingular 


which can be extended to include double integrals. 

The asymptotic evaluation of (VIII- 1) for large k is based on the following: 
f(x, y) is a well behaved function and its variation near the stationary points x s , y f 
determined by 


V 

hx 


x-x ,=/U*,,y*) = o 


(Vin-3a) 
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V 

By 


k=xs J yix s* y.«) 0 


(VIII-3b) 


is slow varying. Outside these regions, the function f(x , y) varies faster such that the 
exponential factor exp|j^'(A\ y)] of the integrand oscillates very rapidly between the 
values of + 1 and - 1 , for large values of k. Assuming F(x, y) is everywhere a slow 
varying function, the contributions to the integral outside the stationary points tend 
to cancel each other. Thus the only contributors to the integral, in an approximate 
sense, tire the stationary points and their neighborhoods. Thus, we can write (VTTI-1) 
approximately as 


/(*) - f ^ f y F(x s ,y y )e mry) dx(Iy 

r 4- * r + « 

= F(x„ y,) J_ x J_ x e mxy) dxd\ 


(VI1I-4) 


where the limits have been extended, for convenience, to iniinily since the net con- 
tribution outside the stationary points and their near regions is negligible. 

In the neighborhood of the stationary points, the function fix, y) can be approxi- 
mated by a truncated Taylor series 


fix, y! - /(*,, y v ) + ^(x - x s ) 2 f"'(x st y s ) + i(y - yj 2 /«■(**, y,) 
+ (x ~ x,)(y - y, )/,"(*,, y,) 


(vm-5) 


since 


/; (*,, y,) - f'Ax s . y,) = 0 (VIII-6) 

by (Vlll-3a) and (VIIl-3b). For convenience, we have adopted the notation 

c?f 


fix 2 


ay 2 


y-= .t, fx. r(-Vv» }j) 

y=y, 

.*=>'* 

=/o(x„y v ) 

,y =y. 


axay | 

For brevity, we write (VIII-5) as 

fix, y) = /(*,» v,) + A $ 2 + Brf + eg i) 


(VIII-7a) 

(VUI-7b) 

(VIIl-7c) 

(VliI-8) 


where 


A = y,) ( VIII-8a) 

5 = ^(x,, y,) (VJJI-8b) 

C=/rv(A,,yd 


(Vlll-8c) 
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£=(x- x,) (VIH-8d) 

v = (y - vj (VnT-8e) 

Using (VITI-8)-(VIII~8e) reduces (Vni-4) to 

r + ^ r + 

I(k) = F(x s . v v )e^ (t ‘ v > ) J ^ J e ikiAf+Rrf+r ^did7) (VDI-9) 

We now write the quadratic factor of the exponential, by a proper rotation of the 
coordinate axes £, 77 to fi. A, in a diagonal form as 

Af + Brf + CZ v *= + fl'A 2 (VHI-10) 

related to A. B, and C by 


A' = l - [{A + B) + \/(A + #) 2 - (4 AB - C')j 
S' = ^ l(A + S) - \/(A + S) 2 - (4AS - C 3 )l 


which are found by solving the secular determinant 

I (A — £) C/2 


= 0 


(VUI-lOa) 
(VIII- 10b) 

(VTU-11) 


C/2 ( B - 0 

with C\ = A' and £> — B’ . Substituting (VIIl-10) into (VTII-9) we can write 

r + * r + * 

/(*) = F(x x , y s )e' kJ{x " y ‘ ] J ^ J x eWS+r^dfidA 

r + x r- 

/(*) = F(x s , y x )e*f ix "K> ] x e dfi j e ±jW dX (Vm-12) 

where the signs in the exponents are determined by the signs of A' and fi\ which in 
turn depend upon A and 5, as given in (VlU-lOa) and (Vlll-lOb). The two integrals 
in (VIli-12) are of the same form and can be evaluated by examining the integral 

r + nc /*dc 

/"(A ) = I e~ JkM,1 dt = 2j () e ±Jk M‘dt (VIII-13) 


where a can represent either A' or B' of (VIU-12). Making a change of variable by 
letting 

(VIII-13a) 


k\a\t 2 = ^r 2 


dl = 


TT 


2k\<x\ 


dr 


(Vm-13b) 


we can rewrite (VITI-13) as 


l H (k) = 2 


TT 


2k\a\ 


. TT , 

e ±s V' 

Jo 


dr 


(Vin-14) 


The integral is recognized as being the complex Fresnel integral whose value is 
r n . 1 l * 

l^rar = -H ± J)m 


(VUI-15) 
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which can be used to write (VIII- 14) as 



The result of (VIII- 1 6) can be used to reduce (VIII- 1 2) to 


(VIII- 1 6) 


Kk) « Fix,, v v )r'* /u,,v ‘ > — /| 7r , = e^e (VII1-I7) 

* V|A 7 p 7 


. 7 7 IT 7 T 

If A' and B' are both positive, then e j e ±; j = e l ‘ 7 T = +j 

. 3T 77 77 

If A' and B' are both negative, then e - 'T e ±J 4 = e ~ j i = —j 

- E 

If A' and B' have different signs, then e ±J .\ — l 


Thus. (VIII- IT) can be cast into the form 

Hk) =» Fix,, vj e ik ' u ^ (VIII- 18) 

where 

' + 1 if A' and B' are both positive 

5 = < — I if A' and B' are both negative (VIII- 18a) 

—j if A' and B' have different signs 

Examining (VIII- 1 Oa) and (VIII- 1 Ob), it is clear that 

(a) A' and B’ are real (because A. B, and C are real) 

(b) A' + B' = A + B ( V1I1-19) 

(c) A'B' = (AAB - C 2 )/ 4 

Using the results of (VII1-19). we reduce (VI1I-I8) to 

Kk) = F(x„, y. v ) eM'”" ; A J27tS , = . ( VITI-20) 

*Vl4Afl - C 2 | 

To determine the signs of A' and B', let us refer to (VIII- 19). 

(a) If 4 AB > C 2 , then A and B have the same sign and A'B' > 0. Thus. A' and B' 
have the same sign. 

1. If A > 0 then B > 0 and A' > 0, #' > 0 

2. If A < 0 then B < 0 and A' < 0, B' < 0 

(b) If AAB < C 2 , then A'B' < 0. and A' and B' have different signs. Summarizing 
the results we can write that 

1. If AAB > C 2 and A > 0, then A' and B' ate both positive 

2. If 4AB > C 2 and A < 0, then A' and B' are both negative 

3. If AAB < C 2 , then A' and B' have different signs 

Using the preceding deductions, we can write the sign information of (VIII- 1 8a) as 

{ +1 if AAB > C 2 and A > 0 

— I if AAB > C 2 and A < 0 

-j if 4A# < C 2 


(VIII-2I ) 
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in the evaluation of the integral in 

/(A) - F(x s . V.v) e jkfUny,) J ^ | e W? + »rf^C£v) d g dv 

l(k) = / r (A v , vj e' k,ix " s ' > 


J2tt8 


- C 2 


(VIII-22) 
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IX 

TELEVISION, RADIO, 
TELEPHONE, AND RADAR 
FREQUENCY SPECTRUMS 


IX. 1 TELEVISION 

IX. 1.1 Very High Frequency (VHF) Channels 


CHANNEL 

NUMBER 

2 3 4 

■H 

7 8 9 10 11 12 13 

FREQUENCY 

(MJ-lz) 

54*60766*72 

76*82*88 

1 74* I80t 1867 192* 198*2041210*216 


IX. 1.2 Ultra High Frequency (UHF) Channels* 


CHANNEL 

NUMBER 

14 15 16 17 18 19 20 ... 82 83 

FREQUENCY 

(MHz) 

47074767482*488749475007506*512 . . . 878*8847890 


For boih VHF and UHF channels, each channel has a 6-MHz bandwidth. For each 
channel, the carrier frequency for the video part is equal to the lower frequency of 
the bandwidth plus 1.25 MHz while the carrier frequency for the audio part is equal 
to the upper frequency of the bandwidth minus 0.25 MHz. 


*ln lop ten urban areas in the United Slates, land mobile is allowed in the lirst seven UHF TV channels 
(470-512 MHz). 
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Examples: Channel 2 (VHF): /« (video) = 54 + 1.25 = 55.25 MHz 

f {) (audio) = 60 - 0.25 = 59.75 MHz 

Channel 14 (UHF): /„ (video) = 470 + 1.25 = 471.25 MHz 

f Q (audio) = 476 - 0.25 = 475.75 MHz 


IX. 2 RADIO 

1X.2.1 Amplitude Modulation (AM) Radio 

Number of channels: 107 (each with 10-kHz separation) 
Frequency range: 535-1605 kHz 

IX. 2. 2 Frequency Modulation (FM) Radio 

Number of channels: 100 (each with 200-kHz separation) 
Frequency range: 88-108 MHz 


IX. 3 AMATEUR BANDS 


Band 

Frequency (MHz) 

Band 

Frequency (MHz) 

160-m 

1. 8-2.0 

2-m 

144.0-148.0 

80-m 

3. 5-4.0 

— 

220-225 

40-m 

7.0-7.3 

— 

420-450 

20-m 

14.0-14.35 

— 

1215-1300 

15-m 

21.0-21.45 

— 

2300-2450 

10-m 

28.0-29.7 

— 

3300-3500 

6-m 

50.0-54.0 

— 

5650-5925 


IX. 4 CELLULAR TELEPHONE 

IX.4.1 Land Mobile Systems 

Uplink: MS to BS (mobile station to base station) 

Downlink: BS to MS (base station to mobile station) 



UPLINK (MHz) 

DOWNLINK (MHz) 

United Slates of America (1S-54): 

869-894 

824-849 

Europe-Asia (GSM): 

890-915 

935-960 

Global System for Mobile 
communications 



Japan (NTT): 

870-885 

925-940 

Nippon Telegraph & 
Telephone Corporation 
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IX.4.2 Cordless Telephone 

United States of America: 46-49 MHz 

Digital European Cordless Telecommunications (DECT): 1.880-1.990 GHz 

IX. 5 RADAR IEEE BAND DESIGNATIONS 


HF (High Frequency): 

3-30 

MHz 

VHF (Very High Frequency): 

30-300 

MHz 

UHF (Ultra High Frequency): 

300-1,000 

MHz 

L-band: 

1-2 

GHz 

5-band: 

2-4 

GHz 

C-band: 

4-8 

GHz 

X-band: 

8-12 

GHz 

X„-band: 

12-18 

GHz 

X-band: 

18-27 

GHz 

X„-band: 

27-40 

GHz 

Millimeter wave band: 

40-300 

GHz 



Index 


Absolute-gain measurements. 867-869 
Active driving impedance. 424 
Amateur band radio frequency spectrum. 

928 

Amplitude Modulation (AM) radio frequency 
spectrum, 928 
Amplitude patterns 

antenna measurements, 864 
long wire antennas, 494-495 
3-D. thin dipoles, 155 

Analysis methods, for antennas, 23, 116-126 
microstrip antennas. 726 
vector analysis: See Vector analysis 
Aneehoic chambers. 843-844 
Antenna impedance. 73-77, 424 
Antenna measurements, 839-883 
antenna ranges and. 840-858 
compact ranges. 844-85 1 
free-space ranges. 841-844 
near-lield/far-licld methods, 852-858 
reflection ranges. 841 
current. 8744S75 
directivity. 87 J -872 
gain, 865-871 
absolute-gain, 867-869 
gain-transfer (gain-comparison). 869- 
871 

impedance, 873-874 
polarization, 875-880 
radiation efficiency. 872-873 
radiation patterns, 858-865 
amplitude pattern. 864 
instrumentation and. 860-864 
phase measurements. 864-865 
scale models and. 880-881 
Antenna mode scattering, 92-93 


Antenna patterns: See also Radiation pat- 
terns 

plotter for. 2-D, 113-114 
Antenna ranges: See Antenna measurements 
Antennas 

analysis methods. 23, 726 
aperture: See Aperture antennas 
circular: See Loop antennas 
defined. 1-2 
as directional device. 3 
elements for, 21-22 

frequency independent: See Frequency in- 
dependent antennas 
future direction of, 23-24 
gain and: See Gain 
historical advancement of, 19-24 
linear: See Linear wire antennas 
loop: See Loop antennas 
for mobile communications systems, 175 
radiation efficiency of. 60-62. 78-79, 
872-873 

thin wire: See Thin wire antennas 
as transitions device, 1 -2 
traveling wave: See Traveling wave anten 
nas 

types of, 3-7 

Antenna synthesis, 339-378 
continuous sources and, 340-342 
apertures. 373-375 
discretization of. 341-342 
line source distributions. 340-341 
cosine distributions. 368-37 1 
cosine-squared distributions. 368-371 
Fourier transform method, 346-352 
line-source distribution. 347-349 
N-element linear arrays, 349-352 
line-source phase distributions. 371-373 
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Antenna synthesis ( Continued ) 

Scheffcunoff polynomial method, 342-346 
Taylor line-source, 358-368 
triangular distributions. 368-371 
Woodward-Lawson method. 352-358 
linear arrays and, 357-358 
line-source distribution, 353-356 
Aperture admittance. 631-638 
Aperture antennas, 4. 575-650 
Babinet's principle. 616-620 
circular. 603-61 1 
beam efficiency. 6 1 1 
design considerations, 614-616 
Tli) | -inode distribution. 610-61 1 
uniform distribution. 605-610 
design considerations. 611-616 
directivity. 584 

lield equivalence principle, 575-581 
Fourier transforms and, 620-638 
aperture admittance. 631-638 
asymptotic evaluation of radiated field. 

625-630 

dielectric covered apertures. 630-63 1 
radiated fields, 622-630 
spectral domain, 621-622 
geometrical theory of diffraction, 638-643 
ground plane edge effects. 638-643 
Huygens' principle. 575-581 
radiation equations. 582-584 
rectangular, 584-603 
beam efficiency. 601-603 
design considerations. 613-614 
TE„, -mode distribution, 599-601 
uniform distribution, 586-599 
Aperture distribution method. 801-806 
Aperture efliciency. 599-601, 811-818 
Aperture fields 

E-plune sectoral horns, 652-655 
//-plane sectoral horns, 668-669 
pyramidal horns, 682-686 
Aperture-matched horns. 705-707 
Array antennas, 56. 249-329 
Array factor. 169. 250. 258-260 
circular arrays, 324—328 
Dolph-Tschcbyscheff arrays, 294-296 
N -element arrays, 289-290 
planar arrays. 309-3 1 4 
Arrays. 249-338 
broadside. 316 
circular. 324—328 
and circular loop antennas. 229 
computer programs for. 337-338 
design considerations. 282-283. 321-324 


dipole, log-periodic antennas, 553-566 
and feed networks, microsirip antennas, 
772-775 

infinite regular. 426-429 
mutual coupling in: See Mutual coupling 
in arrays 

N-elcmenl: See N-clement arrays 
performance of, mutual coupling and, 425 
planar, 309-321 
array factor. 309-3 1 4 
beam width and, 3 14-3 1 8 
computer programs for, 338 
directivity. 318-321 
reetangular-to-polar graphical solution. 
287-288 

superdireclivity. 306-309 
designs with constraints. 307-309 
efficiency and. 306-307 
two-clement, 250-257 
Asymptotic evaluation of radiated field, ap- 
erture antennas, 625-630 
Attractive mechanisms, 736-737 

B 

Babinet's principle, 616-620 
Back lobes, 32 

Baekscattering radar cross section (RCS), 90 

Baiuns and transformers, 480-483 

Bandwidth, 63-64, 449, 760-762 

Basis functions. 387. 396-400 

Ba/ooka baiun. 480 

Beam efficiency, 63, 601-603. 61 1 

Beamwidths 

broadside arrays, 265 
circular aperture antennas. 607-609 
Dolph-Tschebyschcff arrays, 302-304 
half-power. 62 

N-elcmenl binomial arrays. 302-304 
ordinary end-fire arrays, 268 
planar arrays, 314-3 1 8 
rectangular aperture antennas. 589-592, 
595-598. 599 
Bessel functions. 899-910 
Biconical antennas. 442-447 
Binomial arrays. N-element. 290-294 
Binomial matching transformers, 469-471 
Bistatic radar cross section (RCS). 90 
Bow-tie simulation. 447-449 
Broadband antennas, 505-534 
electric-magnetic dipoles, 512-513 
helical antennas. 505-512 
Yagr-Uda arrays. 513-534 
Broadband dipoles, 441-487 
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biconical antennas. 442-447 
conical skirt monopoles, 462-464 
cylindrical dipoles. 449-457 
bandwidth. 449 
dielectric coating, 454-457 
equivalent radii, 454 
input impedance. 449-451 
radiation patterns, 453 
resonance and ground plane simulation. 
451-453 

discone monopoles. 462-464 
folded dipoles. 458-462 
matching techniques: See Matching tech- 
niques 

sleeve dipoles, 464-466 
triangular sheet, bow-tie. and wire simula- 
tion. 447-449 
Broadside arrays, 316 
computer programs for, 337-338 
N-elcment linear. 262-264, 276-279 

C 

Cassegrain parabolic relleciors: See Reflector 
antennas, parabolic 
Cavity model. 736-749 
Cellular telephone frequency spcctrums. 
928-929 

Circular aperture antennas: See Aperture an- 
tennas 

Circular aperture sources. 373-375 
Circular arrays. 324-328 
Circular loop antennas: See Loop antennas 
Circular patch microstrip antennas: See Mi- 
crostrip antennas 

Circular polarization, 66-69, 767-772 
Clockwise polarization. 66 
Compact antenna test range fCATR), 844- 
851 

Composing function, 353 
Computer programs 
arrays. 337-338. 573-574 
2-D antenna pattern plotters, 1 13-114 
dipole arrays. 573-574 
directivity. 57-58, 115 
linear dipoles. 202 
maximum directivity, 1 15 
microstrip antennas, 784 
Moment Method (MM), 438 
mutual impedance. 439-440 
pyramidal horns, 720-72 1 
radiated power. 1 1 5 
self-impedance. 439-440 
Yagi-Uda array. 521-525 


Conductance, 731-732, 757-759 
Conduction-dielectric efficiency, 78-79 
Conical homs, 695-696 
Conical skirt monopoles. 462-464 
Conical spiral antennas. 549-550 
Conjugate matching, I 
Continuous sources. 340-342, 373-375 
Co-polarization. 66 
Cordless cellular telephones, 928 
Corner reflector antennas. 786-793 
Corporate-feed network, 773 
Corrugated homs. 696-704 
Cosine distributions, 368-371 
Cosine integrals, 889-893 
Cosine-squared distributions. 368-37 1 
Counterclockwise polarization. 66 
Coupling 

microstrip antennas, 764-767 
mutual, in arrays: See Mutual coupling in 
arrays 
Cross Held, 140 

Cross-polarization. 66. 806-807 
Cubic phase distributions, 371-373 
Current, measurement of, 874-875 
Current distribution 

finite length dipoles. 151 
front-fed parabolic reflectors, 807-8 1 1 
linear wire antennas. 151. 156 
thin wire antenna. 17-19 
Cylindrical coordinates, vector analysis and, 
919 

Cylindrical dipoles: See Broadband dipoles 
Cylindrical-to-rectangular vector analysis, 
914-917 

Cylindrical-io-spherical vector analysis, 
917-918 

D 

Density, radiation power, 35-37 
Design procedures 

aperture antennas, 611-616 
arrays. 282-283. 321-324 
circular loop antennas. 229-230 
circular patch microstrip antennas, 755- 
756 

with constraints, 307-309 
Dolph-Tschebyseheff arrays, 296-302, 
305-306 

N-elemcnt binomial arrays. 292-294. 
296-306 

pyramidal homs, 693-695 
rectangular patch microstrip antennas, 
730-731 
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Design procedures (Continued) 

Taylor line-source (Tschebyseheff error), 

360-362 

Dielectric coating. 454-457. 630-63 1 
Dielectric-loadcd horns, 712 
Differentiation, vector identities and. 921 
Dipole arrays. 553-566 
computer programs for. 573-574 
Dipole radiation mechanism. 14-16 
Dipoles 

broadband: See Broadband dipoles 
electric-magnetic, 5 1 2-5 1 3 
folded. 458-462 
ground effects, 182-188 
half-wavelength. 42-44 
horizontal electric. 185-188 
infinitesimal: See Linear wire antennas 
near-field of, 405-408 
sleeve, 464-466 
small, 143-145 
thin, 154. 155 
vertical electric. 182-185 
Directional device, antennas as. 3 
Directional radiation patterns, 29, 45-49 
Directive gain, 39 

Directivity. 39-53: See also Radiation pat- 
terns 

aperture antennas. 584 
circular, 607-609 

computer programs for, 57-58, 1 15, 202. 
248 

directional radiation patterns and . 45-49 
£- plane sectoral horns, 663-668 
front-fed parabolic reflectors, 811-818 
of half-wavelength dipoles. 42-44 
//-plane sectoral horns, 676-682 
isotropic, 42-44 
linear dipoles, 202 
linear wire antennas, 142-143 
finite length dipoles, 157-159 
loop antennas, circular, 2 1 9-224, 248 
maximum, 39-4 1 , 49. 84—86 
computer programs for, 202. 248 
numerical techniques for, 53-58 
measurement of, 871-872 
N-element arrays, 276-282. 302-304 
omnidirectional radiation patterns and, 
49-53 
partial, 40 

patch microstrip antennas, circular. 757- 
759 

planar arrays. 3 1 8-32 1 
pyramidal horns, 686-693 


rectangular aperture antennas, 593-594, 
598-601 

rectangular patch microstrip antennas, 
749-752 

small circular loop antennas. 213-214 
superdirectivity, 306-309 
Discone tnonopolcs, 462-464 
Dolph-Tschebyschcff arrays, 294-306 
Driving-point impedance, 412 
Duality theorem, 126-127 
Dual parabolic-cylinder reflector, 848-850 

E 

Earth curvature effects, 188-194, 230-233 
Effective area, maximum, 84-86 
Effective length, 79-81. 728-730 
Effective width, 728-730 
Efficiency 

antenna radiation, 60-62, 78-79 
microstrip antennas, 760-762 
polarization. 70-73 
superdirectivity. 306-307 
Electric and magnetic fields-TM / ' mn p 753- 
754 

Electric cun-ent sources. 117-119, 120-121 
Electric field integral equation (EFIE), 387 
Electric field lines. 12-15 
Electric fields, 120-121 
Electrostatic charge distribution, 381-387 
Element factor, 151-153 
Elements, used in antennas. 21-22 
Elevated ranges. Ml -843 
Elliptical polarization, 66-69 
EMF method, induced: See induced EMF 
method 

End-fire arrays 

Hansen-Woodyard, N-element linear, 
271-276, 281-282 

ordinary, N-element linear. 264-266, 268, 
279-280 

Entire domain functions, 399-400 
£-planc radiation patterns. 17, 27, 29, 30 
E-plane sectoral horns: See Homs 
Equiangular spiral antennas. 545-550 
Equivalent areas. 81-84 
Equivalent circuits. 214-217 
Equivalent current densities, 741-744, 756- 
757 

Equivalent magnetic ring current. 392 
Equivalent radii, cylindrical dipoles. 454 
Equivalents 
antennas, 73-77 

circular aperture antennas, 605-607 
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pyramidal horns. 682-686 
rectangular aperture aniennas, 587, 595, 
599 

Excitation coefficients, 290-292 
Expansion functions. 387 
Extrapolation method, 868 

F 

Far-field method, antenna ranges and, 852- 
858 

Far-field pattern. Yagi-Uda array. 520-521 
Far-field radiation, 125-126 
Far-field region, 33-34 
linear wire antennas, 138, 141-142 
region separation and, 145, 146-149 
and small circular loop antennas. 213 
Feed design, 821-823 
Feeding methods, 724-726 
Feed networks. 772-775 
Ferrite loop antennas, 240-24 1 
Field configurations (modes)-TM\ 738-741 
Field equivalence principle, aperture anten- 
nas. 575-581 

Field regions, in radiation patterns, 32-34 
Fields radiated 

circular patch microstrip antennas, 756- 
757 

-TM mode. 744-749 
Finite cones, 447 
Finite diameter wires, 388-395 
Hallen's integral equation. 392 
Pocklington’s integral equation, 388-391 
source modeling, 392-395 
Finite-Difference Time-Domain (FD-TD) 
method. 16-17. 23 
Finite feed gap, 161-162 
Finite length dipoles: See Linear wire anten- 
nas 

Finite straight wire, 381-385 
Folded dipoles, 458—462 
Formulas, linear wire antennas. 173-174 
Fourier transforms 

antenna synthesis. 346-352 
aperture antennas and: See Aperture an- 
tennas 

Fraunhofer region, 33-34 
Free-space ranges, 841-844 
Frequency independent antennas. 64, 542- 
574 

conical spiral antennas. 549-550 
equiangular spiral antennas, 545-550 
limits of electrically small antennas, 566- 
570 


log-periodic aniennas. 551-566 
dipole arrays, 553-566 
planar and wire surfaces, 551-553 
planar spiral antennas. 545-549 
theory. 543-544 

Frequency Modulation (FM1 radio frequency 
spectrum. 928 
Fresnel integrals, 893-898 
Fresnel region. 32-33 
Friis transmission equation, 86-88 
Fringing effects, 727-728 
Front-fed parabolic reflector antennas: See 
Reflector antennas, parabolic 

G 

Gain, 58-60 

measurements. 865-87 1 
Galerkin’s method, 401—402 
Gamma match. 475-480 
Geometrical theory of diffraction. 638-643 
Grating lobes, 31 1-314. 429-434 
Gregorian reflectors, 828-830 
Ground effects 

circular loop antennas. 230-233 
linear wire antennas: See Linear wire an- 
tennas 

Ground plane and resonance simulation , 
451-453 

Ground plane edge effects, 638-643 
Ground-reflection method. 868-869 

H 

Half-power beamwidth. 62 
Half- wavelength dipoles. 42-44, 162-164 
Hallen's integral equation. 392 
Hansen-Woodyard end-lire arrays. 271-276, 
281-282 

Helical aniennas. 505-512 
Hertz, Heinrich Rudolph. 19 
Historical advancement, of antennas, 19-24 
Horizontal electric dipoles. 175-181. 185- 
188 

Homs. 651-721 
aperture-matched, 705-707 
conical, 695-696 
corrugated, 696-704 
dielectric-loaded. 712 
E-plane sectoral, 651-668 
aperture fields. 652-655 
directivity, 663-668 
radiated fields. 655-663 
//-plane sectoral, 668-682 
aperture fields, 668-669 



936 Index 


Horns (Continued) 

directivity. 676-682 
radiated fields. 669-676 
monopulse. 7 1 1 
multimode. 707-712 
phase center, 712-714 
pyramidal, 682-695 
aperture lields. 682-686 
computer programs for. 720-72 1 
design procedure, 693-695 
directivity. 686-693 
equivalents, 682-686 
radiated fields, 682-686 
//-plane radiation patterns, 29, 30 
//-plane sectoral horns: See Homs 
Huygens’ principle. 575-581 
Hyperbolic identities, 912 

I 

Identities, 911-913 
Imuge theory, 164-165 
Impedance 
active driving. 424 
antenna. 424 
bandwidth of. 63-64 
driving-point, 412 
input: See Input impedance 
measurement of, 873-874 
mutual: See Mutual impedance 
passive driving, 424 
self-impedance: See Self-impedance 
Incident electric field - E’(r), 388-391 
Induced current density, 800-801 
Induced EMF method, 405-412. 416-422 
Infinite cones, 445-447 
Infinite line source radiation problem. 16-17 
Infinite regular arrays, 426-429 
Infinitesimal dipoles: See also Linear wire 
antennas 

small circular loop antennas, 208 
Input impedance, 73-77 
biconical antennas, 445— +47 
cylindrical dipoles, 449-451 
long wire antennas, 495-496 
microstrip antennas. 762-764 
Yagi-Uda array. 528-529 
Input resistance. 1 59- 161, 202 
Instrumentation, radiation patterns and, 860- 
864 

Integral equation method, 380-388: See also 
Moment Method (MM) 
electrostatic charge distribution and, 381- 
387 


bent wire. 385-387 
finite straight wire. 381-385 
integral equation, 387-388 
mutual impedance, between linear ele- 
ments. 414-416 
Pocklington’s. 388-391 
self-impedance, 403-405 
Yagi-Uda array. 516-520 
Integration, vector identities and, 92 1 
Intensity, radiation, 38-39 
Intermediate-field region, 138. 140 
Intermediate loop approximation. 222 
Invisible region. 343-344 
Isotropic radiation patterns, 29, 42-44 


L 

Land mobile cellular telephones, frequency 
spectrum, 928 

Large loop approximation, 221-222 

Lens antennas, 7. 9 

Linear arrays: See N-element arrays 

Linear dipoles, 202 

Linear elements 

near or on infinite perfect conductors: See 
Linear wire antennas 
Yagi-Uda array of. 513-532 
Linear phase distributions. 371-373 
Linear polarization, 66-69 
Linear wire antennas, 1 33-202 
current distributions, 156 
finite length dipoles, IS I- 1 62 
current distribution, 151 
directivity, 157-159 
element factor. 151-153 
finite feed gap. 161-162 
input resistance and. 159-161 
pattern multiplication. 151-153 
power density, 153-157 
radiated fields, 151-153 
radiation intensity. 153-157 
radiation resistance. 153-157 
space factor, 151-153 
ground effects. 181-194 
earth curvature, 188-194 
horizontal electric dipoles. 185-188 
vertical electric dipoles. 1 82- 1 85 
half- wavelength dipoles, 162-164 
infinitesimal dipoles. 133-143 
directivity. 142-143 
far-field region, 138, 141-142 
intermediate-field region, 138. 140 
near-field region, 138-140 
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power density and radiation resistance. 
136-138 

radian distance and radian sphere. 138- 
139 

radiated fields and. 133-136 
linear elements near or on infinite perfect 
conductors. 164-181 
antennas for mobile communications 
systems. 175 

formulas, rapid calculation and design. 
173-174 

horizontal electric dipoles, 1 75- 1 8 1 
image theory. 164-165 
vertical electrical dipoles, 165-173 
region separation and. 145-151 

far-licid (Fraunhofer) region. 145. 146- 
149 

radiating near-field region (Fresnel), 
145, 149-150 

reactive near-field region. 145. 150-151 
small dipole, 143-145 
Line-source distributions 
antenna synthesis. Woodward-Lawson 
method. 353-356 
continuous sources and, 340-341 
Fourier transform method. 347-349 
Line-source-Gaussian pulse radiation prob- 
lem. 27 

Line-source phase distributions. 371-373 
Lobes, of radiation patterns. 31-32 
Logarithmic identities. 913 
Log-periodic antennas: See Frequency inde- 
pendent antennas 
Long wire antennas, 490-498 
Loop antennas, 203-248 
circular 

computer programs for. 248 
with constant current. 2 1 7-224 
directivity. 219-224 
earth curvature effects, 230-233 
ground effects. 230-233 
with nonunilbrm current, 224-230 
power density. 219-224 
radiated fields, 217-219 
radiation intensity, 219-224 
radiation resistance. 219224 
ferrite, 240-241 

ferrite loaded receiving loops. 241 
radiation resistance, 240-241 
mobile communications applications. 242 
polygonal, 233-239 
rectangular. 236-239 
rhombic. 236-239 


square loop. 233-236 
triangular, 236-239 
small circular. 204-217 
directivity. 213-214 
equivalent circuits for. 214-217 
far- field region. 213 
infinitesimal magnetic dipoles and. 208 
near-field region. 212 
power density and radiatiou resistance 
in. 208-212 

radiated fields and. 204-208 
radiation intensity. 213-214 
Yagi-Uda array of, 533-534 
Lorentz Reciprocity Theorem. 127-128 
Loss factor, polarization (PLF). 69-73 


M 

Magnetic and electric current sources, 1 19- 
121 

Magnetic and electric fields. -TM' mn|) 753- 
754 

Magnetic field integral equation (MFIE). 387 
Magnetic frill generator. 392-395 
Major lobes, 32 
Marconi. Guglielmo. 19-20 
Matching techniques. 466-483 
baluns and transformers. 480-483 
binomial. 469-471 
gumma match. 475-480 
omega match, 480 

quarter-wave length transformers. 468-472 
stub-matching, 466-468 
T-match, 472-475 
Tsehebyschcff. 471—472 
Yagi-Uda array, 528-529 
MATLAB computer program, 1 6, 1 7 
Maxima, long wire antennas. 494-495 
Maximum directivity. 3941. 49. 84—86 
computer programs for. 1 15. 202. 248 
numerical techniques for, 53-58 
Maximum effective area. 84-86 
Maxwell, James Clerk. 19 
Maxwell's Equations, 19 
Method of stationary phase, 922-926 
Microstrip antennas, 45. 722-784 
analysis methods. 726 
arrays and feed networks, 772-775 
bandwidth, 760-762 
circular patch, 752-760 
conductance. 757-759 
design, 755-756 
directivity, 757-759 
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Microstrip antennas (Continued) 

electric and magnetic tields-TM' nmp 
753-754 

equivalent current densities. 756-757 
lields radiated, 756-757 
resonant frequencies, 754-755 
resonant input resistance. 759-760 
circular polarization, 767-772 
computer programs for. 784 
coupling. 764-767 
efficiency. 760-762 
feeding methods. 724-726 
feed networks, arrays and. 772-775 
input impedance, 762-764 
quality factor. 760-762 
rectangular patch, 727-752 
cavity model, 736-749 
conductance. 731-732 
design procedure. 730-73 1 
directivity. 749-752 
effective length. 728-730 
effective width. 728-730 
equivalent current densities. 741-744 
field configurations ( modes )-TM s . 738- 
741 

fields radiated-TM\)io mode. 744-749 
fringing effects. 727-728 
resonant frequency. 728-730 
resonant input resistance, 732-736 
transmission line model, 727-736 
Miniaturization. 566-574 
Mint-Numerical Electromagnetics Code 
(MININEC). 415 
Minor lobes. 32 

Mobile communications systems, 175, 242, 
928-929 

Modal expansion method, 855-856 
Moment Method (MM): See also Integral 
equation method 
computer programs for, 438 
Galerkin's method. 40 1 —402 
solution for. 395-403 
basis functions, 396-400 
entire domain functions, 399-400 
subdomain functions. 397-399 
weighting (testing) functions. 400-403 
Monopoles. 462-464 
Monopulse horns, 710-71 1 
E-plane. 710 
H -plane. 7 1 1 
sum. 710 

Monostatic radar cross section (RCS). 90 
Multimode horns, 707—712 


Mutual coupling in arrays, 422-434 
array performance. 425 
grating lobes considerations. 429-434 
infinite regular arrays, 426-429 
in receiving mode, 425 
in transmitting mode. 423-425 
Mutual impedance 
computer programs for, 439-440 
between linear elements. 412-422 
induced EMF method. 416-422 
integral equation-moment method, 414— 
416 

Mini-Numerical Electromagnetics Code 
(MININEC), 415 
Numerical Electromagnetics Code 
(NEC), 415 

N 

Near-field/far-ficld methods, 852-858 
Near-field of dipole, 405-408 
Near- field region 
linear wire antennas, 138-140 
small circular loop antennas. 212 
N-elcmcnl arrays 
linear 

broadside arrays. 262-264. 276-279 
computer programs for. 337 
directivity, 276-282 
Fourier transform method, 349-352 
Hansen-Woodyard end-fire arrays. 271— 
276. 281-282 

ordinary end-fire arrays. 264-266, 279- 
280 

phased (scanning) arrays. 266-271 
3-D characteristics. 283-286 
uniform amplitude and spacing, 257- 
276 

broadside arrays. 262-264 
ordinary end-lire arrays, 264-266 
Woodward-Lawson method, 357-358 
X- or Y-axis, 284-286 
Z-axis. 283-284 

uniform spacing, nonuniform amplitude. 
288-306 

array factor. 289-290 
binomial arrays, 290-294 
Dolph-Tschebyscheff arrays, 294-306 
90° comer reflector antennas, 789-790 
Nonradiating slots, rectangular patch anten- 
nas. 748-749 

Nulls, long wire antennas, 494-495 
Numerical Electromagnetics Code (NEC), 
415 
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Numerical techniques: See also Computer 
programs 

for radiation patterns. 53-58 

0 

Omega match. 480 

Omnidirectional radiation patterns. 29. 30, 
49-53 

One-parameter Taylor line-source antenna 
synthesis, 362-368 

Optimization, Yagi-Uda array. 525-528 
Ordinary end-fire arrays, 264-266, 279-280 

P 

Parabolic reflector antennas: See Reflector 
antennas 

Partial directivity, 40 
Passive driving impedance, 424 
Patch antennas: See Microstrip antennas 
Pattern bandwidth. 63-64 
Pattern multiplication. 151-153. 169 
PEC square cylinder. 17. 27 
Phase center horns. 712-714 
Phase errors 
line sources, 371-373 
reflectors, 8 1 8-82 1 
Phase measurements. 864-865 
Piecewise constant function. 397-398 
Piecewise linear function, 398 
Piecewise sinusoid function. 399 
Planar and wire surfaces. 551-553 
Planar arrays: See Arrays 
Planar spiral antennas, 545-549 
Plane reflector antennas. 785-786 
Pocklington’s integral equation. 388-391 
Poinear6 sphere, 65-68, 878 
Polarization, 64—73 
circular, microstrip antennas. 767-772 
long wire antennas, 496-497 
measurement of. 875-880 
Poincare sphere, 65-68, 878 
Polarization efficiency, 70-73 
Polarization loss factor (PLF), 69-73 
Polygonal loop antennas: See Loop antennas 
Power density. 35-36 
circular loop antennas, 208-212, 219-224 
linear wire antennas, 136-138, 153-157 
radiation, 35-37 

and radiation resistance. 136-138. 208- 
212 

Power patterns. 28, 353 
Principal radiation patterns, 29-31 
Pyramidal horns: See Homs 


Q 

Quadratic phase distributions. 371-373 
Quality factor, 760-762 
Quarter-wavelength transformers. 468—472 
Quasistalionary fields, 2 1 2 

R 

Radar cross section (RCS), 90-98. 91 
RADAR IEEE band designations, 929 
Radar range equation. 88-90 
Radian. 34-35, 138-139 
Radiated fields 
aperture antennas, 622-630 
biconical antennas. 442-445 
circular loop antennas, 204—208, 217-219 
£-plane sectoral horns, 655-663 
//-plane sectoral horns, 669-676 
linear wire antennas, 133-136 
finite length dipoles. 151-153 
pyramidal horns, 682-686 
rectangular aperture antennas, 587-589. 
595. 599 

Radiated power, 1 1 5 
Radiated (transmitted) wave polarization, 
64-65 

Radiating near-field (Fresnel) region, 32-33. 
145, 149-150 

Radiating slots, rectangular patch microslrip 
antennas. 744-748 
Radiation efficiency. 872-873 
Radiation equations, 582-584 
Radiation fields, 605-607 
Radiation integrals and auxiliary potential 
functions, 1 16-132 
duality theorem, 126-127 
electric and magnetic fields, 120-121 
far-field radiation. 125-126 
reciprocity and reaction theorems, 1 27- 
132 

for radiation patterns. 130-132 
for two antennas. 129-130 
vector potentials. 1 16 
for electric current source. 117-119 
for magnetic current source, 1 19-120 
wave equation, 121-125 
Radiation intensity, 38-39 
circular loop antennas, 219-224 
linear wire antennas. 153-157 
small circular loop antennas. 213-214 
Radiation mechanism, 717 
Radiation patterns. 28-35: See also Directiv- 
ity 

antenna measurements and. 858-865 
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Radiation patterns { Continued ) 
cylindrical dipoles. 453 
directional. 29 
field regions, 32-34 
isotropic, 29 
lobes of, 31-32 

numerical techniques for, 53-58 
omnidirectional. 29 
principal, 29-31 
radian and steradian, 34-35 
Radiation power density, 35-37 
Radiation resistance. 1 
circular loop antennas. 219-224. 248 
computer programs for. 202, 248 
and ferrite loop antennas. 240-24 1 
linear wire antennas, finite length dipoles, 
153-157 

power density and. 136-138, 208-212 
Radio frequency speclnuns. 927-928 
Reactive near-field region. 32. 145, 150-151 
Received wave polarization, 64-65 
Receiving mode 
antenna equivalent, 76-77 
circular loop, 216-217 
coupling, 425 

Reciprocity and reaction theorems, 127-132 
Rectangular aperture antennas: See Aperture 
antennas 

Rectangular aperture sources, 373 
Rectangular coordinates, vector analysis and, 
919 

Rectangular loop antennas. 236-239 
Rectangular patch microstrip antennas: See 
Microstrip antennas 

Rectangular-to-cylindrical vector analysis, 
914-917 

Rectangular-to-polar graphical solution, 
287-288 

Rcctangular-to-spherical vector analysis, 918 
Reflection ranges, 84 1 
Reflector antennas. 6, 785-838 
comer. 786-793 
parabolic, 794-830 
Cassegrain. 823-830 
classical form, 826-828 
Gregorian form. 828-830 
front-fed. 797-823 
aperture distribution method, 801— 
806 

aperture efficiency, 811-818 
cross-polarization, 806-807 
current distribution method, 807-8 1 1 
directivity, 81 1-818 


feed design, 821-823 
induced current density, 800-801 
phase errors, 818-82 1 
surface geometry, 798-800 
plane. 785-786 
spherical, 830-833 
Region separation. 145-151 
Repulsive mechanism, for microstrip 
patches, 736-737 

Resonance and ground plane simulation, cy- 
lindrical dipoles, 451-453 
Resonant frequencies. 728-730, 754-755 
Resonant input resistance, 732-736, 759- 
760 

Resonant wires. 

Rhombic antennas, 236-239, 502-505 
Root-matching, for continuous source dis- 
cretization. 34 1 

S 

Scale models, 880-881 
Scattered electric field - E'(r). 388-391 
Schelkunoff polynomial method, 342-346 
Self-impedance, 379, 403-412 
computer programs for, 439-440 
induced EMF method. 405-412 
integral equation-moment method, 403- 
405 

Series-feed network, 773 
Side lobe levels, 592-599, 607-609 
Sine function tables, 885-889 
Sine integrals. 889-893 
Single paraboloidal reflector, 848-850 
Single-plane collimating range (SPCR), 850- 
851 

Single wire radiation mechanism. 7 1 1 
Slant ranges, 843 
Sleeve dipoles, 464-466 
Small circular loop antennas: See Loop an- 
tennas 

Small dipoles. 143-145 
Small loop approximation, 222-223 
Source modeling, 392-395 
delta gap, 393 

magnetic frill generator, 393-394 
Space factor, 151-153 
Spectral domain, 621-622 
Spherical coordinates, 920 
Spherical reflectors. 830-833 
Spherical-to-cylindrical vector analysis, 917- 
918 

Spherical-to-rectangular vector analysis, 918 
Square loop antennas, 233-236 
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Standing waves. 2 

Stationary phase, method of, 922-926 
Steradian, 34-35 
Structural scattering. 93 
Stub-matching, 466-468 
Subdomain functions. 397-399 
Superdirectivity. 306-309 
Supergain, 306 

Surface geometry, front-fed parabolic reflec- 
tors. 798-800 

Synthesis: See Antenna synthesis 

T 

Taylor line-source. 321-322. 358-368 
Television frequency spectrums. 927-928 
TE| |-modc distribution, circular aperture, 
610-611 

TE| ( ,-mode distribution, rectangular aperture, 
599-601 

Temperature, of antennas, 98-100 
Thin dipoles, 154 
Thin wire antennas 

on current distribution. 17-19 
linear: See Linear wire antennas 
Three-antenna method, gain measurements. 
867-868 

Three-dimensional amplitude patterns. 155 
Three-dimensional characteristics, 283-286 
T-match. 472-475 
Total electric field - E'(r), 388-391 
Transformers, baluns and. 480-483 
Transmission line model, rectangular micros- 
trip antennas, 727-736 
Transmitting mode, 74-76, 215-216. 423- 
425 

Traveling wave antennas, 488-505 
long wire. 490- 
rhombic antennas. 502-505 
V antennas. -502 
Triangular distributions, 368-37 1 
Triangular loop antennas, 236-239 
Triangular sheet simulation, 447-449 
Trigonometric identities. 91 1-912 
Truncated cosine function. 399 
Tschebyscheff error. Taylor line-source, 
321-322, 358-362 


Tschebyscheff matching transformers, 471- 
472 

Two-antenna method, gain measurements, 
867 

Two-element arrays, 250-257 
Two wire radiation mechanism. 1114 

U 

t/lira High Frequency (UHF) channels, 927- 
928 

Uniform distribution on an infinite ground 
plane. 586-594, 605-610 
Unipolcs, 447 

V 

V antennas, -502 
Vector analysis. 914-921 
Vector effective length. 79-81 

Vector potentials: see also Radiation inte- 
grals and auxiliary potential func- 
tions 

wave equations and. 121-125 
Vertical electric dipoles. 165-173. 182-185 
Very tfigh Frequency (VHF) channels. 927- 
928 

Virtual feed, 826 
Visible region. 343-344 

W 

Weighted residuals, 401 
Weighting (testing) functions, 400—403 
Wire antennas. 4 
linear: See Linear wire antennas 
thin wire: See Thin wire antennas 
Wireless communication antennas. 175, 242, 
928-929 

Wire simulation. 447^449 
Woodward-Lawson method, 352-358 

V 

Yagi-Uda arrays 

computer programs for, 521-525, 541 
of linear elements, 513-532 
of loops. 533-534 



